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Wrapping dynamics and critical conditions for active nonspherical nanoparticle uptake
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The cellular uptake of self-propelled nonspherical nanoparticles (NPs) or viruses by cell membrane is crucial
in many biological processes, but its universal dynamics have yet to be elucidated. In this study, using the Onsager
variational principle, we obtain a general wrapping equation for nonspherical self-propelled nanoparticles. Two
analytical critical conditions are theoretically found, indicating a continuous full uptake for prolate particles
and a snapthrough full uptake for oblate particles. They precisely capture the full uptake critical boundaries
in the phase diagrams numerically constructed in terms of active force, aspect ratio, adhesion energy density,
and membrane tension. It is found that enhancing activity (active force), reducing effective dynamic viscosity,
increasing adhesion energy density, and decreasing membrane tension can significantly improve the wrapping
efficiency of the self-propelled nonspherical nanoparticles. These results give a panoramic view of the uptake
dynamics of active nonspherical nanoparticles, and may offer instructions for designing an effective active NP-
based vehicle for controlled drug delivery.
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I. INTRODUCTION

The lipid bilayer plasma membrane, a physical barrier
defining organelles of cells and plenty of their surrounding
environment, plays a crucial role for a spectrum of biologi-
cal processes [1]. Examples range from the transduction of
biochemical signals and the intake of nutrients [2] to bud-
ding and fission [3,4], and endocytosis of viruses, pathogens,
and particles [5,6]. The engulfing of a particle or virus
(pathogen) by a plasma membrane is a widely encountered
phenomenon in endocytosis processes, including inter- and
intracellular transport [7], delivering therapeutic agents en-
veloped by nanoparticles (NPs) into tumor cells [8–10] and
virus infection [11–13]. Especially, cellular uptake, which
involves the interaction between cell membrane and NPs or
viruses, is an essential step for a wide range of healthy and
disease-related processes [12].

Over the past two decades, considerable efforts using
experiment, theoretical modeling, and numerical simulation
have been devoted to characterizing how the physical param-
eters, including particle size [14–20], shape [21–23], elastic
properties of invading particles [24–28], ligand and receptor
density [29–31], as well as the mechanical properties of the
membrane [32,33], affect the invading behaviors. Though the
cellular uptake of passive particles via endocytic process has
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been studied extensively, little work has been done on the ac-
tive entry of self-propelled bacterial pathogens. To name a few
examples, it has been found that some cytosolic bacteria such
as Rickettsia rickettsii are able to produce active force to fa-
cilitate their mobility by forming actin tails [34], and Listeria
monocytogenes can generate active force to push out a tube-
like protuberance from the plasma membrane by hijacking the
actin polymerization-depolymerization apparatus of their host
[35–39]. How the active force of these self-propelled agents
affects the engulfing dynamics at the cell membrane remains
to be elucidated.

Recently, many model systems using lipid vesicles to
encapsulate natural swimmers (Escherichia coli bacteria,
Bacillus subtilis bacteria, etc.) or artificial microswimmers
(synthetic Janus particles) have been developed to study the
active membrane behaviors in vitro [40–45]. Such systems
are out of equilibrium and hence give rise to many intriguing
behaviors, such as membrane fluctuations and large defor-
mations [40,41], shape transformations [42–44], and even
deformation of lipid vesicles into flagellated swimmers [45].
Therefore, the specific interactions between vesicles and bac-
teria or artificial self-propelled particles plays a key role in
designing active matter systems [46]. In the limit of low
membrane tension and weak reversible adhesion, Spanke et al.
[47] experimentally investigated how the spontaneous wrap-
ping dynamics of micron-sized particles by giant unilamellar
vesicles changes with the adhesion energy. By combining
computer simulations and theoretical analysis, the cellular
uptake of active particles in the absence of membrane ten-
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FIG. 1. Schematic depicting wrapping phases of an active parti-
cle from nonwrapping to partial wrapping and to full uptake.

