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Derivation of field theory for the classical dimer model using bosonization
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We derive a field theory for the two-dimensional classical dimer model by applying bosonization to Lieb’s
(fermionic) transfer-matrix solution. Our constructive approach gives results that are consistent with the well-
known height theory, previously justified based on symmetry considerations, but also fixes coefficients appearing
in the effective theory and the relationship between microscopic observables and operators in the field theory.
In addition, we show how interactions can be included in the field theory perturbatively, treating the case of
the double dimer model with interactions within and between the two replicas. Using a renormalization-group
analysis, we determine the shape of the phase boundary near the noninteracting point, in agreement with results

of Monte Carlo simulations.
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I. INTRODUCTION

In statistical mechanics, certain lattice models with hard
constraints exhibit so-called “Coulomb phases” [1], un-
conventional disordered phases with algebraic correlations,
topological order, and fractionalized defects. These include
vertex, coloring, and spin models [2-8], as well as dimer
models on bipartite lattices [9—11]. In a long-wavelength de-
scription, the microscopic constraint becomes a continuum
Gauss law, in terms of which defects are effective charges.

In three spatial dimensions and above, the constraint can
be resolved in terms of an effective gauge field [9], whereas in
two dimensions, the corresponding resolution is in terms of a
scalar “height” [4,12]. Configurations in the two-dimensional
(2D) microscopic models can be put in (many-to-one) cor-
respondence with an appropriately defined discrete-valued
height on the dual lattice, which encodes the hard constraints
in a way amenable to coarse-graining. Based on its nontrivial
transformation properties under the symmetries [13], one can
write a field theory in terms of the coarse-grained height.

The simplest massless Gaussian action for the gauge or
height field then gives a continuum theory with algebraic
correlations and charges subject to Coulomb-law interactions
at long distances. (It has indeed been proved that such a theory
describes the 2D dimer model [14,15], even in the presence
of certain interactions [16,17].) Phase transitions from this
Coulomb phase can be described by adding terms to the ac-
tion, which, in two dimensions, take the form of sinusoidal
functions of the height. If these “cosine terms” are relevant un-
der the renormalization group (RG) [18] at the Gaussian fixed
point, then the result is a Berezinskii-Kosterlitz-Thouless
(BKT) transition [19-21] to a phase where fluctuations of the
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height are suppressed. This corresponds to an “ordered” phase
of the microscopic model [10,13,22,23], where correlations
are short-ranged and defects are confined, while symmetry
may or may not be spontaneously broken.

A feature special to two dimensions is that many of the rel-
evant lattice models, including dimer models on planar graphs
and with periodic boundaries [24-26], are exactly solvable.
In particular, using Pfaffian methods and a related transfer-
matrix solution [27], it is possible to calculate exact results
for dimer-dimer correlation functions [28]. These results have
previously been used to fix the coefficients in the effective
height-field theory [29-32], by requiring that it reproduces the
asymptotic long-distance forms of the exact results.

In this work we use the exact solution to provide a direct
and explicit route to the continuum theory. Starting from
the transfer-matrix solution of the square-lattice dimer model
in terms of free fermions on a lattice in 1 + 1 dimensions
[27,33,34], we constructively derive the bosonic height-field
theory, including the effective long-wavelength action and the
correspondence between microscopic dimer observables and
operators in the field theory. As previously noted [30,35], the
relationship between the fermionic and bosonic theories is an
instance of the general phenomenon of bosonization [36], and
we show how this can be made concrete.

Besides its intrinsic appeal, our constructive approach has
a number of benefits. By providing a direct calculation of the
coefficients appearing in the field theory, it shows how they
change with modifications to the microscopic model, such as
including weights for dimers on horizontal and vertical links.
In addition, it clarifies the origin of the short-distance cutoff
required to regularize the field theory and the dependence of
the bare parameters on this cutoff, which must be included
correctly in order to calculate asymptotic dimer-dimer corre-
lations.

The bosonization approach also allows certain types
of interactions to be treated using perturbation theory.
Since it provides precise values for coefficients in the
field theory, rather than requiring them to be fixed by
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comparison with exact results, it leads to quantitative pre-
dictions in terms of the microscopic perturbations in the
original dimer model. As an example, we consider the
double dimer model [22] and show how interactions within
and between the two replicas generate cosine terms in the field
theory. By treating these terms using a renormalization group
(RG) analysis, we predict the shape of the phase boundary in
the vicinity of the noninteracting point, in quantitative agree-
ment with our previous computational results.

In Sec. II we summarize the relevant results of the transfer-
matrix method from Ref. [34]. These are then used to derive
the field theory in Sec. III. We extend the theory to the in-
teracting case in Sec. IV, allowing us to predict the phase
boundary of the interacting double dimer model in the vicinity
of the noninteracting point. We conclude in Sec. V.

II. REVIEW OF TRANSFER-MATRIX SOLUTION

In this section, we review the main steps in the solution of
the classical dimer model using the transfer matrix [27]. We
follow the presentation in Ref. [34], focusing on those results
that will be used in Sec. III to derive the bosonic field theory.

A. Dimer model

The partition function for the classical dimer model on an
L, x L, square lattice with periodic boundaries is

z=Y w", ()

CGCO

where & denotes the set of all close-packed dimer configu-
rations. We include a weight w assigned to each horizontal
dimer; w = 1 is the isotropic model where all dimer config-
urations have equal weight in the ensemble. (The parameter
w is called o in Refs. [27,34].) For simplicity, we assume
throughout that L, and L, are both even.

Denoting by d,, (r) the dimer occupation number (equal to
0 or 1) on the bond joining sites r and r 4 §,,, with §,, a unit
vector in direction p € {x, y}, the “flux” is defined by

1
Q=1 D (=1, (). 2)
Hor

As a result of the close-packing constraint [8], this is in fact
equal to a sum over any single column (for ®,) or row (®,),

Ly
O, =) (=) (r) (any ry), 3)
ry:l
Ly
Dy = > (=1)"dy(r) (any ry), )

re=1

and so the components of ® are integers.

B. Transfer matrix

We first define a Hilbert space whose basis states corre-
spond to all configurations of a single row of vertical bonds.
The transfer matrix V' is an operator that acts on any such state
and gives a linear combination of possible configurations for
the next row, with appropriate weights. Representing occupied

and empty bonds as spin up | 1) and down | |) respectively,
we can write [27]

Ly Ly
_ - - x
V=exp|w) o7or, |[]oF Q)
j=1 j=1
where o and o = %(a}‘ + io; ) are Pauli operators acting

on the bond with column index j.
In terms of the transfer matrix, the partition function, Eq.
(1), can be expressed as

Z =TrvVh. (6)

It is convenient to define the Hamiltonian A in terms of the
two-row transfer matrix,

V=, @)

and so
Z = Tre b™ (8)

is effectively the partition function for a quantum system at
inverse temperature L. (In Ref. [34], a parameter ¢ is included
that couples to ®; the transfer matrix is then V and VT on even
and odd rows, respectively. Here we sett =0 andsoV = V7,
Including ¢ would give edge weights as in Ref. [37].)

The Hamiltonian can be expressed exactly in terms of free
fermions by using a Jordan-Wigner transformation to real-
space fermions Cj,

j-1
Ci =[]0 o7 )

i=1
1
Cic; = 5 (1+07), (10)
with boundary condition
Cr1 =—(=D"C, (1)

where p = 0 (even) or 1 (odd) is the parity of the total fermion
number.

This is followed by a Bogoliubov transformation to mo-
mentum space fermions &,

[2 . 0 Ck for j even

L = —in/4 ikj 4

C;i= Lxe E e cos@kx{c_.k j odd, (12)
keK,

where

1 T
anQ6) = ——. b [0, 5] (13)

and Ky (K) is the set of all half-integer (resp., integer) multi-
plesof 2w /L, in [—m, 7):
Ko = {£n/L,, £37/L,, ..., (L, — )7 /L,}, (14)

K, = {0, £27/L,, #47/L,, ..., £(L, — 2)7 /Ly, —7}.

15)
The Hamiltonian in parity sector p is then
Hy= Y et)g . (16)
keK,
where
e(k) = sinh’l(w sink). (17
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The full set of eigenstates of the original Hamiltonian H is
given by the union of those eigenstates of H, that have even
total (real-space) fermion number and those of #; that have
odd total number.

The y component of the flux @ can similarly be written as

<I>y=—%+ > (18)
keK,
Note that it is possible to express @, in this way only because
it can be written in terms of vertical dimers on a single row, as
in Eq. (4). There is no corresponding operator for ®,, which
necessarily involves dimers on different rows.

C. Expectation values

Expectation values in the classical ensemble can be ex-
pressed using appropriate operators acting in the Hilbert
space. For the dimer occupation numbers, these are [34]

dj,x = —U)CjCH_[,
djy =C/Cj,
for the horizontal bond between r, = j and j + 1 and for the
vertical bond at r, = j, respectively.

