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Observation of fast sound in two-dimensional dusty plasma liquids
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Equilibrium molecular dynamics simulations are performed to study two-dimensional (2D) dusty plasma
liquids. Based on the stochastic thermal motion of simulated particles, the longitudinal and transverse phonon
spectra are calculated, and used to determine the corresponding dispersion relations. From there, the longitudinal
and transverse sound speeds of 2D dusty plasma liquids are obtained. It is discovered that, for wavenumbers
beyond the hydrodynamic regime, the longitudinal sound speed of a 2D dusty plasma liquid exceeds its
adiabatic value, i.e., the so-called fast sound. This phenomenon appears at roughly the same length scale of
the cutoff wavenumber for transverse waves, confirming its relation to the emergent solidity of liquids in the
nonhydrodynamic regime. Using the thermodynamic and transport coefficients extracted from the previous
studies, and relying on the Frenkel theory, the ratio of the longitudinal to the adiabatic sound speeds is derived
analytically, providing the optimal conditions for fast sound, which are in quantitative agreement with the current
simulation results.
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I. INTRODUCTION

Hydrodynamics [1,2] is an effective description of the
low-energy collective dynamics of a certain physical system,
whose application is very general and indeed not restricted to
fluids [3–5]. The regime of validity of such a framework is
the so-called hydrodynamic limit, which corresponds to long
length-scale and timescale processes, i.e., the macroscopic
coarse-grained “world.” The low-energy degrees of freedom,
which constitute the building blocks for hydrodynamics, are
provided by the collective hydrodynamic modes, whose num-
ber can be uniquely determined by looking at the symmetries
of the system (i.e., the number of conserved quantities and
Goldstone modes).

The dispersion relation of the hydrodynamic modes can
be extracted using time correlation functions or directly the
Fourier transformed dynamic structure factor S(k, ω) (where
k, ω are respectively the wavenumber and the frequency),
which can be measured using inelastic x-ray scattering (IXS)
or inelastic neutron scattering (INS) experiments. In the hy-
drodynamic limit, classical liquids exhibit only a pair of
propagating longitudinal modes, usually denoted as (longitu-
dinal) sound, with a dispersion relation of

ω = ±vsk − i
�L

2
k2 + . . . , (1)

where the ellipsis indicates higher-order terms in the
wavenumber k. Here, vs is the adiabatic speed of sound, and
�L the sound attenuation constant, whose expressions can
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be derived within the hydrodynamic theory. Differently from
solids [6], liquids do not display propagating shear waves in
the hydrodynamic limit, as a consequence of a vanishing static
shear modulus.

Beyond the hydrodynamic limit, liquids display a complex
dynamics and several interesting features which are still de-
bate topics. As a matter of fact, it remains unclear whether
the definition itself of liquids, in contraposition to solids, is
meaningful at all beyond the hydrodynamic regime. First,
above a certain cutoff wavenumber, sometimes indicated as
the k gap, propagating shear waves are observed in liquids
[7,8]. The detection of propagating nonhydrodynamic shear
waves has been directly reported in many simulations (e.g.,
[9]), and even in experiments (e.g., [10]). This feature is often
used to argue for the solidlike nature of liquids beyond the hy-
drodynamic limit. In jargon, for fast enough processes or short
enough length scales, liquids are qualitatively indistinguish-
able from solids [11]. Second, the spectrum of instantaneous
vibrational modes in liquids displays the presence of unstable
(instantaneous) normal modes (INMs), with purely imaginary
frequencies [12,13]. INMs might play a fundamental role in
self-diffusion [14], the low-frequency behavior of the liquid
density of states [15,16], and possibly also thermodynamic
properties such as the heat capacity [17,18].

