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The free-energy model can extend the lattice Boltzmann method to multiphase systems. However, there is a
lack of models capable of simulating multicomponent multiphase fluids with partial miscibility. In addition,
existing models cannot be generalized to honor thermodynamic information provided by any multicompo-
nent equation of state of choice. In this paper, we introduce a free-energy lattice Boltzmann model where
the forcing term is determined by the fugacity of the species, the thermodynamic property that connects
species partial pressure to chemical potential calculations. By doing so, we are able to carry out multicom-
ponent multiphase simulations of partially miscible fluids and generalize the methodology for use with any
multicomponent equation of state of interest. We test this fugacity-based lattice Boltzmann method for the
cases of vapor-liquid equilibrium for two- and three-component mixtures in various temperature and pressure
conditions. We demonstrate that the model is able to reliably reproduce phase densities and compositions as
predicted by multicomponent thermodynamics and can reproduce different characteristic pressure-composition
and temperature-composition envelopes with a high degree of accuracy. We also demonstrate that the model can
offer accurate predictions under dynamic conditions.
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I. INTRODUCTION

Multiphase flows of fluids with multiple chemical com-
ponents occur in many important settings like hydrocarbon
reservoirs, carbon dioxide sequestration in aquifers, and
chemical reactors. To achieve reliable modeling of these sys-
tems, it is essential to develop tools that can accurately model
multicomponent multiphase (MCMP) flow, which would in-
volve fluid dynamics coupling with thermodynamics. Under
a thermodynamic framework, MCMP systems can be divided
into two categories: Immiscible and partially miscible. In im-
miscible phases, some components in the system are confined
to a single phase, and there is no interfacial mass transfer.
In partially miscible phases, however, components can be
exchanged between phases. An example of immiscible and
partially miscible phases is shown in Fig. 1. It is worth noting
that the terms immiscible and partially miscible are not ap-
plicable to single-component systems as a single-component
multiphase system would always have to allow for interfacial
mass transfer. Although modeling immiscible phases is quite
popular, immiscibility is only a useful idealization meant to
simplify modeling. There is always some degree of interfacial
mass transfer in all multiphase systems; therefore, an accurate
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model for multiphase systems needs to account for partial
miscibility.

In the study of partially miscible phases an equation of state
(EOS) can play an important role. This is because in addition
to relating the pressure of a system to its density, temperature,
and composition, an EOS also contains information about the
equilibrium state of multiphase systems. Therefore, the choice
of EOS is crucial to the modeling of partially miscible fluids.
Cubic EOSs, such as the Peng-Robinson (PR) [1] and the
Soave-Redlich-Kwong (SRK) [2], are widely regarded as the
most accurate ones to describe the thermodynamics of fluids.
When multiple components are present, an EOS needs to ac-
count for interactions between “like” and “unlike” component
pairs captured through mixing rules [3]. A realistic model
of partially miscible systems, and hence MCMP systems,
must incorporate an accurate EOS and the multicomponent
mixing rules. The chemical potential governs the transport of
a component within and across phases in MCMP systems.
At equilibrium, the chemical potential of each component
is constant throughout the multiphase system. In order to
simplify phase equilibrium calculations, and to connect chem-
ical potential and partial pressure calculations, the concept
of fugacity was introduced [4]. At phase equilibrium, the
equality of the fugacity of each component is mathemati-
cally equivalent to the equality of the chemical potential of
each component. Although fugacity has primarily been used

2470-0045/2023/107(1)/015304(20) 015304-1 ©2023 American Physical Society

https://orcid.org/0000-0001-8675-7298
https://orcid.org/0000-0002-7119-3781
https://orcid.org/0000-0001-7652-3658
https://orcid.org/0000-0003-0604-8606
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.107.015304&domain=pdf&date_stamp=2023-01-17
https://doi.org/10.1103/PhysRevE.107.015304


SOOMRO, AYALA, PENG, AND AYALA PHYSICAL REVIEW E 107, 015304 (2023)

Hydrocarbon 
Vapor Phase

Hydrocarbon 
Liquid Phase

4, 2 6, 3 8, …

4, 2 6, 3 8, …

Hydrocarbon  
Phase

Aqueous 
Phase 

4, 2 6, 3 8, …

2

Immiscible
Phases

Par�ally Miscible
Phases

FIG. 1. Left: An immiscible system of a hydrocarbon phase com-
posed of the components CH4, C2H6, C3H8 among others and an
aqueous phase composed of the component H2O. The components
are restricted to their phases and there is no interfacial mass transfer.
Right: A partially miscible system of hydrocarbons with a light vapor
phase and dense liquid phase. Both phases are composed of the same
components (CH4, C2H6, C3H8 among others) and there is interfacial
mass transfer.

to simplify the phase equilibrium problem, it can also be a
powerful quantity for simulating multiphase flow because it
can be tied directly to an EOS. Thus, fugacity can be used as
a bridge to incorporate accurate multicomponent EOSs into
flow simulations.

Since the early 1990s, the lattice Boltzmann method
(LBM) has emerged as a powerful fluid dynamics simulation
tool with extensions to simulate multiphase flow. While early
multiphase versions of LBM were restricted to studying the
flow of immiscible fluids (e.g., Ref. [5]), models eventually
emerged that allowed interfacial mass transfer, albeit only for
single-component systems. Two of these models that have
gained popularity are the pseudopotential model [6] and the
free-energy model [7]. The pseudopotential model achieves
phase separation by introducing a force to replicate inter-
molecular interactions, and it has been extended to incorporate
any EOS [8]. It has also been extended to multicomponent
systems of immiscible phases [9], and attempts have been
made to consider multicomponent systems of partially mis-
cible phases [10]. However, a well-known drawback of this
method is its inconsistency with thermodynamics when using
an EOS, which comes in two forms. The first inconsistency
has to do with multicomponent versions of the pseudopoten-
tial LBM where a single-component EOS is used to calculate
a pressure for each component [10]. The pressure is a prop-
erty of a phase, not a component, and any multicomponent
formulation should have one thermodynamic pressure at each
point which comes from a multicomponent EOS with mixing
rules. The second inconsistency applies to all pseudopoten-
tial models, and it is that at equilibrium, the fugacity of
each component (as predicted by the EOS) is not constant
throughout the system at equilibrium conditions [11]. In a
single-component system, this is equivalent to violating the
Maxwell equal area rule. While the first form of inconsistency

can be addressed [12], the second form has only been fully
resolved for single-component systems [13,14].

The free-energy model introduces macroscopic thermody-
namics directly into lattice Boltzmann through a functional of
the Helmholtz free energy [15], which makes it a good can-
didate for achieving full consistency with thermodynamics.
While the free-energy model can be shown to be theoreti-
cally consistent with thermodynamics, it still does not lead
to fully consistent simulations that can achieve full equality
of chemical potentials and fugacities for phases in equilib-
rium [16]. Guo [17] showed that this inconsistency resulted
from errors produced due to discretization, and the “well-
balanced” LBM could eliminate these errors, making the
free-energy model consistent with thermodynamics. Mul-
tiphase free-energy LBM has been used extensively with
free-energy functionals that can be generalized to any EOS
like the PR or SRK EOS but only for single-component (pure)
systems [18–23]. Its extension to MCMP systems has mostly
relied on the use of simpler free-energy functionals which can
only qualitatively predict phase separation and are largely lim-
ited to immiscible MCMP systems [24–30]. In general, there
remains a significant lack of models capable of performing LB
simulations that fully honor multicomponent thermodynamics
as predicted by multicomponent EOSs—including cases of
systems of partial miscibility.

In this paper, we introduce a new free-energy LBM model
which relies on the fugacity of each component, a property
readily available through any EOS, to honor multicompo-
nent thermodynamics fully. Through this new model, we
can simulate flows of MCMP fluids with partial miscibility,
using any multicomponent EOS. Additionally, by extending
Guo’s well-balanced LBM to multicomponent systems, we
can show that our model fully complies with macroscopic
thermodynamics and predicts phase densities and compo-
sitions in agreement with flash calculations done with the
multicomponent EOS at a variety of different pressure and
temperature conditions. Our paper is structured as follows.
Section II will review the free-energy LBM and the limitations
of previous models. In Sec. III, the fugacity-based LBM will
be introduced, and the procedure to implement it will be
shown. In Sec. IV, the fugacity-based LBM will be tested in
various cases of vapor-liquid equilibrium, including tests for
two-component and three-component mixtures and the gen-
eration of pressure-composition and temperature-composition
envelopes. Additionally, the cases of spinodal decomposition
and oscillating droplet will also be shown in this section.
Finally, the main conclusions of the paper and discussions will
be presented in Sec. V.

