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Most existing results in the analysis of quantum reservoir computing (QRC) systems with classical inputs have
been obtained using the density matrix formalism. This paper shows that alternative representations can provide
better insight when dealing with design and assessment questions. More explicitly, system isomorphisms are
established that unify the density matrix approach to QRC with the representation in the space of observables
using Bloch vectors associated with Gell-Mann bases. It is shown that these vector representations yield state-
affine systems previously introduced in the classical reservoir computing literature and for which numerous
theoretical results have been established. This connection is used to show that various statements in relation to
the fading memory property (FMP) and the echo state property (ESP) are independent of the representation and
also to shed some light on fundamental questions in QRC theory in finite dimensions. In particular, a necessary
and sufficient condition for the ESP and FMP to hold is formulated using standard hypotheses, and contractive
quantum channels that have exclusively trivial semi-infinite solutions are characterized in terms of the existence
of input-independent fixed points.
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I. INTRODUCTION

The development of noisy intermediate-scale quantum
(NISQ) devices is attracting a great deal of attention from
the quantum community. Recent advancements in fields such
as quantum computation [1], quantum simulation [2], and
quantum communications [3] are just examples of the pros-
perous future that awaits these technologies. Nevertheless,
NISQ devices are already demonstrating that they can be
very useful for diverse research fields such as physics, chem-
istry, and optimization [4], even providing quantum advantage
[1,5,6]. Machine learning (ML) is another example of thriving
synergies with NISQ technologies. In this context, quantum
machine learning (QML) aims to exploit the specific features
of quantum mechanics to obtain an advantage over its classical
counterparts when dealing with machine learning tasks, with
both classical and quantum data [7]. There is already positive
evidence in this direction, from a theoretical point of view
both in the fault-tolerant picture [8] and in experiments [9].

The flexibility and range of action of ML and QML tech-
niques is typically specified by the so-called universality
approximation theorems. A universal approximation property
takes place when a proposed restricted family of functions can
approximate any function in a much larger class with arbitrary
precision. There are many results of this type that are part of
classical analysis dealing with, for instance, polynomials and
Fourier series and others that were added in the early days
of ML, for example, feedforward neural networks [10–12].
Further results of this type have been proved for various ML
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paradigms such as recurrent neural networks [13], support
vector machines [14], extreme learning machines [15,16], and
kernel methods [17–19]. Universality results have also been
obtained in the QML context, such as for one-qubit algorithms
[20,21], and general quantum circuits [22,23]. A framework
in which we are particularly interested is quantum reservoir
computing (QRC). As in classical reservoir computing (RC)
[24–26], QRC harnesses the rich dynamics of (quantum) dy-
namical systems to solve tasks where memory and prediction
capabilities are required. Examples of application of these
techniques are found in the prediction of chaotic time series
[27–29] and complex spatiotemporal dynamics [30–33]. Since
the first work on QRC [34], many have followed (see [35,36]
for reviews). This includes both experimental implementa-
tions [37–41] and theoretical contributions to the universal
approximation question [37,42,43]. The latter was inspired
by the works in the classical framework [44–47], where the
discrete-time setting of RC theory fits well within the quantum
dynamical map description.

The universal approximation property in the RC context
puts forth some conditions that dynamical systems should
meet to ensure it. The most prominent ones are the echo state
property (ESP) [24] and the fading memory property (FMP)
[48]. A system has the FMP if inputs that are close in the
recent past produce outputs that are also close, independently
of what happened in the distant past. The ESP guarantees
that a well-defined input-output map can be associated with
our system and amounts to an existence and uniqueness
property with respect to the input sequence that is fed into
the system. The ESP and FMP are standard requirements in
many stochastic and deterministic learning paradigms since
they mathematically encode the asymptotic decorrelation (and
even independence) between physical states and initial con-
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ditions that most physical systems exhibit as time goes by.
There are many physical mechanisms that lead to the declin-
ing relevance of a given initial condition in a system state as
the temporal distance between them increases. For instance,
two pervasive phenomena in applications in this direction are
chaos (high sensitivity to initial conditions) and dissipation.
Fading memory is an important modeling feature when using
physical systems because a reservoir system can only store a
finite amount of information in its trainable parameters [49];
this implies that information must be erased as time goes by in
order to store new input information. Under very mild math-
ematical conditions, the ESP and FMP are equivalent to the
input-forgetting property [50] which mathematically encodes
the information removal process that is needed to learn the
newly fed one.

The ESP has been studied in the context of QRC in
different works. Chen and Nurdin [42] provided sufficient
conditions for the ESP (and FMP) to hold in terms of the con-
tractivity of the quantum map acting on a restricted domain
[37,42,51], while Tran and Nakajima also defined the ESP us-
ing contractivity of the quantum map but without considering
restrictions. They also numerically connected the ESP with
the spectra of the quantum maps [32,52]. Both approaches
describe the ESP in the density matrix language, that is, the
dynamical equations are defined in the space of quantum
states. However, this description might be limited somehow,
because, as we will see later on, more information can be
extracted if we choose a description in terms of observables.

This paper aims to fill some gaps in the description of
QRC with finite-dimensional systems and classical inputs.
More precisely, we first unify the quantum ESP defined in
previous works [32,37,42,51,52] using the norm of quantum
maps, with the classical notion of the ESP using observ-
ables, and show that they are equivalent for finite-dimensional
quantum systems. We extend in passing these results to the
FMP. More specifically, we establish explicit system isomor-
phisms between the description of QRC systems using the
space of density matrices as state space and the one that
uses the space of Bloch vectors associated with Gell-Mann
bases. That choice of basis, which is customary in the study
of quantum systems, happens to yield nonhomogeneous affine
state dynamics [the corresponding systems are called state-
affine systems (SASs)] of the type introduced in [45]. The
connection between QRC systems and SASs has important
consequences. Our results in that context are contained in
Proposition 3 and in Theorems 1 and 2. The proposition
presents a necessary and sufficient condition for the ESP
and FMP to hold in different representations with just a few
requirements, such as the compactness of the input space.
We emphasize that this hypothesis is satisfied in most RC
tasks and when dealing with implementations of RC systems
with dedicated hardware since the experimental ranges of the
physical systems involved are always finite [26]. The theo-
rems exhibit common situations that should be avoided in the
design of quantum channels so that fully operational QRC
systems are obtained. We work in an idealized framework
in which observables are obtained after an infinite number
of measurements, with no statistical error. Even in such an
idealized setting, we expect that our results can contribute
to the general understanding of QRC experiments in finite-

dimensional systems, as they have already been implemented
in [37,38,40,41].

The structure of the paper is as follows. Section II in-
troduces the general framework and the definitions that will
be needed throughout the paper. Definitions of the spaces of
operators and quantum maps are included in Sec. II A, while
all the RC ingredients will be presented in Sec. II B, together
with some preliminary results. The main results are contained
in Sec. III. Section IV includes a brief discussion of some of
the consequences of Theorems 1 and 2. Section V summarizes
the paper.

II. DEFINITIONS

A. Quantum definitions

We start by defining the space of quantum systems (see,
for example, [53,54] for further details). Consider a complex
Hilbert space H. The set of all bounded operators B(H) that
act on H is a complex vector space under pointwise addition
and scalar multiplication and it forms an algebra under com-
position. If we add the involution A → A† given by the adjoint
operation, then B(H) is also a C∗ algebra with respect to the
operator norm ||| · |||op defined by

|||A|||op := sup
||ψ ||=1

{‖Aψ‖, ψ ∈ H}, (1)

where A ∈ B(H). Throughout this paper we denote all the
induced operator and matrix norms by the symbol ||| · |||. The
predual of B(H) is the Banach space T (H) of all trace-class
operators on H that have finite trace norm ||A||1 := tr

√
AA†.

The trace norm is a particular case (with p = 1) of the Schat-
ten norms defined by ‖A‖p := {tr[(

√
AA†)p]}1/p. The space of

quantum density matrices S (H) is a compact convex subset
[see Sec. II B and the argument above (15)] of the normed
vector space T (H) defined by

S (H) = {ρ ∈ T (H) | ρ† = ρ, ρ � 0, tr(ρ) = 1}. (2)

As S (H) is a closed subset of the Banach space T (H), it is
then a complete metric space when using the distance induced
by ‖ · ‖1. Throughout this paper we restrict ourselves to finite-
dimensional Hilbert spaces, for which the spaces of bounded
and trace-class operators coincide, and we use the symbol
B(H) to refer to both of them. Moreover, in that case, S (H)
is a complete metric space with respect to any norm since all
the norms are equivalent. We reserve the symbol d ∈ N for
the dimension of H.