sion was studied [48], and the deterministic and stochastic
uptake dynamics of passive NPs with different geometries
were also reported [21]. Understanding such effects of forces
and membrane properties (adhesion energy density and mem-
brane tension) on the dynamics of cellular uptake is critical
to designing efficient strategies for potential biomedical ap-
plications, including drug and gene delivery [49–51], cell
operation and manipulation [52,53], and bioimaging and sens-
ing [8,54]. However, in reality, as many pathogens and viruses
are nonspherical [55], such as egg-shaped malaria parasite
[56] and cylindrical Listeria monocytogenes, a detailed and
comprehensive investigation of how the uptake time depends
on the active force, the particle’s aspect ratio, the viscosity,
and the membrane properties (adhesion energy density and
membrane tension) is needed.

II. THEORETICAL MODELING

We consider a fluidic membrane invaded by an active
self-propelled nanoparticle modeled as an axis-symmetric el-
lipsoid (prolate or oblate spheroid). For simplicity, the particle
is assumed to be symmetrically aligned with the membrane
initially under a constant active force in the z direction, as
shown in Fig. 1, where a and b denote the semiaxes perpen-
dicular to and along the principle rotational axis, respectively.
The geometry of the particle is parametrized by an aspect
ratio e = b/a, with e > 1 for a prolate ellipsoid and e < 1 for
an oblate one. It should be noted that passive particles may
undergo orientational rotation, possibly due to stochastic ther-
mal fluctuation of the membrane [57]. Following the classical
Canham-Helfrich continuum model [16,58,59], the total free
energy of such a system is given by

Etot =
∫

Amem

κ

2
(2H )2dA + σ�A −

∫
Aad

ω dA − f Z, (1)

where the elastic energy of the membrane, the adhesion
energy between the particle and the membrane, and the
work done by the active particle are taken into account.
Here we neglect the contribution made by the membrane
part detached from the particle. In practice, it is convenient
to write the area element in terms of polar angle: dA =

2πa2 sin θ
√

cos2 θ + e2 sin2 θdθ. The first term of Eq. (1),
with κ the bending rigidity and H the local mean curvature,
denotes the bending energy of the membrane

Ebend =
∫ α

0
πκe2 sin θ

[2 + (e2 − 1) sin2 θ ]2

[1 + (e2 − 1) sin2 θ ]3

×
√

cos2 θ + e2 sin2 θ dθ, (2)

an integral over the contact area between the membrane and
the particle (see the detailed derivation in the Appendix). For
simplicity, the contribution made by the elastic energy of the
free membrane part detached from the particle is neglected
[2,21]. The second term of Eq. (1) is an energy

Eten =
∫ α

0
2πσa2 sin θ

[
1 − cos θ√

cos2 θ + e2 sin2 θ

]

×
√

cos2 θ + e2 sin2 θ dθ, (3)

contributed by membrane tension σ (see the detailed deriva-
tion in the Appendix). The third term of Eq. (1) represents the
gain in adhesive energy, which is characterized by a negative
adhesive energy −ω per unit area. Typically, the interaction
between membranes and particles can be classified as non-
specific adhesion and specific adhesion, among which the
nonspecific adhesion of NPs to cell membranes refers to the
physical attachment of the NPs to the cell membranes without
involving specific receptor-ligand interactions. The specific
membrane-NP adhesion (i.e., receptor-mediated endocytosis)
refers to the specific binding of receptor and ligand molecules
that are anchored in the membrane and to the particle surface.
In this paper, we only consider the case of the nonspecific
interaction between the cell membrane and nanoparticle. The
last term of Eq. (1) arises from work done by an active
force f acting on the particle, which can be calculated as
Ef = − f ae(1 − cosα).