II. A REVIEW OF CURRENT FREE ENERGY LBM
MODELS

LBM relies on the lattice Boltzmann equation (LBE) and
for the case of a single-component fluid, this is given by
Eq. (1) [31],

gα (r + eαδt, t + δt ) − gα (r, t )

= − 1

τ

[
gα (r, t ) − g(eq)

α (r, t )
] +

[
1 − 1

2τ

]
Fα (r, t )δt,

(1a)
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g(eq)
α = ρwα

[
1 + u · eα

c2
s

+ (u · eα )2

2c4
s

− u · u
2c2

s

]
, (1b)

Fα = F · wα

[
eα − u

c2
s

+ (u · eα )eα

c4
s

]
. (1c)

Here r is the position vector, u is the macroscopic velocity,
F is the body force, cs is the speed of sound, t is the time,
τ is the relaxation time, ρ is the macroscopic mass density,
and eα , wα , gα , and g(eq)

α are the lattice velocity, weighing
parameter, distribution function and equilibrium distribution
function for direction α, respectively. Fα is the forcing term
given in Ref. [32]. It can be shown that at the macroscopic
scale, LBE can replicate the Navier-Stokes equation [Eq. (2)]
[32],

∂

∂t
(ρu) + ∇ · (ρuu)

= −∇(
c2

s ρ
) + ν∇ · {ρ[∇u + (∇u)T ]} + F. (2)

Here ν is the kinematic viscosity, and the pressure is given
by c2

s ρ. The free energy model introduces multiphase thermo-
dynamics into LBM by replacing the gradient of the standard
LBM pressure, c2

s ρ, with the divergence of an updated pres-

sure tensor, P, in the Navier-Stokes equation. This pressure
tensor contains the contributions from the bulk fluid, denoted
by subscript B, and the interface, denoted by subscript I .
To derive the pressure tensor, we need a functional of the
Helmholtz free energy, referred to as the free-energy func-
tional, and it is shown in Eq. (3),

�(T,V, n) =
∫

ψ (T, ρ̃ )dV =
∫

(ψB + ψI )dV. (3)

Here � is the extensive free energy, which is a function of
temperature (T ), volume (V ), and amount in moles (n) and ψ

is the intensive free energy per unit volume which is a function
of temperature and molar density (ρ̃). The chemical potential,
μ, is then defined as the functional derivative of the extensive
free energy with respect to moles (at constant T and V ) or
intensive free energy with respect to molar density (at constant

T ), as shown in Eq. (4),

μ = δ�

δn
= δψ

δρ̃
. (4)

Next, the divergence of the pressure tensor is calculated as
a function of the gradient of the chemical potential through
the application of the Gibbs-Duhem equation [Eq. (5)] for
isothermal conditions,

∇ · P = ρ̃∇μ. (5)

The divergence of the pressure tensor is introduced into the
LBE as a body force and this can either be done by the force in
the “pressure form” [Eq. (6)] or the “potential form” [Eq. (7)]
[33]. This body force will be input through Eq. (1c) and will
appear in the Navier-Stokes equation [Eq. (2)],

F = −∇ · P + ∇(
c2

s ρ
)
, (6)

F = −ρ̃∇μ + ∇(
c2

s ρ
)
. (7)

The term ∇(c2
s ρ) in both forms of the force is an artificial term

needed to cancel out the standard pressure gradient produced
from the LBE at the Navier-Stokes level, leaving it only in
terms of the real thermodynamic pressure. The interface free
energy represents an energy penalty for having an interface
and is expressed as ψI = κ

2 (∇ρ̃ )2 [34]. Through this expres-
sion, the “pressure form” and “potential form” of the force can
be written as Eq. (8) and Eq. (9), respectively [17,33],

F = −∇pB + κρ̃∇(∇2ρ̃) + ∇(
c2

s ρ
)
, (8)

F = −ρ̃∇μB + ρ̃∇(κ∇2ρ̃ ) + ∇(
c2

s ρ
)
. (9)

Here κ is a parameter controlling interfacial tension strength,
and pB and μB are the bulk (without contributions from the
interface) pressure and chemical potential, respectively. The-
oretically, the free-energy model is supposed to be consistent
with thermodynamics (it should fulfill the isofugacity cri-
terion at equilibrium); however, Guo [17] showed that due
to the different discretizations involved in the LBE and the
body force, the ∇(c2

s ρ) term does not entirely cancel out. To
solve this, the “well-balanced” LBM was introduced with the
equilibrium distribution function and forcing term given by
Eq. (10) and Eq. (11), respectively,

g(eq)
α =

⎧⎪⎨
⎪⎩

ρ − (1 − w0)ρ0 + w0ρ
[

u·eα

c2
s

+ (u·eα )2

2c4
s

− u·u
2c2

s

]
if α = 0

wαρ0 + wαρ
[

u·eα

c2
s

+ (u·eα )2

2c4
s

− u·u
2c2

s

]
if α �= 0

, (10)

Fα = F · wα

[
eα − u

c2
s

+ (u · eα )eα

c4
s

]
+ ∇ρ · wα

[
−u + (u · eα )eα

c2
s

+ 1

2

(
e2
α

c2
s

− D

)
u
]
. (11)

Here ρ0 is a numerical constant set to 0 as suggested by Guo
[17] and D is the spacial dimension of the problem. With this
new formulation, the artificial ∇(c2

s ρ) term does not need to
be included in Eqs. (8) and (9).

Single-component free-energy models allow for interfacial
mass transfer and have been able to successfully incorporate

EOSs through both the pressure form [18–20] and potential
form [21–23] of the force. For the pressure form, this is
straightforward as the pressure pB, in Eq. (8), is simply pro-
vided through the EOS. For the potential form, the intensive
free energy per unit volume, ψ (T, ρ̃ ), is first obtained for
an isothermal case through an EOS by solving the ordinary
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differential equation given by Eq. (12) to obtain the general
solution given by Eq. (13) [21],

ψB − ρ̃
˜dψB

d̃ρ
− pB = 0, (12)

ψB = ρ̃

[∫
pB

ρ̃2
dρ̃ + C

]
. (13)

Here C is a temperature-dependent constant of integration.
Then the chemical potential is found, again for an isothermal
case, as the derivative of the intensive free energy with respect
to the molar density [21].

However, neither the approach for incorporating an EOS
through the pressure form nor the potential form can be ex-
tended to multicomponent fluids. For a multicomponent fluid,
the LBM requires a forcing term for each component, as
shown later in Sec. III, and therefore a body force must be
derived for each component. Equation (8), used to calculate
the force in the pressure form, cannot be written for each
component as dividing the pressure gradient between com-
ponents would not be physically meaningful since pressure is
a property of the phase and not the component. Equation (9)
for the potential form, on the other hand, can be written for
each component as the chemical potential is a property of the
component and is the natural variable that drives mass transfer
for each component. However, for a multicomponent case, the
intensive free energy cannot be derived the same way as for
a single-component case. This is because the intensive free
energy for a multicomponent system is a function of temper-
ature and molar density of each component, ρ̃i (ρ̃i = ni/V ,
where ni is the moles of component i). Integrating an EOS
will produce a constant of integration that depends not only
on the temperature but also on the fluid composition, which
is not constant throughout the system. Detailed analysis and
discussion of this argument are given in Appendix A.