We now introduce the notion of a quantum channel. All
definitions and further properties of these maps can be found
in [55–58] and references therein. A quantum channel is
a linear map T : B(H) → B(H) that is completely positive
and trace preserving (CPTP). We recall here that a trace-
preserving map T is the one that satisfies that tr[T (A)] = tr(A)
for any A ∈ B(H). Moreover, we say that T is positive when it
maps positive-semidefinite operators to positive-semidefinite
operators. Finally, completely positive maps T are those pos-
itive maps which, when extended to a larger space using the
tensor map T ⊗ Ik , with Ik the identity map in dimension k,
also yield a positive map for any k ∈ N. A linear map is CPTP
if and only if it is possible to find a Kraus decomposition
associated with a set of operators {Ki}i∈X such that for all
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A ∈ B(H),

T (A) =
∑
i∈X

KiAK†
i , (3)

where
∑

i∈X K†
i Ki = I and X is an index set of cardinality

at most d2, with d the dimension of H. Completely positive
and trace-preserving maps obviously leave S (H) invariant
and hence induce a restricted map T : S (H) → S (H) that
we denote by the same symbol and use interchangeably. Note
that, unlike B(H), the set S (H) is not a vector space and hence
it is only when use the map T : B(H) → B(H) that we can
talk about matrix expressions and eigenvalues for the operator
T . It can be shown that any CPTP map T : S (H) → S (H)
is nonexpansive in the trace norm, which means that after
applying T to two input states ρ1, ρ2 ∈ S (H), the distance
between these density matrices is either contracted or remains
equal:

‖T (ρ1) − T (ρ2)‖1 � ‖ρ1 − ρ2‖1. (4)

We recall that the eigenvalues of a CPTP map T : B(H) →
B(H) are the complex numbers λ that make the map T − λ id
noninvertible. We will denote this set by spec(T ). The spectral
radius ρ(T ) := max{|λ| | λ ∈ spec(T )} of any CPTP map is
one as a consequence of (4) and of the fact that 1 is al-
ways an eigenvalue. Additionally, the set spec(T ) is invariant
under complex conjugation (see [57]). On the other hand,
since the finite-dimensional vector space B(H) is isomorphic
to Cd2

, we can represent T : B(H) → B(H) as a d2 × d2

matrix, which we write as T̂ . This matrix representation
can be obtained by fixing an orthonormal basis in B(H) for
the Hilbert-Schmidt inner product, that is, {Bi ∈ B(H)} with
tr(B†

i B j ) = δi j , and by setting T̂i j = tr[B†
i T (Bj )]. The spec-

trum of the matrix T̂ is given by the roots of the characteristic
polynomial det(T̂ − λI ) = 0 and, since we are working with
finite dimensions, it coincides with spec(T ), as well as with
the set of complex values λ that satisfy T (X ) = λX , for some
nontrivial eigenvector X ∈ B(H) [58].

We are particularly interested in the eigenvectors corre-
sponding to the eigenvalue λ = 1 that we call fixed points,
that is, they are elements A ∈ B(H) such that T (A) = A. The
set of fixed points of a CPTP map is always nonempty in the
space of density matrices. This is a consequence of Schauder’s
fixed-point theorem together with the continuity of T and
the compactness of S (H). We will work most of the time
with quantum channels with single fixed points ρ∗ ∈ S (H)
in the space of density matrices. Such maps are called er-
godic. Ergodicity of quantum channels is equivalent to the
eigenspace of T associated with the eigenvalue λ = 1 in B(H)
having dimension 1 and to being made out of the complex
multiples of ρ∗ ∈ S (H). In that case, we obviously have (see
Corollary 2 in [57]) that T (A) = A, with A ∈ B(H) if and
only if A = tr(A)ρ∗. It is worth mentioning that the rest of
the eigenvectors of an ergodic CPTP map must be traceless.
Indeed, given an eigenvalue λ �= 1 of the CPTP map T and A
a corresponding eigenvector, we find that tr(A) = tr[T (A)] =
λ tr(A), which implies that (λ − 1)tr(A) = 0 and hence that
tr(A) = 0. Therefore, the spectral set of a CPTP map can be
decomposed as

spec(T ) = {1} ∪ spec(T |B0(H) ), (5)

where B0(H) ⊂ B(H) is defined as the vector subspace of
traceless operators, where the restriction T |B0(H) and its cor-
responding matrix representation are obviously well defined.

Repeated applications of an ergodic CPTP map do not nec-
essarily converge to a fixed point (see [57] for an example). If
convergence to a fixed point takes place, we say that the CPTP
map is mixing. More specifically, a CPTP map is mixing if and
only if its repeated applications converge in the trace norm,
that is,

lim
n→∞ ‖T n(ρ) − ρ∗‖1 = 0 ∀ ρ ∈ S (H). (6)

Equation (6) implies that the sequence {T n(ρ)} converges to
ρ∗ with respect to the trace norm, but in infinite-dimensional
situations this does not necessarily imply that convergence
takes place with respect to other norms (see Definition 5.4.1
in [59]). However, in the finite-dimensional case mixing be-
comes a topological property where limn→∞ T n(ρ) = ρ∗ for
any norm and for any ρ ∈ S (H) [56].

Although all mixing maps are ergodic, the converse is not
true in general. However, for continuous-time Markovian evo-
lution, both are equivalent and such maps are called relaxing
[57]. Another important consequence of the mixing condition
is that a CPTP map is mixing if and only if the fixed point
ρ∗ is the only eigenvector with eigenvalue |λ| = 1. Then it is
straightforward to show that

max{|λ| | λ ∈ spec(T |B0(H) )} < 1. (7)

We say that a CPTP map is called primitive when it
is mixing and its unique fixed point ρ∗ > 0 has full rank.
The smallest natural number n for which T n sends positive-
semidefinite matrices to positive-definite matrices is called
the index of primitivity of T and is denoted by ω(T ). With
that notation, we say that T ω(T ) is a strictly positive map.
Bounds for this number are given by the quantum version of
the Wielandt inequality [60,61].

Finally, we say that a quantum channel is strictly contrac-
tive when

‖T (ρ1) − T (ρ2)‖1 � r‖ρ1 − ρ2‖1 (8)

for all ρ1, ρ2 ∈ S (H), where 0 � r < 1. As it is customary in
the quantum channel literature, we reserve the term strictly
contractive for the trace norm, unless a different norm is
explicitly specified. It can be shown that strictly contrac-
tive channels with a full-rank fixed point must be primitive.
Indeed, the contractivity condition, together with Banach’s
fixed-point theorem (using that the convex closed subset of
density matrices with the trace norm is a complete metric
space), guarantees that the channel is mixing. A mixing chan-
nel with a strictly positive fixed point is a primitive channel.
The converse holds when the primitive map becomes strictly
positive, that is, it sends positive-semidefinite matrices to
positive-definite ones: Given a primitive channel T , T ω(T ) is
strictly contractive (see Theorem VI.3 in [61]). Contractive
maps can be also constructed by composing a strictly contrac-
tive channel with a general CPTP map.

An important conclusion that can be drawn from all these
considerations is that strictly contractive channels, which will
be relevant throughout this work, can be constructed by either
using a map like T ω(T ), where T is a primitive channel, or by
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composing a strictly contractive channel with any other CPTP
map, as it has been done in some examples in QRC [39,40].
Examples of mixing or relaxing CPTP maps with full-rank
single fixed points can be found in the Lindblad-Gorini-
Kossakowski-Sudarshan equation (see [62] for a summary of
the necessary and sufficient conditions). As these maps be-
long to the quantum Markov semigroup, iterative applications
of the channels yield T ω(T )

�τ = Tω(T )�τ , where �τ represents
the time of action of the map T�τ . Therefore, taking �τ ′ �
ω(T )�τ , we obtain a strictly contractive map.

B. RC definitions

We now define quantum reservoir computing systems in
the density matrix formalism. Classical RC definitions and
mathematical details can be found in, for instance, [44]. Quan-
tum RC maps are determined by two equations, namely, the
state-space and the readout or observation equations. The state
equation is given by a family of CPTP maps T : B(H) ×
Rn → B(H), with n ∈ N the number of input features, which
are taken to be real values (classical inputs). The maps T and
h will be, most of the time, tacitly assumed to be continuous.
The output is obtained from the readout map h : B(H) → Rm,
with m ∈ N, which maps operators in B(H) to the Euclidean
space Rm. Inputs are typically bi-infinite discrete-time se-
quences of the form z = (. . . , z−1, z0, z1, . . . ) ∈ (Rn)Z and
outputs y ∈ (Rm)Z have the same structure. A QRC system is
hence determined by the state-space transformations

At = T (At−1, zt ),

yt = h(At ), (9)

where t ∈ Z denotes the time index. Analogously, one can
define the same setting for semi-infinite discrete-time se-
quences: (Rn)Z− = {z = (. . . , z−1, z0) | zi ∈ Rn, i ∈ Z−} for
left-infinite sequences and (Rn)Z+ = {z = (z0, z1, . . . ) | zi ∈
Rn, i ∈ Z+} for right-infinite sequences. Similar definitions
apply to (Dn)Z, (Dn)Z− , and (Dn)Z+ with elements in the sub-
set Dn ⊂ Rn. We can also construct sequence spaces [B(H)]Z

for the space of bounded (trace-class) operators

[B(H)]Z={A= (. . . , A−1, A0, A1, . . . ) | Ai ∈ B(H), i ∈ Z}.

Analogous definitions for [B(H)]Z− , [B(H)]Z+ , [S (H)]Z,
[S (H)]Z− , and [S (H)]Z+ follow immediately.

A natural way to construct CPTP state-space transfor-
mations is to insert the input dependence using the Kraus
decomposition that we introduced in (3), that is,

T (A, z) =
∑
i∈X

Ki(z)AK†
i (z), (10)

and for any input z ∈ Rn, the matrices {Ki(z)}i∈X satisfy
that

∑
i∈X K†

i (z)Ki(z) = I . The by-design CPTP character
of the map T : B(H) × Rn → B(H) in (10) implies that it
is naturally restricted to a state equation T : S (H) × Rn →
S (H) with density matrices as the state space, which we use
interchangeably in the following and denote using the same
symbol.

