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Local chiral inversion of chiral nematic liquid crystals in cylinders
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On the basis of Landau–de Gennes theory and the finite-difference iterative method, the autonomic modulation
of chiral inversion in a cylindrical cavity with degenerate planar anchoring is investigated. Under the applied
helical twisting power (inversely related to the pitch P), a chiral inversion can be achieved due to the nonplanar
geometry effect, and the inversion capacity rises with the increase of the helical twisting power. The combined
effect of the saddle-splay K24 contribution (corresponding to the L24 term in Landau–de Gennes theory) and
the helical twisting power are analyzed. It is found that the chiral inversion is more strongly modulated on the
condition that the chirality of spontaneous twist is opposite to that of applied helical twisting power. Further,
larger values of K24 will induce larger modulation of the twist degree and smaller modulation of the inverted
region. The autonomic modulation of chiral inversion shows great potential for chiral nematic liquid crystal
materials to be used in smart devices, such as light-controlled switches and nanoparticle transporters.
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I. INTRODUCTION

Chiral nematic liquid crystals (CLCs) are fluid flexible
media that are often used as electro-optical materials in a
wide range of display applications [1,2]. In particular, CLCs
confined in cylindrical cavities can be used as mood rings,
thermometer strips [3,4] and eWriters [5], etc. In addition,
as responsive materials, the reflection bands of CLCs can be
adjusted according to the closed cylindrical surface and the
external perturbations [6–13].

Different from nematic liquid crystals, CLCs exhibit the
self-organized helical structure. From the macroscopic level,
the liquid crystal molecules are arranged in layers, with the
average orientation of each layer rotated by a small angle, and
the distance between the two layers is the helical pitch P after
achieving a total rotation of 360◦ [14]. At the microscopic
level, this is the result of a composition of chiral molecules
[15,16]. When the light propagates along the helical axis,
the incident light will be selectively reflected, and the corre-
sponding reflection peak wavelength is λ0, λ0 = nP, where
n is the average refractive index of liquid crystal. Obviously,
the key to control the reflection wavelength is to change the
helical pitch P sensitive to the environment. Typically, an early
dual-probe fiber sensor was made by Yang et al. [17] from
cholesteryl derivatives encapsulated in a cylindrical coupler
device to monitor volatile organic compound gas using the
principle that short-range interactions between volatile gas
molecules and CLCs result in the variation of P [18–21].
Later, devices such as thermometers, lasers, and biosensors
emerged [22–24]. These devices ultimately manipulate re-
flected light by changing the helical pitch P, with controllable
environmental factors including external stimuli such as elec-
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tric field and temperature and internal parameters such as the
saddle-splay elasticity constant K24 [25–27].

Recent experiments by Jonghee Eun et al. [28] have
achieved the chirality modulation of helical structures in cap-
illaries, leading to a new stage in the study of CLCs. The
unusual elastic properties of nematic lyotropic chromonic
liquid crystals (LCLCs), i.e., the large saddle-splay elastic
constants K24 compared to the twisted elastic constants K22,
responsible for chiral symmetry breaking to reduce the total
elastic free energy [29–33] allow LCLCs to spontaneously
form two chiral double twisted structures, and the addition
of specific concentrations of chiral dopants with the opposite
chirality results in a chiral inversion of the twisted structure.
It means that excess chiral amino acids can be easily detected
by optical observation, which lays the foundation for the ap-
plication of CLCs in chiral molecular separators.

Up to now, the single function of twist degree modula-
tion and chirality modulation for CLCs has been achieved
independently. It remains difficult to realize the autonomous
modulation of chiral inversion, including inverted region and
twist degree both in one device, and it is difficult to fully
characterize the fine structures of chiral structure. Inspired by
this, we have examined in detail the modulation process for
CLCs in cylinders with a degenerate planar anchoring, based
on Landau–de Gennes theroy.

