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Renormalization of the shell model of turbulence
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Renormalization enables a systematic scale-by-scale analysis of multiscale systems. In this paper, we employ
renormalization group (RG) to the shell model of turbulence and show that the RG equation is satisfied by
|un|2 = KKoε

2/3k−2/3
n , where Ko is the Kolmogorov constant and νn = ν∗

√
KKoε

1/3k−4/3
n , where kn and un are

the wave number and velocity of shell n; ν∗ and KKo are RG and Kolmogorov’s constants; and ε is the energy
dissipation rate. We find that ν∗ ≈ 0.5 and KKo ≈ 1.7, consistent with earlier RG works on the Navier-Stokes
equation. We verify the theoretical predictions using numerical simulations.
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I. INTRODUCTION

Renormalization group (RG) analysis has been employed
to model turbulence. Orszag [1] and Forster et al. [2] per-
formed one of the first perturbative renormalization analysis.
Yakhot and Orszag [3] performed detailed analysis using ε

expansion. The other perturbative RG works are by Zhou et al.
[4], Zhou [5], McComb and Shanmugasundaram [6,7], Mc-
Comb [8,9], Eyink [10], Martin et al. [11], Bhattacharjee [12],
and Adzhemyan et al. [13]. Among these works, McComb,
Zhou, and coworkers employed self-consistent RG (using the
“dressed Green’s function”) that has nonperturbative features.
The above set of works show that the renormalized turbulent
viscosity ν(k) ∼ k−4/3, where k is the wave number.

Recently, researchers have employed exact renormaliza-
tion group equation (ERGE) to turbulence [14–16]. Here,
either sharp or smooth filter is employed during coars-
ening. A more formal implementation of ERGE is via
functional renormalization group (FRG). Tomassini [17],
Fontaine et al. [18], and Canet [19] employed FRG to hy-
drodynamic turbulence and the shell model. They derived
formulas for the velocity correlations and multiscaling ex-
ponents. For the Navier-Stokes equation (NSE), Canet [19]
reported ν(k) ≈ k−1, rather than ν(k) ∼ k−4/3. Fedorenko
et al. [20] performed FRG to decaying Burgers, hydrody-
namic, and quasigeostrophic turbulence. Among many results,
Fedorenko et al. [20] showed that for hydrodynamic turbu-
lence, the second-order structure function scales as l (the
distance between two points), rather than Kolmogorov’s pre-
dictions of l2/3.

Mejía-Monasterio and Muratore-Ginanneschi [21] per-
formed nonperturbative renormalization group analysis of
stochastic Navier-Stokes equation with power-law forcing.
Here, they renormalized the viscosity, the forcing ampli-
tude, and the coupling constants. Using field-theoretic tools,

*mkv@iitk.ac.in
†shadab@iitk.ac.in

Biferale et al. [22] constructed optimal subgrid closure for the
shell models; they related the closure scheme to large-eddy
simulations . In addition, Eyink [10] used operator product
expansion and discovered multiscaling for the shell model.
Some other notable field-theoretic works (not RG) on turbu-
lence are Refs. [23–26].

In this paper, we employ the RG scheme based on the dif-
ferential equation as in Refs. [3,4,8]. Note that the shell model
involves discrete wave numbers, hence, its renormalization
does not involve complex integration as in hydrodynamic
turbulence. For the inviscid shell model, our RG procedure
yields ν(k) = 0 as the solution of the RG equation, which is
similar to the Gaussian fixed point of Wilson φ4 theory [27].
We verify several RG predictions using numerical simulation
of the shell model. We use temporal autocorrelation function
for the velocity field to compute the renormalized viscosity
[28,29].

In one of the important works on hydrodynamic turbulence,
Kraichnan [30] argued that large-scale structures sweep the
small-scale fluctuations; this phenomenon is referred to as
the sweeping effect. These interactions are naturally multiscale
(across many wave numbers). Note, however, that multiscale
interactions are absent in the shell models, which has local
interactions among the wave number shells. Hence, we expect
that sweeping effect may be suppressed in the shell model.
This is precisely what we observe in our RG calculation of
the shell model.

In this paper, we compute the renormalized viscosity in the
shell model using momentum-space RG proposed by Wilson
and Kogut [27] (see Sec. II). Here, we assume that the coarse-
grained velocity field is random satisfying time stationarity.
Our calculation does not require quasi-Gaussian approxima-
tion for the velocity field. In Sec. III, we compute the energy
flux of the shell model; here, we assume the velocity field to
be quasi-Gaussian. The flux calculation enables us to compute
Kolmogorov’s constant. Interestingly, our predictions for the
shell model are quite close to those for the Navier-Stokes
equation. In Sec. IV, we extend our RG calculation to show
that sweeping effect is suppressed in the shell model.
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FIG. 1. Division of wave number shells into > and < partitions
during the computation of νn at k = kn. Under the coarse graining,
the u< variables are unaltered, whereas u> variables are averaged
out.