1. Echo state property

Consider the QRC system defined in (9) or its analog for
the subsets S (H) ⊂ B(H) and Dn ⊂ Rn, that is, T : S (H) ×
Dn → S (H). Given an input sequence z ∈ (Dn)Z, we say
that ρ ∈ [S (H)]Z is a solution of (9) for the input z if the
components of the sequences z and ρ satisfy the first relation
in (9) for any t ∈ Z. We say that the QRC system has the echo
state property when it has a unique solution for each input
z ∈ (Dn)Z. More explicitly, for each z ∈ (Dn)Z there exists a
unique sequence ρ ∈ [S (H)]Z such that

ρt = T (ρt−1, zt ) ∀ t ∈ Z. (11)

2. Filters and functionals

Let S (H) ⊂ B(H) be the space of density matrices and let
Dn ⊂ Rn be a subset in the input space. A map of the type
U : (Dn)Z → [S (H)]Z is called a filter associated with the
QRC system (9) when it satisfies that

U (z)t = T (U (z)t−1, zt ) ∀ z ∈ (Dn)Z, t ∈ Z.

Filters induce what we call functionals H : (Dn)Z → S (H)
via the relation H (z) = U (z)0. It is clear that a uniquely deter-
mined filter can be associated with a QRC system that satisfies
the ESP. The filter maps, in that case, any input sequence to
the unique solution of the QRC system associated with it. A
filter is called causal if it only produces outputs that depend
on present and past inputs. More formally, causality means
that for any two inputs z, v ∈ (Dn)Z that satisfy zτ = vτ for
any τ � t , for a given t ∈ Z, we have U (z)t = U (v)t . The
filter U is called time invariant if there is no explicit time
dependence on the system that determines it, that is, it com-
mutes with the time delay operator defined as Tτ (z)t := zt−τ .
Filters associated with QRC systems of the type (9) are always
causal and time invariant (Proposition 2.1 in [44]). As noted in
previous works [44,45,48], there is a bijection between causal
and time-invariant filters and functionals on (Dn)Z− . Then we
can restrict our work to causal and time-invariant filters with
the target and domain in spaces of left-infinite sequences.

3. Fading memory property

Infinite product spaces can be endowed with Banach space
structures associated with the supremum norm and weighted
norms. The supremum norm for input sequences is de-
fined as ‖z‖∞ := supt∈Z{‖zt‖} and for operator sequences
as ||A||∞ := supt∈Z−{‖At‖}, where ‖ · ‖ represents a given
vector and matrix norm, respectively. The symbols l∞(Rn),
l∞
± (Rn), l∞[B(H)], and l∞

± [B(H)] denote the Banach spaces
formed by the elements in the corresponding infinite product
spaces with a finite supremum norm.

We now define the weighted norm. Let w : N → (0, 1]
be a decreasing sequence with zero limit and w0 = 1. The
weighted norm ‖ · ‖w on (R)Z− is defined as

‖z‖w := sup
t∈Z−

{w−t‖zt‖} (12)

and the space

lw
− (Rn) = {z ∈ (Rn)Z− | ‖z‖w < ∞} (13)
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with weighted norm ‖ · ‖w forms a Banach space (see Ap-
pendix A.2 in [44]). In the same vein, we can define

‖A‖w := sup
t∈Z−

{w−t‖A‖},

lw
− [B(H)] = {A ∈ [B(H)]Z− | ‖A‖w < ∞}. (14)

It can be shown that lw
− [B(H)] is a Banach space as well.

We now turn to the space of density matrices S (H) and
recall that since for positive-semidefinite matrices the trace
operator is submultiplicative (see Exercise 7.2.P26 in [59])
we can conclude that tr(ρ2) � 1 for all ρ ∈ S (H). This ob-
servation implies that the elements in S (H) have Frobenius
norms bounded by 1. Since we are in finite dimensions, this
statement holds for any other matrix norm (eventually with a
bounding constant different from 1) and allows us to conclude
that

[S (H)]Z− ⊂ l∞
− [B(H)] ⊂ lw

− [B(H)] (15)

for any weighting sequence w. The previous boundedness
consideration, together with the closedness of S (H) in B(H),
implies that S (H) is necessary compact. An important conse-
quence of this fact is that the relative topology induced by the
lw
− [B(H)] on [S (H)]Z− coincides with the product topology

(see Corollary 2.7 in [44]).
Take now a subset Dn ⊂ Rn such that (Dn)Z− ⊂ lw

− (Rn)
and consider a QRC system T : S (H) × Dn → S (H) that
has the ESP. We say that T has the fading memory property
when the corresponding functional H : (Dn)Z− → S (H) is a
continuous map between the metric spaces ((Dn)Z− , ‖ · ‖w )
and ([S (H)]Z−, ‖ · ‖w ), for some weighting sequence w. If
Dn is compact, once H is continuous for a given weighting
sequence w, then it is continuous for all weighting sequences
(see Theorem 2.6 in [44]).

The compactness of S (H) implies that we can apply with
straightforward modifications Theorem 3.1 in [44] to prove
the following statement.

Proposition 1. Let Dn ⊂ Rn be a compact subset of Rn.
Let T : S (H) × Dn → S (H) be a continuous QRC system
such that the CPTP maps T (·, z) : S (H) → S (H) are strictly
contractive for all z ∈ Dn as in (8) with a common contraction
constant 0 � r < 1 associated with some norm in B(H) (not
necessarily ‖ · ‖1). Then the QRC system induced by T has
the ESP and the FMP.

III. RESULTS

Finding the expression for the QRC filter of a system
that has the ESP is not straightforward in the language of
density matrices since the dependence on the initial condition
has to be addressed. More explicitly, given a general CPTP
map expressed using its Kraus decomposition, the relation
(10) can be iterated n time steps into the past in order to
obtain a quantum state ρn

t (ρ0
t−n) ∈ S (H) at time t out of

an initial condition ρ0
t−n ∈ S (H) specified at time t − n via

the formula

ρn
t

(
ρ0

t−n

) =
∑

i0,...,in−1∈X

(←−∏
n−1
l=0 Kil (zt−l )

)
ρ0

t−n

×
(−→∏

n−1
l=0 K†

il
(zt−l )

)
, (16)

where
←−∏n−1

l=0 Kil (zt−l ) = Ki0 (zt ) · · · Kin−1 (zt−n−1) and
−→∏n−1

l=0

K†
il

(zt−l ) = K†
in−1

(zt−n−1) · · · K†
i0

(zt ). If the QRC system has

the ESP and hence a filter U : (Dn)Z → [S (H)]Z can be
associated with it, it necessarily has to satisfy

U (z)t = lim
n→∞ ρn

t

(
ρ0

t−n

)
, (17)

and this value has to be independent of the initial conditions
ρ0

t−n. This fact has been explicitly shown in [42] (and in Chap.
2 of [51] in more detail) in the case of strictly contractive
CPTP maps with respect to the operator norm ||| · |||p asso-
ciated with Schatten norms. We recall that given T : B(H) →
B(H), we define

|||T |||p := sup
‖A‖p=1

{‖T (A)‖p | A ∈ B(H)} (18)

for some p ∈ [1,∞) and ‖ · ‖p the Schatten p-norm. Us-
ing this notation, the contractivity condition on the CPTP
map T is stated by requiring that |||T |B0(H)|||p < 1 for some
p ∈ [1,∞). It is obvious that this condition ensures that
the hypotheses of Proposition 1 are satisfied, which in turn
implies that T has the ESP and the FMP [note that given
ρ1, ρ2 ∈ S (H) and z ∈ Dn arbitrary, the difference T (ρ1, z) −
T (ρ2, z) ∈ B0(H) and hence the hypothesis |||T |B0(H)|||p <

1 implies that ‖T (ρ1, z) − T (ρ2, z)‖p < ‖ρ1 − ρ2‖p]. Since
we are in a finite-dimensional context, it suffices to impose
contractivity for just one norm ||| · |||p, p ∈ [1,∞), in order
to ensure that the limit in (17) exists and that its value is
independent of the initial condition.

The expression (16) shows that it is not possible to write
down a closed-form expression for the filter of a QRC system
with the ESP when using the density matrix representation, in
which the initial dependence condition has been eliminated.
This feature is ultimately due to the linearity of the setup.
Already in the classical framework (see [45]), it has been
shown that this can be avoided by working with affine instead
of purely linear systems. In the quantum context, it can also
be observed (see [37,41]) that the nonhomogeneous state-
space system given by ρt = (1 − ε)T (ρt−1, zt ) + εσ , where
T (ρt−1, zt ) is a CPTP map, σ an arbitrary density matrix, and
0 < ε < 1, defines a unique filter U (z)t = εσ + ε

∑∞
j=1(1 −

ε) jT (σ, zt+1− j ) in which the dependence on initial conditions
has disappeared.

In the following sections we circumvent this problem
by showing that certain matrix representations of finite-
dimensional QRC systems on density matrices have a built-in
nonhomogeneous affine structure that makes them into non-
homogeneous state-affine systems of the type introduced in
[45]. More specifically, we will be working with the Bloch
vector representation of quantum finite-dimensional systems
[63,64] associated with a given Gell-Mann basis. This idea
is not new in QRC and it can already be seen in the seminal
work [34] or, more recently, in the Methods section of [40].
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In the paragraphs that follow, we explore in depth this repre-
sentation, mostly in connection with the available literature on
SASs (Sec. III B), which will allow us later on in Sec. III C to
identify various design constraints on quantum channels.