This paper is organized in the following manner. In Sec. II
we describe how we model the liquid crystal and briefly de-
scribe our numerical methods. To achieve our aim we have
divided our study into three stages, which are presented in
Sec. III. First, we consider the chiral structure due to the single
effect of nonplanar geometry. Second, based on two kinds
of spontaneous twist structure, the modulation ability of the
helical twisting force is analyzed, including the chiral inver-
sion region and the distortion degree. Finally, the influence of
K24 on the modulation ability is explored. We summarize our
results in Sec. IV.
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II. THEORETICAL BASIS

A. Free energy expression

The numerical procedure to obtain the chiral structure is
almost the same as that employed in our previous studies
[26,27] We employ the second-rank symmetric and trace-
less tensor Q in Landau–de Gennes theory [34–36]. The
Landau–de Gennes free energy density of liquid crystal is
given by f = fbulk + felastic, where fbulk is the bulk energy, and
its expression is the same as that in Refs. [26,27],

fbulk = 1
2 AtrQ2 − 1

3 BtrQ3 + tr 1
4C(trQ2)2. (1)

The free energy felastic, which penalizes gradients in the
tensor order parameter field, is given in the form [36,37]

felastic = 1

2
{L1|∇Q|2 + L2|∇ · Q|2+ L24∇ · [(∇Q)Q−Q∇·Q]

+ 2L5q0Q · (∇×Q)}, (2)

in which L1, L2, and L24 are elastic constants, and L5 is a chiral
term, estimated from measurement of the elastic constants
from the Frank free energy density [37],

ffrank = 1

2
{K11(∇ · n)2+K22(n · ∇×n+q0)2+K33(n×∇×n)2

− (K24 + K22)∇ · [n(∇ · n) + n×∇×n]}, (3)

in Eqs. (2) and (3), q0 = 2π
P .

Under the assumption of uniaxial Q and uniform S, the
relationship between Li and Kii can be written as

L1 = 1

6S2
(K33 − K11 + 3K22), (4)

L2 = K11 − K22

S2
, (5)

L24 = K24

S2
, (6)

L5 = 2L1. (7)

In Eqs. (4)–(7), S is the uniaxial scalar parameter express-
ing the magnitude of fluctuations about the director. It can
be either positive or negative. The ensemble of molecules
represented by Q tends to align along the director field when
S is positive and tends to lie in the plane orthogonal to the
director field when S is negative.

B. Geometry system

The geometric model we use is a long cylindrical geometry
of radius R, as shown in Fig. 1. The liquid crystal molecules
are distributed in the cylinder, and the surface has degenerated
planar boundary conditions. The standard cylindrical coordi-
nate system (ρ, ϕ, z) is established, and the corresponding
local frame �eρ , �eϕ , �ez is also introduced. Here �ez is along the
symmetry axis, �eρ is the radial unit vector emanating from the
symmetry axis, and �eϕ = �ez × �eρ .

The anchoring condition of the surface prevents the di-
rector from having an �eρ component, so α(ρ = R) = ±π/2.

FIG. 1. Schematic diagram of the cylindrical geometry.
Cylindrical coordinate system (ρ, ϕ, z) is to describe the
configuration. �n is the director field, θ is the angle between �n
and the z axis, and α is the angle between the ρ−ϕ projection of �n
and the ρ axis. R is the radius of the system.

Along the radial direction (ρ axis), we define a counterclock-
wise rotation of �n as right-handed, with θ taking a positive
value, while a clockwise rotation of �n as left-handed, with θ

taking a negative value, as shown in Fig. 2.
In addition, owing to the symmetry of a cylindrical system

along the z axis, it is sufficient for us to illustrate the system
changes by calculating one of the cross sections (ρ−z plane).
Thus, we could transfer the three-dimensional problem into
a two-dimensional problem and improve the efficient of the
numerical process.