It has been found that as the particle is being engulfed
by the membrane, it is the friction force near the membrane-
particle contact line with its circumference given by L(α) =
2πa sin α that largely dissipates the energy [47]. In the limit
of low Reynolds number, the dissipation function reads (see
the detailed derivation in the Appendix)

	 = πηa3 sin α(cos2 θ + e2 sin2 θ )α̇2, (4)

where η is the effective dynamic viscosity with a typical
order of 1 Pa s. In order to obtain the equation governing the
wrapping dynamics of the active particle, following the On-
sager variational principle [60,61] we construct a Rayleighian
R = Ėtot + 	, with Ėtot the time derivative of the total free
energy

Ėtot =
{

κe2

a2

[2 + (e2 − 1) sin2 α]2

[1 + (e2 − 1) sin2 α]3
+

× 2σ

(
1 − cos α√

cos2 α + e2 sin2 α

)
− 2ω

}

× πa2 sin α
√

cos2 α + e2 sin2 αα̇ − f ae sin αα̇, (5)

and 	 the energy dissipation function. Minimizing R with
respect to α̇ following the Onsager variational principle, i.e.,
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TABLE I. Parameters used in the numerical calculations.

Parameters Used value References

Membrane bending rigidity κ = 25 kBT [62,63]
Membrane tension σ = 0.9 × 10−5 N/m [21,62]
Adhesion energy per area ω = 0.044 mJ/m2 [21,62]
Effective dynamic viscosity η = 1 Pa s [2,19]

∂R/∂α̇ = 0, we obtain the cellular uptake dynamics equation

α̇ = 1

ηa
√

cos2 α + e2 sin2 α

{
ω + f e

2πa
√

cos2 α + e2 sin2 α

− κe2

2a2

[2 + (e2 − 1) sin2 α]2

[1 + (e2 − 1) sin2 α]3

− σ

(
1 − cos α√

cos2 α + e2 sin2 α

)}
(6)

for a nonspherical active particle. For spherical particles a =
b = R, the above equation reduces to Eq. (2) in Ref. [21] if
f = 0.

A detailed theoretical analysis of Eq. (6) shows that there
exist two types of critical conditions for a full uptake to occur.
One is governed by α̇|α=π= 0, or

ω + f

2πa
e − 2κ

a2
e2 − 2σ = 0, (7)

corresponding to a second-order wrapping transition
for prolate particles and spherical particles, which,
in particular, own a critical radius Rc = [− f +√

f 2 + 32π2κ (ω − 2σ )]/[4π (ω − 2σ )] when ω �= 2σ . It
is found from Eq. (6) that during the dynamic process, the
wrapping angle for oblate particles experiences a plateau near
π/2. By considering a small variation �α from π/2 and
performing a Taylor expansion for the right side of Eq. (6),
we have the other critical condition

ω + f

2πa
− κ (1 + e2)2

2a2e4
− σ − B2

4C
= 0 (8)

for a first-order wrapping transition from a no- or par-
tial wrapping to a full uptake. This is obtained by using

α̇|α=π/2+B/(2C)= 0 with B = σ/e and

C = 1 − e2

2e2

(
σ − ω − f

πa

)
+ κ (3e2 + 7)

4a2e6
.

Here, −B and C correspond to the coefficients of �α and
�α2 terms of the Taylor expansion of Eq. (6), respectively.
If the membrane tension satisfies (2e2 − 1)σ � κ (3e2 +
7)/(a2e4) − 2(1 − e2)[ω + f /(πa)], then the last term can be
discarded and the above condition reduces to

ω + f

2πa
− κ (1 + e2)2

2a2e4
− σ = 0. (9)

Eqations (7) and (8) equivalently represent force-balance con-
ditions among the four types of forces corresponding to the
four terms in Eq. (1), with the active force and the adhesion
balancing against the elastic force and the membrane tension.