A. Matrix representation of quantum channels

We will start by introducing the notation necessary for
the matrix representation of quantum channels. In the next
section we will focus on a specific choice of basis adapted
to density matrices. Let {Bi}i∈{1,...,d2} be an orthonormal basis
for the vector space B(H), when endowed with the Hilbert-
Schmidt inner product, that is, tr(B†

i B j ) = δi j . Using any
such basis we can represent any operator A ∈ B(H) as A =∑d2

i=1 aiBi, with ai = tr(B†
i A). Analogously, we can express

any linear map T : B(H) → B(H) as

T (A) =
d2∑

i, j=1

T̂i ja jBi, (19)

where T̂i j = tr[B†
i T (Bj )]. This observation implies that QRC

systems T : S (H) × Dn → S (H) admit an equivalent repre-
sentation as a system T̂ : V × Dn → V , where V ⊂ Rd2

is
the subset of real Euclidean space that contains the coordi-
nate representations of the elements in S (H) using the basis
{Bi}i∈{1,...,d2}.

This statement can be formalized using the language of
system morphisms (see [65,66] for the standard definitions
and elementary facts). Consider the state-space systems de-
termined by the triples (Xi, Fi, hi ), i ∈ {1, 2}, with Fi : Xi ×
Z → Xi and hi : Xi → Y . A map f : X1 → X2 is a morphism
between the systems (X1, F1, h1) and (X2, F2, h2) whenever it
satisfies the following two properties.

(i) System equivariance. Here f (F1(x1, z)) = F2( f (x1), z)
for all x1 ∈ X1 and z ∈ Z .

(ii) Readout invariance. Here h1(x1) = h2( f (x1)) for all
x1 ∈ X1.

When the map f has an inverse f −1 and this inverse is also
a morphism between the systems determined by (X2, F2, h2)
and (X1, F1, h1), we say that f is a system isomorphism and
the systems (X1, F1, h1) and (X2, F2, h2) are isomorphic. We
note that given a system of F1 : X1 × Z → X1 and h1 : X1 →
Y and a bijection f : X1 → X2, the map f is a system iso-
morphism with respect to the system of F2 : X2 × Z → X2

and h2 : X2 → Y defined by

F2(x2, z) := f (F1( f −1(x2), z)), (20)

h2(x2) := h1( f −1(x2)) (21)

for all x2 ∈ X2 and z ∈ Z .
Consider now the QRC system given by the quantum

channel T : S (H) × Dn → S (H) and the readout map h :
B(H) → Rm, m ∈ N. Using the orthonormal basis B =
{Bi}i∈{1,...,d2} and the discussion above, define the map

GB : Cd2 → B(H),

a �→
d2∑

i=1

aiBi.
(22)

This map is a linear homeomorphism. Define V =
G−1

B [S (H)] ⊂ Rd2
as well as the map (which we denote by the

same symbol) GB : V → S (H) that we obtain by restriction
of the domain and codomain in (22). This restricted map is
also a homeomorphism when V and S (H) are endowed with
their relative topologies (see Theorem 18.2 in [67]). With all
these ingredients, it is straightforward to verify that the QRC
system (S (H), T, h) is system isomorphic to (V, T̂ , ĥ) with
T̂ : V × Dn → V and ĥ : V → Rm given by

T̂ (a, z) := G−1
B (T (GB(a), z)), (23)

ĥ(a) := h(GB(a)) (24)

and that the isomorphism is given by the map GB : V →
S (H). The procedure that we just spelled out can be repro-
duced for any other (orthonormal) basis B′ of B(H), in which
case we would obtain another system (V ′, T̂ ′, ĥ′) which is
obviously isomorphic to both (V, T̂ , ĥ) and (S (H), T, h).

The system isomorphisms that we just defined and the
compactness of the state spaces where they are defined allow
us to establish important connections between the filters that
they define. The following proposition describes those con-
nections in detail.

Proposition 2. Let T : S (H) × Dn → S (H) be a quantum
channel, h : S (H) → Rm a readout, and B = {Bi}i∈{1,...,d2} an
orthonormal basis for B(H). Let T̂ : V × Dn → V be the
isomorphic system defined in (22) and ĥ : V → Rm the corre-
sponding readout defined in (24). Then we have the following.

(a) Given an input z ∈ (Rn)Z, a sequence ρ ∈ [S (H)]Z

is a solution for that input for the system determined by T
if and only if the sequence G−1

B (ρ) ∈ (V )Z is a solution for
the system associated with T̂ . The symbol GB =∏Z GB :
(V )Z → [S (H)]Z stands for the product map.

(b) The T has the ESP if and only if T̂ has the ESP. In that
case, the filters UT and UT̂ (U h

T and U ĥ
T̂

) determined by T and

T̂ [(T, h) and (T̂ , ĥ)] satisfy that UT = GB ◦ UT̂ (U h
T = U ĥ

T̂
).

(c) The UT has the FMP if and only if UT̂ has the FMP.
(d) Let V ′ be a set homeomorphic to V . The relations

(20) and (21) determine in that case an isomorphic system of
T̂ ′ : V ′ × Dn → V ′ and ĥ′ : V ′ → Rm that has the ESP and
the FMP if and only if T̂ and ĥ have that property.

Proof. Parts (a), (b), and (d) are a straightforward conse-
quence of Proposition 2.2 in [44]. As for part (c), given that by
(b) UT = GB ◦ UT̂ , it suffices to prove that the bijection GB =∏

Z GB : (V )Z → (S (H))Z is a homeomorphism when the
domain and the target are endowed with a weighted norm.
In order to prove that, recall first that, using the observation
right under (15), the weighted norms in (V )Z and (S (H))Z

induce the product topology due to the compactness of V and
S (H). This immediately implies that (Theorem 19.6 in [67])
GB =∏Z GB is continuous due to the continuity of GB. The
same argument can be immediately applied to the inverse map
G−1
B , which proves the statement. �

B. Nonhomogeneous state-affine system representation

The goal of this section is to choose a specific
basis in B(H) for the representation of the quantum
channel T : B(H) × Dn → B(H) [equivalently T : S (H) ×

035306-6



QUANTUM RESERVOIR COMPUTING IN FINITE … PHYSICAL REVIEW E 107, 035306 (2023)

Dn → S (H)] in which the associated system isomorphic
representation T̂ : Cd2 × Dn → Cd2

(equivalently T̂ : V ×
Dn → V ) has a nonhomogeneous state-affine form of the type
introduced in [45].

More specifically, we choose a generalized Gell-Mann ba-
sis [63,64,68]. This is an orthonormal basis made of Hermitian
operators in which, by convention, its first element is the nor-
malized identity, namely, B1 = I/

√
d . The remaining d2 − 1

traceless Hermitian operators are the generators

B0 = {σi}i∈{1,...,d2−1} (25)

of the fundamental representation of the Lie algebra su(d ) of
SU(d ). The case d = 2 corresponds to the case of one qubit
and the Gell-Mann basis is made of the standard Pauli matri-
ces. The orthonormality of the Gell-Mann basis is guaranteed
by the product property of the fundamental representation of
su(d ), namely, σaσb = δabI/2d +∑d2−1

c fcσc, where σa and
σb are two elements of the Gell-Mann basis for su(d ) and
fc are complex coefficients. The resulting Gell-Mann basis
B = {Bi}i∈{1,...,d2} of B(H) is hence given by B1 = I/

√
d and

Bi = σi−1, 1 < i � d2. Note that the subset B0 = {Bi}i∈{2,...,d2}
is a basis for the vector subspace B0(H) ⊂ B(H) of codimen-
sion 1 made of traceless operators.

If our system is made of N d-dimensional systems (qudits),
we can extend this basis to B(H⊗N

) by tensorization. The
orthonormality of the tensorized basis with respect to the
Hilbert-Schmidt inner product is preserved since tr(A ⊗ B) =
tr(A)tr(B) for any two A, B ∈ B(H).

We now return to the system constituted by one qudit
and spell out the matrix expression T̂ : Cd2 × Dn → Cd2

of
a CPTP map T : B(H) × Dn → B(H) in the basis B that
we just introduced, by using the prescription introduced in
(19). We first note that the choice B1 = I/

√
d and the trace-

preserving character of T (·, z) for any z ∈ Dn imply that
T̂ (·, z)11 = 1. Analogously, T̂ (·, z)1 j = tr[T (Bj, z)]/

√
d = 0

for 1 < j � d2, since T is trace preserving. This implies that
the matrix T̂ (·, z) can be written as

T̂ (·, z) =
(

1 0d2−1
q(z) p(z)

)
, (26)

where p(z) is the square matrix of dimension d2 − 1 with
complex entries

p(z)i j := [T̂ (·, z)|G−1
B (B0(H))]i j

= [T̂ (·, z)|G−1
B (span{B0})]i j = tr[BiT (Bj, z)], (27)

1 < i, j � d2, and q(z) ∈ Cd2−1 is given by q(z)i =
tr[BiT (I )]/

√
d , 1 < i � d2. The symbol 0d2−1 denotes a zero

row of length d2 − 1.
Now, given that any element ρ ∈ S (H) has coordinates in

the Gell-Mann basis of the form (1/
√

d, x�)� ∈ Cd2
with x ∈

Cd2−1 called the Bloch vector, the matrix form (26) implies
that

T̂ (·, z)

(
1/

√
d

x

)
=
(

1/
√

d
p(z)x + q(z)

)
. (28)

This expression implies that T̂ : V × Dn → V admits a
system-isomorphic representation T̂0 : V0 × Dn → V0 on the

set V0 = {x ∈ Cd2−1 | (1/
√

d, x�)� ∈ V } ⊂ Cd2−1 given by

T̂0 : V0 × Dn → V0,

(x, z) �→ p(z)x + q(z),
(29)

with readout ĥ0(x) = ĥ((1/
√

d, x�)�). The system isomor-
phism is in this case given by the map

i0 : V0 → V,

x ∈ V0 �→ (1/
√

d, x�)�.
(30)

Part (d) of Proposition 2 guarantees that the dynamical prop-
erties of the system (T̂ , ĥ,V ) [and hence those of the QRC
system (T, h,S (H))] are equivalent to those of (T̂0, ĥ0,V0).

