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In finite-dimensional, chaotic, Lorenz-like wave-particle dynamical systems one can find diffusive trajectories,
which share their appearance with that of laminar chaotic diffusion [Phys. Rev. Lett. 128, 074101 (2022)] known
from delay systems with lag-time modulation. Applying, however, to such systems a test for laminar chaos,
as proposed in [Phys. Rev. E 101, 032213 (2020)], these signals fail such a test, thus leading to the notion of
pseudolaminar chaos. The latter can be interpreted as integrated periodically driven on-off intermittency. We
demonstrate that, on a signal level, true laminar and pseudolaminar chaos are hardly distinguishable in systems
with and without dynamical noise. However, very pronounced differences become apparent when correlations of

signals and increments are considered. We compare and contrast these properties of pseudolaminar chaos with

true laminar chaos.
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I. INTRODUCTION

Recently, the phenomenon of laminar chaos was de-
tected in systems with periodically modulated delay [1]. It is
characterized by nearly constant laminar phases, which are pe-
riodically interrupted by irregular bursts, where the intensity
levels of the laminar phases vary chaotically. In contrast to its
generalizations [2], laminar chaotic signals with their plateau-
like structure have potential advantages in applications, such
as random number generators [3-5], chaos communication
[6-9], or reservoir computing [10-14], also because they can
be generated experimentally, e.g., by optoelectronic [15] or
electronic setups [16,17]. The appealing feature of such sys-
tems is the possibility to generate signals, which are basically
piecewise constant, while the levels of their intensity varies
chaotically as ruled by a deterministic one-dimensional (1D)
iterated map, which is robust against noise [15,18] and can
be designed by tuning the delayed nonlinearity of the system,
for instance, via electronic circuits [19]. The dynamics of the
durations of the laminar phases is governed by the modulated
delay, which can be experimentally implemented and tuned by
a variety of methods [15-17,20]. Very recently we found
that for a large class of nonlinearities such systems may also
show deterministic chaos with a diffusive variation of the
intensity levels [21]. In this paper we will show that finite-
dimensional ordinary differential equations (ODEs) may show
a similar piecewise constant, diffusive variation of the in-
tensity, which poses the question of whether their behavior
may also be considered as an instance of laminar chaos. The
specific system of ODEs to be considered is derived from the
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dynamics of a one-dimensional classical wave-particle entity
[22-26]. Such wave-particle entities are motivated from the
hydrodynamical system of walking droplets and they have
been shown to mimic features that are typically associated
with quantum mechanical systems [27]. The corresponding
evolution equations considered by us are modifications of the
classic Lorenz equations [28,29]. In Ref. [18], we designed a
toolbox of testing experimental time series for laminar chaos.
We now apply these methods to the numerically generated
time series of the Lorenz-like wave-particle system and find
that they do not pass this test. Therefore, to characterize their
behavior and to distinguish it from “true” laminar chaos as
it appears in differential delay equations (DDE), we coin the
term pseudolaminar chaos. It turns out that pseudolaminar
chaos can be considered as integrated on-off intermittency,
more specifically, as the integrated version of periodically
driven on-off intermittency. On-off intermittency is a fun-
damental phenomenon [30,31], which is closely related to
synchronization phenomena in coupled systems [32-34]. In
past decades, it has been observed experimentally in many
systems [35-38]. In these classical papers, autonomous or
randomly driven [39,40] dissipative systems were considered,
which under suitable conditions can show power-law dis-
tributed off-periods of the variable of interest. The power-law
distribution of the off-periods can lead to anomalous transport
in diffusive systems driven by on-off intermittency [41—43].
However, the basic on-off mechanism, namely, the repeated
variation of a time-dependent parameter (or a second variable)
through a bifurcation point [31], can also occur with a periodic
variation, leading to a trivial distribution of the off-periods.
It is clear that the integrated version of the periodic on-off
process, which leads to pseudolaminar chaos, can also be
observed frequently. Therefore, it is rewarding to work out in
some detail similarities and differences between true laminar
and pseudolaminar chaos, as is done in this manuscript.

©2023 American Physical Society
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This paper is organized as follows. In Sec. II we intro-
duce the systems of interest and show numerical solutions of
their evolution equations, which are subsequently classified as
laminar and pseudolaminar chaos, respectively. In Sec. III we
show the results of applying the test for laminar chaos and also
investigate statistical properties, and in Sec. IV we check the
sensitivity to noise. We discuss and conclude in Sec. V.

II. SYSTEM DEFINITION AND TIME SERIES

To explore the notion of pseudolaminar chaos, we consider
a finite-dimensional Lorenz-like dynamical system that is mo-
tivated from the physical system of walking droplets.

On vertically vibrating a bath of liquid, a droplet of the
same liquid can be made to walk horizontally on its free
surface [44—46]. Each bounce of the droplet generates a local-
ized standing wave on the liquid surface that decays slowly
in time. The droplet then interacts with its self-generated
waves on subsequent bounces to propel itself horizontally.
This gives rise to a classical millimeter-sized wave-particle
entity moving steadily across the liquid surface. Intriguingly,
these self-propelled classical wave-particle entities have been
shown to exhibit features that are typically associated with the
quantum realm [27,47].

Exploration of walking-droplet inspired wave-particle en-
tities in a generalized pilot-wave framework have shown a
plethora of rich dynamical walking behaviors. The general-
ized pilot-wave framework, introduced by Bush [47], is a
theoretical framework that extends models of walking droplets
beyond experimentally achievable regimes. It has allowed
for the exploration of a broader class of dynamical systems
and the discovery of new quantum analogs [27]. Oza et al.
[48] developed a theoretical stroboscopic model that averages
over the vertical periodic bouncing motion of the droplet
and provides a trajectory equation for the horizontal walking
dynamics in two dimensions. A one-dimensional reduction
of this model describing the dynamics of an idealized one-
dimensional wave-particle entity with a sinusoidal wave field
can be mapped directly to the classic Lorenz system [28].
This results in the following Lorenz-like dynamical system
governing the particle’s dynamics (in dimensionless form)
[23,25,26]:

x@)=X@) (1a)
X@t)=o[Y()—X@1)] (1b)
Y() =X0)[r—Z1)] - Y () (1c)
Z)=X®)Y (@) —bZ@), (1d)

where x(t) is the particle position, X (¢) is the particle
velocity, and the variable Y (¢) and Z(¢) are related to the wave
forcing on the particle arising from its self-generated wave
field. The parameter b turns out to be unity in the Lorenz-
like dynamical equations of the wave-particle entity, while
o~ ! represents the dimensionless particle/droplet mass and
r represents the wave force coefficient. We refer the interested
reader to Valani et al. [25] and Valani [26] for a derivation and
more details on this model.