Finally, and most importantly for this work, the longitudi-
nal sound mode in liquids displays the so-called fast sound
phenomenon for wavenumbers beyond the hydrodynamic
limit. In particular, the longitudinal sound speed exceeds the
hydrodynamic value, which is given by the adiabatic sound
speed of

v2
s = Ks

ρ
, (2)
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where Ks is the adiabatic bulk modulus and ρ the mass den-
sity [19]. Interestingly, the onset of fast sound propagation
coincides roughly with the appearance of propagating shear
waves, and it is therefore often thought as a manifestation
of the emergent solidity of liquids beyond the hydrodynamic
limit. Supporting this statement, the speed of sound in the
fast sound regime is approximately equal to the expected
expression in solids which is given by

v′
L

2 = Ks + μ∞
ρ

, (3)

where μ∞ is the instantaneous shear modulus, not to be con-
fused with the static shear modulus which vanishes in liquids.

In liquid water, the existence of fast sound was first ob-
served in molecular dynamics (MD) simulations by Rahman
and Stillinger in 1974 [20], and later observed experimen-
tally using INS by Teixeira and collaborators [21], and using
IXS by Sette and collaborators [22]. These results sparked
a huge amount of simulation, theoretical, and experimental
effort which is nicely summarized for the case of water in
[23] (see also [24–26]). Nowadays, fast sound (also labeled
positive sound dispersion) has been observed and discussed in
a plethora of liquids (e.g., [24,27–37]).

In order to explain these phenomena, the classical hy-
drodynamic framework is of no help and it has to be
augmented. Several generalization schemes have been pro-
posed in the past, including the generalized collective mode
theory [38–40], the memory function methods [41], the gen-
eralized hydrodynamic theory [42,43], the solidlike theories
of liquids [7,8], the topological structures [44], and many
more. A common denominator to all these approaches is the
necessity to introduce additional nonhydrodynamic degrees of
freedom, whose frequency ω does not vanish upon sending
the wavenumber to zero, k → 0. Since the purpose of this
work is mostly observational, we will not indulge at length
in the details of any of these theories. On the contrary, we will
limit ourselves to interpret our observations with the simplest
theoretical framework, the Frenkel theory [45], whose details
will be briefly explained in the following sections.

Dusty plasma [46–52], also known as complex plasma,
typically refers to partially ionized gas containing micron-
sized dust particles, which are highly charged to ∼− 104e.
Laboratory dusty plasma is an excellent model system that
provides a powerful diagnostic of the tracking of individ-
ual dust particles. In the laboratory conditions, these highly
charged dust particles can be levitated by the electric field
in the plasma sheath, and then self-organize into a single-
layer suspension [53–55], i.e., a two-dimensional (2D) dusty
plasma. A Yukawa repulsive potential [56] can be used to
describe the interaction between dust particles in this 2D
plane. Due to their large charges, the potential energy between
dust particles is much larger than their averaged kinetic en-
ergy, so that they are strongly coupled [49–52]. As a result,
a collection of these dust particles exhibits typical collec-
tive behaviors akin to those in liquids [54,55] and solids
[57–65]. Various fundamental physical phenomena character-
istic of solids and liquids are investigated using dusty plasmas
at the individual particle level, such as wave propagation
[10,66–70], transport properties [55,58,71–73], and critical
dynamics [74].

Wave propagation in dusty plasmas has been intensively
investigated using experiments [10,57,69,70], simulations
[75,76], and theories [77]. In 2D dusty plasmas, longitudinal
[70] and transverse waves [10,68–70] can be generated using
a lower level disturbance of the laser manipulation, and then
their propagation is easily observed at the individual particle
level, so that their speeds can be determined [68–70]. If a
higher level disturbance is applied, such as an electric pulse
[78], or a high speed electric exciter [79], then a shock can
be generated in a 2D dusty plasma. For 2D dusty plasma
solids or liquids, even without any external disturbance, the
stochastic thermal motion of individual dust particles per se
exhibits wave spectra [57], from which the sound speeds can
be determined also, as studied in this paper.