C. Scaling and dimensionless evolution equations

We introduced the following dimensionless quantities

[26,37]: f̃ ≡ f /[ B4

(4C)3 ], Q̃ ≡ Q/[ B
4C ], κ =

√
q2

04CL1

B2 , ρ̃ ≡
2q0ρ, z̃ ≡ 2q0z. Equations (1) and (2) can be reduced to

f̃bulk = 1
12 ÃtrQ̃2 − 1

3 trQ̃3 + 1
16 (trQ̃2)2, (8)

f̃elastic = 2κ2{∣∣∇̃Q̃
∣∣2 + L̃2

∣∣∇̃ · Q̃
∣∣2 + L̃24∇̃ · [(∇̃Q̃)Q̃

− Q̃∇̃ · Q̃] + L̃5Q̃ · (∇̃ × Q̃)}. (9)

FIG. 2. (a) Right-handed twist structure; (b) left-handed twist
structure.
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FIG. 3. (a) Twist structure induced by helical twisting power in a cylindrical cavity with K24 = 0. The inset shows the fine structure, where
orange columns represent right-handed structure, and blue columns represent left-handed structure. (b) Regional distribution of two chiral
structures with different values of P: P/R = 32, 8, 2, 1.

Equations (5)–(7) can be reduced to

L̃2 = L2/L1 = 6
(K11

K33
− K22

K33

)
3 K22

K33
+ 1 − K11

K33

, (10)

L̃24 = L24/L1 = 6 K24
K33

3 K22
K33

+ 1 − K11
K33

, (11)

L̃5 = L5/L1 = 2. (12)

According to [38], the rescaled evolution equation for Q̃ in
the bulk can be obtained as follows:

∂Q̃i j

∂t
= 
̃

(
− δ f̃

δQ̃

)
, (13)

in which 
̃ = 
 × ( B2

4C ), 
 = 6D∗/[1−3tr(Q2)]2
, and D∗ is

the rotational diffusion for the nematic.
The rescaled surface evolution equation based on ∂Qs

∂t =
−
s[

∂ fs

∂Qi j
+ ∂ f

∂ (Qi j,k ) �vk] in the condition of fs = 0, and �νk =
�eρ (ρ= R) on the surface, can be written as

∂Q̃s

∂t
= − 1

2q0

̃s

[
∂ f̃

∂ (Q̃i j,ρ̃ )

]
, (14)

in Eq. (14), 
̃s = 
s × ( B2

4C ). The rotational symmetry condi-
tions at the cylindrical axis (ρ = 0) give Q̃ρϕ ≡ Q̃ρz ≡ Q̃ϕz ≡
0, Q̃ρρ,ρ ≡ Q̃ϕϕ,ρ ≡ Q̃zz,ρ ≡ 0, Q̃ρρ ≡ Q̃ϕϕ ≡ − 1

2 Q̃zz ≡ 0.

III. RESULTS

According to parameters given in [26,27], a = 0.195 ×
106 J/m3, B = 7.155 × 106 J/m3, C = 8.82 × 106 J/m3,
L1 = 10.125 × 10−12 J/m are obtained. In our simulations,
the scaled temperature is set to be Ã = 2/3. The rotational
diffusion D* is set to be 0.35 m2/N s. For simplicity, the
elastic constants K11 = K33 = K , K22/K = 0.1 are chosen in
our simulation, thus we can easily get L̃2 = 18 and the values
of L̃24 for different values of K24/K according to Eqs. (10) and
(11). In this work, we focus on the chiral inversion induced
by helical twisting power, combined with the effect of curved
surface. As we know [12], the helical twisting power is
inversely related to the pitch P for a given concentration of

liquid crystal material. Thus, P is used to characterize the
helical twisting power in the following. The applied helical
twisting power is left-handed in the following.

A. Chiral inversion in a cylindrical cavity with K24 = 0

When helical twisting power is applied to a cylindrical
cavity with K24 = 0, it is surprising that two chiral twist
structures appear simultaneously. Fig. 3(a) shows the fine
structure after application of P. It can be seen that under the
action of left-handed helical twisting power, a left-handed
twist structure appears on the outer side, and a right-handed
twist structure appears near the center of the cylinder. This
behavior results from the curvature effect. On the outer side,
geometric curvature is relatively small, and the chirality is
more liable to the intrinsic helical. If the left-handed twist
continues towards the central region with larger curvature,
there would be a large bend cost due to the projection of
the director on to the ρ−ϕ plane, thus the left-handed twist
is reduced and a right-handed twist structure appears as one
approaches the center of the cylinder. In fact, the chiral inver-
sion makes the small degree of θ at small ρ, which can avoid
the expensive bend energy with larger curvature. Figure 3(a)
also gives that the angle of the revised right-handed twist
structure increases with helical twisting force. In addition,
the increase of helical twisting force is accompanied by the
expansion of right-handed structure. Figure 3(b) shows the
specific data.