Superwalkers [46,49] are bigger and faster walking
droplets that emerge when the bath is vibrated at two

frequencies simultaneously, a frequency and half of it, along
with a constant phase difference. By detuning the two driving
frequencies by a small amount, one can get the phase dif-
ference to drift slowly in time. This detuned two-frequency
driving results in a walking motion for superwalkers known
as stop-and-go motion [46,50]. The stop-and-go motion of
droplets, enabled by the varying phase difference, results in
periodic traversals of the bouncing (no horizontal walking)
and the walking regime in the parameter space of the phys-
ical system. Hence, the stop-and-go motion of superwalkers
motivates periodically varying parameters in our idealized
Lorenz-like wave-particle model, Eqgs. (1), which would al-
low us to periodically traverse between a stationary state and
walking states.

We consider a simple extension to the system in Egs. (1)
by replacing the constant 7 in Eq. (1c) with the time-varying
parameter r(t) = A, sin(%”t), resulting in a parametrically
driven Lorenz-like system [51] [52]. The amplitude A, and the
period T of r(¢) are chosen such that Eqs. (1b)—(1d) generate
dynamics that can be described as periodically driven on-off
intermittency. In classical on-off intermittency a random or
chaotic driving of a system leads to intermittent chaotic be-
havior, where phases of nearly zero intensity are interrupted
by chaotic bursts. Typically, the durations of the constant (off)
phases follow a power-law distribution. Replacing the chaotic
driving with a periodic driving leads to alternating nearly
constant and chaotic phases with periodic durations.

In Figs. 1(b) and 1(d), time series X (¢) of the system in
Egs. (1) are shown for two sets of parameter values. When
the dashed black line appears, r(¢) < 1 is in a regime, where
all Jacobian eigenvalues of Eqgs. (1b)—(1d) of the equilibrium
(X,Y,Z) = (0,0,0) are negative and thus the trajectory is at-
tracted to this fixed point. This equilibrium becomes unstable
when the dashed line disappears, where we have r(t) > 1,
and the system reaches a chaotic regime after a transiting
through a series of bifurcations [51]. Given that the timescale
of the parameter variation determined by the period T is
sufficiently larger than the correlation time of the system,
periodically alternating nearly constant and chaotic phases
develop as visible in Fig. 1(b), where the Lyapunov time
AL is much smaller than T, Al /T ~0.01 [53]. In the
opposite limit shown in Fig. 1(d), where the Lyapunov time is
of the order of T, A;léx /T ~ 1.18, the transitions are regular,
while the overall dynamics is still chaotic [53]. Integrating
over such time series, as done by Eq. (la), leads to nearly
constant laminar phases with a chaotic intensity variation and
burst-like transitions between them [54]. In Figs. 1(a) and
1(c) the resulting time series x(¢) are shown corresponding
to Figs. 1(b) and 1(d), respectively. These time series appear
to be very similar to so-called laminar chaos, which was
originally discovered in time-delay systems defined by the
delay differential equation (DDE) [1]

X(t) = —Ox(t) + O f(x(R())), withR(t) =1 — (1),

@)

where the delay varies periodically, t(t +7)=1(¢t). In
Fig. 1(e) an exemplary laminar chaotic time series is
shown, where we have chosen the nonlinearity f(x) =
X+ psin(2r x) and the time-varying delay t(f) = 19+

AZ’ﬂT sin(ZT”t). According to Ref. [1], laminar chaos is
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FIG. 1. Time series of pseudolaminar chaos and laminar chaos.
In (a) and (c) pseudolaminar chaos generated from Eq. (1) is shown.
True laminar chaos generated from Eq. (2) is shown in (e). The
corresponding derivatives of the time series are plotted below in
Figs. (b), (d), and (f). For (a) and (b) we used the parameters o = 5,
b=1,A, =40,and T = 400. In (c) and (d) we have 0 =5, b =1,
A, = 15, and T = 10. For the laminar chaos in (e) and (f), we used
®=50,u=09, =1, A, =0.76, and T = 1. For a sufficient
relaxation of the transient dynamics, plotting of the time series begins
after 100 periods of the time-varying parameter r(t) or of the delay
7(t). The dotted lines in (b) and (d) correspond to r(¢) < 1, where
a stable fixed point exists at (X, Y, Z) = (0,0, 0) of the system in
Egs. (1).

characterized by nearly constant laminar phases and burst-like
transition between them, where the intensity levels of the
laminar phases vary chaotically and the durations vary peri-
odically with period T, which equals the period of the delay.
The chaotic dynamics of the laminar phases is governed by
the one-dimensional iterated map x" = f(x), which is defined
by the nonlinearity of the delayed feedback of Eq. (2). Since
all of the time series in Fig. 1 are chaotic time series [53]
that are characterized by nearly constant phases, which are
periodically interrupted by more or less irregular bursts, one
may think that they all can be classified as laminar chaos. That
would be surprising since laminar chaos is a phenomenon
observed in infinite dimensional systems, whereas the system

defined by Eq. (1) is effectively three-dimensional. In the
following we demonstrate that this is indeed not true and
that only the time-delay system produces true laminar chaos.
We show that there are significant differences between the
pseudolaminar chaotic dynamics shown in Figs. 1(a) and 1(c)
and true laminar chaos shown in Fig. 1(e). We explore in detail
the different mechanisms behind pseudolaminar chaos and
laminar chaos and show that pseudolaminar chaos fails the test
for laminar chaos introduced in Refs. [15,18]. Moreover, both
types of dynamics react significantly differently to additive
white noise.