Multicomponent extensions of the free-energy model do
exist and have primarily been restricted to two-component
systems [24,25], with some extensions being to three-
component systems [26,27] and some being applicable to any
number of components [28–30]. While majority of these mod-
els are for immiscible phases, there have been extensions to
partially miscible phases in the context of phase field model-
ing [35,36]. However, these models rely on simple free-energy
models with the “multiwell” geometry needed to trigger phase
separation. They may qualitatively predict phase separation
but they will not offer quantitatively accurate predictions of

phase density and composition. Recently, Ridl and Wagner
[37] introduced a multicomponent model for partially mis-
cible systems based on the multicomponent van der Waals
(vdW) EOS. vdW fluids have a theoretical basis in statistical
mechanics, through which their free-energy functional can be
derived [38]. However, this approach does not apply to any
EOS in general due to their empirical nature, as demonstrated
in Appendix B. Wöhrwag et al. [39] introduced a ternary
fluid model applicable to any single-component EOS. They
introduced a free-energy model using a combination of single-
component EOS and qualitative “double-well” potentials.
However, single-component EOSs do not apply to multicom-
ponent mixtures. For a multicomponent mixture, interactions
between like and unlike component pairs are captured through
mixing rules, and these are not accounted for in a single-
component EOS. Common EOSs and multicomponent mixing
rules are given in Appendix C. There is a lack of LBM
models equipped to deal with partially miscible MCMP flu-
ids, which can additionally incorporate any multicomponent
EOS, and that is what we aim to address with the proposed
fugacity-based LBM. Some important studies discussed in
this section and their limitations have been summarized in
Table I, along with the aim of the proposed fugacity-based
LBM model, which will be introduced in Sec. III.

III. THE FUGACITY-BASED LATTICE BOLTZMANN
METHOD

A. Theory

To solve problems involving MCMP mixtures with a
greater degree of accuracy, we introduce a new approach to
the free-energy model, with a body force for each component
i (Fi) based on the fugacity of component i ( fi). For the well-
balanced LBM formulation, this force is shown in Eq. (14),

Fi = −ρ̃iRT ∇ ln fi − ρ̃i∇μI,i. (14)

Here R is the universal gas constant and μI,i is the interface
chemical potential for component i. Since this force is to be
used with the well-balanced LBM, there will be no artificial
term to cancel out the standard pressure from the LBE. How-
ever, if the standard LBM formulation is used, then Eq. (14)
should have an additional c2

s ∇ρi term added to it. In order
to arrive at Eq. (14), we start by extending the well-balanced
LBM formulation for a multicomponent system; the well-
balanced LBE for a component i is given by Eq. (15),

gα,i(r + eαδt, t + δt ) − gα,i(r, t ) = − 1

τ

[
gα,i(r, t ) − g(eq)

α,i (r, t )
] +

[
1 − 1

2τ

]
Fα,i(r, t )δt, (15a)

g(eq)
α,i =

⎧⎪⎨
⎪⎩

ρi − (1 − w0)ρ0 + w0ρi

[
u·eα

c2
s

+ (u·eα )2

2c4
s

− u·u
2c2

s

]
if α = 0

wαρ0,i + wαρi

[
u·eα

c2
s

+ (u·eα )2

2c4
s

− u·u
2c2

s

]
if α �= 0

, (15b)

Fα,i = Fi · wα

[
eα − u

c2
s

+ (u · eα )eα

c4
s

]
+ ∇ρi · wα

[
−u + (u · eα )eα

c2
s

+ 1

2

(
e2
α

c2
s

− D

)
u
]
. (15c)
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TABLE I. Selected studies from Sec. II categorized by relevant features and the aim of the proposed fugacity-based LBM.

Can handle multiple Can incorporate any Allows partial miscibility Applies mixing rules (for
Model components equation of state (for multicomponent models) multicomponent models)

Mazloomi M. et al. [19] ✗ � – –
Siebert et al. [20] ✗ � – –
Wen et al. [21] ✗ � – –
Liang et al. [26] � ✗ ✗ ✗

Yuan et al. [28] � ✗ ✗ ✗

Zheng et al. [29] � ✗ ✗ ✗

Ridl and Wagner [37] � ✗ � �
Wöhrwag et al. [39] � � ✗ ✗

Proposed model � � � �

Here ρ0,i will be set to 0 as in the single-component formula-
tion. The forcing term for each component, given by Eq. (15c),
requires a body force for each component. For this, we write
the potential form of the body force for each component
[37,40] as shown in Eq. (16). Again, the force will not have the
artificial c2

s ∇ρi term because of the use of the well-balanced
LBM,

Fi = −ρ̃i∇μi. (16)

The chemical potential for component i is defined as the
functional derivative of the extensive free energy with respect
to moles of i (at constant T , V , and n j �=i) or intensive free
energy with respect to molar density of i (at constant T and
ρ̃ j �=i), as shown in Eq. (17). Writing the free energy in terms of
its contribution from the bulk fluid and the interface, as shown
in Eq. (3), the chemical potential for component i can also be
split into its bulk and interface contributions as in Eq. (18),

μi = δ�

δni
= δψ

δρ̃i
, (17)

μi = μB,i + μI,i, (18a)

μB,i = ∂ψB

∂ρ̃i
, (18b)

μI,i = δψI

δρ̃i
. (18c)

As seen in Eq. (18b), the bulk chemical potential would
require a multicomponent free-energy functional, which is not
available for all EOSs (e.g., the PR and SRK EOS). However,
this free-energy functional is no longer needed if we use a
formulation based on the fugacity, a property readily available
for any EOS. The fugacity of component i is defined using the
differential given by Eq. (19a) and the reference state given by
Eq. (19b) [4],

d ln fi ≡ dμB,i

RT
at const T, (19a)

lim
p→0

fi

xi p
≡ 1. (19b)

Using Eq. (19a), the gradient of the bulk chemical potential
for an isothermal system can be written as:

∇μB,i = RT ∇ ln fi. (20)

Splitting Eq. (16) into its bulk and interface contributions and
using Eq. (20), we can arrive at our proposed form of the force,
Eq. (14). An expression for the fugacity of component i can be
obtained by integrating Eq. (19a) and using the reference state
given by Eq. (19b) and then this expression can be evaluated
using an EOS as shown in Appendix C.

To perform MCMP simulations, we still require the in-
terface chemical potential. The interface chemical potential
should represent an energy penalty for having an interface.
Several multicomponent models exist for the interface free
energy from which the interface chemical potential can be
derived [30,39,41]. However, this paper will use the interface
free energy given by Ridl and Wagner [37] since it considers
the interactions between component pairs, which is crucial
for partially miscible phases. According to this interface free
energy, the interface chemical potential is given by Eq. (21),

μI,i = −
Nc∑
j=1

(κi j∇2ρ̃ j ), (21)

where κi j controls the strength of the interfacial tension and
comes from the molecular interactions between component
i and component j. Since κi j comes from intermolecular in-
teractions, we can calculate its value through van der Waals
mixing rules [similarly to Eq. (C2b) in Appendix C] using
pure component strength of interfacial tension, κi, as shown
in Eq. (22),

κi j = √
κiκ j . (22)

The pure component interfacial tension strengths can be ad-
justed to achieve the desired interfacial tension in the system.
In general, the less volatile a component, the greater the in-
termolecular forces and hence the greater the surface tension.
Therefore, for a pure component, the lower the volatility, the
greater the value of κi. With this, the final form of the force
can be written as shown in Eq. (23),

Fi = −ρ̃iRT ∇ ln fi + ρ̃i

Nc∑
j=1

∇(
√

κiκ j ∇2ρ̃ j ). (23)

B. Implementation

The proposed model will require the calculation of the gra-
dient and Laplacian for certain properties, which will require
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approximating the first- and second-order spatial derivatives
of those properties. For this study, the following finite-
difference schemes will be used to evaluate the derivatives for
any generic property h and the direction x:

dh

dx
≈ h(x + δx) − h(x − δx)

2δx
, (24)

d2h

dx2
≈ h(x + δx) − 2h(x) + h(x − δx)

δx2
. (25)

The procedure to implement the fugacity-based LBM is
straightforward and outlined as follows.

(1) Given the distribution functions and body forces of
each component at a particular lattice node from the previ-
ous time step, compute the component mass density ρi, total
mass density ρ, and velocity u at that lattice node, using the
following equations:

ρi =
∑

α

gα,i; ρ =
∑

i

ρi; u = 1

ρ

∑
i

[∑
α

gα,ieα + Fiδt

2

]
.

(2) Calculate the component molar density ρ̃i, the total
molar density ρ̃, and component mole fraction (or composi-
tion) xi, using the following relations:

ρ̃i = ρi

Mi
; ρ̃ =

∑
i

ρ̃i; xi = ρ̃i

ρ̃
,

where Mi is the molar mass of component i.
(3) Apply the mixing rules to obtain the attraction parame-

ter for the mixture (am for vdW or aαm for SRK and PR EOS)
and covolume for the mixture (bm). This process is outlined in
Appendix C.