In this work, we investigate the presence of the fast sound
phenomenon in 2D dusty plasma liquids using MD Yukawa
simulations. In Sec. II, we briefly describe the simulation
method for 2D dusty plasma liquids, as well as the method to
obtain the wave spectra from the stochastic thermal motion of
particles. In Sec. III, we report our calculated wave spectra and
the determined dispersion relations. By comparing the disper-
sion relations with the adiabatic sound speed of the system,
we find the occurrence of the fast sound in 2D dusty plasma
liquids. In Sec. IV, we interpret the discovered fast sound
using the Frenkel theory, and then we analytically derive the
ratio of the longitudinal to the adiabatic sound speeds, well
agreeing with the simulation results. Finally, in Sec. V, we
provide a brief summary.

II. METHODS

Traditionally [51,80], two dimensionless parameters are
often used to characterize 2D dusty plasma systems, which are
the coupling parameter � = Q2/(4πε0akBT ) and the screen-
ing parameter κ = a/λD [81,82]. Here, Q is the charge of
each particle, T is the average kinetic temperature of parti-
cles, a = 1/

√
πn is the Wigner-Seitz radius [50] for the areal

number density of particles n, and λD is the Debye screening
length. Intuitively, � is equivalent to the inverse of the effec-
tive temperature, while κ can be regarded as the length scale
of the system, since λD is the environment parameter. Note
that, for 2D dusty plasmas, the melting point �m between the
solid and liquidlike states varies with the screening parameter
κ [83], while the transition between the liquidlike and gaslike
states occurs at � ≈ �m/20 [84].

We use MD simulations to obtain the equilibrium dynamics
of 2D dusty plasma liquids. The equation of motion [84] for
each particle is given by

mr̈i = −∇	 jφi j . (4)

Here, φi j = Q2exp(−ri j/λD)/4πε0ri j is the Yukawa repulsion
[85] between the particles i and j, where ri j is the distance
between these two particles.

To improve the statistics of the analysis, our simulation
system contains N = 16 384 particles, confined in a 243.8a ×
211.1a rectangular box with the periodic boundary condi-
tions. After the simulation system reaches its equilibrium
state, we record the particle positions and velocities for the
duration of 4.5 × 106 steps, with each time step of 0.005ω−1

pd ,
Here, ωpd = (Q2/2πε0ma3)1/2 is the nominal dusty plasma
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frequency [50]. We specify the κ values as 1 and 2.5 in our
simulations, while keeping the same reduced coupling param-
eter [84] of �/�m = 0.95 for both κ values. Other simulation
details are the same as in [86].

For our simulated Yukawa liquids, the phonon spectra are
obtained using the Fourier transform of the autocorrelation
functions for the longitudinal and transverse currents. The
longitudinal autocorrelation function is defined as [75,76]

CL(k, t ) = 1

N
〈[k · j(k, t )][k · j(−k, 0)]〉, (5)

while the transverse autocorrelation function as

CT (k, t ) = 1

2N
〈[k × j(k, t )] · [k × j(−k, 0)]〉. (6)

Here, k is the wavenumber, while

j(k, t ) =
N∑

j=1

ṙ j exp[ik · r j (t )] (7)

is the longitudinal or transverse current for this given
wavenumber k [76], i.e., the Fourier transformation of the
particle current for this wavenumber k, exactly the same as
that in [75], where ṙ j and r j (t ) are the velocity and position
of the particle j, respectively. Then we perform the Fourier
transform of the autocorrelation functions of Eqs. (5) and (6)
to obtain the corresponding phonon spectra as

C̃L,T (k, ω) =
∫ ∞

0
e−iwtCL,T (k, t ) dt . (8)

Here, C̃L and C̃T refer to the longitudinal and transverse spec-
tra, respectively.

III. RESULTS

The phonon spectra calculated from the stochastic thermal
motion of particles [57] in the equilibrium MD simulation
of 2D dusty plasmas under the conditions of κ = 1 and
�/�m = 0.95 are plotted in Fig. 1. The simulation conditions
correspond to a liquid state, so that the simulated 2D dusty
plasma is isotropic [87], i.e., the phonon spectra correspond-
ing to different directions of the wavenumbers should not
differ. Thus, to improve the signal-to-noise ratio (SNR) of the
phonon spectra, we take the mean of the phonon spectra by
varying the wavenumber direction from 0 to π/6 in 16 steps,
since the 2D triangular lattice is symmetric as the system
rotates each π/3 angle around one particle. Then, to further
improve the SNR, we average the mean phonon spectra from
ten independent simulation runs with the same time duration
of tωpd = 22, 500.