III. RESULTS AND DISCUSSION

In order to investigate the wrapping dynamics of a non-
spherical active particle, we first solve Eq. (6) numerically.
In this paper, the used parameter values, if not varied, are
summarized in Table I. For an oblate spheroid, the engulfing
angle (black curves) as shown in Fig. 2(a) exhibits a plateau
around α = π/2, followed by a rapid increase of wrapping
angle, indicating that there exists an accelerating uptake at this
point. The low wrapping velocity (blue curve) at the plateau
comes from the sharp increase of bending energy due to the
high curvature, which hinders the wrapping process in this
region. Here, the wrapping velocity is defined as the derivative
of wrapping angle with respect to time. In contrast, the prolate
spheroid and the spherical particle show a similar wrapping
behavior, as shown in Figs. 2(b) and 2(c). The wrapping veloc-
ity for the spherical particle shows a significant and monotonic
drop-off and slows down to a fully wrapping state after the
particle is initially internalized. For the prolate spheroid, the
engulfing velocity increases at the beginning, followed by a
dramatic decrease, levels of,f and finally terminates at a full
uptake (α/π = 1) [Fig. 2(c)]. As the elastic energy of the
membrane is the integral of curvature over the contact area,
which is small at the beginning for the prolate spheroid, the
contribution made by elasticity as an obstructor of wrapping
is trivial and that is the reason why the engulfing velocity
increases.

FIG. 2. The engulfing angle α/π and the wrapping velocity v of a particle with different aspect ratios (a) e = 0.75, (b) e = 1, and (c) e =
1.5. Notice that the particle volume is not fixed in this figure.
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FIG. 3. Uptake time as a function of particle size for (a) oblate particle and (b) spherical particle with different active forces, and for
(c) oblate particle and (d) spherical particle with different effective dynamic viscosities. The aspect ratio for oblate particles is kept unchanged.

Figure 3 shows how the uptake time depends on the particle
size for different active forces and dynamic viscosities. Given
f [Figs. 3(a) and 3(b)] or η [Figs. 3(c) and 3(d)], all the uptake
times share a similar feature that with the increase of particle
size, tup drops very quickly before it bounces back mildly.
Such a similarity of wrapping behavior indicates that there
exists a common critical condition related to force, viscosity,
and particle size for them beyond which a full uptake occurs.
The calculation results also demonstrate that particles with
larger active forces are taken up faster than those with smaller
forces, showing that particle activity facilitates the uptake pro-
cess. This conclusion is in line with the simulation prediction
in Ref. [48] that the uptake efficiency can be enhanced with
the increase of Péclet, a quantity measuring the strength of

active force. The dynamic viscosity also affects the wrapping
dynamics. It is found, as shown in Figs. 3(c) and 3(d), that
decreasing the effective dynamic viscosity η clearly decreases
the uptake time for the occurrence of the complete uptake. A
large viscosity inhibits the uptake process and hence leads to
longer uptake time. To achieve a faster (slower) wrapping pro-
cess, enhancing (weakening) the particle activity and reducing
(raising) the effective dynamic viscosity might be an effective
option.

Pathogens and viruses come in many different shapes [55],
so it is necessary to study the dynamic wrapping behaviors
of nonspherical particles by membranes. Here we focus our
discussion on the ellipsoid with its shape characterized by
aspect ratio through an f -e phase diagram constructed for

FIG. 4. (a) An f -e phase diagram characterizes the effects of the active force and the particle aspect ratio (fixed volume) on the uptake
time. (b) The uptake time shows a nonmonotonic dependence for oblate particles and a monotonic one for prolate particles. (c) The activity of
particles decreases the uptake time considerably but not the optimum aspect ratio.
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(a) (d)

(b) (e)

(c) (f)

FIG. 5. Wrapping time tup as a function of f and ω for (a) oblate ellipsoidal, (b) spherical, and (c) prolate ellipsoidal particles at equal
particle volume. Uptake times as a function of active force f and membrane tension σ for (d) oblate ellipsoidal, (e) spherical, and (f) prolate
ellipsoidal particles with fixed particle volume.