(4) Obtain the pressure through an EOS [the vdW, SRK,
and PR EOS are given in Appendix C by Eqs. (C1), (C4), and
(C6), respectively].

(5) Obtain the natural log of fugacity for each component,
ln fi, using a fugacity expression relevant to the EOS used [the
fugacity expressions for vdW, SRK, and PR EOS are given in
Appendix C by Eqs. (C15), (C16), and (C17), respectively].

(6) Obtain the interface chemical potential using Eq. (21).
Use Eq. (25) when evaluating the second-order spatial deriva-
tives to calculate the Laplacian of the component molar
density.

(7) Calculate the body force for each component as given
by Eq. (14). Use Eq. (24) to evaluate the first-order space
derivatives when calculating the gradient of relevant proper-
ties.

(8) Calculate the equilibrium distribution function and
forcing term for each component using Eqs. (15b) and (15c),
respectively.

(9) Perform collision for each component followed by
propagation for each component to obtain the new distribution
functions. Repeat steps 1–9 until the simulation is run for the
desired time.

IV. RESULTS

To test the fugacity-based LBM, we perform several sim-
ulations on a two-phase vapor-liquid equilibrium system with
the phases separated by a flat interface and compare the sim-
ulation results to those predicted by a flash calculation. We

start by testing whether the model works for different EOSs by
simulating a two-component mixture using the PR and SRK
EOS. Next, the model is tested for a two-component mixture
under various pressure and temperature conditions, and the
pressure-composition and the temperature-composition en-
velopes are generated. Finally, a three-component mixture is
simulated to show that the model can be extended to any
number of components. After testing the cases of vapor liquid
equilibrium, we simulate the case of a uniform system un-
dergoing spinodal decomposition to form two separate phases
and validate our results by testing the equality of component
fugacity in each phase. Last, we test our model under dynamic
conditions by simulating the case of an oscillating droplet, and
comparing the obtained oscillation period with its theoretical
value. Different mixtures were created for each case from the
components listed in Table II.

For all the simulations, a D2Q9 lattice is used in a periodic
computational domain, and the relevant conversions between
lattice units and physical units are established by fixing the
universal gas constant and the attraction parameter, covolume,
and molar mass for the most volatile component in each
mixture to the following values: R = 1, ai = 2/49, bi = 2/21,
and Mi = 1. In Table II, the volatility decreases from methane
to n-pentane. The binary interaction parameter between each
component pair is 0.

A. Two-component mixture using PR
and SRK equations of state

In this case, we will simulate a system of propane (C3)
and n-pentane (C5) at equilibrium using the PR and SRK
EOS, with the mole fraction of C3 and C5 in the system
being 0.4 and 0.6, respectively. For reference, a flat interface,
vapor-liquid equilibrium case using these two components has
been carried out in Ref. [12] with the PR EOS [the results
are shown in Figs. 5(c) and 5(d) of Ref. [12]]. However, in
Ref. [12], two additional parameters were needed to achieve
the isofugacity criterion: a force split coefficient (γ ) depend-
ing on the pressure and temperature and a tuning parameter
(β). We will show that the fugacity-based LBM can achieve
similar results under similar conditions without needing any
tuning or empirical parameters. The simulations are initialized
at a pressure of 16.547 bar (240 psia) and a temperature of
370.03 K (666.06◦R). The size of the computational domain is
400 × 2 (nx × ny), the relaxation time τ = 0.8 and the values
interfacial tension strength are κC1 = 0.10 and κC5 = 0.15.
The density of each component in the x direction is initialized
as shown in Eq. (26) (the domain will be symmetric in the y
direction),

ρi(x, t = 0) = ρi,V + ρi,L − ρi,V

2

(
tanh

[
2
(
x − SV

2 nx
)

W

]

− tanh

{
2
[
x − (

1 − SV
2

)
nx
]

W

})
. (26)

Here W is the initial interface width set to be 8 and ρi,V , ρi,L,
and SV are the density of component i in the vapor phase, den-
sity of component i in the liquid phase and saturation (volume
fraction) of the vapor phase, respectively, which are calculated
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TABLE II. The properties of relevant components used in the LBM simulations.

Component Critical pressure (bar) Critical temperature (K) Accentric factor Molar mass (g/mol)

Methane (C1) 45.947 190.74 0.0104 16.043
Ethane (C2) 48.711 305.51 0.0979 30.070
Propane (C3) 42.472 370.03 0.1522 44.097
n-pentane (C5) 33.688 469.89 0.2514 72.150

by performing a flash calculation for the given mixture at
p = 16.547 bar and T = 370.03 K using the relevant EOS.
The simulations are run for 1 000 000 time steps to achieve
equilibrium, and the density and composition (mole fractions)
versus the dimensionless length (x/nx) are shown in Fig. 2
and Fig. 3 for the PR and SRK EOS, respectively. The results
predicted from a flash calculation using the relevant EOS are

also included in the figures. It should be noted that when
initializing the densities using Eq. (26), the equilibrium values
of densities at the given pressure and temperature conditions
are used in the bulk vapor and liquid regions. However, the
densities at the interface are only approximations of the equi-
librium state, as the exact equilibrium profile at the interface is
not given by the “tanh” profile. As a result, a new equilibrium

FIG. 2. The equilibrium profiles for (a) density, (b) composition of C3, and (c) composition of C5 using the PR EOS. The solid black line
shows the results from LBM and the dashed blue and red lines show the theoretical values from a flash calculation for the liquid and vapor
phase, respectively.
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FIG. 3. The equilibrium profiles for (a) density, (b) composition of C3, and (c) composition of C5 using the SRK EOS. The solid black
line shows the results from LBM and the dashed blue and red lines show the theoretical values from a flash calculation for the liquid and vapor
phase, respectively.

will be reached where the pressure will slightly deviate from
13.79 bar. The LBM simulations are compared with flash
calculations at the updated pressures.

The deviation of the fugacity-based LBM results from the
flash calculation results is quantified with a relative error
percentage:

Relative Error (%) = |zLBM − zTheory|
zTheory

× 100%, (27)

where z is the property to be measured (density or compo-
sition). The errors are tabulated in Table III. As can be seen
from the error values, a near exact match between the LBM
results and theoretical results is obtained.

B. Pressure-composition and temperature-composition
envelopes

For this case, we will investigate the phase behavior of
a two-component system at different pressure and temper-
ature conditions and create the pressure-composition (p-x)
and temperature-composition (T -x) envelopes. We consider
an ethane (C2) and pentane (C5) system and use the PR EOS.
The pressure-temperature (p-T ) envelopes of this system at
different compositions (mole fractions) of C2 generated using
the PR EOS are shown in Fig. 4(a). The critical locus, which
is the curve connecting all the critical points of the mixtures
at different compositions, along with the saturation curves for
pure C2 and pure C5, bound the possible two-phase region on
the p-T plane. For a p-x envelope, flash calculations are per-
formed for different pressures at a constant temperature and
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TABLE III. The relative error values in the density, C3 composition and C5 composition in the different phases and with different EOSs.

Liquid region error Vapor region error Liquid region error Vapor region error
Property using PR (%) using PR (%) using SRK (%) using SRK (%)

Density 1.70 × 10−5 1.40 × 10−4 4.27 × 10−5 3.00 × 10−4

xC3 7.94 × 10−7 4.69 × 10−6 2.62 × 10−6 1.27 × 10−6

xC5 4.99 × 10−7 1.19 × 10−5 1.61 × 10−6 3.17 × 10−6

the composition of C2 in the vapor phase (xC2,V ) and liquid
phase (xC2,L) are recorded. A plot of pressure versus xC2,V will
make the dew point curve, whereas a plot of pressure versus
xC2,L will make the bubble point curve. For a T -x envelope,
this process is repeated with the pressure held constant, and
the vapor and liquid compositions plotted with temperature.
Different characteristic plots can be produced depending on
the choice of the isotherm for a p-x plot or the choice of isobar
for the T -x plot. Several different isotherms and isobars of
interest which will be tested are shown in Fig. 4(b).