In Sec. V, we describe how we verify the theoretical pre-
dictions using numerical simulations. We observe that the
numerical results are in good agreement with the theoretical
predictions. In Sec. VI, we compare our results with those
from earlier works. We conclude in Sec. VII.

II. RENORMALIZATION OF VISCOSITY

The Sabra shell model is [31–36]

dun

dt
+ ν̄k2

nun = −iλ
[
a1knu∗

n+1un+2 + a2kn−1u∗
n−1un+1

−a3kn−2un−1un−2
] + fn, (1)

where un represents the velocity field for the shell n; ν̄ is the
microscopic kinematic viscosity ; a1, a2, and a3 are constants
with a1 + a2 + a3 = 0; and kn = k0bn with b as a constant.
In this paper, we choose a1 = 1, a2 = −1 + 1/b, a3 = −1/b,
and b in the range of (1.2, 2). Here, fn represents the forcing,
which is employed at small n’s. This forcing injects energy at
large scales that cascades to small scales as the energy flux.
Note that triadic interactions of hydrodynamic turbulence are
modeled better with the Sabra model than the GOY model
[31].

The coupling constant (coefficient of the nonlinear term)
λ is not renormalized due to the Galilean invariance [2,9,37],
and we set λ = 1. Refer to Appendix A for details. In addition,
we consider un to be random as in fully developed turbulence,
rather than introducing a separate noise term in the inertial
range [5,6,37,38]. Thus, we avoid noise renormalization. In
this self-consistent approach, we renormalize only the viscos-
ity.

Following Wilson [15], we coarse-grain the system over a
wave number shell, and compute the consequent correction to
the viscosity. The wave number space is already divided in
the shell model of turbulence, which makes the computation
simpler than that for Navier-Stokes equation. The locality of
interactions too simplifies the RG calculation. We denote the
renormalized viscosity at wave number kn by νn.

Renormalization is often performed in (k, ω) space. How-
ever, for the shell model, the renormalization calculation in
(k, t ) space is concise and convenient. Hence, we adopt this
scheme. In Appendix B, we will briefly discuss the renormal-
ization of the shell model in (k, ω) space.

For computing the renormalized viscosity at kn in the in-
ertial range where fn = 0, we coarse grain the system by
averaging over u∗>

n+1(t ) and u>
n+2(t ) (see Fig. 1). Following RG

convention, we label the variables to be averaged using the
> symbol, whereas those to be retained using the < symbol.

Under this notation,(
d

dt
+ ν̄k2

n

)
u<

n (t ) = −i
[
a1knu∗>

n+1(t )u>
n+2(t )

+ a2kn−1u∗>
n−1(t )u>

n+1(t )

− a3kn−2u<
n−1(t )u<

n−2(t )
]
. (2)

The variables with the < superscript remain unaltered under
coarse graining. However, u>

n+1(t ) and u>
n+2(t ) variables are

assumed to be random with zero mean. Note that u> variables
need not be Gaussian. Under these assumptions,〈

u∗<
n−1(t )u>

n+1(t )
〉 = u∗<

n−1(t )
〈
u>

n+1(t )
〉 = 0, (3)〈

u<
n−2(t )u<

n−1(t )
〉 = u<

n−2(t )u<
n−1(t ). (4)

Based on the above simplification,(
d

dt
+ ν̄k2

n

)
u<

n (t ) − [
ia3kn−2u<

n−1(t )u<
n−2(t )

]
= −ia1kn

〈
u∗>

n+1(t )u>
n+2(t )

〉
. (5)

To compute the right-hand side (RHS) of Eq. (5), we eval-
uate u∗>

n+1(t ) and u>
n+2(t ) using the Green’s function technique.

For example,

u>
n+2(t ) =

∫ t

0
dt ′Gn+2(t − t ′)(−i)

[
a1knu∗>

n+3(t ′)u>
n+4(t ′)

+ a2kn−1u∗>
n+1(t ′)u>

n+3(t ′) − a3knu<
n (t ′)u>

n+1(t ′)
]
,

(6)

where Gn+2(t − t ′) is the Green’s function. Note, however,
that u∗>

n+3(t ) and u>
n+4(t ) are absent at this stage. Hence,

u>
n+2(t ) =

∫ t

0
dt ′Gn+2(t − t ′)ia3knu<

n (t ′)u>
n+1(t ′). (7)

Substitution of Eq. (7) in the RHS of Eq. (5) yields

I1 =
∫ t

0
dt ′Gn+2(t − t ′)a1a3k2

nu<
n (t ′)

〈
u∗>

n+1(t )u>
n+1(t ′)