III. TEST FOR LAMINAR CHAOS

In this section we apply the test for laminar chaos intro-
duced in Refs. [15,18] and show that it is passed only by
the time series shown in Fig. 1(e), which was generated by
the time-delay system, Eq. (2). We start by reviewing some
of the basics of the theory of laminar chaos from Refs. [1,2].
Equation (2) can be solved using the method of steps [55,56].
In this method, the solution x(z) is divided into suitable solu-
tion segments x;(¢) = x(¢) with ¢ € Z;, where the boundaries
of the state intervals I = (t;—1, t;] are connected by the ac-
cess map given by

' =R(t)=t—1(). 3)

Assuming that R(#) is monotonically increasing, i.e.,
7(t) < 1 for almost all ¢, which can be motivated by physical
and mathematical arguments [57,58], the state intervals cover
the whole time domain and the kth solution segment x () can
be interpreted as the memory of the delay system at time #.
Given an initial segment xo(#), the dynamics of the solution
segments is governed by an iteration of a nonlinear operator,
where subsequent segments are connected by

t

X1 (1) = xp(n)e O + / dt’ ©e %0 f(u(R(1"))).
173
“)
Since the integral kernel ®@e~®¢~*) can be interpreted as an
approximation of the delta distribution with width ® ! [59],
one has, in the limit ® — oo,

X1 (1) = [ (R())), (&)

which can also be derived directly from Eq. (2) by dividing
both sides by ®, taking the limit ® — oo and replacing x(z)
and x(R(t)) with x; (t) and x; (R(t)), respectively. Moreover,
Eq. (4) can be interpreted as application of the so-called limit
map, Eq. (5), and a subsequent smoothing with a kernel of
width ®~!. Since the influence of smoothing can be neglected
inside the nearly constant laminar phases, given that the width
of the kernel is much smaller than the duration of the laminar
phases, in the laminar chaotic regime, the dynamics of Eq. (2)
can be well approximated by Eq. (5). The limit map, Eq. (5),
can be understood as the pointwise iteration of the graph
(t, x¢ (1)), with t € I, = (t;,_1, t;], under the two-dimensional
map

i =R (1) (6a)
2% = f(zk-1), (6b)
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which consists of two independent one-dimensional maps:
Equation (6b) describes the dynamics of the function values
from solution segment to solution segment, and thus it governs
the dynamics of the intensity levels of the laminar phases.
Equation (6a) acts on the time-domain and describes the fre-
quency modulation of the solution segments caused by the
temporal variation of the delay 7(¢). Since the delay system
described by Eq. (2) is a feedback loop, this kind of frequency
modulation occurs with each round trip inside the feedback
loop, where the memory of the system after the kth round trip
is represented by the solution segment xi (¢). If there is a reso-
nance between the average round trip time inside the feedback
loop and the period of the delay variation, periodically al-
ternating low- and high-frequency phases develop, where the
low-frequency phases degenerate to nearly constant phases for
laminar chaos. Mathematically, the round trip of the signal
inside a feedback loop with time-varying delay is described by
Eq. (6a) and its inverse, the access map given by Eq. (3). For
periodically time-varying delays they are lifts of circle maps
(cf. Refs. [60,61]), and a resonance between the round trip
inside the feedback loop and the delay variation corresponds
to stable mode-locking dynamics of these circle maps, i.e.,
in this case the Lyapunov exponent A[R] of the access map
is negative. Analyzing the stability of a piecewise constant
solution of Eq. (5) leads to the conclusion that laminar chaos
can be observed if the condition

Mf1+A[R]l <O @)

is fulfilled, where A[f] is the Lyapunov exponent of the
map, Eq. (6b), defined by the nonlinearity of the delayed
feedback. A generalization of the theory of laminar chaos to
systems with quasiperiodic delay can be found in Ref. [62].
Laminar chaos was also found in systems with a more com-
plex structure than Eq. (2): The synchronization of laminar
chaotic systems was considered in Ref. [63] and, as shown in
Ref. [64], laminar chaos can be induced into a constant delay
system if it is coupled to a time-varying delay system.
According to Ref. [18], the test for laminar chaotic dy-
namics consists of the detection of two features, which are
robust against noise so that they can be detected even for
large noise strengths, where nearly constant phases are hard
to recognize. Only if both features are present can the dynam-
ics be classified as laminar chaos. The first feature consists
of laminar phases with periodic durations, which appear as
periodically repeating low-amplitude phases of the derivative
x(t) of the signal x(¢). These phases are present for all con-
sidered time series as illustrated in Figs. 1(b), 1(d) and 1(f).
The intensity levels x, of the laminar phases are measured,
which are numbered by the index 7 in the same order as they
appear in the time series. A natural approach for measuring the
intensity levels is setting x,, = x(t,), where the ' are members
of the drifting attractive orbits of the access map, Eq. (3).
The time instants ¢, are crucial for the long time dynamics
of the intensity levels since, for large k, we have inside a
laminar phase x;(t) = f*(xo(R¥(2))) ~ f*(xo(t})) according
to Eq. (5), where ¢;; is an attractive point inside the initial state
interval Z,. When one considers systems with noise, fluctu-
ations of x(¢) are minimal at the ¢} (cf. Ref. [18]), which is
convenient for detecting the second robust feature of laminar
chaos given by the fact that the dynamics of the intensity
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FIG. 2. Return maps of the levels x, of the (pseudo) laminar
phases and of the increments 8, = x,4+1 — x,,. The parameters were
chosen as in Fig. 1, where (a) and (b) correspond to Fig. 1(a), (c) and
(d) correspond to Fig. 1(c), and (e) and (f) correspond to Fig. 1(e)
as indicated by the colors. The levels are estimated by setting x,, =
x(nT),where T is the period of r(¢) or of the time-varying delay t(¢)
for pseudolaminar and laminar chaos, respectively. For the laminar
chaos considered in (e) and (f), the time instants ¢; = nT are the
members of the drifting attractive orbits of the access map, Eq. (3)
(see text).