In Fig. 4(b), we see two isotherms T1 = 274.96 K and
T2 = 387.70 K such that T1 < Tc,C2 < Tc,C5 and Tc,C2 < T2 <

Tc,C5. At T1 the p-x envelope will begin from xC2 = 0 and
end at xC2 = 1. However, at T2, the p-x envelope will begin
from xC2 = 0 and end before reaching xC2 = 1. We perform
several simulations at different pressures and a fixed temper-
ature to replicate this behavior with the fugacity-based LBM.
A 200 × 2 (nx × ny) computational domain is used, with the
relaxation time τ = 1.25 and the values interfacial tension
strength being κC2 = 0.1 and κC5 = 0.2. The density is ini-
tialized using Eq. 26 with W = 4 and ρi,V and ρi,L calculated
from a flash calculation at the respective initial pressure and
temperature. The overall composition in the system is chosen
such that SV = 0.5 for all simulations. For a binary system,
this will not impact the values of phase compositions. Each
simulation is run for 500 000 time steps to ensure equilib-
rium is reached. The theoretical p-x envelope generated by

performing flash calculations using the PR EOS and the p-x
envelope generated by plotting the equilibrium values of pres-
sure and phase composition from the fugacity-based LBM are
shown in Figs. 5(a) and 5(c). In order to show the deviation
of the values of compositions predicted by the fugacity-based
LBM at a certain pressure from the theoretical values, the
relative errors are calculated using Eq. (27). The relative error
versus pressure plots are shown in Figs. 5(b) and 5(d). It can
be seen that the error lies between the order of magnitude of
1% to 10−8% indicating excellent agreement between the the-
oretical and predicted values. Again, this excellent agreement
is achieved without any type of user intervention, tuning, or
empirical manipulation.

Next, this process is repeated at constant pressure to
create T -x envelopes. Figure 4(b) shows three relevant iso-
bars p1 = 30 bar, p2 = 45 bar, and p3 = 58 bar such that
p1 < pc,C5 < pc,C2, pc,C5 < p2 < pc,C2, and pc,C5 < pc,C2 <

p3. At p1 the T -x envelope will begin from xC2 = 0 and
end at xC2 = 1, at p2 the T -x envelope will begin after
xC2 = 0 and end at xC2 = 1, and at p3 the T -x envelope
will begin after xC2 = 0 and end before xC2 = 1. This be-
havior is replicated using the fugacity-based LBM using the
same values of nx, ny, τ , κC2, κC5, W , SV and the number
of time steps as those used to generate the p-x envelopes.
The temperature is varied at a given pressure, and ρi,V and
ρi,L are initialized accordingly. The theoretical T -x envelope
generated by performing flash calculations using the PR

FIG. 4. (a) The pressure-temperature envelopes for the C2-C5 mixture at different compositions of C2. The solid black lines represent the
pure species with the line on the right representing pure C5 and the line on the left representing pure C2. (b) The black lines are the pure
component curves and critical locus from (a), the blue lines represent the relevant isobars and the red lines represent the relevant isotherms.
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FIG. 5. Left: The p-x envelopes at (a) T = 274.96 K and (c) T = 387.70 K, where the solid lines represent the theoretical results and the
dots represent the results predicted by LBM. Right: The relative error (%) in the predicted values at (b) T = 274.96 K and (d) T = 387.70 K.

EOS and the T -x envelope generated by plotting the equi-
librium values of temperature and phase composition from
the fugacity-based LBM are shown in Figs. 6(a), 6(c), and
6(e). The deviation of the predicted values from the theo-
retical ones is slightly greater for the T -x envelope than for
the p-x envelope. This is because for the T -x envelope, we
are assuming that the pressure remains constant at its initial
value (at p1, p2, or p3) for each temperature condition in
the envelope. However, the pressure deviates slightly from
the initial value as the initialization is not done at the true
equilibrium because of the “tanh” interface approximation as
discussed in Sec. IV A. When the errors at each temperature
are calculated using the theoretical values of composition at
the actual equilibrium pressure (and not the pressure of the
chosen isobar), the error versus temperature graphs are shown
in Figs. 6(b), 6(d), and 6(f). The errors range in orders of
magnitude from 10−2% to 10−8%, again showing excellent
agreement between predicted and theoretical results.

For the reader’s reference, the equivalent vapor and liquid
phase density versus pressure plots for the simulations in
Fig. 5 and the equivalent vapor and liquid phase density versus
temperature plots for the simulations in Fig. 6 are shown in
Appendix D.

C. Three-component mixtures

In this section, we show that our formulation is not
restricted to binary mixtures by simulating the two-phase
vapor-liquid system with a flat interface using three compo-
nents. Methane (C1), ethane (C2), and propane (C3) with
the overall mole fractions 0.4, 0.3, and 0.3, respectively, are
chosen for this case. The PR EOS is used. The size of the
computational domain is 200 × 2 (nx × ny), the relaxation
time τ = 1, and the values of interfacial tension strength
are κC1 = 0.05, κC2 = 0.10, and κC3 = 0.15. The system is
initialized at a temperature of 216.483 K and a pressure of
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FIG. 6. Left: The T -x envelopes at (a) p = 30 bar, (c) p = 45 bar, and (e) p = 58 bar, where the solid lines represent the theoretical results
and the dots represent the results predicted by LBM. Right: The relative error (%) in the predicted values at (b) p = 30 bar, (d) p = 45 bar,
and (f) p = 58 bar.

20.684 bar. The density is initialized using Eq. (26), with
W = 4 and ρi,V , ρi,L, and SV calculated by performing a flash
calculation using the PR EOS at 216.483 K and 20.684 bar.
The simulation is run for 1 000 000 time steps until equi-
librium is reached. The results of density and composition
versus dimensionless length (x/nx) are shown in Fig. 7.

The results from a flash calculation at the temperature and
updated pressure at the equilibrium state are also included
in Fig. 7.

The deviation of the results of the fugacity-based LBM
from the results of the flash calculation is quantified with a
relative error [Eq. (27)] and tabulated in Table IV. The low
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FIG. 7. The equilibrium profiles for the (a) density, (b) composition of C1, (c) composition of C2, and (d) composition of C3. The solid
black line shows the results from LBM and the dashed blue and red lines show the theoretical values from a flash calculation for the liquid and
vapor phase, respectively.

error values show that the fugacity-based LBM also predicts
the correct values for multicomponent mixtures.

D. Spinodal decomposition

So far, we have shown results of our method initial-
ized at equilibrium conditions, using Eq. (26). In this

TABLE IV. The relative error values in the density, C1 composi-
tion, C2 composition, and C3 composition in the different phases.

Property Liquid region error (%) Vapor region error (%)

Density 0.0705 0.0677
xC1 0.0521 0.0970
xC2 0.8962 0.9207
xC3 0.7994 0.7320

section, we show that our model allows for phase separa-
tion, in agreement with thermodynamics, when initialized
far from equilibrium. To do this we simulate a case
of spinodal decomposition of a system with ethane (C2)
and n-pentane (C5), using the PR EOS. The size of the
computational domain is 200 × 200 (nx × ny), the relax-
ation time τ = 1.15, and the values of interfacial tension
strength are κC2 = 0.10 and κC5 = 0.15. The tempera-
ture in the domain is 387.70 K. The initial composition
in the domain is kept uniform at xC2 = 0.62 and xC5 =
0.38 and the density is also kept uniform and such
that the pressure in the domain is 50 bar. As can be
seen in Fig. 5(c), at these conditions the domain should
decompose into two separate phases. To trigger this de-
composition, we introduce a random fluctuation in the
total density of the system, and run the simulation for
500 000 time steps. The evolution of the total density with

015304-12



FUGACITY-BASED LATTICE BOLTZMANN METHOD FOR … PHYSICAL REVIEW E 107, 015304 (2023)

FIG. 8. A uniform system separating into different phases shown at time (in lattice units) (a) 10 000, (b) 20 000, (c) 30 000, (d) 50 000, (e)
100 000, and (f) 500 000. The points marked A and B, in (f), represent the points in the liquid and vapor region, respectively, where relevant
properties are measured.

time is shown in Fig. 8. In these plots, the domain is
characterized in terms of dimensionless lengths x∗ = x/nx and
y∗ = y/ny.

Figure 8 confirms that our model allows for phase sepa-
ration of a domain initialized far from equilibrium. Now we
test whether the results are consistent with thermodynamics.