〉

= a1a3k2
n

∫ t

0
dt ′Gn+2(t − t ′)C̄n+1(t − t ′)u<

n (t ′), (8)

where C̄n+1(t − t ′) is the unequal time correlation.
In the self-consistent RG procedure, it is assumed that the

decay rates of Green’s and correlation functions are deter-
mined by the renormalized viscosity [9,24]. Hence,

Gn(t − t ′) = θ (t − t ′) exp
[− νnk2

n (t − t ′)
]
, (9)

C̄n(t − t ′) = Cn(t ) exp
[− νnk2

n (t − t ′)
]
, (10)

where Cn(t ) is the equal-time correlation (t = t ′), and
θ (t − t ′) is the step function, which is 0 for t < t ′ and 1 for
t > t ′. Note that Gn(τ ) and C̄n(τ ) decay with a timescale of
τc = (νnk2

n )−1. Equations (9) and (10) are valid for τ < τc af-
ter which Cn and Gn decay rapidly to zero [1,28,29,29,39,40].

Substitution of Gn(t − t ′) and C̄n(t − t ′) of Eqs. (9) and
(10) in Eq. (8) yields

I1 = a1a3k2
nCn+1(t )

∫ t

0
dt ′ exp

[− (
νn+1k2

n+1 + νn+2k2
n+1

)
× (t − t ′)

]
u<

n (t ′), (11)
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FIG. 2. Feynman diagrams associated with the viscosity renor-
malization. These diagrams are related to the RHS of Eq. (5).

Now, we employ the Markovian approximation, according to
which the integral of Eq. (11) gets maximal contributions from
t ′ near t [1]. This is possible when νnk2

n � 1 [1]. Since the
integral is peaked near t = t ′, un(t ′) → un(t ), and

I1 = a1a3k2
nCn+1(t )

νn+1k2
n+1 + νn+2k2

n+2

u<
n (t ). (12)

Such assumptions are made in Eddy-damped quasi-normal
Markovian (EDQNM) approximation of hydrodynamic turbu-
lence [1].

The RHS of Eq. (5) has another contribution to νn, which
is computed by expanding u∗>

n+1(t ) using the Green’s function.
Following a similar approach as above, we compute the new
term as

I2 = a1a2k2
nCn+2(t )

νn+1k2
n+1 + νn+2k2

n+2

u<
n (t ). (13)

The Feynman diagrams associated with I1 and I2 are exhibited
in Fig. 2. Here, the loop diagrams represent the self-energy in
which the wavy and solid lines are the Green’s function and
correlation function, respectively.

These calculations reveal that the RHS of Eq. (5) is pro-
portional to u<

n . Hence, the prefactors of I1 and I2 will provide
corrections to ν̄ to yield νn. That is,

νnk2
n = ν̄k2

n − a1k2
n [a3Cn+1(t ) + a2Cn+2(t )]

νn+1k2
n+1 + νn+2k2

n+2

. (14)

Note, however, that ν̄ 	 νn. Hence,

νnk2
n = −a1k2

n [a3Cn+1(t ) + a2Cn+2(t )]

νn+1k2
n+1 + νn+2k2

n+2

. (15)

Note that we compute renormalized viscosity at the
corresponding coarse-graining step. At the present level,
νn+1, νn+2, . . . have been computed already, whereas,
νn−1, νn−2, . . . would be computed at subsequent stages.
Also note that during the computation of νn−1, u>

n , and u>
n+1

would belong to > shells.
In Eq. (15), νn and Cn are both unknowns. RG equation for

the Navier-Stokes equation too has a similar implicit form.
Zhou et al. [38], and McComb and Shanmugasundaram [6]
employed the self-consistent procedure to solve such an im-
plicit equation (also see Refs. [5,37,41]). Following these

1.2 1.6 2.0
b

0

1

2

ν ∗
,

K
K

o

KKo

ν∗

FIG. 3. For the shell model with various b’s, the RG constant ν∗
computed using RG (solid blue curve) and using numerical simula-
tions (blue circles). Also, KKo computed using field theory (solid red
curve) and using numerical simulations (red squares).The analytical
and numerical ν∗’s match quite well, but numerical KKo is around 1.6
times smaller than the analytical counterpart.

authors, we attempt the following functions for Cn(t ) and νn,
which are inspired by Kolmogorov’s theory of turbulence:

Cn(t ) = KKoε
2/3k−2/3

n , (16)

νnk2
n = ν∗K1/2

Ko ε1/3k2/3
n , (17)

where KKo is Kolmogorov’s constant, ε is the viscous dis-
sipation rate, and ν∗ is the RG constant associated with νn.
Substitution of the above in Eq. (15) yields

ν2
∗ = −a1

(
a3b−2/3 + a2b−4/3

)
b2/3 + b4/3

. (18)

In Fig. 3, we plot ν∗ for b ranging from 1.2 to 2.0. Here,
ν∗ ≈ 0.5, in particular, ν∗ ≈ 0.48 for b = 1.5. The ν∗ com-
puted above are remarkably close to that for Navier-Stokes
equation [5,6,37,38,41–43], which gives credence to the RG
computation described in this paper.