To calculate an expectation value involving observables at
different rows /, one writes out the operator exponential in
Eq. (6) as a product of L, copies of the single-row transfer
matrix V, and inserts operators for the observables at appro-
priate positions. For example, the correlation function for two
observables, Oy and O,, inrows 1 < I} < I, < Ly, is given by

19)

1 a R
(0110 (L)) = ETr[vL‘~*’202v‘2*"olv"], (20)

J

[2 _. o
Cj[]] = L—eil(il)ln/4 Z elkj COS Gk X {{
* keK,

D. Monomer distribution function

The monomer distribution function G, related to the en-
tropic interaction between a pair of monomers (empty sites)
[38], is defined by

1 N,
Gu(rir)=— > wh, (28)
cel(ry,ry)
where €(r, r,) is the set of all configurations with monomers
at sites r; and r,.

In the transfer-matrix formalism, an ensemble containing
monomers can be produced by inserting spin-lowering op-
erators o~ into the original partition function. To see this,
suppose the vector |ly) gives all possible configurations on
row Iy of vertical bonds, with appropriate weights. Then
aj’Vl’lOUO) gives all configurations of row [ where bond j
is empty but where the intervening rows are consistent with it
being occupied. The resulting configurations and their weights
are exactly those with a monomer in column j of the row of
lattice sites between rows [ — 1 and /.

The monomer distribution function is therefore given by
[34]

Gun(ri.r2) = (o5 (D)o, (1)), (29)

where O is the operator corresponding to the classical observ-
able O. When both /; and [, are even, this expression can
easily be rewritten in terms of H using Eq. (7). To handle the
case where either is odd, we define

A

0] for [ even

Oy = . ,
g e HV-10vet™  forl odd

21

in terms of which
1 R R
(01(1)01 (1)) = ZTr[e_H(L"'_IZ)OZUzle_H(lz_ll)01111]e_ml]-
(22)

Note that Oy does not include the full / dependence (i.e., it is
not an imaginary-time Heisenberg operator) and depends on
[ only through its parity. Clearly, (0102)[1] = 01[[]02[1] and,
because V is Hermitian,

O’ = O (23)

For the dimer operators in Eq. (19), we therefore have
djinx = —wCinCisr, 24
djuy = CliyCiun- (25)

Using e "get™ = et<®¢g; and

- —e(k
VgV = —e Wyl |

(26)
VIV = —e P,
together with the complex conjugate of Eq. (12), we find
& for j 4 [ even
(—1Y¢,  j+lodd @7)

(

where the right-hand side is defined as in Eq. (20). In the case
where the monomers are in the same row and at columns j
and j + X, respectively, this can be expressed as

Gu(ri,r) = _<Cjei” ANy Cz’TC’Cj+X>’ (30)

using the inverse of the Jordan-Wigner mapping, Eq. (9). This
expectation value can be calculated in the microscopic theory
using Wick’s theorem [34].

III. DERIVATION OF FIELD THEORY

In this section, we derive an effective field theory descrip-
tion of the dimer model using bosonization, starting from the
transfer-matrix solution.

A. Bosonized Hamiltonian and action
1. Linearized theory

The free-fermion Hamiltonian, Eq. (16), has dispersion
€(k), as shown in Fig. 1. There are two Fermi points k., i.e.,
points where €(k+) = 0, at

ky =0 and k=, 31)
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FIG. 1. The dispersion €(k) (gray) is linearized around the two
Fermi points at k. = 0 and k_ = 7; the right- (red) and left- (green)
moving branches are then extended to infinity. Filled and empty
circles denote single-fermion states that are occupied and empty,
respectively, in the ground state. (The dispersion is plotted for the
isotropic case w = 1 and we have set p = 0, so the k values are
half-integer multiples of 27 /L,.)

which we refer to as the right and left Fermi points, respec-
tively. The Fermi velocities at these points are €' (k) = +w.

Our goal is to construct a linearized theory that exactly
reproduces long-wavelength properties, such as long-distance
correlation functions, of the microscopic model. To do so,
we linearize the dispersion around the two Fermi points and
extend each branch to infinity (see Fig. 1). This modifies the
dispersion away from the Fermi points and adds an infinite
number of new single-particle modes at high energy. On phys-
ical grounds, we expect the long-wavelength properties to be
unaffected, provided we consider only quantities to which the
extra modes do not make spurious contributions.

To describe the modes of the linearized theory, we define
right- and left-moving fermion annihilation operators, R; and
Ly, and corresponding real-space operators

- ‘
R(x) = — et R,
€9) E k;’o ¢

o0

Z e L. (32)

k=—00

L(x) =

1
Ly
The set of k values included in each sum is the infinite exten-

sion of K: all half-integer (integer) multiples of 27 /L, for
p = 0 (resp., p = 1). This implies the boundary condition

R(x+Ly) = —(=1)"R(x) (33)

and the same for L(x). Note that the real-space operators are
defined in the continuum rather than on the lattice, since there
is no Brillouin zone in the linearized theory.

These operators are related to the microscopic fermions g
by

for k near k

k near k_’ (34)

~ 1Rk,
Sk { Li 1
or equivalently to the real-space fermions

1 i
¥ = i ije"f:k (35)

by
W ~ ™ IR(x;) + e I L(x)), (36)

where x; is the position of site j. Expressions such as Egs. (34)
and (36) relate operators in the microscopic and linearized
theories, which have different Hilbert spaces. They should
be understood as equivalences between the two, rather than
(approximate) operator identities.

When constructing corresponding relations for other oper-
ators such as the Hamiltonian, it is necessary to avoid spurious
contributions from the additional modes in the linearized the-
ory. This can be achieved by putting all fermion operators
into normal order (see Appendix B) before applying Eq. (34)
or Eq. (36). For bilinears, normal ordering simply amounts
to subtracting the ground-state expectation value, and so the
Hamiltonian, Eq. (16), can be written as

M, =Eo(p)+ ) _ e(k):g) ¢, (37)
k

where : :denotes normal ordering. Here Ey(p) is the ground-
state energy in the sector with parity p, which obeys [34]

T
Eo(1) = Eo(0) + sz +0(L;?). (38)
One similarly finds, using Eq. (18),
Oy =p+ Y :gfn (39)
k

(Our convention for fermion normal ordering, defined in Ap-
pendix B 1, uses as reference state the ground state with @, =
+1 when p = 1.)

Using Eq. (34) and expanding € (k) to leading order around
the Fermi points then gives

My =Eo(p)+w Y kCRIR + L{Li:), (40)
k

or, transforming to real space by inverting Eq. (32),

Lx
H, = Eo(p) + % / dx [:RT (x)3:R(x) — LT (x)d,L(x):].
0

(41)

Here and in the following, we use the same symbols for
operators in the microscopic and linearized theories (or, in
other words, write these relationships using “=" rather than
“a2”), since there is no risk of ambiguity. The corresponding
expression for the flux is

Ly
Dy, =p+ / dx [:R" ()R(x) 4+ LT (x)L(x):]. (42)
0

054126-4



DERIVATION OF FIELD THEORY FOR THE CLASSICAL ...

PHYSICAL REVIEW E 107, 054126 (2023)

TABLE I. Bosonization dictionary: identities, derived in Appendix C, that relate bilinears in right- and left-moving fermion fields, R =
W, (x) and L = W_(x), to expressions containing the boson field ¢ and its canonically conjugate momentum I1. The fermion fields obey

boundary conditions W, (x + L,) = —(—1)?W,(x) with p =0 or 1, and fermion normal ordering, denoted :
the ground state subject to this boundary condition. Boson normal ordering is denoted

:, is defined with respect to
». The constant a is a short-distance cutoff with

dimensions of length that arises in the bosonization formalism and which we use to regularize the bosonic field theory (see Appendix D).

Fermions <> Bosons Equation

‘R'IR+LTL: = 3,¢ — i P Eq. (C42)

RR—L'L:=—-11 Eq. (C43)

3 :RTOR — (3,R)R — LT3, L + (3 L")L:] = Z[1(3,¢)* + 51| — 5P Eq. (C45)
R'L+L'R="LsinQ2r¢) Eq. (C50)

R'L—L'R= "L cos2r¢) Eq. (C51)

2. Bosonization and path integral

The right- and left-moving fermions can be expressed,
according to the bosonization identity [36], in terms of a pair
of bosonic operators ¢ (x) and I1(x). We provide full details of
this mapping in Appendix C, but Table I summarizes the most
important results. [These are operator identities, in contrast to
relations such as Eq. (34).]

The operators ¢(x) and I1(x) are Hermitian and obey

[p(x), p(x)] = [TI(x), TT(x")] = 0 and
[p(x), [T(x)] = id,(x — x) (43)

for 0 < x,x’ < L,. Here §, is a nascent delta function [specif-
ically, a Lorentzian; see Eq. (C23)] whose width is a, a
short-distance cutoff that arises in the bosonization formalism
[36] and which we use to regularize the field theory (see
Appendix D). In the limit @ — 0, §, becomes a Dirac delta
function, and so we refer to [1(x) as the canonically conjugate
momentum for the field ¢(x). (Note that a is not the lattice
constant, which we have set to 1.)