levels x, is governed by the one-dimensional map defined
by Eq. (6b). In particular, we have x,;, = f(x,), where p
is the number of laminar phases per state interval Z;, which
follows directly from the required monotonicity of the access
map, Eq. (3): Since the access map is monotonically increas-
ing, it is clear that the first laminar phase in Z; is mapped
by Eq. (4) to the first laminar phase in Z;, the second to
the second, and so forth. This feature can be detected by
trying to reconstruct the nonlinearity f from the intensity
levels x,, where we plot x,;,, over x,. If we find a positive
integer p’ such that the points (x,, x,4,) resemble a graph
of a function, the dynamics is classified as laminar chaos,
where the function is an iteration f!(x) of the right-hand
side of Eq. (6b). For the smallest p’ = p, the nonlinearity f
of the delayed feedback is reconstructed. In Figs. 2(a), 2(c)
and 2(e) such return maps with p’ = 1 are shown for time
series of Egs. (1) and (2), where the parameters are chosen
as in Fig. 1 as indicated by the coloring. While for the time
series generated by Eq. (1) no p’ was found with the property
that the points (x,, x,1,/) resemble a function, for the delay
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system defined by Eq. (2) the reconstructed nonlinearity f(x)
is clearly visible in Fig. 2(e). It follows that the exemplary
time series of Eq. (2) can be classified as laminar chaos,
whereas the two exemplary time series of Eq. (1) are pseu-
dolaminar chaos since they fail the test for laminar chaos.
Similar results are obtained if the sinusoidal variation of the
parameter r in Eqs. (1) is replaced by a periodic, piecewise
constant function that switches between +A, and —A, as
shown in Appendix A. These qualitative observations can be
verified by quantifying nonlinear correlations of the return
maps of the levels x,, as done in Appendix B, where the results
of two methods are compared. For all considered parameter
values, both methods lead to a clear distinction between pseu-
dolaminar and true laminar chaos. To summarize, while all
considered time series show nearly constant laminar phases
with chaotically varying levels, only the time series generated
by the delay system, Eq. (2), satisfy the central property of
true laminar chaos: The dynamics of the levels is governed by
a one-dimensional iterated map. This property is not satisfied
by the time series generated by Egs. (1), and therefore we call
the dynamics pseudolaminar chaos.

If one considers the increments §, = X,4,; — X, instead of
the levels x,,, which seems to be a reasonable approach since
the §,, are bounded whereas the x,, are unbounded for chaotic
diffusion, the picture is not that clear. While the return map
of the increments shown in Fig. 2(b) appears clearly different
from the return map obtained for laminar chaos, Fig. 2(f), in
Fig. 2(d) line-like structures appear, which are somewhat sim-
ilar to the structures obtained for laminar chaos in Fig. 2(f).
The numerical analysis of the nonlinear correlations of these
return maps in Appendix B confirms these qualitative obser-
vations: While the quantitative analysis for Fig. 2(b) indicates
the absence of nonlinear correlations, strong correlations are
found in Fig. 2(d) similar to Fig. 2(f), although only the latter
one corresponds to true laminar chaos. As a consequence, one
should be aware that only the return map of the levels of the
laminar phases should be used for the detection of laminar
chaos and not the return map of the increments. However, as
we demonstrate in Sec. IV, the line-like structures in Fig. 2(d)
disappear in the presence of noise, whereas the features of
true laminar chaos are robust against noise as demonstrated in
Refs. [15,18].

The differences of the structures in the return maps
observed for laminar and pseudolaminar chaos are direct con-
sequences of the differences between the mechanisms behind
these dynamics. For laminar chaos the one-dimensional map
that generates the levels x, is induced by the nonlinear de-
layed feedback: If the condition for laminar chaos, Eq. (7), is
fulfilled and ® is large enough, the dynamics in the laminar
phases can be well described by the two-dimensional map,
Eq. (6). At the transition between these phases, this approx-
imation breaks down, since there the smoothing in Eq. (4)
becomes relevant. In this sense, the dynamics of the levels of
the laminar phases is independent of the dynamics of the tran-
sitions in between. In strong contrast, for the pseudolaminar
chaos introduced here, the level dynamics are dictated by the
transitions since pseudolaminar chaos is the integral of chaotic
bursts according to Eq. (la), and thus each increment §, =
Xn+1 — X, is given by the integral of a chaotic burst between
two subsequent laminar phases. Assuming that the duration of

0.004
0.003
=
= 0.002

0.001

0.000

—400 —200 0 200 400

FIG. 3. Histogram of the increments §, = x,+; — x, shown in
Fig. 2(b) and Gaussian approximation (solid line) with zero mean,
where the standard deviation was computed from the data.

the chaotic bursts is large compared to the correlation length
of the chaotic oscillations in the chaotic burst phase, the incre-
ments §, can be viewed as a sum of a large number of nearly
independent pseudorandom numbers. As a result in this limit,
the increments §,, are nearly uncorrelated as visible in Fig. 2(b)
and, according to the central limit theorem, are nearly Gaus-
sian distributed as illustrated in Fig. 3, where a histogram of
8, for the parameters used in Figs. 1(a), 1(b), 2(a), and 2(b)
is shown together with a Gaussian approximation. Line-like
structures in the increments, which imply strong (nonlinear)
correlations and a non-Gaussian distribution in general, as
shown in Fig. 2(d), can be obtained if one tunes the pa-
rameters such that the duration of the bursts is close to the
correlation time of the chaotic oscillations so that each burst
consists of one short oscillation as visible in Fig. 1(c). As
one may expect, this kind of behavior is not robust, i.e.,
it is very sensitive to noise. We explore this in the next
section.