It is important to note that the above derivation does
not require quasi-Gaussian assumption for u> variables.
We only need to assume time stationarity for these vari-
ables. In addition, we approximate 〈u<u>〉 = u<〈u>〉 = 0
rather than expanding it further. These assumptions and lo-
cal interactions in the shell model provide simplification in
comparison to the RG calculations for the Navier-Stokes
equation [5,6,37,38,41].

Equation (17) yields

νn+1/νn = (kn+1/kn)−4/3 = b−4/3. (19)

As is customary in quantum field theory [44], we make a
change in variable as b = exp(l ), with which

νn+1 = νn exp(−4l/3) ≈ νn[1 − 4l/3], (20)

when b → 1 or l → 0. Hence,

dν

dl
≈ −4

3
ν. (21)

Therefore, νn increases with the decrease of kn, akin to run-
ning coupling constant in quantum chromodynamics. Note,
however, that νn is not the coupling constant; instead, it is the
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FIG. 4. Feynman diagrams associated with the first term of
Eq. (23).

coefficient of the viscous term, which is linear (analogous to
mass term in quantum field theory). We remark that the scal-
ing of Eqs. (16), (17), and (21) breaks down when k → 1/L,
where L is the system size.

The dominant frequency at k = kn is

ωn ∼ νnk2
n ∼ ε1/3k2/3

n . (22)

For small kn, ωn → 0. This is one of the assumptions of RG
schemes in (k, ω) space. Refer to Appendix B for details.

For ν̄ = 0, fn = 0, and the δ-correlated (white noise) ini-
tial condition, un remains δ correlated as in Euler turbulence
[30,45,46]. Therefore, 〈u∗>

n+1(t )u>
n+2(t )〉 = 0 [see Eq. (5)],

leading to no correction or renormalization of the viscosity.
Thus, νn = 0 for the inviscid shell model. This solution corre-
sponds to the Gaussian fixed point in Wilson’s φ4 theory [27].

In Sec. III, we will compute the energy flux for the shell
model using field-theoretic techniques.

III. ENERGY FLUX COMPUTATION

In this section, we compute the energy flux for the shell
model perturbatively. The energy flux at k = kn is defined as
[33,35,47]


n = 2a3kn−1Im[〈u∗
n−1(t )u∗

n(t )un+1(t )〉]
−2a1knIm[〈u∗

n(t )u∗
n+1(t )un+2(t )〉]. (23)

We compute 〈
n〉 by averaging Eq. (23) under the assump-
tion that un(t )’s in the inertial range are quasi-Gaussian with
zero mean, an assumption used in the Eddy-Damped Quasi-

FIG. 5. Feynman diagrams associated with the second term of
Eq. (23).

Normal Markovian (EDQNM) approximation and in Direct
Interaction Approximation (DIA) [1,23]. To zeroth order,
〈
n〉 = 0, which is the energy flux for Euler turbulence; this
flux corresponds to the Gaussian fixed point ν = 0.

However, 〈
n〉 �= 0 to the first order of perturbation. The
Feynman diagrams associated with the first order in perturba-
tion for the first and second terms of Eq. (23) are exhibited
in Figs. 4 and 5, respectively. Let us analyze the expansion of
the first Feynman diagram of Fig. 4. Here, un+1(t ) has been
expanded as

un+1(t ) =
∫ t

0
dt ′Gn+1(t − t ′)[−ia1kn+1u∗

n+2(t ′)un+3(t ′)

−ia2knu∗
n(t ′)un+2(t ′) + ia3kn−1un(t ′)un−1(t ′)],

(24)

substitution of which in the first term of Eq. (23), or in the first
Feynman diagram of Fig. 4, yields

I3 = 2a2
3k2

n−1

∫ t

0
dt ′ exp[−νn+1k2

n+1(t − t ′)]

× Im[i〈u∗
n(t )u∗

n−1(t )un(t ′)un−1(t ′)〉]

= 2a2
3k2

n−1

∫ t

0
dt ′ exp[−νn+1k2

n+1(t − t ′)]

×〈u∗
n(t )un(t ′)〉〈u∗

n−1(t )un−1(t ′)〉

= 2a2
3k2

n−1
CnCn−1

νn−1k2
n−1 + νnk2

n + νn+1k2
n+1

. (25)
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In the above derivation, we use the following properties:
(1) 〈un(t )u∗

m(t ′)〉 = δn,mCn(t ) exp [ − νnk2
n (t − t ′)].