From our obtained phonon spectra in Fig. 1, as the
wavenumber increases gradually, the corresponding fre-
quency of the transverse spectra increases monotonically.
However, the frequency of the longitudinal spectra first in-
creases with the wavenumber to its peak value of ω/ωpd ≈
0.7, then gradually decreases. In addition, as the wavenumber
increases, the width of the frequency distribution becomes
wider, for both longitudinal and transverse spectra, as ex-
pected from hydrodynamics [6]. To quantitatively describe
the collective dynamics, the dispersion relations of the lon-
gitudinal and transverse waves are typically used, and can be

FIG. 1. Longitudinal (a) and transverse (b) phonon spectra of the
2D dust plasma liquid for κ = 1 and �/�m = 0.95, calculated from
equilibrium MD simulations. Circle and triangular symbols on the
phonon spectra correspond respectively to ω0(k) and ω0(k) ± γ0(k)
as defined in the DHO model, Eq. (9).

determined from the obtained phonon spectra by choosing the
peak value of the frequency for each wavenumber, as in [75].

To determine dispersion relations, the damped harmonic
oscillator (DHO) model is often used to fit the corresponding
frequency spectrum, as in [88–90]. The expression of the
DHO model is

f (ω) ∝ 1

(ω − ω0)2 + γ 2
0

+ 1

(ω + ω0)2 + γ 2
0

, (9)

where the two fitting parameters are the peak frequency ω0

and the width of the frequency distribution γ0. Due to the noise
fluctuation in the obtained phonon spectra, directly choosing
the peak frequency may include substantial systematic errors.
However, using the DHO model to fit to the obtained spectrum
is able to greatly suppress the effect of the random noise
fluctuations in the spectrum. As shown in Fig. 1, the obtained
values of the peak frequency ω0 vary smoothly with k, while
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FIG. 2. Longitudinal (a) and transverse (b) dispersion relations
of the 2D dusty plasma liquid with κ = 1 and �/�m = 0.95, as
extracted from the data in Fig. 1. The dashed line indicates the linear
dispersion ω = vsk, where the value of the adiabatic sound speed vs

is derived from the combination of the current conditions with the
equation of state for 2D Yukawa liquids [91].

the width of the frequency distribution γ0 becomes larger
monotonically.

The longitudinal and transverse dispersion relations, deter-
mined using the DHO model fitting to the phonon spectra,
are plotted in Fig. 2. The slope of the longitudinal dispersion
relation in Fig. 2 is approximately constant in the range of
wavenumbers ka � 0.22, just coinciding with the longitudinal
adiabatic sound speed vs derived from hydrodynamics, as
explained later. As the wavenumber further increases, ka >

0.22, the increase of the longitudinal frequency gradually
slows down, and eventually the slope turns into negative
after the peak frequency is reached, when ka ≈ 1.8 from
Fig. 1. Unlike the longitudinal dispersion relation, however,
the transverse dispersion relation increases approximately lin-
early in frequency when ka � 0.18. In addition, the frequency
of the longitudinal dispersion relation is always greater than
the transverse dispersion relation at the same wavenumber, as
shown in Fig. 2.

In Fig. 2, we show the dispersion relations, ω0(k) for both
longitudinal and transverse modes. For 2D liquid dusty plas-
mas, the adiabatic sound speed vs can be derived from their
equation of state of pπλ2

D = βkBT + (αQ2)/(4πε0λD) [86],
where the two coefficients are α = 2.29e−2.45κ2 + 0.34/κ5

and β = 0.14e−0.37κ + 1.30/κ2, respectively. We draw a
straight dashed line, whose slope just equals the correspond-
ing adiabatic sound speed vs of the 2D dusty plasma liquid for
κ = 1 and �/�m = 0.95. The adiabatic sound speed is derived
using the following expression from [91,92]:

vs/
√

Q2/2πε0ma =
√

−κ4γ

4
[β ′/(�κ ) + α′]. (10)

FIG. 3. Longitudinal (a) and transverse (b) phonon spectra of the
2D dusty plasma liquid under κ = 2.5 and �/�m = 0.95 calculated
from equilibrium MD simulations.