As we show in Appendix C1, ¢(x) is defined only up
to a global integer shift and has a jump across the periodic
boundaries. To be precise, Egs. (42) and (C42) give

Ly
®, = / dx 8, (44)
0

and so ¢(x) obeys the boundary condition [equivalent to
Eq. (C29)]

¢(Ly) = ¢(0) + D,. (45)

For the Hamiltonian, using Eq. (C45) and integration by parts
gives

Ly

Hp =Eo(0) + %/0 dx[:(8x¢)2 + %Hzi} (40)
where } * denotes boson normal ordering (see Ap-
pendix B2). Note that, using Eq. (38), the dependence on
parity sector p cancels at least to order L2, and we therefore
omit p in the following.

Using the standard mapping to a path integral for bosonic
fields [39], the partition function, Eq. (8), may be rewritten as

Z— / Dpe~591 @7)

where the action functional is'
wr [ Ly 1
Sigl = =~ / dx / dy [(am)z + —2(3y¢>2]. (48)
0 0 w

We label the imaginary-time dimension in the path integral y,
because the transfer matrix effects evolution in the y direction
of the original dimer model; the effective inverse temperature
is L, [see Eq. (8)].

The integral in Eq. (47) is over real field configurations
¢ (x,y), with 0 < x < Ly and 0 < y < L. Due to the bound-
ary condition Eq. (45), it includes paths where ¢(L,,y) —
¢(0, y) is given by an integer, identified as the y component
of the flux, ®,. Since the operator ¢(x) is defined only up to
global integer shifts, so are the fields appearing in the path
integral. Fixing the value of ¢ at any one point (x, y) allows it
to be fixed everywhere throughout a simply connected region,
but not around the periodic boundaries in the y direction.
The path integral should therefore also include configurations
where ¢(x, L) — ¢(x, 0) is an integer.” As expected by sym-
metry, and as we show explicitly in Sec. III B 2 [see Eq. (67)],
this discontinuity determines the x component of the flux, &,.

The field theory defined by Egs. (47) and (48)—which is
simply a free, massless real field theory in 2D—is identical
to the “height theory” proposed to describe the dimer model
[29-32], including the invariance under global shifts and the
relationship between the flux and the boundary conditions on
the field. We return to this point in Sec. III B 2 where we relate
the field ¢ to the dimer observables.

B. Dimer occupation numbers

The field theory for the dimer model, Egs. (47) and (48),
is useful only when paired with expressions that relate the
microscopic degrees of freedom, i.e., dimers, to the field ¢, so
that one can calculate observables. In this section we derive
expressions for the dimer occupation numbers on vertical and
horizontal bonds in terms of ¢.

!The boson normal ordering must be removed before deriving the
path integral, but this merely adds an unimportant constant o< a2,
2An identical argument applies for the path integral of a single O(2)

quantum rotor [39].
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1. Bosonized operators

The first step is to write the expressions for dj;; « and d ) y,
Egs. (24) and (25), in normal order. Since these operators are
bilinears in fermions, this simply involves subtracting their
expectation values in the reference state |0), the ground state
of the free-fermion Hamiltonian H, in parity sector p (see
Appendix B 1). It is in fact more convenient to express them
in terms of expectation values in the global ground state of H,
which is equal to the ground state in the sector with p = 0.
Denoting such expectation values by ( ), we find, by a similar
calculation to that for Eq. (38),

up to corrections of higher order in L !. By symmetry, (d,)
and (d,) are exactly independent of position, which is not true
of (0ld;in,y|0) for p = 1, since ®, # Oreduces the symmetry.’
We therefore have

djiyx — {de) = —w:CiinCiy1m: (51)
(D!
L.
While the term of order L, Uin Eq. (52) has no effect on dimer
correlations in the thermodynamic limit, it is required to give

the correct expression for the flux in Sec. III B 2.
Next, we express these in terms of right- and left-moving

djiny = (dy) = :ClyCiu: + p (52)

(0ldi11.x10) = (dv) (49) fermions R(x) and L(x), by linearizing the transformation be-
i tween Cj;) and ¢, Eq. (27). After inserting Eq. (34), shifting
Od;i1,10) = (dy) + p(—l) ’ (50) Fhe gummation .indices, and extending both sums over k to
L, infinity, we obtain
|
[ 2 . v iy cosOuR; + (—1) sinOL_;  for j + I even
= | 2= /4 ik j KNk keb—k
Cim Lxe zk:e x {(—l)l cos GkRik —sinG;L; j+1lodd - (53)

By assumption, the only important contributions to the sum
have small k, and so we replace 6, by 6y = 7. The sums can
then be identified with real-space fermions using Eq. (32),
which gives

) R+ (—1)L
Cjuy = e "Vl {

(_1)ZRT _ L+

for j + [ even
j+lodd

Like those in Sec. III A 1, this equation relates an operator
in the microscopic theory to the equivalent operator in the
linearized theory. Here and in the expressions that follow, the
continuum fields on the right-hand side are understood to be
evaluated at the position x; of site j.

Inserting this result into Eq. (52) gives, for the dimer occu-
pation number on vertical bonds,

diiny — (dy) = (=Y :R'IR+ L'L: + (=1)'(L'R + R'L).
(55)
This can be bosonized using the results of Table I, giving
(1)

wa

dimy — (dy) = (=1)/9.¢ + sin(2mw ). (56)

Similarly, for the dimer occupation number on horizontal
bonds, we find
djpnx = (d) = —iwl(— 1) :RR — L'L:
+ (=1/(R'L - L'R)], 57)

and bosonization gives

djin. — (dy) = iﬂ(—l)”’l'l + 2 (1) cos@nd). (58)
T ma

3For completeness, their values are

arctan w arctan (1/w)
(dy) = , dy) = arctan (1/w) )
bid T

in the thermodynamic limit [28,34].

(

These leading-order expressions for djy;; » and djy;y,, result
from replacing 6; in Eq. (53) by its value at k = 0. One can
instead expand in a Taylor series around this point, which
gives terms in Eq. (54) involving derivatives of the fermion
fields R and L. These terms can also be bosonized [40], giving
higher-order terms in Egs. (56) and (58) and hence corrections
to the asymptotic dimer-dimer correlations.

2. Dimer operators in path-integral formalism

Applying the same mapping that led from the partition
function in the form Eq. (8) to the path integral Eq. (47),
we can write any expectation value as an average over the
ensemble of field configurations. For example, the correlation
function in Eq. (22) becomes

1 —_ —_
(01(11)0x(h)) = prfl’ eSS0, 11102 1y (L), (59)

where 5(1 ) is a function of ¢ and its derivatives evaluated
at y = [. In cases where the operator O can be expressed in
terms of only the field operator ¢, O(!) is simply given by the
corresponding function of the field configuration ¢. For the
operator I1, which is not diagonal in the basis states used to
construct the path integral, the appropriate function is given
by the “equation of motion” I1 = %8y¢.

Mapping Eqs. (56) and (58) to the path-integral formula-
tion therefore gives (omitting ™ to simplify the notation)

1
dy(r) — (dy) = (1) 8 + E(—l)’y sinr¢) (60)
and*

di(r) = (d) = =(=1)""" 3y + %(—1)” cos(2m ). (61)

4As usual with off-diagonal operators in the path integral, this
expression does not give the correct expectation value for an oper-
ator such as [d,(r)]*>. Here this operator does not give the correct
expectation value for the dimers anyway [34].
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These expressions, along with the action in Eq. (48), are the
main results of the bosonization calculation.

The relations in Egs. (60) and (61) are exactly equivalent
to those proposed to relate dimer observables to a height field
describing long-wavelength properties of the dimer model
[29-32,41]. In these previous works, their form was inferred
based on the microscopic definition of the height and symme-
try considerations (and by analogy with the bosonized form
of the spin and charge density in a Luttinger liquid [32]),
while the coefficients, along with those in the action, were
fixed using exact asymptotic results for the dimer correlations.
Here we have explicitly constructed the long-wavelength the-
ory describing the model and have shown that it contains a
single real field ¢, related to the dimer observables according
to Egs. (60) and (61) and governed by the action Eq. (48),
with no undetermined parameters. By comparing Eqgs. (60)
and (61) for w = 1 with the corresponding expressions in
Ref. [29,30], we conclude that our field ¢ is related to the con-
tinuum height fields of the latter by ¢ = —ﬁfﬁ[so] = _%h[zg]
(where the subscripts are reference numbers).’