It should be noted that in Secs. IV A, IV B, and IV C, to test for
consistency with thermodynamics, the results from LBM were
compared with results from a flash calculation. However, a
flash calculation assumes a flat interface, therefore, we cannot
use the same approach to verify the results in this section.
Instead, we verify our results by testing the isofugacity cri-
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TABLE V. The fugacity of each component measured in each
phase.

Fugacity in liquid Fugacity in vapor
Component phase (bar) phase (bar)

C2 35.1276 35.1262
C5 4.4563 4.4567

terion, which applies to both flat and curved interfaces and
is the kernel of the flash calculation. The fugacity of each
component in the liquid phase [obtained at point A marked
in Fig. 8(f)] and the vapor phase [obtained at point B marked
in Fig. 8(f)] is measured and tabulated in Table V. It can be
seen that the fugacity of each component is the same in the
liquid and vapor phase, which confirms that the isofugacity

criterion holds and that the phase separation predicted by the
fugacity-based LBM is consistent with thermodynamics.

E. Oscillating droplet

For all the tests done so far, we have verified results under
static conditions and in this section, we will test our model
at dynamic conditions. We simulate the case of an elliptical
droplet oscillating due to the effects of surface tension, which
has been used to benchmark single-component [42] and mul-
ticomponent LBM models [12]. For this case propane (C3)
and n-pentane (C5) are simulated using the PR EOS. The
size of the computational domain is 200 × 200 (nx × ny), the
relaxation time τ = 0.85, and the values of interfacial tension
strength are κC3 = 0.05 and κC5 = 0.10. The temperature of
the system is set to 340 K and the density is initialized using
Eq. (28),

ρi(x, y, t = 0) = ρi,L + ρi,V

2
− ρi,L − ρi,V

2
tanh

⎧⎪⎨
⎪⎩

2
[√

(x − xc)2 + (y − yc)2/h2 − R0

]
W

⎫⎪⎬
⎪⎭. (28)

Here xc and yc are the x and y coordinates of the center of
the droplet set to be xc = nx/2 and yc = ny/2. The parameters
controlling the shape of the elliptical droplet are set to be
R0 = 30, h = 0.9, and W = 4. Additionally, ρi,V and ρi,L are
calculated by performing a flash calculation using the PR EOS
at T = 340 K and p = 5 bar, which corresponds to a density
ratio of 50.97. With this initialization, the elliptical droplet
will oscillate, and the time period of this oscillation can be
determined theoretically, as shown in Eq. (29) [43],

Ta = 2π

[
n(n2 − 1)

σ

ρLR3
e

]−1/2

. (29)

Here Ta is the time period of the oscillations, n is the mode
of oscillation (n = 2 for this case), σ is the interfacial tension
and Re is the equilibrium radius given by Re = √

RmaxRmin,
with Rmax = R0 and Rmin = R0h. The simulation is run for
4000 time steps, and the ratio of the droplet radius to the
equilibrium radius is plotted with time, along both the major
and minor axis. It should be noted that the radius does not have
a clear definition due to the presence of a diffuse interface
and it is calculated by defining the boundary of the droplet to
be the location where ρ = (ρV + ρL )/2. The location of this
boundary is determined by linearly interpolation of the density
distribution in space. This uncertainty in the radius introduces
a scatter in the data extracted from the simulation, and the
scatter is further amplified since we are capturing very small
variations in the radius. Therefore, a smooth curve is fit to
the data extracted from the simulation. The raw data and the
smoothing curves are shown in Fig. 9. From Fig. 9, the period
of the oscillations can be determined to be 1787.5 time steps
(in lattice units), which agrees closely with the theoretical
period of 1717.5 time steps, determined through Eq. (29),

V. DISCUSSION AND CONCLUSION

In this paper, we introduced a model for the free-energy
LBM, which cannot only handle MCMP simulations of par-
tially miscible fluids but is also able to incorporate any
multicomponent EOS, without the need for any empirically
determined tuning parameter to achieve full thermodynamic
consistency. This model calculates the force required in the
free-energy model for each component based on the fu-
gacity of that component, a quantity readily available for
any multicomponent EOS. Using this fugacity-based LBM
model, we could show that accurate EOSs, like the PR
and SRK equations, could easily be incorporated into LBM.

FIG. 9. The ratio of the droplet radius to the equilibrium radius
versus time (in lattice units). The dots represent the raw data obtained
from the simulation and the solid lines are the smooth curves fit to
this data.
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Additionally, we were able to use the fugacity-based LBM to
extensively analyze a binary system’s pressure, temperature,
and composition behavior by replicating various charac-
teristic pressure-composition and temperature-composition
envelopes. We further showed that the fugacity-based LBM
model could be applied to any number of components.
All results from the fugacity-based LBM showed excellent
agreement with the results predicted by multicomponent ther-
modynamics, with deviations well below 1%. We also tested
the case of spinodal decomposition for a binary mixture and
showed that a uniform system could decompose into two
phases, in agreement with thermodynamics. Finally, we tested
the model under dynamic conditions by simulating the case of
an oscillating droplet and showing that the oscillation period
obtained from the simulation agrees with the theoretical pre-
diction.

A few things need to be stressed out about this procedure.
First, our model is not restricted to the use of the well-
balanced LBM formulation. It can apply to the standard LBM
formulation, although there will be slight deviations from
thermodynamic predictions. A general form of our proposed
force for the standard multicomponent LBM would be given
by Eq. (30),

Fi = −ρ̃iRT ∇ ln fi − ρ̃i∇μI,i + c2
s ∇ρi. (30)

Second, the well-balanced LBM is unstable at low relaxation
time values and high density ratios. This problem can be

addressed with a more stable version of the well-balanced
LBM as shown in Ref. [22]. Third, the interfacial tension
in our model is set indirectly, through the parameter κi.
While the interfacial tension cannot be obtained beforehand,
it can be calculated for a curved interface through the Young-
Laplace test or for a flat interface by integrating the difference
between the normal and transversal components of the pres-
sure tensor across the interface, resulting in Eq. (31) [44].
Both of these approaches would require knowing simulation
results,

σ =
∫ +∞

−∞

⎡
⎣ Nc∑

i=1

Nc∑
j=1

κi j
dρ̃i

dx

dρ̃ j

dx

⎤
⎦dx. (31)

Last, the expression for fugacity is generally written with
dimensionless groups inside the natural logs as shown in
Eqs (C15), (C16), and (C17) in Appendix C. This way of
calculating fugacity could potentially lead to instabilities as
the pressure can take on a negative value in the interface
region which can cause the term ln [(ṽ − bm)p/(RT )] to turn
into a log of a negative number. This term will appear in the
fugacity expression for any EOS. To avoid this, we recom-
mend calculating the natural log of the fugacity at each node
as shown in Eq. (32) for the vdW EOS, Eq. (33) for the SRK
EOS, or Eq. (34) for the PR EOS. Then Eq. (23) can be used
with the natural log of the fugacity to calculate the component
force,

ln fi = ln xi + bi

ṽ − bm
− ln

[
(ṽ − bm)

RT

]
− 2

RT ṽ

Nc∑
j=1

x jai j, (32)

ln fi = ln xi + bi

bm

[
pṽ

RT
− 1

]
− ln

[
(ṽ − bm)

RT

]
+ (aα)m

bmRT

⎡
⎣ bi

bm
− 2

(aα)m

Nc∑
j=1

x j (aα)i j

⎤
⎦ ln

[
1 + bm

ṽ

]
, (33)

ln fi = ln xi + bi

bm

[
pṽ

RT
− 1

]
− ln

[
(ṽ − bm)

RT

]
+ (aα)m

2
√

2bmRT

⎡
⎣ bi

bm
− 2

(aα)m

Nc∑
j=1

x j (aα)i j

⎤
⎦ ln

[
ṽ + (1 + √

2)bm

ṽ + (1 − √
2)bm

]
. (34)
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APPENDIX A: PITFALLS OF DERIVING FREE ENERGY
FROM AN EQUATION OF STATE

In this study, we propose to create a multicomponent LBM
model that does not rely on deriving the free-energy functional
from an EOS, as is done for single-component models. To
see why deriving the free-energy functional from an EOS
would not work in a multicomponent case, we start by writing
the total differential of the Helmholtz free energy given by
Eq. (A1),

d� = −SdT − pdV +
Nc∑

i=1

μidni. (A1)