Substituting the conditions of κ = 1, �/�m = 0.95 (� =
168.9), and using the results for the equation of state for
2D dusty plasma liquids in [91,92], we obtain the values for
these coefficients α′ = −2.67, β ′ = −2.64, and the specific
heat ratio γ = 1.004, leading to the adiabatic sound speed of
vs = 0.82

√
Q2/2πε0ma. The dispersion data are well fitted by

the hydrodynamic dispersion ω = vsk for small wavenumbers
of ka � 0.22. For larger k values, the longitudinal dispersion
relation never goes above the straight line ω = vsk, indicating
that the so-called fast sound does not occur under the current
conditions.

At the same time, the transverse dispersion relation in
Fig. 2 exhibits the k-gap feature [8,9], i.e., the real part of the
frequency is zero below a certain wavenumber cutoff, which
corresponds to roughly ka � 0.18 in Fig. 2. This indicates that
transverse waves cannot propagate within this wavenumber
range, which is what we do expect for liquids. Beyond a
critical wavenumber, the transverse wave is able to propagate
and the liquid behaves effectively like a solid. We will discuss
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FIG. 4. Longitudinal (a) and transverse (b) dispersion relations
of a 2D dusty plasma liquid under the conditions of κ = 1 and
�/�m = 0.95 extracted from the data in Fig. 3. The dashed line indi-
cates the hydrodynamic dispersion ω = vsk, where vs is the adiabatic
speed of sound.

the relation between fast sound and the k gap in more detail in
the following sections.

We also investigate the properties of the 2D dusty plasma
liquid under different conditions, namely, for κ = 2.5 and
�/�m = 0.95. The obtained phonon spectra are shown in
Fig. 3. As in the previous case, we perform the same averaging
steps to improve the SNR of the phonon spectra. Furthermore,
we also use the DHO model to determine the dispersion
relations.

Due to the same value for the reduced coupling parameter
[84], �/�m = 0.95, the phonon spectra in Fig. 3 are quite
similar to those in Fig. 1. When the wavenumber ka ≈ 1.8,
the longitudinal frequency reaches to its peak, nearly at the
same wavenumber as in Fig. 1. However, the peak frequency
of the longitudinal spectra in Fig. 3 is clearly lower than that in
Fig. 1, due to the much larger value of κ . For larger κ values,
the 2D dusty plasma liquid is softer, reasonably leading to
lower frequencies for both the longitudinal and transverse
waves.

In Fig. 4, we plot the longitudinal and transverse dispersion
relations, as determined by fitting the DHO model to the
phonon spectra in Fig. 3. On top of the numerical data, we
also draw a dashed line with the slope of the correspond-
ing adiabatic sound speed vs = 0.26

√
Q2/2πε0ma, derived

from Eq. (10) combined with the conditions of κ = 2.5 and
�/�m = 0.95.

As the main result of this paper, we discover the occurrence
of fast sound in a 2D dusty plasma liquid from our simulations
in Fig. 4. While comparing the longitudinal dispersion relation
with the straight line ω = vsk, we find that there are three
distinctive ranges of wavenumber. In the first range, ka �
0.14, the longitudinal dispersion relation nearly overlaps with

FIG. 5. Obtained longitudinal sound speed v′
L = ω/k from the

dispersion relation data points in Fig. 4, normalized by the adiabatic
sound speed vs, for the 2D dusty plasma liquid for κ = 2.5 and
�/�m = 0.95.