(2) 〈abcd〉 = 〈ab〉〈cd〉 + 〈ac〉〈bd〉 + 〈ad〉〈bc〉 when a, b,
c, and d are Gaussian variables.

Using similar analysis, we derive the other integrals of the
energy flux as

I4 = 2a2a3k2
n−1Cn−1Cn+1/denr1., (26)

I5 = 2a1a3k2
n−1CnCn+1/denr1., (27)

I6 = −2a2
1k2

nCn+1Cn+2/denr2., (28)

I7 = −2a1a2k2
nCnCn+2/denr2., (29)

I8 = −2a1a3k2
nCnCn+1/denr2., (30)

with

denr1. = νn−1k2
n−1 + νnk2

n + νn+1k2
n+1, (31)

denr2. = νnk2
n + νn+1k2

n+1 + νn+2k2
n+2. (32)

The integrals I3, I4, and I5 correspond to the first term of
Eq. (23), whereas I6, I7, and I8 correspond to the second term
of Eq. (23). By adding I3 to I8 and using kn = k0bn, we derive

〈
n〉 = ε = K3/2
Ko

ν∗

numr

1 + b2/3 + b4/3
, (33)

where

numr = 2a3b−4/3(a1b−2/3 + a2 + a3b2/3)

− 2a1(a1b−2 + a2b−4/3 + a3b−2/3). (34)

Equation (33) reveals that the energy flux is independent
of wavenumber, consistent with Kolmogorov’s theory of tur-
bulence [48–50]. Using Eq. (33), we compute KKo and plot
it in Fig. 3. We observe KKo to be a weak function of b. In
particular, for b = 1.5, KKo ≈ 1.71, which is close to the the-
oretical, experimental, and numerical values of Kolmogorov’s
constant [37,50].

IV. SWEEPING EFFECT IN THE SHELL MODEL

Kraichnan [30] showed that large-scale flow structures
sweep smaller ones, a phenomenon called the sweeping effect
. Here, large-scale velocity structures interact with small-scale
ones. Kraichnan [30] observed that the sweeping effect leads
to a k−3/2 energy spectrum rather than the usual k−5/3 spec-
trum. To overcome this discrepancy, Kraichnan [51] proposed
the Lagrangian History Closure Approximation for turbu-
lence. Note that the shell model involves local interactions,
thus, drastically reduce the sweeping effect.

To test the sweeping effect in the field-theoretic calculation
of the shell model, we introduce a term iU0knun in the left-
hand side of Eq. (1), where U0, a constant, represents the
mean flow. Under renormalization, the above term appears
as iUnknu<

n , where Un represents the renormalized parameter
corresponding to U0. With Un, the RG flow equation [Eq. (15)]
gets transformed to

iUnkn + νnk2
n = −a1k2

n [a3Cn+1 + a2Cn+2]

denr.
, (35)

denr. = i[Un+1kn+1 + Un+2kn+2] + νn+1k2
n+1 + νn+2k2

n+2.

(36)

Using dimensional analysis, we argue that

Un = U∗ε1/3k−1/3
n , (37)

substitution of Eqs. (16), (17), and (37) in Eq. (35) yields

(iU∗ + ν∗)2 = −a1[a3b−2/3 + a2b−4/3]

b2/3 + b4/3
. (38)

The only possible solution of Eq. (38) is

U∗ = 0, or Un = 0, (39)

and ν∗ is given by the same formula as Eq. (18). Hence, the
sweeping effect is absent in the RG calculation of the shell
model, and ν(k) is independent of U0. However, in Sec. V,
we show that the numerical results deviate from the above
prediction.

V. NUMERICAL VERIFICATION

To test the predictions of the above field-theoretic calcu-
lations, we solve the Sabra shell model Eq. (1) numerically.
We employ 40 shells, ν = 10−6, U0 = 0, and fourth-order
Runge-Kutta 4 time marching scheme with dt = 10−5. The
shell model is forced randomly at shells n = 0 and 1 so as
to provide a constant energy supply rate; we choose ε = 2
for all our runs. To test the dependence of ν and KKo on b,
we vary b from 1.2 to 2 in the interval of 0.1. We also per-
form another simulation with U0 = 0.5 and b = 1.5 to test the
field-theoretic predictions on the sweeping effect. We carry
out the simulations until 2000 eddy turnover times and report
the energy spectra and fluxes after the system has reached a
steady state.

As expected, for U0 = 0 and finite ν, in the inertial
range, the energy spectrum Cn ∼ k−2/3 and the energy flux

n ≈ ε = 2 [33,35,36]. See the red curves in Fig. 6 for an
illustration for b = 1.5. Using Eq. (16), we compute the Kol-
mogorov’s constants for various b’s and plot them in Fig. 3.
We observe that for b = 1.5, KKo = 1.05, which is approxi-
mately 1.6 times smaller than the theoretically predicted value
of 1.71 (for the shell model). See Fig. 3 for an illustration.
This discrepancy between the numerical and the analytical
KKo is possibly due to various approximations employed
in the theoretical calculations, an issue that needs a closer
investigation.