IV. SENSITIVITY TO NOISE

In this section we analyze the influence of additive
white noise on pseudolaminar chaos and laminar chaos. We
demonstrate that pseudolaminar chaos reacts fundamentally
differently to noise than laminar chaos. While it is known that
the robust features of laminar chaos considered in Sec. III can
survive for larger noise strengths [18], it turns out for pseu-
dolaminar chaos that even small noise strengths can change
properties such as line-like structures in the return map of the
increments drastically. In order to do this we add white noise
to Egs. (1) and (2). We then perform the same analysis as in
Sec. III and compare the results. For simplicity we add noise
only to the right-hand side of Eq. (1b). So we consider the
stochastic differential equation

X(1) =X(@) (8a)
X)) =oY1)—XO]+€&@) (8b)
Y()=X@)[r—Zn]—Y (@) (8¢)
ZO) =X Y(@)—bZ@), (8d)
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FIG. 4. Effect of dynamical noise on time series of pseudolami-
nar chaos and laminar chaos. In (a) and (c) pseudolaminar chaos and
in (e) true laminar chaos is shown, where additive Gaussian white
noise with a small standard deviation € = 0.01 was added to the
right-hand side of Eq. (1b) for pseudolaminar chaos and to Eq. (2)
for laminar chaos. The corresponding derivatives of the time series
are plotted in (b), (d), and (f), where, for laminar chaos, the approxi-
mate derivative A, (x)(t) = h~'[x(t + h) — x(¢)] with h ~ 0.0023 is
shown. The parameters were chosen as in Fig. 1.

for pseudolaminar chaos, where qualitatively equivalent
results are obtained if noise is added to another or to more
than one of Egs. (1b)—(1d). We also expect equivalent results if
colored noise with a correlation length much smaller than the
period of the variation of the parameter r = r(t) is considered.
Adding noise to Eq. (1a) is less interesting since this noise
does not feed back to the dynamical system and it is basically
the same as adding Brownian motion to x(z). For laminar
chaos we consider the stochastic DDE

X(1) = —0x(1)+ 0 f(x(R(1))) +€&@), 9)

where £(¢) is Gaussian white noise with mean (£(¢)) = 0 and
covariance function (£ (1)é(t')) = 6(t —t').

In Fig. 4 time series x(¢) and their derivatives x(z) are
shown for these systems, where we have set € = 0.01 and
used the same parameters as in Fig. 1. The corresponding
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o

—200

—400 =
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FIG. 5. Return maps of the levels x, of the (pseudo) laminar
phases and of the increments §, = x,+; — X, in systems with noise.
While the features of laminar chaos shown in (e) and (f) persist,
the line-like structures obtained for pseudolaminar chaos, which are
shown in Figs. 2(c) and 2(d), are destroyed by the noise as illustrated
in (c) and (d). The parameters were chosen as in Fig. 1, where (a) and
(b) correspond to Fig. 1(a), (c) and (d) correspond to Fig. 1(c), and (e)
and (f) correspond to Fig. 1(e), as indicated by the colors. Additive
Gaussian white noise with a small standard deviation € = 0.01 was
added to the right-hand side of Eq. (1b) for pseudolaminar chaos
and to Eq. (2) for laminar chaos. The levels are estimated by setting
x, =x(nT), where T is the period of r(¢) or of the time-varying
delay 7(¢) for pseudolaminar and laminar chaos, respectively. For the
laminar chaos considered in (e) and (f), the time instants ¢y =nT
are the members of the drifting attractive orbits of the access map,
Eq. (3), where the fluctuations due to the noise are minimal (see
Sec. III).

return maps of the levels x, of the laminar phases and of
their increments §, are shown in Fig. 5. We find that in
the presence of noise laminar phases are visible for both
pseudolaminar chaos and laminar chaos. At first sight, the
laminar phases of true laminar chaos, Fig. 4(e), appear more
perturbed than the laminar phases of pseudolaminar chaos,
Figs. 4(a) and 4(c). However, despite the deviations from
the nearly constant behavior of the laminar phases in the
noiseless system, Fig. 1(e), the nonlinearity of the feedback
f can be nicely reconstructed as shown in Fig. 5(e), which is
also reflected by the return map of the increments shown in
Fig. 5(f) and confirms the robustness of this feature of laminar
chaos against noise. In strong contrast, the line-like behavior
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of the return map of the increments observed for pseudolami-
nar chaos in Fig. 2(d) is completely destroyed. Moreover, the
structures observed in the return maps become similar to the
ones observed for the limiting case, Figs. 5(a) and 5(b), where
the transitions between the laminar phases are given by the
integration over many chaotic fluctuations. This indicates that
such a behavior is typical for pseudolaminar chaos. In other
words, the line-like behavior shown by the noiseless system
is not robust, and thus it is unlikely to observe it in exper-
iments unless the noise strength is sufficiently small. These
observations are confirmed by the analysis in Appendix B,
where nonlinear correlations of the return maps are quantified
for the considered set of parameter values. While correlations
detected in the noiseless system persist in the presence of
noise for true laminar chaos, for pseudolaminar chaos the
correlations visible in Fig. 2(d) vanish in the presence of
noise.

The drastic differences between pseudolaminar chaos and
laminar chaos with respect to the reaction to noise reflect the
drastic differences of the generating mechanisms of the related
laminar phases. During the laminar phases of pseudolaminar
chaos, noise drives the subsystem Eqs. (1b)—(1d) away from
the equilibrium (X, Y, Z) = (0, 0, 0), which is stable during
these phases. This leads to larger side peaks of x(t) = X (¢) in
Fig. 4(d) in comparison to the small side peaks in Fig. 1(d).
Since the increments of the intensity levels are given by the in-
tegral over X (7), these deviations are even more amplified, so
that potential low-dimensional structures disappear from the
return map as reflected by the differences between Figs. 2(c)
and 2(d) and Figs. 5(c) and 5(d). In contrast, a delay system
given by Eq. (2), which can generate true laminar chaos, reacts
in a completely different way to additive noise, which is a
consequence of the infinite dimensional phase space of the
delay system, whereas the system defined by Eq. (1) is finite
dimensional. Using the definitions of the solution segments
from Sec. III, the solution operator of the stochastic system
given by Eq. (9) reads