The importance of this observation is that it links
(T, h,S (H)) to the nonhomogeneous SAS introduced in [45]
and for which various universality properties have been addi-
tionally proved in [46,69]. State-affine systems are defined as
state equations that have the form spelled out in (29). Strictly
speaking, the SASs studied in the above-cited references im-
pose polynomial or trigonometric dependences of q and p on
the inputs, while in our situation, the prescription introduced
in (10) is capable of accommodating more general forms.

It has been shown in [45] that when such a system has
the ESP, the corresponding filter UT̂0

: (Dn)Z → (V0)Z can be
written as

UT̂0
(z)t =

∞∑
j=0

⎛
⎝ j−1∏

k=0

p(zt−k )

⎞
⎠q(zt− j ), (31)

where
∏ j−1

k=0 p(zt−k ) := p(zt ) · p(zt−1) · · · p(zt− j+1). A first
sufficient condition for the ESP and FMP has been formulated
in [45] by imposing that σmax[p(z)] < 1 for all z ∈ Dn, where
σmax is the maximum singular value of matrix p(z). Given a
matrix A, the maximum singular value is equal to the Schatten
induced 2-norm |||A|||2 = σmax(A), where the singular values
of A are the square roots of the eigenvalues of AA†. An im-
proved sufficient condition could be potentially found using
other matrix norms as in [70].

The next proposition uses this hint and, moreover, spells
out equivalent necessary and sufficient conditions for the ESP
and FMP to hold in the three different equivalent represen-
tations for QRC systems that we have introduced in this
section. More explicitly, the statement addresses the ESP and
the FMP for the operator representation T : B(H) × Dn →
B(H), the matrix representation T̂ : Cd2 × Dn → Cd2

associ-
ated with the Gell-Mann basis B, and the SAS representation
T̂0 : Cd2−1 × Dn → Cd2−1 introduced in (29).

Proposition 3. Let T : B(H) × Dn → B(H) be a con-
tinuous QRC system. The following three statements are
equivalent.

(a) There exists an operator norm ||| · ||| and ε > 0 such that

|||T (·, z)|B0(H)||| < 1 − ε ∀ z ∈ Dn. (32)

(b) There exists a matrix norm ||| · ||| in the space of com-
plex d2 × d2 matrices such that

|||T̂ (·, z)|G−1
B (span{B0})||| < 1 − ε ∀ z ∈ Dn, (33)
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with B0 the trace-zero elements in the basis B defined in (25)
and GB the isomorphism defined in (22) with respect to the
Gell-Mann basis.

(c) There is a matrix norm ||| · ||| in the space of complex
(d2 − 1) × (d2 − 1) matrices such that the SAS represen-
tation T̂0 : Cd2−1 × Dn → Cd2−1 introduced in (29) satisfies
that

|||p(z)||| < 1 − ε ∀ z ∈ Dn. (34)

If any of these three equivalent statements hold and Dn is
compact, then the following hold.

(i) The isomorphic systems T : S (H) × Dn → S (H), T̂ :
V × Dn → V , and T̂0 : V0 × Dn → V0, have the ESP and the
FMP and hence continuous filters UT : (Dn)Z → [S (H)]Z,
UT̂ : (Dn)Z → VZ, and UT̂0

: (Dn)Z → VZ
0 can be associated

with them.
(ii) In such a case, the filter UT̂0

is then given by (31). In ad-
dition, UT̂ is determined by UT̂ = I0 ◦ UT̂0

, with I0 =∏Z i0
and i0 as in (30). Finally, UT = GB ◦ UT̂ , with GB =∏Z GB
the map introduced in Proposition 2.

(iii) The contraction conditions (32)–(34) are necessary for
the ESP and the FMP to hold.

Proof. The equivalences between the contraction condi-
tions (32)–(34) can be shown by using norms in Cd2

and
B(H) that make the map GB in (22) into an isometry.
More explicitly, let us start with an operator norm ||| · |||
for which the maps T (·, z) : B(H) → B(H) satisfy the con-
dition (32). Assume that this operator norm is associated
with a given norm ‖ · ‖B(H) in B(H), that is, |||T (·, z)||| =
supA�=0{‖T (A, z)‖B(H)/‖A‖B(H)}. Take now the norm ‖ · ‖Cd2

in Cd2
with respect to which GB is an isometry, that

is, set ‖a‖Cd2 = ‖GB(a)‖B(H) for all a ∈ Cd2
and define

|||T̂ (·, z)|||′ = supa �=0{‖T̂ (a, z)‖Cd2 /‖a‖Cd2 }. Using just these

definitions, it is easy to see that |||T (·, z)||| = |||T̂ (·, z)|||′ and,
moreover, that

|||T (·, z)|B0(H)||| = |||T̂ (·, z)|G−1
B (span{B0})|||′,

which can be easily used to prove the equivalence between
(32) and (33). The equivalence between (33) and (34) follows
from the fact that, as it can be seen in (26),

T̂ (·, z)|G−1
B (span{B0}) = p(z).

The claims (i) and (ii) in the second part of Proposition
3 are straightforward consequences of Propositions 1 and 2.
We now prove the last claim in point (iii) using the SAS
representation (29) for the continuous QRC system T that, this
time, it is assumed to have the ESP and the FMP. If we iterate n
times this state equation using an arbitrary vector x0 ∈ Cd2−1

as an initial condition, we obtain the vector U n,x0

T̂0
(z)t ∈ Cd2−1

defined by

U n,x0

T̂0
(z)t =

n−1∑
j=0

⎛
⎝ j−1∏

k=0

p(zt−k )

⎞
⎠q(zt− j ) +

n−1∏
j=0

p(zt− j )x0.

If we now assume that the system has the ESP, we necessarily
have that

UT̂0
(z)t = lim

n→∞U n,x0

T̂0
(z)t = lim

n→∞U
n,x′

0

T̂0
(z)t , (35)

with UT̂0
the filter in (31) and x0, x′

0 ∈ Cd2−1 arbitrary vectors.
The last equality in (35) and the arbitrary character of x0, x′

0 ∈
Cd2−1 imply that

∞∏
j=0

p(zt− j ) = lim
n→∞

n−1∏
j=0

p(zt− j ) = 0,

necessarily. We now notice that since T is a continuous map,
then so is the dependence of p(z) on the inputs z. Moreover,
since, in this case, Dn is assumed to be a compact set, then so
is the matrix set {p(z) | z ∈ Dn}. Now, Corollary 6.4 in [71]
guarantees the existence of matrix norm ||| · ||| for which (34)
is satisfied, as required. �

Remark 1. Using the characterization of the mixing
property in (7), it is clear that a necessary condition
for the QRC T to satisfy the contractivity hypothesis in
Proposition 3 and, in passing, satisfy the ESP and the
FMP is that all the maps T (·, z) are mixing for all z ∈ Dn.
Indeed, since the spectral radius is a lower bound for
any matrix norm (see Theorem 5.6.9 in [59]) we have
that λmax[T̂ (·, z)|G−1

B (span{B0})] � |||T̂ (·, z)|G−1
B (span{B0})|||.

Consequently, if |||T̂ (·, z)|G−1
B (span{B0})||| < 1 − ε then

λmax[T̂ (·, z)|G−1
B (span{B0})] � 1 − ε, which is equivalent to

λmax[T (·, z)|B0(H)] � 1 − ε, and then all maps T (·, z) are
mixing by (7). We emphasize that this mixing condition is
necessary but not sufficient since, as the composition of two
mixing maps is not necessarily mixing, the existence of the
limit in (17) is not guaranteed even if each of the factor
operators is mixing.

C. Constrains on CPTP maps for QRC

The SAS representation allows us to easily characterize
situations like the one in Proposition 3 in which a QRC
system has the ESP and the FMP and, moreover, it allows
us to write explicitly the corresponding filter (31). As we we
now see in this section, more interesting facts can be derived
from this representation having to do with design features that
should be avoided, as they produce systems with only trivial
solutions. The first one concerns unital quantum channels, that
is, channels that satisfy T (I, z) = I ∀ z ∈ Dn. That situation is
studied in the following theorem, which will be generalized
in Theorem 2 to the case of QRC systems that exhibit an
input-independent fixed point.