ω = vsk, indicating that the longitudinal sound speed is the
same as the adiabatic sound speed. In the second range,
0.14 < ka � 1.02, the frequencies corresponding to the lon-
gitudinal dispersion relation are higher than the hydrodynamic
dispersion ω = vsk. In the last range, ka > 1.02, the longitu-
dinal dispersion bends down and the numerical data appear
below the hydrodynamic dispersion ω = vsk. Importantly, in
Fig. 4, we observe that the onset of fast sound is concomitant
with the k gap in the transverse dispersion relation, around
ka = 0.14. We will return to this point in the next section.

To better quantify the fast sound, in Fig. 5, we plot the
determined speed of longitudinal sound v′

L = ω/k [93] nor-
malized by the hydrodynamic adiabatic value vs, as a function
of the wavenumber k. We observe a maximal deviation of
about 10% with respect to the adiabatic sound speed vs. Our
obtained 10% faster than vs longitudinal speed of sound is
significant enough to draw the conclusion that the fast sound
does occur under the corresponding conditions. The scattering
of the simulation data for small values of ka in Fig. 5 is due
to numerical inaccuracy. One obviously expected that v′

L = vs

for ka � 1. The appearance of the fast sound phenomenon
will be confirmed later on using analytical approximate for-
mulas for the elastic moduli of 2D dusty plasma liquids.

IV. THEORETICAL INTERPRETATION

In this section, we provide a simple theoretical interpreta-
tion of our numerical results using the Frenkel theory [45,94].
In the hydrodynamic regime, the longitudinal sound speed in a
liquid coincides with the adiabatic value, Eq. (2), while trans-
verse waves cannot be sustained since the static shear modulus
vanishes. However, for smaller length scales, or equivalently
for larger wavenumbers, typical liquids, including our studied

055211-5



ZHENYU GE et al. PHYSICAL REVIEW E 107, 055211 (2023)

2D dusty plasma liquids, are able to sustain transverse waves,
exhibiting solidlike properties [8]. Thus, while calculating the
liquid longitudinal sound speed in this regime, the effect of
the shear modulus should be included, leading to the expres-
sion of the longitudinal sound speed of Eq. (3). At the same
time, in this nonhydrodynamic regime, the transverse sound
speed in liquids is expressed as v2

T = μ∞/ρ. Combining the
expressions for the longitudinal and transverse sound speeds,
we obtain their ratio as(

v′
L

vs

)2

= 1 + v2
T

v2
s

. (11)

Using this theoretical framework, we confirm that our
discovered fast sound is ≈10% beyond the adiabatic sound
speed for the conditions shown in Fig. 5. Using Eq. (10),
combined with the conditions of κ = 2.5 and �/�m = 0.95,
we obtain the corresponding adiabatic sound speed vs =
0.26

√
Q2/2πε0ma [91,92]. From [95], the instantaneous

shear modulus μ∞ of a 2D dusty plasma liquid is nearly the
same as the shear modulus of the corresponding 2D dusty
plasma solid with the same κ value. As a result, we are able
to directly use the transverse sound speed of a 2D dusty
plasma crystal to derive the μ∞ value of the corresponding 2D
dusty plasma liquid. From the previous investigations [95], the
transverse sound speed of 2D dusty plasma crystals vT can be
phenomenologically fitted to

vT /
√

Q2/2πε0ma = (0.374 − 0.0690κ1.11)/
√

2. (12)

Substituting κ = 2.5 into Eq. (12), we obtain the correspond-
ing transverse sound speed of vT = 0.13

√
Q2/2πε0ma for the

dusty plasma crystal. At smaller length scales, the transverse
sound speed of the corresponding dusty plasma liquid for
κ = 2.5 should be approximately given by the same value.
Thus, we derive the ratio of the longitudinal and transverse
sound speeds in the 2D dusty plasma liquid of κ = 2.5 as
v′

L/vs = 1.11. From Fig. 5, we find that the maximum value
of v′

L/vs is around 1.10, well agreeing with our theoretical
derivation here with only �1% difference.