X1 (1) = xe(f)e 20
t

+ f dr’' ©e= ) f(x (R())) + €Ex (1), (10)

73

which differs from the solution operator, Eq. (4), of the noise-
less system by the random function segment E;(¢) defined by

t

Ei(t) = /dt’ e e, (11)

173
So Ei () is generated by an Ornstein-Uhlenbeck process with
initial value Ej(#) = 0. For large ®, we can neglect the in-

fluence of the smoothing operator in Eq. (10), leading to the
approximation

X1 (1) = f(R(1))) + € B (1), 12)

which can be viewed as a stochastic version of the limit map,
Eq. (5), and thus it can be interpreted as the iteration of the

graph (¢, x;(¢)) under the two-dimensional map

(13a)
(13b)

e = R 1)
2 = f(z—1) + €Er (),

where the dynamics of the function values of the segments,
and thus the dynamics of the levels of the laminar phases, is
governed by Eq. (13b). So from this first-order approximation
it follows that additive white noise in the delay system leads
to additive noise in the map, Eq. (13b), generating the lev-
els of the laminar phases, where the mechanism behind and
thus the features of laminar chaos remain intact. For larger
noise strengths, where the smoothing by the kernel @¢—©¢~*)
cannot be neglected, it was demonstrated experimentally and
numerically in Refs. [15,18] that the nonlinearity f of the
delayed feedback can be reconstructed even if the laminar
phases are hard to recognize, which verifies the robustness of
laminar chaos.

V. DISCUSSION

It would be interesting to investigate whether pseudolami-
nar chaos can be realized in experiments, for example, in the
hydrodynamical system of single-frequency driven walkers
and two-frequency driven superwalkers. One way this could
be achieved is by periodically driving the droplets between a
stationary (nonwalking) state similar to a laminar phase and
a chaotic walking state similar to a chaotic burst. The stop-
and-go motion of superwalkers [46,49] arising from slight
detuning of two driving frequencies provides a convenient
way to periodically drive the system between a stationary
state and a walking state. However, only steady walking states
have been observed in experiments with a superwalker in free
space. For a walker in free space, in addition to steady walking
states, oscillatory walking states have also been reported in
experiments [65]. However, chaotic walking regimes that are
predicted to arise in theoretical models [23,25,26,66,67] have
not been realized in experiments yet. Nevertheless, chaotic
walking states have been observed for a walker in confin-
ing potentials [68—71] and rotating frames [72], and similar
chaotic states might be expected for superwalkers in confining
potentials. Hence, if one investigates stop-and-go motion of
superwalkers in confining potentials, then one may be able to
oscillate between a stationary and chaotic walking states, and
pseudolaminar chaos may be realized in such an experimental
setup.

Although our investigations of pseudolaminar chaos were
inspired by models of walking droplets with a periodic driv-
ing, our results are obviously more general: any system
showing periodic on-off intermittency would show signatures
of laminar chaos in the time-integrated intermittent variable,
but a proper analysis, as done in this paper, would reveal
that one has observed actually pseudolaminar chaos instead
of true laminar chaos. There are many reports on experiments
[35,37,38] and numerical simulations [38—40] on driven on-
off intermittency, usually with a random driving. Obviously
the latter could be changed to a periodic driving, which
then would produce examples of pseudolaminar chaos in
the integrated intermittent variable, as reported here for the
walking droplet dynamics, which led to an integrated Lorenz-
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like dynamical system. Potential candidates of systems where
pseudolaminar chaos can be induced are given by systems that
show chaotic deterministic diffusion [73]. In such systems, the
velocity shows bounded chaotic dynamics and its time inte-
gral, i.e., the state variable shows diffusion. Let us consider
such a system with an experimentally accessible parameter,
which can be tuned such that the velocity shows chaos for one
parameter value and converges to a stable equilibrium equal
to zero for another value. If one periodically switches the
parameter value between these regimes, the velocity shows
periodically driven on-off intermittency given that the pe-
riod of the switching is large compared to the correlation
time of the system. As a result, the state variable shows
pseudolaminar chaos. This concept can be easily applied
to the periodically forced nonlinear pendulum considered in
Ref. [74], which is also a model for phase-locked loops and
Josephson junctions [75,76]. If the external periodic driving is
periodically switched on and off, where the pendulum rotates
chaotically in the on phase and relaxes to the equilibrium
in the off phase, pseudolaminar chaos is observed in the
angular position. A subclass of chaotic deterministic diffu-
sion is the so-called deterministic Brownian motion [77,78],
which is also found in time-delay systems where the velocity
shows turbulent chaos [79]. Therefore, pseudolaminar chaos
can even be induced in time-delay systems by periodically
switching the dynamics of the velocity between turbulent
chaos and relaxation to a stable equilibrium equal to zero. This
highlights the relevance of our test for distinctive features of
pseudolaminar and true laminar chaos provided in Sec. III,
especially in experimental situations where the mechanism
generating the measured time series is unknown.

On the other hand, on-off intermittency in the narrow
sense as formulated originally in Refs. [30,31] is connected
to the appearance of laminar phases, whose durations are not
roughly constant as with periodic driving, but power law dis-
tributed. In this case, the time-integrated intermittent variable
would consist of a sequence of randomly varying plateaus,
with durations governed by the same power-law distribution.
In such cases one would observe a generalized version of
pseudolaminar chaos. A similar dynamical behavior that is
also based on on-off intermittency is the so-called multistate
on-off intermittency [80,81] and the dynamics shown by the
phase difference of coupled periodically driven pendula close
to the onset of synchronization [82]. If one allows for other
statistical variations of the durations, such generalized pseu-
dolaminar chaos could also be observed for walking droplets.
For example, in the chaotic walking regimes realized in the-
oretical models of walking droplets in two dimensions, a
run-and-tumble-like trajectory is observed [66,67]. For such
trajectories, if one plots the time series of the particle’s ori-
entation, then it would be a constant during the run phase
(laminar phase) and vary chaotically during the tumble phase.
Hence, the durations of the run phases determine the statistics
of laminar phases, while the random variations of the angle
in the tumble phases determine the increments between the
angles of subsequent laminar phases. The time dependence
of the angle is naturally monitored as a time-continuous real
variable without discontinuities after full revolutions, thus
leading to a phase diffusion process, which may be normal or
anomalous depending on the duration statistics of the walking

phases. Moreover, this more general idea of pseudolaminar
chaos could also be transferred to stochastic processes such as
Lévy flights [83], where a trajectory may be partitioned into a
“laminar” phase of a long step and a “chaotic” burst of small
steps. This could be relevant for the description of human stick
balancing, where a combination of on-off intermittency and
Lévy flights was found [84].