From Egs. (60) and (61), we can determine the transforma-
tion properties of ¢ under the symmetries of the microscopic
model. Under T, and T,, translation by one lattice spacing
in the x and y directions, respectively, the right-hand sides of
Egs. (60) and (61) should transform trivially, which requires

T,

$—>1-9
When w = 1, there is also symmetry under a fourfold
rotation R, which we define as rotation by 7 counterclockwise

6> —p. 62)

around r = 0. Under this transformation,®
do(r) — dy(R™'r = §,), (63)
dy(r) — d.(R7'r), (64)
and so
R 1
o> ¢+ (65)

Note that the similarity between the expressions for the ver-
tical and horizontal dimers, Egs. (60) and (61), respectively,
reflects the fact that the symmetry (for w = 1) between x and
v, hidden in the transfer-matrix formalism, is manifest in the
bosonized path integral.

Transformation properties equivalent to Egs. (62) and (65)
were determined in Ref. [13] based on the microscopic def-
inition of the height; comparison with these results implies
¢ = hpz — % (The rotation considered in Ref. [13] is about

SNote that Egs. (60) and (61) include explicit factors of the short-
distance regularization parameter a. As we show in Sec. III B 3, this
cancels in observables such as dimer-dimer correlation functions.
Expressions for the dimers in terms of the height that do not explicitly
include a cutoff, such as in Refs. [29-32], assume an appropriate
choice of cutoff in terms of the lattice spacing (which is set to 1 here
and in the cited references).

%The bond joining sites R™'r — §, and R™'r, whose dimer occupa-
tion number is dy(R~'r — §,), is mapped by R to the bond joining r
andr + §,.

a plaquette center and can be expressed as R’ = T,R. Refer-
ence [22] uses the definitions of Ref. [13].)

Following Ref. [13], one can also consider the conse-
quences of locality. The dimer occupation numbers d,, (r) are
given by local functions of the field ¢(r) and its derivatives,
but the derivative terms in Eqgs. (60) and (61) imply that ¢(r)
depends nonlocally on the dimer configuration. Nonetheless,
any rearrangement of the dimers can change d and d, only by
integers, and so moving dimers within a region far from r can
only shift ¢(r) by an integer. This implies that the action must
be invariant under integer shifts of ¢(r), for any microscopic
model that is local in the dimer degrees of freedom, as previ-
ously determined [13] by considering the microscopic heights.
Note that the redundancy under integer shifts arises naturally
from the bosonization procedure, as described in Sec. III A 2.

Finally, using Eqgs. (60) and (61) we can confirm the re-
lationship between the flux @ and the boundary conditions
on ¢ stated at the end of Sec. III A 2. We start from Eq. (4),
which gives @, as the sum of (—1)"**"d,(r) over any row r,
of the lattice, and use Eq. (60). Since ¢ is a slowly varying
function of r and (d,) is independent of r, we can drop rapidly

oscillating terms and replace the sum by an integral, leaving

Ly
®, = / dxdip = $Les i) — SO, 1), (66)
0

as claimed above. Similarly, Egs. (3) and (61) give

L,
O =— / dydy¢ = —¢(r. L) + ¢(r. 0),  (67)
0
for any r,.

3. Dimer-dimer correlations

To check our results for the action, Eq. (48), and the dimer
occupation numbers, Egs. (60) and (61), we use them to cal-
culate the asymptotic behavior of the dimer-dimer correlation
function,

G"(R) = (du(r + R)dy(r)) — (du(r + R))(dy(r)), (68)

for large separation R = (X, Y), and compare with results
calculated for the microscopic lattice model [28,34].

As we show in Appendix D, the field theory has correlation
function

o1 IR R\
(lp(r +R) — ¢(N)]") = — log— + O| — (69)
T a a
for a < |R| < Ly, Ly, where R = (X, wY). [The average ( )
is taken in the ensemble of field configurations, defined as on
the right-hand side of Eq. (59).]
Differentiating this, we find

w,w, |R[*8,, —2R,R,
272 IR)*

(0u@(r + R) 0,(r)) = . (70)

where wy, = 1 and wy, = w, while the result (¢) = e 2,

for a Gaussian random variable A with zero mean, gives

(il tR—wly _ = (71)

IR|?
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and (27er+R+™]y — (). We therefore have

(cos[2mp(r + R)] cos[2m p(r)])
2

. 1 a
= (sinl27(r + R Sin27 () = 5 o

and
(cos[2mp(r + R)] sin[2w ¢ (r)]) = O. (73)

Substituting Eqgs. (60) and (61) into Eq. (68) and using
these results, we find

2 2

I . X Y even
e T {(wY)2 Yodd = ¥

, 1 1 (wY)*> X even

yy ~ (— y = _~
G (R) ( 1) 7_[2 |R|4 X {XZ XOdd ) (75)
2 Xy

GY(R) ~ (—1 X+Yw—~—. 76
®)~ (-1 5 (76)

These are consistent with Ref. [34], where the same asymp-
totic results were found by calculating correlation functions
in the microscopic lattice model using the transfer matrix and
then taking the large-separation limit.

As required for any observable, these correlation functions
are independent of the regularization parameter a. While the
expressions for the dimer observables, Egs. (60) and (61),
contain a explicitly, this is compensated by the implicit a de-
pendence of the distribution of fields ¢ (r) implied by Eq. (69).

C. Monomers

The monomer distribution function G,,, which describes
the dimer ensemble in the presence of a pair of monomers,
is defined in Sec. IID. Because of the chain of operators
in Eq. (30), we are not able to bosonize it using the same
approach as in Sec. III B. Instead, we construct an operator
in the continuum theory that corresponds to the spin-lowering
operator o ; and confirm that it reproduces the correct leading-
order behavior for the monomer distribution function.

The operator o ;" is bosonic, i.e., operators on different sites
commute, and it decreases d; , = aj by one:

dj.yo‘; = O'j:(dj’y - 8”'). (77)

We seek a continuum operator with the corresponding prop-
erties. This can be constructed using the Hermitian operator
¥ (x), defined in Eq. (C21), which is related to the conjugate
field IT by TT(x) = —7®¥/(x) and obeys [ (x), ?(x')] = 0.
From Eq. (C26), its commutator with ¢(x) is

[p(x), #(x')] = %@)a(x — ), (78)

where, for 0 < x,x’ < L,, ©®, obeys ®/ (x) = §,(x) and be-
comes a unit step function in the limita — 0.
For any real m, the operator V,,(x") = e?™"? ) therefore
shifts ¢(x) by —2mO,(x — x'):
PV (x') =V (Np(x) = 2mO,(x —x)],  (79)
and so

3@ Vi (x) = Vi ()[9:¢p — 2mé,(x — x)]. (80)

Comparing with the first term in the bosonized (continuum)
form of the operator dj;;,, Eq. (56), we therefore see that
Vin(x;) with m = %(—1)j *+ reduces the dimer number by one
(spread over a region of size a).” We conclude that it is a con-
tinuum operator corresponding to the microscopic operator
%juy:

The monomer operator therefore corresponds to a “mag-
netic vertex operator” [36,42], which inserts vortices in the
height field, as has previously been stated in Refs. [13,32,43].
The fact that the magnetic charge m has opposite sign on
even and odd sites reflects the opposite effective charge of
monomers on the two sublattices [1]. Since only charge-
neutral products of vertex operators have nonzero expectation
values, the appearance of e*” does not lead to ambiguities,
even though (as explained in Appendix C) ¢ is defined only
up to an integer.

Note that V,, .(x) = e>7ilm? )+l ig also a bosonic op-
erator with the same commutation relations, as long as the
“electric charge” e [13,42] is an integer. In general, the mi-
croscopic operator can be expressed as a linear combination
of V,, .(x) with the same m but different e. The long-distance
form of the monomer distribution function will be dominated
by V,, = V.0 since the others have correlation functions that
decrease more rapidly with distance [42].

Finally, we confirm that the proposed continuum operator
gives the correct asymptotic form of the monomer distribution
function G, (r, ) for sites r and 7 on opposite sublattices. If
1y + ry is even and r; + r; is odd, then

Gm(r,r) ~ (V% (r)Vfé(r/)>. (81)
Because ¥ is a free bosonic field, we have
(TP e*%([ﬂ(r)—ﬁ(r’n2>. 82)

The Hamiltonian H in Eq. (46), when written in terms of
9 using I(x) = —7 ¥/ (x), is symmetric between ¢ and ¢,
and so their correlations are identical. We can therefore use
Eq. (69) to give

Gm(r, r/) ~ <eim9(r)efim?(/)> ~ |r _ r/|71/2’ (83)

which is consistent with exact asymptotic results [34,44].

IV. INTERACTING DOUBLE DIMER MODEL

Up to this point, we have considered dimers that interact
only through the close-packing constraint. In this section, we
bosonize additional interactions between dimers and show
how they modify the effective field theory. For simplicity, we
restrict to the isotropic case, w = 1.

In particular, we consider the interacting double dimer
model [22], consisting of two replicas of the close-packed
dimer model on the square lattice, with coupling K between
replicas and an aligning interaction J within each. (Desai et al.
[23] have studied a more general version of this model where

"The second term in Eq. (56) also makes a nonzero contribution
over a region of size a near x;. This comes with a rapidly oscillating
factor (—1)/, and so makes no contribution to the long-distance
correlation function.