For the U0 = 0.5 run, we again observe Kolmogorov’s
spectrum (apart from a hump) and constant energy flux (blue
curves in Fig. 6). Here, KKo ≈ 0.92. For the special case
with ν̄ = 0 and the white noise initial condition, numeri-
cal simulation yields Cn ≈ constant and nearly zero energy
flux, consistent with the field-theoretic predictions. We il-
lustrate the above energy spectrum and flux in the insets of
Fig. 6.

To validate the renormalized viscosity of Eq. (17), we com-
pute νn numerically using the normalized correlation function
Rn(τ ), which is defined as

Rn(τ ) = C̄(τ )

Cn
, (40)

where C̄(τ ) and Cn are the unequal-time and equal-time cor-
relations, respectively [see Eq. (10)].
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FIG. 6. For the numerical simulation of the shell model with
b = 1.5: (a) plots of normalized energy spectra Cnε

−2/3k2/3
n vs kn for

U0 = 0 (red curve) and U0 = 0.5 (blue curve). (b) The corresponding
energy fluxes 
n are shown using the same color convention. We
observe Cn ∼ k−2/3

n and constant 
n in the inertial range. The insets
in (a) and (b) exhibit Cn and 
n for the ν = 0 case (equilibrium
behavior).

We observe that the numerically computed Rn(τ ) is real.
For small τ and inertial range kn’s, Rn(τ ) ≈ exp[−k2/3

n τ ],
which is consistent with Eqs. (10) and (17). As illustrated in
Fig. 7, for b = 1.5 and U0 = 0,

Rn(τ ) ≈ 1.03 exp
(−0.57k2/3

n τ
)
, (41)

when νnk2
nτ � 1. A comparison of Eq. (41) with Eq. (10)

reveals that ν∗ ≈ 0.57/(K1/2
Ko ε1/3) ≈ 0.44, which is in good

agreement with the RG prediction of 0.48 (see Sec. II).

0.00 0.75 1.50
νnk2

nτ

10−1

100

R
n
(τ

)

1.03 exp (−0.57k 2/3
n τ)

n = 5

n = 6

n = 7

n = 8

n = 9

FIG. 7. For the shell-model simulation with b = 1.5 and U0 = 0,
plots of Rn(τ ) vs νnk2

nτ [Eq. (10)]. The chained straight line repre-
sents the best-fit curve Rn(τ ) = 1.03 exp(−0.57k2

nτ ) in the interval
νnk2

nτ = (0.1, 0.75).

0.0 0.6 1.2
νnk2

nτ

10−1

100

R
n
(τ

)

1.06 exp (−0.51k 0.855 τ)

n = 5

n = 6

n = 7

n = 8

n = 9

FIG. 8. For the shell-model simulation with b = 1.5 and U0 =
0.5, plots of Rn(τ ) vs νnk2

nτ . The chained straight line represents the
best-fit curve Rn(τ ) = 1.06 exp(−0.51k0.85

n τ ) in the interval νnk2
nτ =

(0.1, 0.6) for n = 5. Note that the shells 8 and 9 do not follow the
best-fit curve.

However, we cautiously remark that the numerical ν∗ has
significant errors.

For U0 = 0.5, we compute Rn(τ ) and fit it with
exp(−νnk2

nτ ). In Fig. 8, we plot Rn(τ ) for shells n = 5 to 9.
We observe that Rn(τ ) for U0 = 0.5 is steeper than the RG pre-
dictions. This is contrary to the RG prediction that the mean
flow does not affect the renormalized viscosity. Clearly, the
analytical computation underestimates the dissipation arising
due to nonzero U0. This issue needs a closer examination that
will be pursued in the future.

In Sec. VI, we compare our results with earlier RG works
on the shell model and hydrodynamic turbulence.

VI. COMPARISON WITH EARLIER WORKS

There are only a small number of works on
renormalization-group analysis of the shell model. Recently,
Fontaine et al. [18] preformed FRG analysis of the shell
model and computed the multiscaling exponents. They
observed that

Cn ∼ k−αE
n , (42)

νnk2
n ∼ kαν

n , (43)

with αE = 0.633 ± .004 and αν = −0.741 ± 0.01. Substitu-
tion of the above in renormalization group equation [Eq. (15)]
yields

αE + 2αν = 2. (44)

Note that Fontaine et al. [18]’s αE and αν satisfy Eq. (44)
to a good approximation. Fontaine et al. [18] reported that
the proportionality constant for C2(τ = 0), which is KKo, is
approximately 1.15.