So far all the discussed pseudolaminar chaotic processes
were actually diffusion processes. They arise naturally be-
cause integrating over chaotic bursts leads to independent
random increments. It appears to be difficult to generate
bounded pseudolaminar chaotic processes because this would
need systematic correlations between subsequent chaotic
bursts, which is not to be expected for on-off intermittency. In
contrast, for true laminar chaos a bounded signal appears nat-
urally, as in systems studied in Ref. [1], but also true laminar
chaotic diffusion with an unbounded signal variation arises
naturally [21]. As an outlook we may wonder whether, as a
counterpart to generalized pseudolaminar chaos as discussed
above, true laminar chaos from delay systems can also show
randomly varying durations of the laminar phase, at variance
with the periodic variation obtained in Ref. [1]. The tentative
answer is affirmative: a random variation of these durations
is expected to occur for delay systems with randomly vary-
ing delay. As a first step, it was confirmed that the random
counterparts of circle maps, which arise from the delayed
argument, typically show mode locking [85], which is a con-
dition to be fulfilled for the existence of laminar chaos in delay
systems with random delay. Preliminary investigations of such
delay systems show that indeed laminar chaos can exist, but
the statistics of the durations of the laminar phases has still
to be explored. Another hint for the existence of distributed
durations comes from studies of delay systems with a delay
intermediate between periodic and random, namely, systems
with a quasiperiodic delay variation. There we found [62] that
laminar chaos is indeed possible and that it becomes more
frequent if the quasiperiodic variation approaches a random
variation. The differences between generalized pseudolaminar
chaos and laminar chaos from delay systems with random
delay are expected to be similar to those in periodic systems
as found in this work: again the infinitely many negative
Lyapunov exponents of the delay systems have a strongly
stabilizing effect against noise, which is missing in systems
with only a few degrees of freedom.

Lastly, although we considered a simple model that re-
duces to a finite-dimensional Lorenz-like ODE [Eqgs. (1)]
for a walking-droplet inspired 1D wave-particle entity with
a sinusoidal wave field, a more refined model, as originally
proposed by Oza et al. [48], which more accurately captures
the experimentally observed wave field in the form of a Bessel
function results in an integro-differential equation of motion
for the wave-particle entity. An integro-differential equa-
tion of motion also arises if one considers the wave-particle
entity in two dimensions. The integro-differential equation is
a result of the path memory in the hydrodynamic system since
the motion of the droplet is not only influenced by its most
recently generated wave but also by the waves generated in
the distant past. Hence, one may wonder whether true laminar
chaos might be observed in such walking-droplet inspired
path-memory induced integro-differential equations or more
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generally in delay systems with state-dependent delay where
infinite degrees of freedom are also present.

VI. SUMMARY

We investigated diffusive time series of a finite-
dimensional, chaotic, parametrically driven Lorenz-like dy-
namical system, which can be motivated, for instance, by a
hydrodynamical wave-particle system. While these time se-
ries share their appearance with that of recently discovered
laminar chaotic diffusion [21], they fail the test for laminar
chaos proposed in Ref. [18]. It turned out that such pseu-
dolaminar chaos is generated by a mechanism completely
different from that of laminar chaos. Laminar chaos is found
for systems with nonlinear feedback loops with a time-varying
delay, which are infinite dimensional systems described by
singularly perturbed delay differential equations. The inter-
play between the map defined by the nonlinearity of the
feedback and the map defined by the time-varying delay leads
to the development of nearly constant laminar phases with
periodic durations, where the intensity levels of the laminar
phases vary chaotically from phase to phase and follow the
dynamics of the chaotic one-dimensional map defined by the
nonlinearity of the feedback. In strong contrast, pseudolami-
nar chaos is generated by integrated periodically driven on-off
intermittency. While the latter is also characterized by nearly
constant laminar phases with chaotically varying intensity and
periodic durations, the intensity levels do not follow a one-
dimensional iterated map. Moreover, if the correlation time of
the intermittent signal is much smaller than the durations of
the chaotic bursts between the laminar phases, the intensity
levels rather follow a random walk, since their increments,
which are the integral over the bursts between subsequent
laminar phases, are nearly uncorrelated. As a consequence
of the different mechanisms and the drastically different di-
mensionality of the involved systems, we found fundamental
differences in the reaction to adding white noise in the equa-
tions of motion. As shown in Refs. [15,18], true laminar chaos
is robust to noise in the sense that its characteristic features
such as the nonlinear correlations between the laminar phases
can be detected even for larger noise strength, where the
laminar phases are hardly visible. In contrast, features of pseu-
dolaminar phases such as nonlinear correlations of increments
of the laminar phases can be destroyed even by small noise
strengths, where the influence of the noise is hardly visible.
Since the concept of pseudolaminar chaos is based on the
general phenomenon of on-off intermittency and is not limited
to a periodic driving, our results are not restricted to a specific
system and therefore they are relevant for a large variety of
problems, where the time derivative of an observable is an
on-off intermittent signal.
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FIG. 6. Time series of pseudolaminar chaos in the switched sys-
tem. (a) Pseudolaminar chaos generated from Eq. (1), where the
parameters were chosen as in Fig. 1(a). The sinusoidal variation of
parameter r = r(¢) was replaced by a piecewise constant function,
which equals A, if the equilibrium (X, Y, Z) = (0, 0, 0) of the system
in Fig. 1 is unstable (no dashed black line) and —A, if it is stable
(black dashed line visible). (b) The corresponding derivative of the
time series. For a sufficient relaxation of the transient dynamics, we
begin plotting of the time series after 100 periods of the time-varying
parameter r(t).