054126-8



DERIVATION OF FIELD THEORY FOR THE CLASSICAL ...

PHYSICAL REVIEW E 107, 054126 (2023)

FIG. 2. Illustration of transfer matrix for the 1-GS double dimer
model. Dimer-dimer interactions, Egs. (86) and (87), are applied only
on alternate rows of vertical bonds (thick blue lines), which we call
type-1 bonds.

dimers are also allowed on “vertical” bonds joining the two
replicas, but we do not include such interlayer dimers here.)
The partition function is

Zsgs = Z e Eras/T (84)

C“)EQO
C(Z)EQQ

where ¢@ is the configuration of replica & and
Eygs = JIN;" + N1+ KN, (85)

is the total energy. Following the nomenclature of Ref. [45],
we refer to this as the 4-GS model, since it has four degenerate
ground states when J < 0 and K < 0. In Eq. (85), Nﬁ“ counts
the number of parallel pairs of dimers in replica « [10,13],

|

1
4?%——}, (86)
()

4

where the sum is over nearest-neighbor pairs of parallel bonds
and dl(o’) is the dimer occupation number on bond / in replica
o, while

1 1
No=Y_ [d;” — Z} [d,@) - Z] (87)
1

counts the number of dimers that overlap between the two
replicas. In defining N and N,, we choose to subtract from

each dl(“) its mean value (dl(“)) = i (by symmetry). This dif-
fers from the definition used in Ref. [22] by a constant shift in
E4gs, because ), d](a) = %LxLy is fixed by the close-packing
constraint.

Using the transfer-matrix formalism, it is simpler to con-
sider a reduced-symmetry variant, the 1-GS model, illustrated
in Fig. 2. In this model the aligning interactions and replica
coupling are both applied only on alternate rows of vertical
bonds, which we call type-1 bonds, giving a single ground
state when J < 0 and K < 0. The configuration energy E|_ gs
is given by Eq. (85) but with only type-1 bonds included in
the sums in Egs. (86) and (87). [Note that, summing over only
type-1 bonds, ), d,(“) is not fixed. Subtracting % from each
dl(a) in Eqgs. (86) and (87) is equivalent to applying a potential
on these bonds.]

In the following sections, we extend the transfer matrix to
the 1-GS model. Because the interactions render the model

nonintegrable [13], we turn to perturbation theory. Instead of
directly perturbing the eigenvalues and eigenvectors of H, we
add perturbations to the effective field theory of Eq. (48) by
using bosonization. In doing so, we keep only terms of first
order in J and K and drop terms that cannot be relevant at
the (Gaussian) RG fixed point corresponding to the free field
theory.

Finally, in Sec. IV E, we use our results for the 1-GS model
to infer the extension to the full 4-GS model. In Ref. [22] we
have shown that the latter exhibits a BKT phase transition
between a standard Coulomb phase [1] and a synchronized
phase, and that the phase boundary passes through the non-
interacting point J/ = K = 0. We are therefore able to predict
the shape of the phase boundary near this point by applying
an RG analysis and perturbation theory in J and K.

A. Transfer-matrix perturbation theory

Let W@ = [V@®1]2 = ¢=2H be the two-row transfer ma-
trix for the noninteracting model in replica «. The two-row
transfer matrix for the 1-GS model is given by (see Fig. 2)

2
Wigs = e P [Te PN W@, (88)
a=1
where the operator
= 1 1
(o) _ (o) (o)
N = Z |:dj,y - Z] [de-,v - Z] (89)
j=1

counts the number of parallel pairs of nearest-neighbor dimers
in replica o on a row of vertical bonds, and

L
- 1 1
— § (1) (2)
No = I:dj,.v h Zi| |:dj,y N Zi| (90)
j=

counts the number of overlapping dimers on a row of vertical
bonds.

To include these interactions in the transfer-matrix solu-
tion, we define the perturbed Hamiltonian H;_gs by

Wigs = e727hes, 1)
which, from Eq. (88), is given by

No o= FIN{VHN] =20 H O+ 1) ). (92)

1
Higs = 5 log (e—¥
The operators J\/'”(“) and N, commute with each other, but
not with %), and so the Baker-Campbell-Hausdorff formula,
Eq. (Al), is required to simplify Eq. (92). To first order in
the couplings J and K but all orders in H®, this can be
written as
2
1J 1K
_ (a) 2V @) o
Hics = Z(” o >+2TN°

a=l1
= KﬁnN ‘,En N(l) N(z)

+ch 7 0+7 [ I + I ] > (93)
n=1

for some coefficients ¢, [46], where L is a superoperator
defined by

£X = [HY +H?, X]. (94)
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In fact, we need only retain terms on the first line of
Eq. (93). To see this, note that Eq. (16) gives [H, {x] =
—e(k)¢, (omitting replica indices). Since J\/'”(“) and N, are
polynomials in &, each action of £ gives an additional fac-
tor of e(k), producing terms that are less important in the
long-wavelength limit. We therefore drop all commutators in
Eq. (93), leaving simply

2 1J 1K
Higs ~ HO 4 - N@ )+ =N, (95
1-GS ; ( + 2 T Il + 2 T o ( )

In the following sections we linearize and then bosonize
J\/’H(“) and N, giving expressions in terms of the bosonic oper-
ators ¢ and I'1. We then use these results, along with Eq. (95),

to find the corresponding perturbation to the 1-GS model, to
first order in the couplings J and K.

B. Aligning interactions

The calculation of N (we drop replica indices in this
section) in the free theory follows the procedure in Sec. III B
for the dimer occupation numbers. However, because this op-
erator is quartic, rather than quadratic, in fermions, the algebra
is more involved.

We first write Eq. (89) in terms of fermion operators and
then normal order using Eq. (B4), giving

L
Lo O 1
Ni=To+ > [:Cj.c,C]THCjH: + Z:C}CJTH - C,c,-H:].
j=1

(96)

(We define normal ordering using the ground state of the
noninteracting dimer model, and so expectation values are
calculated in the latter.)

To bosonize this, we use Eq. (54) with [ = 0 to express C;
in terms of the continuum fermion operators R and L. For the
quartic term, this gives

Nail i .
:CICiCT, Ch:

~ —[RT(0)R(x) + L"()LCOIRT (¢ HR(') + LT (x)L(X)]:
+ :[RT(0)L(x) + LT ()RR (<L) + LT < HRE]:,
(97)

where x = x; and x’ = x;4 are the positions of two adjacent
sites. In writing Eq. (97), we have dropped terms that alternate
in sign for even and odd j, which give negligible contributions
when summed over j.

Since we are retaining only the most RG-relevant terms,
i.e., those without derivatives, we can replace x’ — x, ef-
fectively keeping only the zeroth-order term in a Taylor
expansion in x" — x. All terms that involve repeated operators,
such as R(x)R(x"), therefore vanish, and we are left with

:CICiCL, Ciyr: = —4RT(OR():LT()L(x):,  (98)
where we have used the fact that all fermion operators anti-
commute within normal ordering (see Appendix B 1). Using

Egs. (C42) and (C43) in Table I, we find
1
—4:RT(xX)R(x)::LT (x)L(x): = p1'12 — (8,:0), (99)

omitting a boundary term involving p that makes a negligible
contribution in the thermodynamic limit.

Following the same steps, the quadratic terms in Eq. (96)
give

:CICT, | = CiCjpr: = 2i(=1):LT(0)R(x) — R'(x)L(x):,
(100)
and hence make no contribution to this order.®
The result is therefore
LX b * 1 2 2%
N, = I + dx *pH — (0:P)7; | (101)
0

where we have normal ordered the bosonic operators to match
those in the Hamiltonian, Eq. (46). Because it is quadratic
in boson operators, this simply adds a constant, but using
Eq. (C46) one can show that this constant is in fact zero.

This result, when combined with Eq. (95), shows that the
effect of aligning interactions is to modify the relative co-
efficients of the two terms in the unperturbed Hamiltonian,
Eq. (46). This is in qualitative agreement with Ref. [30],
where N is found by substituting Eq. (56) into the continuum
version of Eq. (89) and using an operator product expansion.
The results are not in quantitative agreement, however, which
we believe is due to inconsistent treatment of short-distance
regularization in Ref. [30]1.°

C. Replica coupling

In contrast to N, one can calculate N, directly by sub-
stituting the bosonized expression for d{*), Eq. (56), into the
continuum version of Eq. (90),

N b o_ o 1
o= ) dx|dl = ]ldP - 4.

This is because operators with different replica indices com-
mute, and hence, provided dy“) and d)(,z) are each fermion

(102)

normal ordered, the product d Dd@ is also normal ordered.
An analogous calculation for the Hubbard model, with spin
playing the role of replica index, can be found in Ref. [47].

Making this substitution and dropping terms with a factor
of (—1)/ as in Eq. (97), one obtains

Ly
N, = / dx [(am“))(am@)
0

+

sin (27" sin (2n¢<2>)]. (103)

1
(ra)?