B. Chiral inversion in a cylindrical cavity with K24 �= 0

In Sec. III A, the curvature effect caused the chiral in-
version structure in the action of helical twisting power. It
is well known that nematics with K24 > 2K22 exhibit spon-
taneous distortion of two chiralities with equal probability
[29,39–41]. Next, we explore the chiral inversion by the
mutual competition between K24 and helical twisting power,
using two spontaneous chiral twists induced by K24 as the
ground state. The radius R of the cylindrical cavity and the
anchoring conditions are consistent with above. The applied
helical twisting power is left-handed and K24/K = 0.4.
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FIG. 4. (a) The twist structure in a cylindrical cavity with K24/K = 0.4 in the condition that the chirality of the spontaneous twist is the
same as that of the applied helical twist power. The inset shows the fine structure of chiral reversal, where the orange columns represent the
chiral inversion region. (b) Chiral inversion regions for different values of P: P/R = 16, 8, 2, 1. (c) Change of degree for two chiral structures
with P/R = 16, 8, 2, 1.

1. Spontaneous twist is left-handed

In this section, the spontaneous chirality is consistent with
the helical twisting power. For larger P, the effect of helical
twisting power is small, thus the chirality structure is consis-
tent with the spontaneous distortion without chiral reversal.
As P decreases, chiral inversion occurs at a critical value
corresponding to P = 16R. Figure 4(a) gives the profile of
twist angle along �eρ for a chiral inversion structure, in which
the inset shows the fine structure of chiral reversal. It is shown
that chiral inversion occurs near the center.

Figure 4(b) demonstrates the regions of chiral inversion
when P/R is 16, 8, 2, and 1, respectively. Apparently, the
decrease of P causes the expansion of chiral inversion region
from ρ = 0 to ρ = 0.28R, and the adjustable range is 28%.

In addition, the twist degree is affected in the process of
chiral inversion modulation, as shown in Fig. 4(c). The angle
of the right-handed twist structure varies from 0◦ to 22.37◦,
with a regulation range of 22.37◦; while the angle of left-
handed twist structure varies from −45.08◦ to −111.16◦, with
a range of 66.08◦.

2. Spontaneous twist is right-handed

We further explored how the chiral reversal regulated by
P in the condition that spontaneous chirality is right-handed,

opposite to the left-handed helical twisting power. Unlike the
previous case, there is competition between K24 and helical
twist power. At P = 3.53R, the effect of helical twist power
exceeds K24 on the outer side, and there is a chiral inversion
into the left-handed chiral structure near the lateral boundary,
while the spontaneous right-handed distortion remains near
the center [see Fig. 5(a)]. As P decreases, the dominate region
of helical twist power increases, and the chiral inversion grad-
ually extends from the boundary towards the central side. At
P = 2.89R, the helical twist power is dominant in the whole
system, and the system reach a maximum inversion region of
0.8R, i.e., the adjustable range of chiral inversion is 80%, as
shown in Figs. 5(a) and 5(b).

It should be pointed out that if P continues to decrease from
2.89R, the net dominant effect of left-handed helical twist
power will cause the expansion of right-handed structure and
the area of left-handed twisted structure will decrease, which
is consistent with Fig. 3(b); i.e., the area of chiral inversion
will decrease. Thus the system has the largest chiral inversion
region of 0.8R at P = 2.89R.