To systematically study the fast sound in our studied sys-
tem, in Fig. 6, we plot our theoretical derived values of v′

L/vs

for 2D dusty plasma liquids over a wide range of conditions.
By combining Eqs. (10), (11), and (12) together, we derive the
expression of v′

L/vs using κ and � as

v′
L/vs =

√
1 − (0.374 − 0.0690κ1.11)2

κ4γ

2 [β ′/(�κ ) + α′]
. (13)

The solid curve on the top of Fig. 6 represents the melting
conditions �m for 2D dusty plasmas, while the dashed curve
on the bottom corresponding to the transition between the
liquidlike and gaslike states of �/�m = 0.05, also known as
the Frenkel line [84]. From [8], in the gaslike state for all
supercritical fluids, like our studied dusty plasmas, transverse
waves cannot always be sustained anymore; as a result, the
fast sound cannot exist anymore [94]. However, in the liq-
uidlike state, such as for the conditions between the solid
and dashed curves in Fig. 6, the fast sound may be observed,
depending on its dependence on the system conditions, as we
study next.

FIG. 6. Theoretical derived ratio of the longitudinal sound speed
v′

L to the adiabatic sound speed vs for 2D Yukawa liquids. The loca-
tions of the cross and the star symbols correspond to the parameters
in Fig. 2 and Fig. 4, respectively.

From Fig. 6, as κ varies, v′
L/vs gradually increases until

reaching its maximum when κ ≈ 2.4 and then starts to de-
crease. From Fig. 6, we also find that, when κ � 1.8, v′

L/vs is
significantly dependent on the � value, i.e., v′

L/vs increases
noticeably with the � value. Due to this dependence, the
most significant deviation from the adiabatic speed should
occur when κ ≈ 2.4, especially at low temperatures near the
melting curve, like for the conditions of Figs. 3–5, as the
star shown in Fig. 6. However, from Fig. 6, our predicted
value of v′

L/vs is only ≈1.03 for the conditions of Figs. 1
and 2, probably too low to be easily identified from our
simulations.

From our understanding, the variation trend of v′
L/vs in

Fig. 6 can be interpreted by comparing the values for the adi-
abatic bulk modulus Ks and the instantaneous shear modulus
μ∞ of our studied 2D dusty plasma liquids. As the screening
parameter κ increases, the shielding effect between particles
significantly increases, so that the 2D dusty plasma liquid is
much softer, leading to lower values for both Ks and μ∞. As
κ increases from 0.5 to 3, the instantaneous shear modulus for
2D dusty plasma liquids decreases by about one order of mag-
nitude from Fig. 1 of [95]. However, from Fig. 6 of [91], the
adiabatic bulk modulus for 2D dust plasma liquids intensely
decreases more than four orders of magnitude while κ varies
from 0.5 to 3. This significant difference in the decaying rates
leads to an increasing importance of μ∞ in the contribution to
the longitudinal sound speed as κ increases, resulting in the
discovered larger values of v′

L/vs for higher κ values. When
the κ value is too high with too strong screening effect, the
2D dusty plasma liquid is too close to the ideal gas, so that the
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transverse wave propagation is not so significant, leading to a
too insignificant feature of the fast sound to be detected.

V. CONCLUSIONS

In conclusion, using MD simulations of 2D dusty plasmas
in the liquid phase, we report the observation of the fast sound
phenomenon in the dispersion of the longitudinal sound. Our
results confirm that the fast sound phenomenon is directly
linked to the emergence of solidity in the nonhydrodynamic
regime of classical liquids. More precisely, we verify that the
fast sound appears roughly at the same length scale of the
k-gap phenomenon, which signals the onset of propagation for
transverse shear waves. This strongly hints towards the con-
clusion that the two phenomena are just two manifestations
of the same physics, as envisaged in some of the theoretical
frameworks. In particular, we use the Frenkel theory to com-
pare our numerical data with the corresponding theoretical

predictions. These two are in agreement with only about �1%
difference, confirming the validity of the theoretical frame-
work even at the quantitative level. It is hard to believe this
is just a mere coincidence, but it would be clearly helpful to
pursue a larger exploration for different interaction potentials,
dimensionality, etc., to make a stronger case in this direction.
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