In a different application of field theory, Eyink [10] em-
ployed operator product expansion to the shell model and
computed various correlations and structure functions. Note,
however, that Fontaine et al. [18] and Eyink [10] do not
report the RG constant ν∗ in their calculation. We remark that
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the multiscaling exponents are related to the fluctuations in
the energy flux, i.e., for 〈
2

n〉 [42,52,53]. The self-consistent
calculation presented in this paper may be extendible to the
computation of 〈
2

n〉.
It is important to compare our predictions on ν∗ and KKo

with the past works on hydrodynamic turbulence. Yakhot and
Orszag [3] observed that ν∗ = 0.39 and KKo = 1.617. Mc-
Comb and Shanmugasundaram [7] computed that ν∗ ≈ 0.40
and KKo ≈ 1.8. Zhou et al. [38] also reported ν∗ ≈ 0.40.
Our field-theoretic computation of the shell model yields
ν∗ ≈ 0.50 and KKo = 1.7, with minor variations depending
on the value of b. Using ERG, Tomassini [17] showed that
E (k) ∼ k−1.666±0.001, whereas KKo lies in the range of 1.124
to 1.785 depending on the chosen function. Clearly, the shell-
model predictions are reasonably close to the earlier works on
hydrodynamic turbulence.

There are subtle differences between the RG schemes for
the shell model and hydrodynamic turbulence. The RG pro-
cedure for the shell model does not involve any integral and,
hence, is simpler than that for hydrodynamic turbulence. In
addition, we make fewer assumptions in the RG implementa-
tion of the shell model. For example, u> variables are assumed
to be time-stationary but not necessarily quasi-Gaussian. Note
that many past RG works assume that u> is quasi-Gaussian
(see e.g., Ref. [9]). In addition, the RG computation of the
shell model is nearly exact. In Eq. (5), we substitute the
expansion of u∗>

n+1 and u>
n+2 one after the other, and then solve

for the νn under Markovian approximation. Also, note that the
local interactions in the shell model suppresses the sweeping
effect proposed by Kraichnan [30].

We conclude in the next section.

VII. CONCLUSIONS

In this paper, we employ RG analysis to the shell model
of turbulence and show that a combination of Kolmogorov’s
spectrum Cn = KKoε

2/3k−2/3
n and νn = ν∗K1/2

Ko ε1/3k−4/3
n is a

solution of the RG flow equation. Our calculations predict
that for b = 1.5, ν∗ ≈ 0.48, and KKo ≈ 1.71, which are in
good agreement with the numerical results, except that the
numerical KKo is around 1.6 times smaller than the theoretical
prediction. Note that the field-theoretic predictions for the
shell model and the Navier-Stokes equation are close to each
other [6,37,38].

The computation employed in this paper can be easily
generalized to the shell models for scalar and magnetohydro-
dynamic turbulences. We also believe that the fluctuations in
the energy flux for the shell model could be computed using
the method outlined in this paper.
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APPENDIX A: GALILEAN INVARIANCE LEADS
TO NONRENORMALIZIBILTY OF

THE COUPLING CONSTANT

It can be easily shown that the coupling constant λ of
NSE remain unchanged on renormalization due to Galilean
invariance [2,9,37]. Here, the derivation is reproduced in brief.

We write the renormalized Navier-Stokes equation as

∂t u(x, t ) + λu(x, t ) · ∇u(x, t ) = −∇p(x, t ) + ν∇2u(x, t ),
(A1)

where u(x, t ) and p(x, t ) are the velocity and pressure fields,
respectively, λ is a measure of the nonlinear interaction, and
ν is the kinematic viscosity. Note that λ = 1 for the original
NSE, but it may get renormalized under scaling.

We consider two reference frames: laboratory references
frame, where the fluid has mean velocity U0 = U0x̂, and the
moving reference frame, where the velocity is u′(x′, t ′) with
zero mean. We denote the variables in the laboratory frames
using unprimed variables, but those in the moving frame using
primed variables. The variables in the two reference frames
are related to each other via Galilean transformation, which is

x = x′ + U0t ′, y = y′, z = z′, t = t ′; (A2)

∂x = ∂x′ , ∂y = ∂y′ , ∂z = ∂z′ , ∂t = ∂t ′ − U0∂
′
x;

(A3)

u(x, t ) = U0x̂ + u′(x′, t ′), p(x, t ) = p′(x′, t ′), (A4)

substitution of which in Eq. (A1) yields

∂t ′u′(x′, t ′) + λ[U0x̂ + u′(x′, t ′)]∇′u′(x′, t ′) − U0∂x′u′(x′, t ′)

= −∇′ p′(x, t ) + ν∇′2u′(x′, t ′). (A5)

Note that Eq. (A5) is transformed to Eq. (A1) in primed
variables only if

λ = 1. (A6)

Thus, it has been shown that λ is unchanged under RG due
to Galilean invariance. For further discussion, refer to Forster
et al. [2] and McComb [37,9].