81f one does not subtract % from each dl(“) in Eq. (86), the quadratic
terms make an additional contribution ﬁ sin(2 ¢) [40]. According
to the logic following Eq. (87), this cannot have any effect in the
4-GS model.

Specifically, in Ref. [30] the short-distance cutoff i is set equal to
1 (in units of the lattice spacing) rather than 1/, as required by their
expression for the dimer operators in terms of ¢ (see footnote 5).
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D. 1-GS model

To find the bosonized Hamiltonian for the 1-GS model, we substitute the expressions for the aligning interactions N,
Egq. (101), and the replica coupling N, Eq. (103), into Eq. (95). This gives, up to additive constants,

L 2
x 1
Hics = / dx |: E EIKI-GS,x(ax‘P(a))z + Kﬁés.v(n(a))zz + 21.as (0:0)(0:6P) + Vigs sin 2 ¢ ") sin (27 ¢(2))i|,
) )

a=1

where
1J
KlGSx—n<1_;7)a (105)
17\ 1J
Kle)—7T<1+;?> %77< —;?), (106)
1K
rMGgs = ——, 107
1Gs =5 (107)
1K 1
-GS = = —- (108)
2T (a)y

The approximations made in the derivation of Eq. (104) can
only modify these coefficients at higher order in J/T and K/T
and give other terms in the Hamiltonian that are less relevant
under the RG [30].

The corresponding action is given by S;.gs = S + @ +
8S1.gs, where S is the unperturbed action for replica «
[Eq. (48) with w = 1] and

1
8S1.Gs = / d’r |:§5K1-GS(IV¢“)|2 + VPP
+ h1.Gs (0.0 V)(0,0%)

+ Vigs sin 2 ¢ sin (2n¢(2))j|, (109)
where dki.gs = —J/T. The first term is a modification of
the stiffness « due to J, while the second is a quadratic
coupling between replicas due to K. (Note that, even though
both types of interaction are anisotropic, anisotropy in the
action is only generated by K at this order.) The final term
is the most RG-relevant periodic function of ¢?) that is
consistent with symmetry constraints, and is allowed only
because the 1-GS model breaks symmetry under fourfold
rotations R.

E. 4-GS model

The perturbation to the action, §S|.gs, gives the effect of
interactions applied only on the type-1 bonds. In this section,
we use the symmetry properties of ¢, given in Egs. (62)
and (65), to infer the action for the 4-GS model, where the
interactions are applied with equal strength on all bonds.

To do so, we decompose the lattice into four bond types
i €{1,2,3, 4}, defined in Fig. 3. The effect of interactions on
bonds of type 2 to 4 can be found by applying T, and R to
8S1.Gs, which has interactions only on bonds of type 1. At first
order in perturbation theory, the change in the effective action
is linear in the perturbation, and so the total perturbation to

(104)

(

the action for the 4-GS model is simply given by the sum of
the contributions from the four types of bond.

To find the contribution from bonds of type 2, we
apply T,, which maps ¢® — —¢©@ and hence leaves
8S1.gs unchanged. For type-4 bonds, we apply R, map-
ping sin2r¢®@) — cos(2r ™)) and (dy, dy) — (—0y, dy).
Finally, for type-3 bonds we apply T, followed by R, giving
the same as for type-4. The total action is therefore S4.gs =
s + s@ + 6S4.gs with

1
8SsGs = / d’r {Eax(ww”ﬁ + V@)

+ (Vo) - (Vo?)

+ VS cos[2m (¢! — ¢<2>)]}, (110)
where
Sk = 48K1.gs = —4—1, (111)
T
A =2\gs = 5, (112)
T
V) =2V, gs = EL. (113)
T (wa)?

One can diagonalize the quadratic terms by defining [22]

@ = ¢V + @, (114)

2 2 2
1 1 1
2 2 2
1 1 1

FIG. 3. Definition of bond types i € {1, 2, 3, 4} in the square
lattice. In the 1-GS model (see Fig. 2), the couplings J and K are
applied only on type-1 bonds. In the 4-GS model, they are applied
on all bond types with equal strength.
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FIG. 4. RG flows of the sine-Gordon action, Eq. (118), with
vy =2(K —1)andy = g/m. There is a line of fixed points (red stars)
along |y| = 0, which are stable (unstable) for y; > 0 (y; < 0). The
trajectories are hyperbolas, and the separatrix |y| = y; (gray) divides
regions where |y| flows to zero and infinity.

in terms of which the total action is

1 1
Sigs = f dzr{zmqw + 51V

+ V) cos (2n¢(_))}, (115)
with
T 1
Ky = E+§(8K:‘:)\.), (116)
2J K
_r_ 2,2 (117)
2 T 2T

This form for Ss gs, including the values of k1 atJ = K = 0,
was deduced in Ref. [22].'° Here we have also determined
how the parameters «+ and V(=) depend on the microscopic
couplings J and K.

In order to determine the critical properties of Sigs, we
appeal to an RG analysis, including the leading-order effect
of V) on the flows. For the general sine-Gordon action [47]

1 1
Ssald] =/d2r[§%|w|2+— g

3 (ra) cos(2n¢)i|, (118)

one can show!'! that the RG flow equations for |g| < 1 are
given by
D _ o D
de Tode
where y; =2(K — 1), y = g/m, and £ is a scale parameter.

The RG flows described by these equations are illustrated in
Fig. 4. In particular, since y dy = y| dy), we have

==Yy (119)

yj —y* = const, (120)

A term cos(dmw¢™) is also allowed by symmetry [22] but is
not important near / = K = 0 and does not appear at this order in
perturbation theory.

"To be explicit, our Eq. (118) is the action corresponding to the
Hamiltonian in Eq. (2.106) of Ref. [47], with the replacement ¢ —
%qj, and the flow equations are Eq. (2.140).

i.e., the trajectories are hyperbolas. There is a BKT phase
transition along the separatrix [y| = y;: For y; > |y|, y flows
to zero, meaning that the cosine term renormalizes to zero at
long distances leaving a free Gaussian theory. For y; < |y, y
flows to +00 giving a dominant cosine term that locks ¢ to
discrete values.

In the case of the 4-GS model, the field ¢~ is governed
by a sine-Gordon action with

b4 2(J K
y=2K (122)
T

The separatrix at |y| = y| corresponds to a phase boundary at

<J) {O for £
) = 1
7). 7|45

with ¢~ locked to discrete values for (£) < (). As shown
in Ref. [22], locking of the relative field ¢~ corresponds
to either the synchronized or antisynchronized phase of the
double dimer model, depending on the sign of K.

The result in Eq. (123) therefore constitutes a quantitative
prediction for the asymptotic behavior of the phase boundary
near the noninteracting point J = K = 0. This prediction is
indeed consistent with our numerical determination of the
phase boundary in Fig. 3 of Ref. [22], which used a Monte
Carlo worm algorithm. In particular, the data point closest to
the origin is (K/T,J/T) = (—0.097(9), 0.05), in agreement
with Eq. (123) for K/T < 0, while the phase boundary runs
along the line J/T = 0 for K/T > 0, as was previously con-
jectured [48].

WV

0
, (123)

P S
N

V. CONCLUSIONS

Starting from the transfer-matrix solution of the classical
dimer model on the square lattice, we have used bosonization
to derive a continuum field theory to describe its long-
wavelength properties. The result, expressed by the action of
Eq. (48) and the relationships Eqgs. (60) and (61), is a free,
massless real field theory in two dimensions and is consistent
with the “height theory” that is well established as the contin-
uum description of the dimer model [32].

In contrast to previous works, which justify the continuum
description based on general properties such as symmetry, our
constructive derivation gives exact values for the coefficients
in the action (including in the anisotropic case) and those re-
lating the continuum fields to microscopic observables. Other
properties of the field theory also arise naturally from our
derivation, without needing to be added “by hand,” such as
the fact that the height is defined only up to an integer and
that it has boundary discontinuities related to the flux.

In addition, our approach allows us to apply perturbation
theory to treat weak interactions added to the noninteract-
ing dimer model. In the fermionic language, the Coulomb
phase of the original dimer model is a noninteracting Fermi
gas, while adding interactions gives a Luttinger liquid. In
the double dimer model, this has two components in the un-
synchronized Coulomb phase but a single component in the
synchronized phase. Our derivation determines the leading-
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order perturbation to the action due to the microscopic
interactions, allowing a quantitative prediction of the shape
of the phase boundary near the noninteracting point. The
long-wavelength theory derived here can be extended to in-
clude higher-order terms and hence determine corrections to
the asymptotic forms of correlation functions. These include
corrections to the relations between dimer observables and
operators in the field theory [40] as well as corrections to the
action due to band curvature [49,50].