Here S is the entropy. We can identify that the pressure is the
negative partial derivative of the free energy with respect to
volume as shown in Eq. (A2),

p = −
(

∂�

∂V

)
T,ni

. (A2)

Since the free energy is mathematically homogeneous, we
can derive an intensive free energy per unit mole, ψ̃ , through
Eq. (A3). In the literature, the intensive free energy is usually
defined per unit volume; however, it carries the same informa-
tion as if were defined per unit mole and in this case, it would
simplify the calculations,

ψ̃

(
T,

V

n
,

ni

n

)
= ψ̃ (T, ṽ, xi ) = �(T,V, ni )

n
. (A3)

Here ṽ is the volume per unit mole (molar volume). The
pressure can then be written as shown in Eq. (A4),

p = −
(

∂ψ̃

∂ ṽ

)
T,xi

. (A4)
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Integrating Eq. (A4) at constant temperature and composition
the molar free energy will be given by Eq. (A5a) and the
extensive free energy will be given by Eq. (A5b),

ψ̃ = −
∫

pd ṽ + C(T, xi ), (A5a)

� = −n
∫

pd ṽ + nC(T, xi ). (A5b)

Here C is a constant of integration which is a function of
temperature and composition. The chemical potential of com-
ponent i is the partial derivative of the free energy with respect
to the moles of component i; therefore, it will be given by
Eq. (A6),

μi = ∂

∂ni

[
−n

∫
pd ṽ

]
T,V,n j �=i

+ ∂

∂ni
[nC(T, xi )]T,V,n j �=i

.

(A6)
The first term on the left-hand side of Eq. (A6) can be evalu-
ated with an EOS, whereas the second term is unknown. For
a single-component, isothermal simulation, this constant of
integration can be ignored as we are interested in the gradient
of chemical potential, which will be calculated as follows:

μ = ∂

∂n

[
−n

∫
pd ṽ

]
T,V

+ ∂

∂n
[nC(T )]T,V

μ = ∂

∂n

[
−n

∫
pd ṽ

]
T,V

+ C(T )

∇μ = ∇
[

∂

∂n

(
−n

∫
pd ṽ

)
T,V

]
.

However, this cannot be done for a multicomponent case since
the constant of integration is a function of temperature and
composition, and therefore it cannot be ignored.

APPENDIX B: PITFALLS OF DERIVING FREE ENERGY
FROM THE CANONICAL PARTITION FUNCTION

The van der Waals EOS has a firm footing in statistical
mechanics. In this Appendix, we will show how a free-energy
functional can be derived for a van der Waals fluid from
the canonical partition function. We will also show how this
cannot be extended to other EOSs, and hence the need for
our proposed model. The canonical partition function, Q, for
a system is given by Eq. (B1) [38],

Q = QN
int

N!�3N

∫
rN

exp

(
− U

kBT

)
drN . (B1)

Here N is the number of molecules in the system, kB is the
Boltzmann constant, Qint is the contribution of the partition
function due to the internal structure of the molecules, U is the
total potential energy of the system, and � =

√
h2/(2πmkBT )

is the thermal de Broglie wavelength, with h being the
Planck’s constant and m being the mass of a molecule. rN is
the collection of the position vector of each molecule, ri, in
the system such that:

drN = dr1dr2, . . . , drN .

The potential energy of the system is dependent of the position
of every single molecule in the system; however, it can be ap-
proximated as a position-independent mean potential energy,
Ū . The canonical partition function can then be written as
shown in Eq. (B2),

Q = QN
int

N!�3N
exp

(
− Ū

kBT

)∫
rN

drN . (B2)

The integral in Eq. (B2) is simply a volume integral evaluated
N times. If the molecules are assumed as hard spheres, then
the volume available for the molecules to move will have
to account for the excluded volume due to the volume of
the molecules. The available volume is (V − Nb̄), where b̄
is the excluded volume per molecule and therefore, Eq. (B2)
becomes Eq. (B3),

Q = QN
int

N!�3N
(V − Nb̄)N exp

(
− Ū

kBT

)
. (B3)

The free energy is given by � = −kBT ln Q. Therefore, the
free-energy functional can be written as shown in Eq. (B4),

� = −NkBT ln (V − Nb̄) + Ū + NkBT (ln N − 1)

+ 3NkBT ln � − NkBT ln Qint. (B4)

Using an intermolecular pair potential based on hard sphere
repulsion and Lennard-Jones type attraction, the mean poten-
tial energy can be approximated as shown in Eq. (B5) [38],

Ū = −ā
N2

V
. (B5)

Here ā is the attraction term in an EOS when written for the
number of molecules and not the number of moles. The free-
energy functional will then be given by Eq. (B6),

� = −NkBT ln (V − Nb̄) − ā
N2

V
+ NkBT (ln N − 1)

+ 3NkBT ln � − NkBT ln Qint. (B6)

The pressure can be computed from the partial derivative of
the free energy as follows:

p = −
(

∂�

∂V

)
T,N

.

Keeping in mind that Qint and � are not functions of volume,
the pressure is given by Eq. (B7),

p = NkBT

V − Nb̄
− ā

N2

V 2
. (B7)

When written in terms of moles, using the a and b for the
attraction parameter and covolume respectively (a = āN2

A and
b = b̄NA, where NA is the Avogadro constant), Eq. (B7) is the
van der Waals EOS [Eq. (B8)],

p = RT

ṽ − b
− a

ṽ2
, (B8)

The free energy given by Eq. (B6) is the free energy of a
van der Waals fluid. More recent cubic EOSs are empirical
modifications to the van der Waals EOS and have the same
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form. They can be generalized as shown in Eq. (B9),

p = RT

ṽ − b
+ patt. (B9)

Here patt is the contribution of the attractive interactions be-
tween molecules to the pressure. For the van der Waals EOS
patt = −a/ṽ2, for the PR EOS patt = −aα/(ṽ2 + 2bṽ − b2)
and for the SRK EOS patt = −aα/(ṽ2 + bṽ). These EOSs
will be discussed in detail in Appendix C. It can be seen that
patt emerges from the mean potential energy of the system
[Eq. (B5)]. The relationship between patt and Ū is given by
Eq. (B10),

patt = −
(

∂Ū

∂V

)
T,n

. (B10)

The free-energy functional can be written for any EOS by
integrating Eq. (B10) and substituting into Eq. (B4). However,
integrating Eq. (B10) would introduce a constant of integra-
tion which is a function of the temperature and moles, C(T, n),
as shown in Eq. (B11),

� = −NkBT ln (V − Nb̄) − ∫
pattdV + C(T, n)

+NkBT (ln N − 1) + 3NkBT ln � − NkBT ln Qint.

(B11)

For the free-energy LBM, we require an expression for the
chemical potential for which we need to take the partial
derivative of the free-energy functional with respect to the
moles. The constant of integration would affect the results
when taking this partial derivative and hence a unique chem-
ical potential cannot be obtained. This constant of integration
cannot be designed for a particular EOS as any choice of
C(T, n) will retrieve that EOS (the EOS is retrieved by taking
a partial derivative of the free-energy functional with respect
to volume and the constant of integration is not a function of
volume). However, there is no way of gauging the effect of the
designed C(T, n) on the chemical potential. Therefore, EOSs
like the PR and SRK cannot be incorporated into our model
the same way as the van der Waals EOS.