the uptake time under the condition of fixed particle volume
(V = 4πea3/3 = 4πR3

0/3 with R0 = 100 nm), as shown in
Fig. 4. It is found that a prolate ellipsoidal particle is taken
up slower than a spherical one, while upon decreasing the
aspect ratio, the uptake time for the active oblate ellipsoidal
particles displays a nonmonotonic feature, in stark contrast
to the monotonic dependence for active prolate particles, as
shown in Figs. 4(a) and 4(b). In order to investigate the
minimum uptake time and its corresponding optimum as-
pect ratio, we plot Fig. 4(c), which verifies that enhancing
the activity gives rise to the wrapping efficiency (with a de-
crease of tup), but does not effect the optimum aspect ratio
much. Besides, the two analytical critical curves based on
Eqs. (7) and (9) precisely fall onto the two boundaries sepa-
rating the full uptake and the no- or partial uptake regimes,
indicating once again that there exist two ways for a non-
spherical particle to reach full wrapping, i.e., a continuous
uptake for prolate particles and a snapthrough uptake for
oblate particles. Such a conclusion is in agreement with
the simulations done by Khosravanizadeh et al. [64] that
oblate particles exhibit a discontinuous wrapping phase tran-
sition from partial wrapping to full wrapping during the

uptake process, while prolate particles show a continuous
one.

To gain more insight into the effects of the membrane prop-
erties on the uptake time, we explore the wrapping dynamics
of active particles with different adhesion energy densities and
membrane tensions. The colored contour maps of tup on the
f -ω [see Figs. 5(a)–5(c)] and f -σ [see Figs. 5(d)–5(f)] planes
show that given an aspect ratio and an active force, a higher
(lower) wrapping efficiency can be achieved under a stronger
(weaker) adhesion force or a lower (higher) membrane ten-
sion, i.e., higher adhesion and looser membrane leads to faster
wrapping. Such a conclusion can be supported by experimen-
tal observations [47] reported recently that higher adhesion
leads to faster wrapping, and simulation results in Ref. [21]
that the uptake time is strongly decreased for higher adhesion
and looser membrane. All the full uptake boundaries can be
very well captured by the critical conditions Eqs. (7)–(9) we
obtain.

Finally, we discuss the influence of the membrane proper-
ties and the aspect ratio of particle on the wrapping process,
as shown in Fig. 6. In the uptake time phase diagram in the
projection of the ω-e plane for the oblate ellipsoidal particles
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(a) (b) (c)

(d) (e) (f)

FIG. 6. Two-dimensional uptake time phase diagrams in the projection of (a) ω-e plane with how its corresponding uptake time depends on
(b) aspect ratio. (c) The dependence of minimum uptake time and optimum aspect ratio on adhesion energy density. Two-dimensional uptake
time phase diagrams in the projection of (d) σ -e plane with how its corresponding uptake time depends on (e) aspect ratio. (f) The dependence
of minimum uptake time and optimum aspect ratio on membrane tension. The particle volume is kept fixed.

[Fig. 6(a)], the uptake time nonmonotonically depends on
e, in contrast to the monotonic dependence for the prolate
ellipsoidal particles [Fig. 6(b)]. The optimum aspect ratio
corresponding to the minimum uptake time decreases slightly
[Fig. 6(c)]. Similar analysis can be done for membrane tension
[Fig. 6(d)], which comes up with similar dependence of up-
take time on aspect ratio [Fig. 6(e)] but opposite dependence
on membrane tension [Fig. 6(f)]. The optimum aspect ratio
exhibits no response to membrane tension, like the active
force. This behavior, which seems consistent with Figs. 6(a)
and 6(d), comes from the mathematical feature of Eq. (6).
But due to its complexity, it is still hard to get the conclusion
analytically. Figure 6 also confirms that the uptake efficiency
can be improved (abated) by increasing (decreasing) the ad-
hesion energy density, or reducing (raising) the membrane
tension. The dash and solid curves based on the analytical
results Eqs. (7) and (8) coincide with the boundaries obtained
from numerical calculations. It has been shown, by providing
a stochastic model to study the kinetics of particle wrapping
by a vesicle, that increasing the attraction strength between
the particle and vesicle causes the improvement of uptake
rate [65]. This is again a result in agreement with our present
conclusions.