The bosonization approach could straightforwardly be ap-
plied to dimer models on other planar bipartite lattices, such
as the honeycomb lattice, and to other exactly-solved models
whose transfer matrix has a free-fermion form. In fact, for any
such model, the long-wavelength Hamiltonian will take the
form of Eq. (40), with w given by the Fermi speed, and hence
the action will be identical to Eq. (48). (This follows from
the fact that any free-fermion model has Luttinger parameter
K =1 [39].) Note, however, that relationships between the
microscopic degrees of freedom and the continuum fields,
such as Egs. (60) and (61), will not be the same, including
in the honeycomb-lattice dimer model [29].

The approach may also be applicable to the dimer model
on the triangular lattice [51], which is not bipartite, but can
be treated as a square lattice with added diagonal links. These
give operators that create or annihilate pairs of monomers, and
hence a term of the form cos(2¢) in the field theory [52].
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APPENDIX A: BAKER-CAMPBELL-HAUSDORFF
FORMULA

The first few terms in the Baker-Campbell-Hausdorff for-
mula are [53]

log (¢"e®) = A+ B+ 1[A, B]
+ 5 (A, [A, Bl +[B,[B,AD) +---, (Al)

where the omitted terms involve three or more nested commu-
tators.
In the case [A, [A, B]] = [B, [A, B]] = 0, Eq. (A1) implies

€A€B — €A+Be[A,B]/2 (A2)
and

AP = Bet el Bl (A3)

APPENDIX B: NORMAL ORDERING

In this Appendix we define fermion and boson normal
ordering, denoted by : : and } I respectively. Boson and

fermion normal ordering are not in general equivalent [54].

1. Fermions

For fermions, normal ordering is required when relating the
microscopic lattice model to the long-wavelength continuum
theory. It is defined with respect to a particular choice of a
reference many-body state |0).

In both parity sectors of the microscopic model, we take
this state such that

0y =0 for
10y =0

O<k<m
, (B1)
-7 <k<O0

so that all single-fermion states with €(k) < O are occupied
and all those with €(k) > 0 are empty. In the sector with odd
parity, p = 1, there are also single-fermion states at k = 0 and
k = —m, for which €(k) = 0; in Eq. (B1), both are occupied,
and so, using Eq. (18), &, = +1.

The notation : : then means to anticommute all ;,j with
—m < k < 0andall g with0 < k < 7 to the right of all other
creation and annihilation operators. For example, with —m <
k<0,

IIJCki = —Ckflj- (B2)

Similar definitions apply for for the right- and left-moving
fermions of the continuum theory, Wy = Ry and W;_ = L;.
In this case, the reference state |0) has all single-fermion states
with k < 0 occupied and all others empty, and : : is defined
by anticommuting all R}: and LZ with £ < 0 and all R and L;
with k > 0 to the right of all other R,(j) and L,(CT) operators.

In the case of two fermion operators, the above definitions
of normal ordering are equivalent to

AB = :AB: + (0]AB|0). (B3)

For four fermion operators one requires the Wick expansion
[55-57]

ABCD =:ABCD:
+ (AB)(:CD: — (AC)¢:BD: + (AD):BC:
+ (BC)o:AD: — (BD)y:AC: + (CD)y:AB:
+ (AB)o{CD)o — (AC)o(BD)o + (AD)o(BC)o,
(B4)
where (-)o = (0] - |0).

Note that any two fermion operators anticommute when
they are within normal ordering, e.g.,

:ABCD: = —:BACD:.. (BS)

2. Bosons

For boson operators, ; i means to commute all annihila-
tion operators b, to the right of all creation operators b;n of
the same species, e.g.,

* Tox _ gt
wbanb e = by, bay. (B6)

We include an explicit short-distance regularization a in the
bosonized theory, and expressions where bosonic operators
are not in normal order typically depend on a, while normal-
ordered expressions do not.

APPENDIX C: BOSONIZATION

This Appendix provides a brief overview of (abelian)
bosonization. The main results are summarized in Table 1. For
an application to the XXZ spin chain using a similar approach,
see Ref. [40].
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1. Bosonization identity

In this section we state the bosonization identity, which is
an operator identity in Fock space, as well as defining the
fermion and boson fields that appear within it. We follow
Ref. [36] but with some changes to definitions of the fields;
see Refs. [39,47] for other useful resources.

We start from right- and left-moving fermions as intro-
duced in Sec. IITA 1. In this Appendix, we use the notation
W, = R and W_ = L for the right- and left-moving fermions,
respectively. They obey

1 .
W, (x) = N Z e, (C1)
Xk
1 [ .
Wy, = T /0 dx e ™, (x), (C2)

for n = &£, where L, is the number of lattice sites. Here and in
the following, the momenta included in the sum over k are the
same as in Eq. (32),

2

keL—|:Z+ (1—p)i| (C3)

where the parameter p =0 or 1.'” This implies boundary
conditions on W, (x) of

U, (x + Ly) = —(=1)"¥, (x). (C4
The commutation relations are
{qjkr]s \Il/j/nr} = 51771’51{/{’ {qjkr]s \Ilk’n’} =0,
(W, (0), Wl (D} = 880 —x') {,(x), Wy (x)} =0
(C5)
for0 <x,x <L,

For each n, we define the fermion number operator
N, = Z W) Wy = / dx 2] ()W, (v, (C6)

which counts the number of fermions of type 5 relative to the
reference state |0). Normal ordering, denoted : :, is defined
in Appendix B 1; as there, we take the reference state to obey

Wiyl0) =0 for k>0,

C7
Wl 10) =0 ©P

k<0,

and hence to be the ground state of the Hamiltonian, Eq. (40).
(If p =1, then k = 0 is included and |0) is one of four degen-
erate ground states.)

One can construct bosonic operators from bilinears in the
fermionic operators. First, we define creation operators

po i :
"= Xk: vl W, (C8)

for ¢ = 2mn, /L, with n, € Z*, and corresponding annihila-
tion operators b, = (bfm)T. They obey [36]
[Bgns byl = SuSagrs  [bgn: gyl =0, (C9)

12In the notation of Ref. [36], this corresponds to 8, = 1 — p.

and commute with the fermion number operators N, since

they create particle-hole pairs. Note also that, since b, con-

tains only operators \Ilznlllkrn with k' > k, it obeys by, |0) = 0.
We also define real-space operators

1 —ingx 1,1
(pr](x) 27{ Z \/_n_qe 4 b(me

q>0

alz (C10)

and ¢, (x) = [(p77 (x)] where a is a short-distance cutoff which
is required to regularize certain expressions. They have com-
mutators [, (x), Ny] = [<p,7(x), @y (x')] =0 and

[y (x), @), ()] = (2 )2 an edlinG—)=al (C11)
— _ 8'“7/ log (1 el%[n(x—)c’)-kia]]' (C12)
Q2m)?
In particular,
¥ Sny 2ra
Loy (x), ¢, ()] = onp Ot (C13)

since a K L,. As with b,,, we have ¢, |0) = 0.
From these operators, we construct the Hermitian combi-
nation

1
by(x) = o) + (N + zp) + @)+ @) (x).  (Cl4)

The zero-wave-vector mode of ¢, (x) is the (x-independent)
operator

o_ _ "
Z 2

where 6, (= 9; )is dual to N,, i.e., et (the “Klein factor” FJ
[36]) increments N,,. Equivalently,

[Ny, O] = —idpyy,

O (C15)

(C16)

but with the important caveat that 6, is defined only up to
multiples of 27 (since N, takes integer values) and hence the
zero mode ¢ is defined only up to integers. We also require

[60.,0_] = i, (C17)

and that the operators 6, commute with ¢, (x).
The real-space fermionic operator W, (x) can be expressed
in terms of the bosons through the bosonization identity'?

1 : . 1 1 PR .
‘pn(x) — _6719,,ean(an5+ip)x/L,ceannwn(x)EZHlnw,,(x)
vLx
(C18)
— 1 eZJriﬂ(Pn(x)’ (Clg)
2ma

which becomes an exact operator identity in the limit a — 0
[36]. The two expressions can be related by combining the
exponentials using Eq. (A2). In the first, the boson operators

3For the left-moving fermions, n = —, our Eq. (C18) is equal, up
to normalization of the fields, to Eq. (62) of Ref. [36] with F,, = ¢~.
Our ¢, is equivalent to ®,, defined in Sec. D.2 of Ref. [36].
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are in normal order, while in the second, ¢*"*™) is not
normal ordered and so has a nontrivial limit as a — 0.
Finally, we define the fields

P(x) = ¢1(x) + ¢ (x),
U(x) = ¢1(x) — ¢_(x),

and IT(x) = —m?¥'(x). To find their commutation relations, we
use Eq. (C11) and the identity

(C20)

(Cc21)

o0 ) o0
D e =21 Y 58 — 2mm), (C22)
n=—o00 m=—00
where
A 1
3 (x) = ;m (C23)

is a Lorentzian of width A. These give [¢(x), p(x')] =
[0(x), 9(x)] = [TI(x), [T(x")] = 0 and

[p(x), TT(x")] = i, (x — x), (C24)
where
1, (x) = Z 8a(x — nLy). (C25)

In the limit a — 0, I1I, becomes a Dirac comb (periodic delta
function) with period L,. In this limit, the field IT(x) therefore
plays the role of the canonically conjugate momentum for the
bosonic field ¢(x).