APPENDIX C: COMMON EQUATIONS OF STATE
AND THEIR RESPECTIVE FUGACITY EXPRESSIONS

1. Equations of state

A popular class of EOSs is cubic EOSs. In this Appendix,
we will go through some important cubic EOSs and their ex-
tensions to multicomponent mixtures. For a pure component i,
a cubic EOS has a parameter accounting for molecular attrac-
tion, ai or (aα)i, and a parameter accounting for the volume
occupied by the molecules, bi (also known as the covolume).
For the case of a multicomponent mixture, these pure com-
ponent parameters are replaced with mixture parameters: am

or (aα)m and bm. The mixture parameters are calculated using
van der Waals mixing rules by considering attractions between
like and unlike component pairs and an average molecular
volume [3]. The first cubic EOS was the vdW EOS [45]. Two
extensions of the vdW EOS known for their accuracy are the
SRK [2] and PR [1] EOS. The multicomponent vdW, SRK,
and PR EOS are summarized in the following sections.

a. vdW equation of state

The vdW EOS is given by Eq. (C1),

p = RT

ṽ − bm
− am

ṽ2
. (C1)

Here p is the pressure, R is the universal gas constant, T is the
temperature, and ṽ is the molar volume. For a mixture with Nc

components, the mixing rules for the attraction term and co-
volume term are given by Eq. (C2) and Eq. (C3), respectively,

am =
Nc∑

i=1

Nc∑
j=1

xix jai j, (C2a)

ai j = √
aia j (1 − δi j ), (C2b)

bm =
Nc∑

i=1

xibi. (C3)

Here xi is the mole fraction of component i and δi j is the binary
interaction parameter between component i and component j.
The attraction and covolume terms for component i are given

by ai = 27
64

R2T 2
c,i

Pc,i
and bi = 1

8
RTc,i

Pc,i
and Tc,i and Pc,i are the critical

temperature and critical pressure of component i respectively.

b. SRK equation of state

The SRK EOS is given by Eq. (C4),

p = RT

ṽ − bm
− (aα)m

ṽ(ṽ + bm)
. (C4)

For a mixture with Nc components, the mixing rules for the
attraction term and covolume term are given by Eq. (C5) and
Eq. (C3), respectively,

(aα)m =
Nc∑

i=1

Nc∑
j=1

xix j (aα)i j, (C5a)

(aα)i j = √
(aα)i(aα) j (1 − δi j ). (C5b)

Here ai = 0.4274802
R2T 2

c,i

Pc,i
, bi = 0.08664035 RTc,i

Pc,i
, and

αi = [
1 + (

0.48 + 1.574ωi − 0.176ω2
i

)(
1 − T 0.5

r,i

)]2
,

where ωi is the accentric factor of component i and Tr,i = T
Tc,i

.

c. PR equation of state

The PR EOS is given by Eq. (C6),

p = RT

ṽ − bm
− (aα)m

ṽ2 + 2bmṽ − b2
m

. (C6)

For a mixture with Nc components, the mixing rules for the
attraction term and covolume term are given by Eq. (C5)
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and Eq. (C3), respectively, with ai = 0.457235529
R2T 2

c,i

Pc,i
, bi = 0.077796074 RTc,i

Pc,i
, and

αi =
{[

1 + (
0.374640 + 1.54226ωi − 0.26992ω2

i

)(
1 − T 0.5

r,i

)]2
if ωi � 0.49[

1 + (
0.379642 + 1.48503ωi − 0.164423ω2

i + 0.016666ω3
i

)(
1 − T 0.5

r,i

)]2
if ωi > 0.49

.

2. Fugacity expressions from relevant equations of state

In this Appendix, we will show how to derive an expression
for the fugacity using its definition given by Eq. (19). Then we
will show how this expression can be evaluated using the vdW,
SRK, and PR EOS. To obtain an expression for the fugacity of
component i we start by integrating Eq. (19a) by varying the
pressure while keeping temperature and composition constant
to obtain Eq. (C7),

ln [ fi(T, p, xi )] − ln [ fi(T, pref , xi )]

= μB,i(T, p, xi ) − μB,i(T, pref , xi )

RT
. (C7)

Here xi is the mole fraction for component i and pref is the
reference pressure for integration. Taking the reference pres-
sure to be approaching 0, pref = p0, we can use the reference
state given by Eq. (19b) [ fi(T, p0, xi ) = xi p0]. Additionally,
at low pressure, the mixture behaves like an ideal gas mixture
(denoted by superscript IGM). Therefore, we get Eq. (C8),

ln [ fi(T, p, xi )] − ln [xi p0]

= μB,i(T, p, xi ) − μIGM
B,i (T, p0, xi )

RT
. (C8)

For an ideal gas mixture, Eq. (C9) holds [46],

μIGM
B,i (T, p, xi ) − μIGM

B,i (T, p0, xi ) = RT ln
p

p0
. (C9)

Combining Eqs. (C8) and (C9) we get:

ln

[
fi(T, p, xi )

xi p

]
= μB,i(T, p, xi ) − μIGM

B,i (T, p, xi ). (C10)

The right-hand side of Eq. (C10) is the residual chemical
potential which can be evaluated to give Eq. (C11) [46],

ln

[
fi(T, p, xi )

xi p

]
= 1

RT

∫ p

0

[(
∂V

∂ni

)
T,p,n j �=i

− RT

p

]
d p.

(C11)
Here ni is the moles of component i and V is the volume.
Applying the cyclic rule for the properties p, V , and ni holding
T and n j �=i constant, we get:(

∂V

∂ni

)
T,p,n j �=i

(
∂ p

∂V

)
T,ni

(
∂ni

∂ p

)
T,V,n j �=i

= −1. (C12)

The integral in Eq. (C11) is at constant temperature and com-
position, and therefore the term ( ∂ p

∂V )T,ni in Eq. (C12) will turn
into a total derivative giving Eq. (C13) [47],(

∂V

∂ni

)
T,p,n j �=i

d p = −
(

∂ p

∂ni

)
T,V,n j �=i

dV. (C13)

Substituting into Eq. (C11):

ln

[
fi(T, p, xi )

xi p

]
= − 1

RT

∫ V

∞

[(
∂ p

∂ni

)
T,V,n j �=i

]
dV − 1

RT

∫ p

0

[
RT

p

]
d p. (C14)

The partial derivative ( ∂ p
∂ni

)T,V,n j �=i can be evaluated using a pressure explicit EOS, like Eqs. (C1), (C4), or (C6). While evaluating
this derivative, the composition in the EOS needs to be expressed as xi = ni∑

i ni
and molar volume needs to be expressed as

ṽ = V∑
i ni

. Then Eq. (C14) can be solved to find the fugacity of component i. The fugacity expression for the vdW, SRK and PR
EOS are given by Eqs. (C15), (C16), and (C17), respectively [47,48],

ln

[
fi

xi p

]
= bi

ṽ − bm
− ln

[
(ṽ − bm)p

RT

]
− 2

RT ṽ

Nc∑
j=1

x jai j, (C15)

ln

[
fi

xi p

]
= bi

bm

[
pṽ

RT
− 1

]
− ln

[
(ṽ − bm)p

RT

]
+ (aα)m

bmRT

⎡
⎣ bi

bm
− 2

(aα)m

Nc∑
j=1

x j (aα)i j

⎤
⎦ ln

[
1 + bm

ṽ

]
, (C16)

ln

[
fi

xi p

]
= bi

bm

[
pṽ

RT
− 1

]
− ln

[
(ṽ − bm)p

RT

]
+ (aα)m

2
√

2bmRT

⎡
⎣ bi

bm
− 2

(aα)m

Nc∑
j=1

x j (aα)i j

⎤
⎦ ln

[
ṽ + (1 + √

2)bm

ṽ + (1 − √
2)bm

]
. (C17)
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FIG. 10. The liquid density vs pressure (blue) and vapor density vs pressure (red) at (a) T = 274.96 K and (b) T = 387.70 K. The solid
lines represent the theoretical results, whereas the dots represent the results predicted by LBM.

APPENDIX D: DENSITY VERSUS PRESSURE
AND DENSITY VS TEMPERATURE PLOTS FROM

SECTION IV B

Several vapor-liquid equilibrium cases were simulated in
Sec. IV B to obtain the p-x and T -x envelopes. The density
of the vapor phase and the density of the liquid phase at each
of the pressures the simulations were run at to generate the
p-x envelope are plotted in Fig. 10. The theoretical vapor and
liquid phase densities predicted by a flash calculation are also
shown.

The density of the vapor phase and the density of the
liquid phase at each of the temperatures the simulations were
run at to generate the T -x envelope are plotted in Fig. 11.
The theoretical vapor and liquid phase densities predicted
by a flash calculation are also shown. In this figure, we see
a greater deviation of the LBM results from the theoretical
results and this is because the theoretical results are generated
at a constant pressure where as the equilibrium pressure in
LBM slightly varies, as discussed in Sec. IV B in reference to
the T -x envelopes from Fig. 6.

FIG. 11. The liquid density vs temperature (blue) and vapor density vs temperature (red) at (a) p = 30 bar, (b) p = 45 bar, and (c) p =
58 bar. The solid lines represent the theoretical results whereas the dots represent the results predicted by LBM.
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