Consequently, we argue that the wrapping process is
largely determined and controlled by the competition among
the three types of energy: the elastic energy (consisting of
bending energy and tension energy), the adhesive energy, and
the work done by the active force. Reducing uptake time can
be realized based on the condition that the adhesion energy
and the work done by the active force is sufficient to overcome
the energy barrier, namely, the sum of the elastic energy and
the viscous dissipation. In the presence of active force, the
work done by it reduces the free energy and as a result reduces

the time for the full uptake to occur. According to Eq. (6), the
adhesion energy driving the wrapping process is positively
proportional to the adhesion energy density and negatively
proportional to the membrane tension. As a result, increasing
the adhesion energy density is equivalent to increasing the
driving force for wrapping, and decreasing the membrane
tension decreases the energy penalty for uptake, indicating a
decreases of the uptake time. As for the effective dynamic vis-
cosity, an increase means that the induced energy dissipation
requires more adhesion energy and work done by the active
force to compensate, which leads to an increase of uptake
time.

IV. CONCLUSION

In summary, we investigate the wrapping dynamics of a
nonspherical active particle by a lipid plasma membrane,
by taking into account the influence of the active force, the
particle shape, the effective dynamic viscosity, and the mem-
brane properties (including the adhesion energy density and
the membrane tension). The wrapping equation for the active
particle is derived by using the Onsager variational principle.
Two critical conditions, one for the continuous full uptake of
prolate particles and the other for snapthrough full wrapping
of oblate particles, are found theoretically, which precisely
depict the numerical calculation results. Our results reveal that
enhancing activity (active force), reducing effective dynamic
viscosity, increasing adhesion energy density, and decreasing
membrane tension can significantly improve the wrapping ef-
ficiency of the self-propelled nonspherical NPs. Intriguingly,
with an increase of aspect ratio, the uptake time for oblate
ellipsoidal particles exhibits a nonmonotonic dependence, in
stark contrast to the monotonic dependence for prolate ellip-

054401-6



WRAPPING DYNAMICS AND CRITICAL CONDITIONS FOR … PHYSICAL REVIEW E 107, 054401 (2023)

soidal particles. These conclusions indicate that the uptake
time can be manipulated by changing the activity and the
aspect ratio of the particles, the effective dynamic viscosity,
and the properties of the membrane, such as adhesion energy
density and membrane tension. All these findings not only
conclusively shed light on some previous specific investiga-
tions neglecting one or two energy contributors [2,21,48], but
also give a panoramic view of the full uptake conditions for
active nonspherical NPs and provide guidelines to improve
the efficiency of active particle-based drug delivery systems.
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APPENDIX: DERIVATION OF EQS. (2)–(4)

In practice, the mean curvature of the ellipsoidal particle is
given by

H = c1 + c2

2
= b[2a2 + (b2 − a2) sin2 θ ]

2a[a2 + (b2 − a2) sin2 θ ]3/2
, (A1)

where c1 and c2 are the two principle curvatures. Substituting
the area element and Eq. (A1) into the first term of Eq. (1)
and using e = b/a, one can obtain Eq. (2). In Eq. (1), �A
is the excess area, which equals the area difference between
the contact area and the area of its projection. As a result, the
excess area can be calculated as

�A =
∫ α

0

(
1 − a cos θ√

a2 cos2 θ + b2 sin θ

)
dA. (A2)

Substituting Eq. (A2) into the second term of Eq. (1) and using
e = b/a, one can obtain Eq. (3). During the uptake process,
the friction force per unit length near the membrane-particle
contact line is given by ffriction = η

√
a2 cos2 α + b2 sin αα̇.

Then the total friction force at the contact line reads Ffriction =
L(α) ffriction. In the case of low Reynolds number, the dissipa-
tion function is given by

	 = 1
2 Ffriction

√
a2 cos2 α + b2 sin αα̇. (A3)

A simplification of the above equation leads to Eq. (4).
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