Theorem 1. Let T : B(H) × Dn → B(H) be a QRC sys-
tem for which there exists an operator norm ||| · ||| and ε > 0
such that |||T (·, z)|B0(H)||| < 1 − ε for all z ∈ Dn. Then the
corresponding filter UT is constant with UT (z)t = I/d for all
z ∈ (Dn)Z [equivalently UT̂0

(z)t = 0] if and only if T is unital.
Proof. We prove this statement by using the SAS rep-

resentation associated with the Gell-Mann basis B. If T is
unital, that is, T (I, z) = I , then the expressions (19) and (26)
imply that q(z)i = tr[BiT (I, z)]/

√
d = tr(Bi )/

√
d = 0 for all

i ∈ {2, . . . , d2}. Therefore, the SAS equation becomes, in this
case, xt = p(zt )xt−1, which is a homogeneous equation whose
only solution under the contractivity hypotheses is the triv-
ial one, that is, xt = 0 for all t ∈ Z. Consequently, UT̂0

= 0.
Proposition 3 implies then that UT = GB ◦ I0 ◦ UT̂0

= I/d .
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Conversely, suppose that UT (z)t = I/d for all z ∈ (Dn)Z.
Since the filter UT is determined by the recursions UT (z)t =
T (UT (z)t−1, zt ), this relation implies that T (I, z) = I for all
z ∈ Dn. �

Remark 2. There is a close relation between unital quantum
channels and contractivity. Indeed, it has been shown that
unital maps are contractive for all Schatten p-norms, that is,
|||T (·, z)|||p � 1 (see Theorem 2.4 in [72]) when T (·, z) is
unital.

Example 1. Consider the depolarizing channel E : S (H) →
S (H) defined by

E (ρ) = (1 − λ)ρ + λ
I

d
, (36)

where 0 � λ � 1 denotes the probability of finding the system
at the maximally mixed state I/d . If we arrange Eq. (36) as an
input-dependent channel, we can write the state equation

ρt = E (ρt−1, zt ) = (1 − λt )ρt−1 + λt
I

d
, (37)

where λt := λ(zt ) is a function of the input at each time step.
This map is strictly contractive whenever r = supt∈Z(1 −
λt ) < 1, in which case r is the contraction rate. Let us compute
the state after n backward iterations:

ρn
t =
(

n−1∏
i=0

(1 − λt−i )

)
ρt−n +

n−1∑
i=0

⎡
⎣λt−i

⎛
⎝ i−1∏

j=0

(1 − λt− j )

⎞
⎠
⎤
⎦ I

d
.

(38)

Taking the limit n → ∞, it is easy to see that the first sum-
mand vanishes because 1 − λt−i � r < 1 for all t ∈ Z, and
hence all possible dependence on the initial condition dis-
appears. Regarding the second summand, since the map is
strictly contractive, the limit limn→∞ ρn

t exists and must yield
a density matrix, which means that

∑∞
i=0{λt−i[

∏i−1
j=0(1 −

λt− j )]} = 1 because of the normalization. This limit hence
defines the filter UE (z)t = I/d , which is consistent with the
conclusion of Theorem 1 since (37) is a strictly contractive
unital map.

We could have found the same result by directly using (29),
for which we need to define the extension of the depolarizing
channel to the whole space of bounded operators B(H). We
define then the CPTP map E ′ : B(H) → B(H),

E ′(A) = (1 − λ)A + λ tr(A)
I

d
. (39)

The SAS representation associated with the input-dependent
version of this map is such that q(zt ) = 0 because the map is

unital. It is also easy to see that the system equation becomes
xt = p(zt )xt−1 = (1 − λt )xt−1. The filter UÊ ′

0
of this QRC

equation satisfies that UÊ ′
0
(z)t = 0 for all t ∈ Z.

Example 2. The next case is an example of a “poorly engi-
neered” QRC system which can be detected using Theorem
1. Indeed, we will introduce a model of dissipation using
tunable local losses, but Theorem 1 will discard its long-term
applicability because it is unital.

Let us define the Markovian master equation that governs
the dynamics between input injections

ρ̇ = −i[H (zt ), ρ] + γ LρL† − γ

2
{L†L, ρ}, (40)

where L is the jump operator and {L†L, ρ} denotes the anti-
commutator. We define the input-dependent Hamiltonian as
H (zt ) = h(zt )σ x/2, where h(zt ) is an arbitrary function of
the input, and the jump operator as L = σ z. This is a single
qubit under the influence of an external magnetic field in the
x direction of the real space (whose intensity varies between
inputs) with a local dephasing. Note that the Hamiltonian is
considered as time independent when integrating the dynam-
ics since it is constant between input injections.

Going from the density matrix language to the real vari-
able linear description requires us to find the CPTP map
representation of (40). Since Markovian master equations are
CPTP linear transformations on their own, we just need to
find the Kraus decomposition that represents the dynamics of
this master equation as a map. We will follow the procedure
as explained in [73] (see Sec. 2 therein for details of the
algorithm). In particular, the Kraus decomposition of a single
qubit can be written in the form

T (ρ) =
∑
i, j

S(U )
i j BiρB†

j , (41)

where Bi are the basis elements of a single qubit in the op-
erator space {I, σ x, σ y, σ z} and S(U )

i j := U †SU is a unitary
transformation of the Choi matrix S. Applying (41) to the
definition of matrix T in (19), we can find the map of the
single-qubit observables⎛

⎜⎜⎝
1

〈σ x〉t
〈σ y〉t
〈σ z〉t

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

1 0 0 0
0 T̂22 0 0
0 0 T̂33 T̂34

0 0 T̂43 T̂44

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1
〈σ x〉t−1
〈σ y〉t−1
〈σ z〉t−1

⎞
⎟⎟⎠, (42)

where 〈σ a〉 := tr(σ aρ) is the expected value of the spin pro-
jection in the a direction of the real space. The expressions for
each matrix element are

T̂22 = e−2γ�τ ,

T̂33 = e−γ�τ
(

cosh
(
�τ

√
γ 2 − h2

t

)− γ√
γ 2 − h2

t

sinh
(
�τ

√
γ 2 − h2

t

))
,

T̂44 = e−γ�τ
(

cosh
(
�τ

√
γ 2 − h2

t

)+ γ√
γ 2 − h2

t

sinh
(
�τ

√
γ 2 − h2

t

))
,

T̂34 = ht e−γ�τ√
γ 2 − h2

t

sinh
(
�τ

√
γ 2 − h2

t

)
,

T̂43 = −T̂34, (43)
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where have simplified notation by setting ht = h(zt ).
The eigenvalues of matrix T̂ can be computed analyti-

cally: λ1 = 1, λ2 = e−2γ�τ , λ3 = e−(γ+
√

γ 2−h2
t )�τ , and λ4 =

e−(γ−
√

γ 2−h2
t )�τ . The moduli of the eigenvalues are |λ1| =

1, |λ2| = e−2γ�τ < 1, and |λ3| = e−(γ+
√

γ 2−h2
t )�τ < 1. The

eigenvalue |λ4| = e−(γ−
√

γ 2−h2
t )�τ is smaller than 1 if and

only if ht �= 0. Under that condition, the map is a mixing
channel with a single fixed point. It can be checked that the
map is unital so the fixed point is the maximally mixed state

ρ∗ =
(

1
2 0
0 1

2

)
. (44)

Let us prove that there exists some norm where |||p(z)||| <

1 for all inputs. A straightforward induced norm to evaluate
is the Schatten induced 2-norm. The singular values of the
restriction

p(z) =

⎛
⎜⎜⎝

T̂22 0 0

0 T̂33 T̂34

0 T̂43 T̂44

⎞
⎟⎟⎠ (45)

are σ1 = e−2γ�τ < 1, σ2 = e−γ�τ
√

f+, and σ3 = e−γ�τ
√

f−,
where

f± = 1

γ 2 − h2
t

[− h2
t + γ 2 cosh

(
2�τ

√
γ 2 − h2

t

)

± γ

√
sinh2

(
�τ

√
γ 2 − h2

t

)

×
√

−4h2
t + 2γ 2 + 2γ 2 cosh

(
2�τ

√
γ 2 − h2

t

)]
.

(46)

Figure 1 numerically shows that for γ �= ht and away from
the axes ht = 0 and γ = 0, we find σ2, σ3 < 1. Therefore, the
system has the ESP and the FMP. As we showed in Theorem
1, the corresponding filter (17) is necessarily trivial and given
by

UT (z)t = ρ∗ =
(

1
2 0
0 1

2

)
. (47)

FIG. 1. Density plot of the singular values (a) σ2 and (b) σ3.
The diagonal elements ht = γ are not determined because of the
denominator 1/(γ 2 − h2

t ).

Since the Bloch vector for this constant matrix is (0, 0, 0)�,
this shows that in the SAS representation UT̂0

(z)t = (0, 0, 0)�.
Unital quantum channels are very common in the quantum

information literature because of their practical advantages
and well-known mathematical properties (see, for example,
[74,75] and references therein). However, Theorem 1 discards
the possibility of relying on unital contractive channels for
QRC for long input sequences (see also Sec. IV for more
details). The physical explanation for this behavior stems from
the fact that the fixed point of these maps does not depend
on the input. Then, after each application of the channel,
decoherence always leads to the same stationary state (the
maximally mixed state), which does not keep track of these
inputs. This hinders any possibility of storing the input in-
formation in the degrees of freedom of the quantum system
since all coherences fade out and the diagonal elements of the
density matrix become equal.

We believe that the observation that we just made is
very relevant, namely, that quantum channels with input-
independent fixed points become memoryless in the long-
term. This fact is proved in the following theorem, which
generalizes Theorem 1.