The shell model is written in Fourier space. Hence, it is
not possible to extend the above derivation to the shell model.
However, using the analogy between the shell model and the
Navier-Stokes equation, it is reasonable to assume that λ = 1
for the shell model and that λ remains unaltered under RG
operation.

APPENDIX B: RENORMALIZATION
OF THE SHELL MODEL IN (k, ω) SPACE

In this Appendix, we will briefly discuss renormalization
of the shell model in (k, ω) space. Note that the shell model
is already divided in k space. The forward and inverse Fourier
transforms of un are defined as follows:

un(t ) =
∫ ∞

−∞

dω

2π
un(ω) exp[−iωt], (B1)

un(ω) =
∫ ∞

−∞
dt un(t ) exp[iωt]. (B2)
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Fourier transform of Eq. (1) yields the following equa-
tion for u<

n (ω):

(−iω + ν̄k2
n

)
u<

n (ω) = −i
∫

dω′

2π

[
a1knu∗>

n+1(ω′ − ω)u>
n+2(ω′)

+ a2kn−1u∗<
n−1(ω′ − ω)u>

n+1(ω′)

− a3kn−2u<
n−2(ω − ω′)u<

n−1(ω′)
]
.

(B3)

We perform ensemble averaging over u>
n+1 and u>

n+2 variables.
Following the method of Sec. II, we arrive at

〈
u∗<

n−1(ω′ − ω)u>
n+1(ω′)

〉 = 0, (B4)〈
u<

n−2(ω − ω′)u<
n−1(ω′)

〉 = u<
n−2(ω − ω′)u<

n−1(ω′). (B5)

Consequently, only the first term of Eq. (B3) yields a nonzero
correction to the viscosity.

The renormalized viscosity receives contributions from the
two Feynman diagrams of Fig. 2. For the first loop diagram,
we expand u>

n+2(ω′) as follows:

(−iω′ + νn+2k2
n+2)u>

n+2(ω′)

= −i
∫

dω′′

2π

[
a1kn+2u∗>

n+3(ω′′ − ω′)u>
n+4(ω′′)

+ a2kn+1a2u∗>
n+1(ω′′ − ω′)u>

n+3(ω′′)

− a3knu<
n (ω′ − ω′′)u>

n+1(ω′′)
]
. (B6)

Note, however, that u∗>
n+3(ω) and u∗>

n+4(ω) are absent at this
stage of expansion. Hence, only the last term of Eq. (B6)
survives. Therefore,

u>
n+2(ω′) = ia3kn

∫
dω′′

2π

u<
n (ω′ − ω′′)u>

n+1(ω′′)
−iω′ + νn+2k2

n+2

, (B7)

substitution of which in the RHS of Eq. (B3) yields

X = −ia1kn

∫
dω′

2π

〈
u∗>

n+1(ω′ − ω)u>
n+2(ω′)

〉

= a1a3k2
n

∫
dω′

2π

dω′′

2π

〈
u∗>

n+1(ω′ − ω)u>
n+1(ω′′)

〉
−iω′ + νn+2k2

n+2

×u<
n (ω′ − ω′′),

=
[

a1a3k2
n

∫
dω′

2π

〈|u>
n+1(ω′ − ω)|2〉

−iω′ + νn+2k2
n+2

]
u<

n (ω). (B8)

Since νn is computed for a long time limit, we set ω → 0 in the
above integral. Hence, the square-bracketed term of Eq. (B8)
is

I1 = a1a3k2
n

∫
dω′

2π

〈|u>
n+1(ω′)|2〉

−iω′ + νn+2k2
n+2

. (B9)

Now, we employ Wiener-Khinchin theorem to simplify the
frequency spectrum as

〈|u>
n+1(ω′)|2〉 =

∫ ∞

−∞
dτ Cn+1(τ ) exp(−iω′τ ), (B10)

where Cn+1(τ ) is the correlation function defined in Eq. (10).
With this,

I1 = a1a3k2
n

∫ ∞

−∞
dτ C̄n+1(τ )

∫
dω′

2π

exp(−iω′τ )

−iω′ + νn+2k2
n+2

.

(B11)

An application of contour integral over the lower part of ω′
plane yields

I1 = a1a3k2
nCn+1

∫ ∞

0
dτ exp

[−(
νn+1k2

n+1 + νn+2k2
n+2

)
τ
]

= a1a3k2
nCn+1

νn+1k2
n+1 + νn+2k2

n+2

. (B12)

The second Feynman diagram of Fig. 2 yields

I2 = a1a2k2
nCn+2

νn+1k2
n+1 + νn+2k2

n+2

. (B13)

The steps beyond this point are same as those described in
Sec. II.
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