The process of chiral inversion is accompanied by a change
of twist degree. As shown in Fig. 5(c), with the decrease of P,
the left-handed structure varies from 0◦ to 71.04◦, with a mod-
ulation range of 71.04◦; and the right-handed structure varies
from 27.89◦ to 11.56◦, with a modulation range of 16.33◦.
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FIG. 5. (a) The twist structure in a cylindrical cavity with K24/K = 0.4 in the condition that the chirality of the spontaneous twist is
opposite to that of the applied helical twist power. The inset shows the fine structure of chiral reversal, where the blue columns represent the
chiral inversion region. (b) Chiral inversion regions for different values of P: P/R = 3.53, 3.3, 3, 2.89. (c) Change of degree for two chiral
structures with P/R = 3.53, 3.3, 3, 2.89.

That is, the decrease of P enhances the left-handed twist
structure, while it weakens the right-handed twist structure,
which is reasonable. The variation of the distortion degree is
not a continuous process, with an abrupt change at the point
of maximum chiral inversion.

C. Effect of K24 on the modulation of chiral inversion

The results in Sec. III B indicate that the modulation of
chiral inversion is more significant in the condition that the
chirality of spontaneous twist is opposite to that of the applied
helical twisting power. Thus, we focused on a cylindrical
system with right-handed spontaneous twist and opposite left-
handed helical twist power to investigate the effect of K24 on
the chiral inversion.

Three values of K24/K = 0.4, 0.6, and 0.8 are selected.
Figure 6(a) shows chiral reversal regions with different
K24/K . It can be seen that the increase of K24 cause a reduction
of the chiral reversal region, which is mainly related to the
growing spontaneous twist structure by K24. As we all know
that a larger K24 is along with a greater spontaneous twist, so
that the process of inducing a chiral reversal and the expansion
of the reversal region requires a larger helical twisting power,
i.e., a corresponding smaller P. According to the result in
Sec. III A, the right-handed region expands and left-handed

region reduces as left-handed applied helical twist power
P become smaller. Thus, larger K24 will induce a reduction
of the reversal region.

In addition, the increase of K24 is accompanied by
an increase of twist degree for both chiral structures, as
shown in Fig. 6(b). For K24/K = 0.8, the left and right
chiral twisted structures vary between “0◦ and 107.03◦”
and “46.8◦ and 22.33◦”, respectively, with the modu-
lation range of 107.03◦ for left-handed structure and
24.47◦ for right-handed structure. The regulation ability of
P to control the twist degree with K24/K = 0.8 is approx-
imately 1.5 times that with K24/K = 0.4. This is because a
larger K24 needs a smaller P to induce chiral inversion, which
directly results in a larger degree of twist structure.

IV. CONCLUSION

The chiral inversion phenomenon in cylindrical cavity
with a degenerate planar anchoring is explored based on
Landau–de Gennes theory. In the condition of ignoring K24,
an applied left-handed helical twisting power represented by
P induces two chiral twist structures, with right-handedness
near the center of the system and left-handedness on the outer.
The region of right-handed structure expands with the increase
of helical twisting force.
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FIG. 6. The effect of K24 on chiral reversal, in the condition that the chirality of spontaneous right-handed twist is inverse with that of
the left-handed helical twisting power, K24/K = 0.4, 0.6, 0.8. (a) Chiral inversion regions when K24 takes different values. (b) The distortion
degree for two twist structures when K24 takes different values.

The ability of P to modulate the chiral reversal on the
basis of spontaneous twist is investigated with K24/K = 0.4
and applied left-handed helical twisting power. It is found
that the spontaneous twist is more strongly modulated by P
in cylindrical system with opposite spontaneous chirality to
that of applied helical twisting power. Further, the values of
K24 will affect the region of chiral separation, as well as the
distortion degree for two twist structures.

The modulation of helical twisting power can be achieved
by changing the optical environment experimentally [42,43],
which means that CLC materials have the potential to be used
in smart devices, for example, in light-controlled switches,
due to the different response properties of different chiral
twist structures to light, and that the movement of the chi-

ral inversion region can drive nanoparticle transport. Further
research could be carried out on chiral inversions using curva-
ture as a variable, in addition to extending the research model
to more complex geometrical cylindrical shells, toroidal do-
mains, and spheres, allowing for a variety of applications
for CLCs.
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