Theorem 2. Let T : B(H) × Dn → B(H) be a QRC system
for which there exists an operator norm ||| · ||| and ε > 0 such
that |||T (·, z)|B0(H)||| < 1 − ε for all z ∈ Dn. Then T has an
input-independent fixed point ρ∗ ∈ S (H), that is, T (ρ∗, z) =
ρ∗ for all z ∈ Dn if and only if the corresponding filter UT

is constant, that is, UT (z)t = ρ∗ ∈ S (H) for all z ∈ (Dn)Z

(equivalently UT̂0
(z)t = i−1

0 [G−1
B (ρ∗)]).

Proof. We first note that the contractivity hypothesis im-
plies by Proposition 3 that the system associated with T has
the ESP and hence has a unique solution for each input. The
hypothesis T (ρ∗, z) = ρ∗ for all z ∈ Dn obviously implies
that the constant sequence equal to ρ∗ is a solution for any
input z ∈ (Dn)Z and hence UT (z)t = ρ∗ ∈ S (H) for all z ∈
(Dn)Z. Conversely, since the filter UT is determined by the
recursions

UT (z)t = T (UT (z)t−1, zt ), (48)

if we always have that UT (z)t = ρ∗, the relation (48) implies
that T (ρ∗, z) = ρ∗ for all z ∈ Dn. �

Remark 3. The differences between the hypotheses in The-
orems 1 and 2 on fixed points are apparent when the QRC
system is expressed using the SAS representation in terms
of the functions q and p. Indeed, as we saw in the proof of
Theorem 1, q(z) = 0 for z ∈ Dn and in that case the input
dependence takes place only through p. This is the case in Ex-
ample 1. Theorem 2 allows for an input dependence through
q too.

Example 3. We define a Markovian master equation for the
dynamics between input injections

ρ̇ = −i[H (zt ), ρ] + γ LρL† − γ

2
{L†L, ρ}, (49)

where H (zt ) = h(zt )σ z/2 and L = σ−. This is a single qubit
under the influence of an external magnetic field in the z
direction with local dissipation. The matrix expression T̂ for
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the associated system is⎛
⎜⎜⎝

1
〈σ x〉t
〈σ y〉t
〈σ z〉t

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

1 0 0 0
0 e−γ�τ/2 cos(ht�τ ) e−γ�τ/2 sin(ht�τ ) 0
0 −e−γ�τ/2 sin(ht�τ ) e−γ�τ/2 cos(ht�τ ) 0

e−γ�τ − 1 0 0 e−γ�τ

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1
〈σ x〉t−1
〈σ y〉t−1
〈σ z〉t−1

⎞
⎟⎟⎠. (50)

The eigenvalues of T̂ can be computed analytically: λ1 =
1, λ2 = e−γ�τ , λ3 = e−γ�/τ2−iht �τ , and λ4 = e−γ�/τ2+iht �τ .
The moduli of the eigenvalues are |λ1| = 1, |λ2| = e−γ�τ <

1, and |λ3| = |λ4| = e−γ�τ/2 < 1, so T is a mixing channel.
In this case, the single fixed point is a pure input-independent
state with density matrix

ρ∗ =
(

0 0
0 1

)
. (51)

Let us see if it is true that there exists some |||p(z)||| < 1 for
all inputs. The singular values of the restriction

p(z)=
⎛
⎝ e−γ�τ/2 cos(ht�τ ) e−γ�τ/2 sin(ht�τ ) 0

−e−γ�τ/2 sin(ht�τ ) e−γ�τ/2 cos(ht�τ ) 0
0 0 e−γ�τ

⎞
⎠

(52)

are σ1 = e−γ�τ < 1 and σ2 = σ3 = e−γ�τ/2 < 1. Therefore,
the system has the ESP and FMP. As we showed in Theorem
2, the associated filter is necessarily constant and (17) neces-
sarily yields the filter

UT (z)t = ρ∗ =
(

0 0
0 1

)
. (53)

Since the Bloch vector for this constant matrix is (0, 0,−1)�,
this shows that in the SAS representation UT̂0

(z)t =
(0, 0,−1)�.

We can double-check the solution by explicitly com-
puting the filter (31). Take p(zt ) as in (52) and q(zt )� =
(0, 0, e−γ�τ − 1). Since σmax[p(zt )] < 1, the filter in (31) ex-
ists. Using now that q(zt ) is input independent, we can write

UT̂0
(z)t =

∞∑
j=0

⎛
⎝ j−1∏

k=0

p(zt−k )

⎞
⎠q(zt− j )

=
⎛
⎝ ∞∑

j=0

j−1∏
k=0

p(zt−k )

⎞
⎠q = (e−γ�τ − 1)M3, (54)

where M3 is the third column of the matrix M =∑∞
j=0

∏ j−1
k=0 p(zt−k ). Notice that the third column of the prod-

uct
∏ j−1

k=0 p(zt−k ) is (0, 0, e−kγ�τ )�. Then the column M3

equals

M3 =
⎛
⎝ 0

0∑∞
j=0 e−kγ�τ

⎞
⎠ =

⎛
⎝ 0

0
1

1−e−γ�τ

⎞
⎠ (55)

and it hence follows that UT̂0
(z)t = (0, 0,−1)�.

To conclude, we show in Fig. 2 a numerical example of in-
put driving. We choose h(zt ) = zt

h
2σ z as the external magnetic

field function, where h is a constant and zt is a unidimensional
random input. The input will be drawn from a random uniform

distribution in the interval [0,1]. As can be seen, the observ-
ables exhibit a transient time after which they converge to the
input-independent stationary state.

IV. DISCUSSION

Theorems 1 and 2 bring up a connection between long-term
computation and noisy intermediate-scale quantum (NISQ)
devices: They have a finite time of operation due to decoher-
ence. Consider a model of the type

ρt = T (ρt , zt ) = Edeco[U (zt )ρt−1U†(zt )], (56)

where Edeco represents the decoherence produced by the con-
tact of the system with an external environment. This model
is present in QRC experimental works such as [39,40], where
the unitary dynamics U (zt ) is given by a quantum circuit. The-
orem 1 explains what happens in the extreme case in which
the quantum noise of the device is unital. If the decoherence
channel Edeco is a unital strictly contractive map then

T

(
I

d
, zt

)
= Edeco

(
U (zt )

I

d
U†(zt )

)
= Edeco(I )

d
= I

d
,

that is, T (·, z) becomes a unital strictly contractive map for all
z ∈ Dn. Theorem 1 shows, in this case, that the filter becomes
trivial after the injection of long input sequences. Instances of
unital decoherence can be found in depolarizing channels, like
in Example 1, or in dephasing channels. A dephasing channel
damps the coherences of the density matrix but does not affect
the diagonal elements.

More generally, Theorem 2 can be interpreted as a common
sense warning: It explicitly states that the input codification
must have a measurable influence on the attractor of the
natural dynamics of the CPTP map. Otherwise, there is no
possibility of storing input information in the long run. We
emphasize that this is independent of the type of dissipation

FIG. 2. Dynamics of the spin projections 〈σ a〉t for a = x, y, z
when driven with a random input sequence with Hamiltonian H =
zt

h
2 σ z. The initial condition is the maximal coherent state ρ =

1/2
∑1

i, j=0 |i〉 〈 j| and the system parameters are �τ = 1, γ = 1, and
h = 1.
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that the quantum channel produces. We can connect the im-
plications of this theorem with the NISQ discussion and (56).
If the input is codified in some particular coherences of the
system, one must be careful that decoherence does not destroy
those matrix elements, because then input dependence would
vanish and the resulting filter would become trivial.

This discussion does not imply that models like (56) are
useless. Indeed, the opposite has been proven in previous
works for short-term memory tasks [39,40]. Theorems 1 and
2 only rigorously establish something that was already known
about NISQ devices, that is, that there is a coherence time in
which they can be exploited. Equivalently, models affected by
these theorems have the ESP, but the resulting input-output
dynamics becomes trivial for long input sequences.

The coherence time limitation affects all quantum plat-
forms to a greater or lesser extent. Then either QRC proposals
are subject to operate on shorter timescales than the natural
noise timescale (as done in [39,40]) or the QRC system is
carefully design to integrate it. For example, as we will see in
Sec. IV, dephasing can be integrated as part of a QRC system
that is not affected by Theorems 1 and 2.

We could further extend this analysis to QRC models with
measurements. As an example we take the model proposed in
[76]. In that reference, the quantum measurement is applied
at each time step after the input-dependent CPTP map T . The
measurement scheme is introduced by modeling an indirect
measurement with a continuous-variable ancilla [77–81],
producing a quantum reservoir with stochastic dynamics. For
simplicity, we will restrict ourselves to the case of a single
qubit and we will average the quantum states over the limit
of infinite measurements, yielding an unconditional state
which is led by a deterministic CPTP quantum channel [82].
In addition, we choose, without loss of generality, to take
measurements in the z direction. Under these conditions, the
CPTP map is

ρt = M � T (ρt−1, zt ), (57)

where � represents the Hadamard or elementwise matrix
product and M is defined as

M =
(

1 e−g2/2

e−g2/2 1

)
. (58)

The measurement strength g allows us to quantify the
decoherence introduced by sharp measurements (g � 1),
while for g � 1 the state is weakly perturbed. It is
straightforward to see that this model is introducing dephasing
such that we can rewrite (57) as

ρt = Edeph[T (ρt−1, zt )], (59)

where the dephasing channel Edeph is defined as

Edeph(ρ) = e−g2/2ρ + (1 − e−g2/2)σ zρσ z. (60)

As we explained above, unitary dynamics for the map T
would lead to a memoryless reservoir in the long term.
However, one could engineer a mixing map T such that there
is a competition between the attractors of maps T and Edeph.
The final fixed point of (59) would be somewhere between
the original fixed point of T and a diagonal state (which is the
shape of the fixed points of Edeph).