Integrating Eq. (C24) and using the boundary condition
[px), D (x)] = %, which follows from Egs. (C13) and (C17),
we find

[p(x), F(x)] = i@a(x —x), (C26)
where ©,, defined by ®/ (x) = llI,(x) and ©,(0) = % is a
smoothed ceiling function,

lim ©,(x) = | =
adp e =

forx/L, ¢ Z.For0 < x,x’ < L,, ®, can be replaced by a unit
step in this limit.

We note here two important properties of the field ¢: First,
Eq. (C14) implies it is not periodic, but rather satisfies

(L) —¢(0) = p+ Ny +N-

(C27)

(C28)
Ly

= p+/ dx:wiw, +wiw ;. (C29)
0

where Eq. (C6) has been used. Second, because of the defi-
nition of the zero mode ¢{”, both ¢ and ¥ (but not IT) are
defined only up to global integer shifts.

2. Bosonization dictionary

We now use the bosonization identity to derive a “dic-
tionary” of useful bosonization formulas, as summarized in
Table I. (In the table, we make the replacements W, — R and
W_ — L to match the notation used in the main text.)

In order to bosonize bilinears (and their derivatives) that
contain a single fermion species, as shown in the first three
rows of Table I, we consider the two-point function

Gy(x,y) = W/ ()W, (y): (C30)
= W ()W, (y) — (0¥, ()W, (»]0),  (C31)

such that
(o wl)orw,: = ;gn 9] Gy (x, y). (C32)

Products of fermion operators diverge when evaluated at co-
inciding points, and so Eq. (C31) is valid only for x # y. The
limit in Eq. (C32) is well defined, however, because normal-
ordering removes the divergences; this technique is referred to
as “point splitting” [58].

We now express G,(x, y) in terms of boson operators. To
do so, we start from Eq. (C18) and use Eqs. (A3) and (C12) to
exchange e~ 2710 and 29, with the result

. 1 Ie—Zﬂin[¢q(x)_¢ﬂ(Y)]I
\I’n(x)"pn(y) = l:

1 — 2rinG—y)/L; (€33)
in the limit a — 0. The expression in the numerator is short-
hand for

* =27y ()=, ¥ — =27V, =1+ P)E—y)/Ls
* *

=e

~ efZTrin[wZ(X)fw;(y)]872nin[wq(ﬂ7wn(y)]’

(C34)

where the operator exponentials have been rearranged into
normal order, with all bosonic annihilation operators ¢, to the
right of all creation operators goj]'. Because ¢,|0) = N,|0) =0,
the expectation value of this operator in the ground state is

<0|Ie*2ﬂin[¢n ()= (,V)JI |0) = T in(l=p)x=y)/Ly , (C35)

and so we obtain
1 Ie—Znin[d),,(X)—cbn(y)]: — Tin(l=p)x—y)/Ly

Gy(x,y) = L. 1 — e2minG—y)/Ls

(C36)

We can now use Eq. (C32) to express local bilinears of
fermions in terms of the bosonic operators. The simplest are
the densities of right- and left-movers relative to the ground
state, given by

N (0W, (0): = lim Gy (x, x + ) (C37)
*62nineﬁx¢,,(x)>k _ e—ﬂiﬂ(]—P)G/Lx
= lim * X , (C38)
e—0 27Tl77€

where

% 2Iined b, (x)x 2mine(Ny—3+3p)/Ly 2minedep) (x) ,2minedep,(x)
€ N e e .

=e

(C39)

Expanding the exponentials and collecting terms gives

. 1
PO (): = Ny + 3y () + dep)(x)  (C40)

1
= Oupy(x) = 7P (C41)

‘X
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Hence, using Egs. (C20) and (C21), we find

1
Wi, +wiw =3¢ - P (C42)

‘X

. . 1
W, -V = —;H. (C43)

Note that Eq. (C42) is consistent with Eq. (C29).
Similarly, for the terms with first derivatives, we compute

1 T T * 2% n
Z:\I/,‘Iax\ll,, — (W)W, = i (:py) s — @p, (C44)
which implies
1 N
Z:\yiaxm —@YHY, — ¥l w_ + B,v )
Ty 2 1 2% 7
=—.(0 — I — —p. C45
700 + ST = (C45)

On the right-hand side of Eqs. (C44) and (C45), normal order-
ing simply amounts to adding a constant,

£ (0xn) ey )i = (Dhy) Dby ) — [9py (), Do) ()]

S
= (9:0y) (Dspy) — =" (C40)

(2ma)?’

We also require a bosonized expression for the com-

bination \Ifi(x)\ll+(x), which mixes right- and left-moving

fermions. This can be found using the second form of the
bosonization identity, Eq. (C19), which gives

1 ‘ .
U ()W (x) = ——PTi0-W it ), (C47)
2ma
Using Eq. (A2) and
1 i
_(x), =——7=[0_,60,]= — C48
[¢-(x), P+ (x)] (2n)2[ = (C48)
to combine the exponentials, we find simply
B 1 ;
W)W (1) = 50, (C49)
2ria
and so
. 1
Vv v e, = —sinQ2rg), (C50)
Ta
WIw_ — Wi, = cos2m). (C51)
ma

Note that, as expected, all of the bosonic expressions are
invariant under integer shifts of ¢.

APPENDIX D: PATH INTEGRAL AND REGULARIZATION

The fields ¢ and IT constructed in Appendix C have com-
mutation relation [Eq. (C24)]

[¢(x), ()] = il (x — x"), (D1)

where 111, is a periodic Lorentzian of width a and period L,
and a is a small cutoff with dimensions of length, originally
introduced in Eq. (C10). Strictly speaking, the fields therefore
become conjugate position and momentum variables only in
the limit a — 0, where 111, becomes a periodic delta function.

Rather than taking the limit a — O before mapping to a
path-integral representation, we keep a as a short length scale.
As we show below, this is sufficient to regularize the bosonic
field theory, and so we use a rather than introducing a separate
short-distance cutoff. (Note that a is not the lattice spacing,
which we set to 1 in the microscopic theory.) Although in-
cluding a breaks the symmetry between x and y in the path
integral, it correctly gives isotropic correlations for distances
much larger than a [see, e.g., Eq. (D10)].

To make this explicit, we introduce a periodic field y (x)
through

x®,

@(x) = (L, * x)(x) + 7

(D2)

where * denotes convolution,
L

(L, * x)(x) = f CdY LG — X)X (<), (D3)

0

and the second term in Eq. (D2) gives the correct boundary
condition, Eq. (45). Comparison with Eq. (C24) shows that
the operator x has commutator

[x (), ()] = illl(x — x"), (D4)

where III is a (zero-width) periodic delta function, and so
is exactly the conjugate field to the momentum II. [From
Eq. (44), it follows that [®,, IT(x)] = 0.]

The mapping from the Hamiltonian to a path integral,
described in Sec. III A 2, should then be performed using
complete sets of eigenstates of y, leading to an action

wr 5 Ly ) 1 )
Six1= - / dx / dy[(axqs) +—2<ayx)], (D5)
0 0 w

where ¢ is given in terms of x by Eq. (D2). This should be
understood as the regularized version of the action given in
the main text, Eq. (48).

We use this action to calculate regularized correlation func-
tions for separations much smaller than the system size. To do
so, we define the Fourier transform j (k) of x by

d’k .
x(r) = / e e 5 k), (D6)
T

where we have taken the thermodynamic limit (L, L, — 00)
and neglected boundary effects. The regularized action can
then be written as

2

- k
S[xl = == / alzk[kfsa(kx)2 + —yz}l;z(k)ﬂ, (D7)
2 w

where 8,(k) = [ dxe**8,(x) = e 1%, and so the correla-
tion functions of ¥ are

1 82k — k)
w1r k284 (ky)? + k2 /w?’

(XU)x (—k")) = (D8)
Although the correlation function ([x (r) — x (r')]?) diverges
in the UV (in fact, linearly, rather than logarithmically as
when a = 0), the correlation functions of ¢ (r) are finite. From
Egs. (D2) and (D6), we have (for L, — 00)

d’k .~
¢(r) = / 2—6_’k"5a(kx)7< k), (D9)
v
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and hence [Eq. (69)]

S P — 7| F—71\ "
<[¢<r>—¢(r>]>=;10g( y )+o( - ) ,

(D10)

where 7 = (x, wy). The cutoff a therefore regularizes ¢ cor-
relators. The UV cutoff is typically inserted by hand when

calculating ¢ correlators [8], leading to the same asymptotic
form as Eq. (D10) but with leading-order corrections O(a”)
rather than O(a').

We note also that in the short-distance limit, |r — ¥| < a,

/N12 |r_r,|
([p(r) — ()] )=0< P > (D1D)

meaning that the regularized path integral is dominated by
Holder-continuous field configurations ¢(r).
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