We conclude by presenting an example of a qubit with
tunable local dissipation that fulfills all the requirements to be
a “properly engineered” QRC system. Then we extend it with
the measurement model of [76] to show that it still constitutes
a proper QRC system.

A properly engineered QRC system

We start by introducing the model without measurements.
The Markovian master equation that governs the dynamics
between input injections is

ρ̇ = −i[H (zt ), ρ] + γ LρL† − γ

2
{L†L, ρ}, (61)

where H (zt ) = h(zt )σ x/2 and L = σ−. The corresponding
matrix expression T̂ is⎛
⎜⎜⎝

1
〈σ x〉t
〈σ y〉t
〈σ z〉t

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

1 0 0 0
0 T̂22 0 0

T̂31 0 T̂33 T̂34

T̂41 0 T̂43 T̂44

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1
〈σ x〉t−1
〈σ y〉t−1
〈σ z〉t−1

⎞
⎟⎟⎠, (62)

where the expressions for the matrix elements are

T̂22 = e−γ�τ/2,

T̂33 = e−3γ�τ/4

[
cosh

(
�τ

4

√
γ 2 − 16h2

t

)
+ γ√

γ 2 − 16h2
t

sinh

(
�τ

4

√
γ 2 − 16h2

t

)]
,

T̂44 = e−3γ�τ/4

[
cosh

(
�τ

4

√
γ 2 − 16h2

t

)
− γ√

γ 2 − 16h2
t

sinh

(
�τ

4

√
γ 2 − 16h2

t

)]
,

T̂34 = 4ht e−3γ�τ/4√
γ 2 − 16h2

t

sinh

(
�τ

4

√
γ 2 − 16h2

t

)
,

T̂43 = −T̂34,

T̂31 = 2γ ht

γ 2 + 2h2
t

{
− 1 + e−3γ�τ/4

[
cosh

(
�τ

4

√
γ 2 − 16h2

t

)
+ 3γ√

γ 2 − 16h2
t

sinh

(
�τ

4

√
γ 2 − 16h2

t

)]}
,

T̂41 = γ

γ 2 + 2h2
t

{
− γ + e−3γ�τ/4

[
γ cosh

(
�τ

4

√
γ 2 − 16h2

t

)
− γ 2 + 8h2

t√
γ 2 − 16h2

t

sinh

(
�τ

4

√
γ 2 − 16h2

t

)]}
. (63)
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The eigenvalues of matrix T̂ are λ1 = 1, λ2 = e−γ�τ/2, λ3 = e−(3γ 2+
√

γ 2−16h2
t )(�/τ4), and λ4 = e−(3γ 2−

√
γ 2−16h2

t )(�/τ4). The three
eigenvalues λ2, λ3, and λ4 always have modulus smaller than 1 when γ �= 0. Then the master equation fulfills the conditions for
having a single full-rank fixed point [62], whose density matrix is

ρ∗ = 1

γ 2 + 2h2
t

(
h2

t iγ ht

−iγ ht γ 2 + h2
t

)
. (64)

Finally, we compute the singular values of the restriction to the traceless hyperplane. These values are σ1 = e−γ�τ/2 < 1, σ2 =
e−3γ�τ/4√ f+, and σ3 = e−3γ�τ/4√ f−, where

f± = 1

γ 2 − 16h2
t

[
− 16h2

t + γ 2 cosh

(
�τ

2

√
γ 2 − 16h2

t

)

± γ

√
sinh2

(
�τ

4

√
γ 2 − 16h2

t

)√
−64h2

t + 2γ 2 + 2γ 2 cosh

(
�τ

2

√
γ 2 − 16h2

t

)]
. (65)

Figure 3 shows that for γ �= 4ht and away from the axis
γ = 0, we find σ2, σ3 < 1, demonstrating the ESP and the
FMP. Since the fixed point ρ∗ is input dependent, this system
exhibits the necessary ingredients to be a competent QRC
system.

As in Example 3, we show in Fig. 4 a numerical example
of input driving. We choose again h(zt ) = zt

h
2σ x as the ex-

ternal magnetic field function, modifying its direction. Now
the observables 〈σ z〉 and 〈σ y〉 exhibit an explicit response
to the driving, while 〈σ x〉 converges to its input-independent
stationary value [which can be predicted from (62)].

Now we further extend the model to incorporate the
measurement formalism described in [76]. As the compo-
sition of CPTP maps can be described as the product of
their matrix representations [58], we just need to obtain the
Kraus operators of (60), which are K0 =

√
e−g2/2I , K1 =√

1 − e−g2/2 |0〉 〈0|, and K2 =
√

1 − e− g2

2 |1〉 〈1|, where |0〉
and |1〉 are the basis states in the z axis. The matrix repre-
sentation of Edeph in the Pauli matrix basis is then

Êdeph =

⎛
⎜⎜⎝

1 0 0 0
0 e−g2/2 0 0
0 0 e−g2/2 0
0 0 0 1

⎞
⎟⎟⎠. (66)

FIG. 3. Density plot of the singular values (a) σ2 and (b) σ3. The
elements γ = 4ht are not determined because of the denominator
1/(γ 2 − 16h2

t ).

It is straightforward to check that the maximum singular value
of Êdeph restricted to the traceless hyperplane is equal to 1. The
final matrix T̂ ′ = ÊdephT̂ is

T̂ ′ =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 e−g2/2T̂22 0 0

e−g2/2T̂31 0 e−g2/2T̂33 e−g2/2T̂34

T̂41 0 T̂43 T̂44

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(67)

Given that the maximum singular value of p(z) is smaller
than 1 (for γ �= 4ht and γ �= 0), we find that |||p′(z)|||2 �
|||pdeph|||2 · |||p(z)|||2 < 1 − ε for some ε > 0 in the Schatten
2-norm, where p(z), p′(z), and pdeph are the restrictions to the
traceless hyperplane of matrices T̂ , T̂ ′, and Êdeph, respectively
[given by (27)]. Then the QRC system has the ESP and the
FMP. The single fixed point of the map is given by

ρ∗ = 1

γ 2 + 2h2
t

(
h2

t − f1 iγ ht (1 − f2)

−iγ ht (1 − f2) γ 2 + h2
t + f1

)
, (68)

FIG. 4. Dynamics of the spin projections 〈σ a〉t for a = x, y, z
when driven with a random input sequence with Hamiltonian H =
zt

h
2 σ x . The initial condition is the maximal coherent state ρ =

1/2
∑1

i, j=0 |i〉 〈 j| and the system parameters are �τ = 1, γ = 1, and
h = 1.
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where

f1 = 4γ h2
t sinh

( g2

4

)
sinh

(
�τ
4

√
γ 2 − 16h2

t

)
√

γ 2 − 16h2
t

[
cosh

( g2+3γ�τ

4

)− cosh
( g2

4

)
cosh

(
�τ
4

√
γ 2 − 16h2

t

)]+ γ sinh
( g2

4

)
sinh

(
�τ
4

√
γ 2 − 16h2

t

) ,

f2 =
sinh

( g2

4

)[
e3γ�τ/4 − cosh

( g2

4

)
cosh

(
�τ
4
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This fixed point is produced by the competition between the
original fixed point in (64) (g → 0) and a diagonal state
(g → ∞). With this we can conclude that this engineered
model, even including the measurement protocol, leads to an
operational QRC system in the long-term run.

V. CONCLUSION

In this paper we have unified the density matrix approach
of previous works in QRC with the Bloch vector represen-
tation. Moreover, we have shown that these representations
are linked by system isomorphisms and that various results
concerning the ESP and FMP are independent of the cho-
sen representation. We have also observed that the QRC
dynamics in the Bloch vector representation amounts to that
of a state-affine system of the type introduced in [45] for
which numerous theoretical results have been established. We
have capitalized on this connection to shed some light on
fundamental questions in QRC theory in finite dimensions.
In particular, we found a necessary and sufficient condi-
tion for the ESP and FMP in terms of the existence of an
induced norm that bounds the CPTP map for all inputs, de-
termining a guideline for its election. The necessity of this
boundedness hypothesis emerges out of the compactness of
the input space, which is a common requirement in the RC
literature. If the input space is not compact, sufficient condi-
tions can still be found in terms of the weighting sequence
[50]. In addition, we described common situations in which
QRC systems become useless in long-term runs which can
be summarized by saying that quantum channels that ex-
hibit input-independent fixed points yield trivial input-output
dynamics.

Our work sets the grounds for further analysis and explo-
ration of the QRC theory. Future work can follow several
paths, such as studying the connection between spectral prop-
erties of QRC models and their performance in memory and
information processing tasks, studying infinite-dimensional
quantum reservoirs, or including generalized measurements
(positive-operator-valued measures) and the effect of a finite
number of measurements in the statistics of expected values,
given the effect that they imprint in the resources of QRC
algorithms [76].
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