APPENDIX A: PSEUDOLAMINAR CHAOS
IN SWITCHED SYSTEMS

In this section we consider Eq. (1), where the sinusoidal
variation r = r(t) = A, sin(z%t) is replaced by the piecewise
constant function

+A,, ifA,sin(Z1) > 1

re) —A,, else. A
Equation (A1) preserves the durations of the pseudolaminar
phases and of the chaotic bursts observed for the sinu-
soidal parameter variation since the equilibrium (X, Y, Z) =
(0,0, 0) of Eq. (1) is stable for » < 1 and unstable for r > 1.
Choosing the same parameter values as in Figs. 1(a) and 1(b),
we obtain qualitatively similar time series as shown in Fig. 6.
Comparing the return maps of the system with sinusoidal pa-
rameter variation shown in Figs. 2(a) and 2(b) with the return
maps of the switched system shown in Fig. 7 leads to the
conclusion that the basic mechanisms of pseudolaminar chaos
can already be understood in a simpler periodically switched

400

Tn+1

FIG. 7. Return maps of the levels x, of the pseudolaminar phases
and of the increments 8, = x,4+1 — x,. The parameters were chosen
as in Fig. 6.
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system, where well-defined chaotic and attractive fixed point
dynamics alternate.

Switched systems were extensively studied in Refs. [86,87]
and appear, for instance, in the implementation of chaotic
logical circuits, where a nonlinear system is driven by a piece-
wise constant input signal, which carries the binary data to
be processed. Results on logical circuits implemented by a
thresholded chaotic Chua system can be found in Ref. [88].
If the NOR gate considered there is fed with two identical
periodic bit sequences, the output voltage of the threshold
control unit shows periodically driven on-off intermittency
and thus its integral shows pseudolaminar chaos if the off state
is normalized to zero.

APPENDIX B: QUANTIFYING NONLINEAR
CORRELATIONS FOR THE DETECTION
OF LAMINAR CHAOTIC DIFFUSION

In order to distinguish laminar chaotic diffusion from pseu-
dolaminar chaos as done in Sec. I1I, one has to check whether
the dynamics of the levels x, of the nearly constant phases is
governed by a one-dimensional map,

Xntp = f(xn) =X, + g(xn)' (B1)

While this is clearly fulfilled for true laminar chaos as shown
in Figs. 2(e) and 5(e), for pseudolaminar chaos, for all p >
0, the points (x,, x,,) are randomly distributed around the
bisectrix as shown in Figs. 2(a), 2(c), 5(a), and 5(c). Interpret-
ing x4, and x, as random variables, the distinction between
these cases leads to the problem of detecting and quantifying
nonlinear correlations or stochastic dependence, which is a
nontrivial problem [89]. In the following, we introduce a
simple method for such a quantification and apply it to our
numerical data for pseudolaminar and true laminar chaos. The
results are compared to the maximal information coefficient
(MIC) introduced in Ref. [90]. We find a qualitative agree-
ment, which indicates that both methods are suitable for the
distinction between pseudolaminar and true laminar chaos.
Since the intensity levels x,, show diffusive dynamics, there
is always a strong linear correlation between subsequent levels
x, and x,y, which overlays the relevant nonlinear correla-
tions induced by g in Eq. (B1) and leads to wrong results
if the algorithms used here are applied directly to the return
map generated by (x,, x,4,). Instead, we consider the points
(Xn, Xpyp — Xu) = (X, 8,), which resemble the graph of the
function g in Eq. (B1) for true laminar chaos, whereas for
pseudolaminar chaos the §, fluctuate around zero without
correlations with x,. To obtain comparable results for the
quantification of the correlations, we require that the used
quantity converges, for an increasing number of samples, to
0 if and only if the two considered variables are stochastically
independent, and that it converges to 1 if there is an exact
functional relationship, such as Eq. (B1), between these vari-
ables, provided that this function is not constant. Our approach
follows from the same idea as the CANOVA method, which
can be found in Ref. [91]: Assuming that the function g is
continuous, |g(x) — g(x)| is small for small [x — x'|, i.e., if the
arguments x and x’ are close. If the points (x,, §,) resemble the
graph of the function g, it follows that |§,, — §,| is small if x,
and x,, are close. A normalized quantity Q that reflects this

TABLEI. Comparison of 1 — Q and the MIC for the return maps
of the levels x,, and of the increments §, = x,,+; — x, shown in Figs. 2
and 5, for the systems without and with noise, respectively. Values
that are significantly larger than zero (bold) indicate that there are
(nonlinear) correlations between subsequent levels or increments.
The sensitivity to noise of possible correlations in pseudolaminar
chaos is seen in the change of the coefficients from 1.00 for the
increments in Fig. 2(c) to a near-zero value after adding dynamical
noise, Fig. 5(c).

1-0 MIC

Parameters Levels Increments Levels Increments
Fig. 2(a) —0.00135 —0.00142 0.062 0.063
Fig. 2(c) 0.00079 1.00 0.062 1.00
Fig. 2(e) 1.00 0.52 1.00 0.66
Fig. 5(a) 0.00232 0.0115 0.060 0.059
Fig. 5(c) —0.0083 0.0051 0.060 0.062
Fig. 5(e) 0.99 0.48 0.86 0.62

property is obtained by relating the variance of §, — &,/ for
close x, and x, to the overall variance of the §,. To compute
the quantity Q, we first sort the sequence of points (x,, &,)
with respect to the first component x,, and obtain a sequence of
points (v, Wy,), With v, = X714,y and wy, = 8;-1(,), Where
the indices m are given by a permutation m = w(n) of the
indices n such that we have v,, < v+ for all m. The quantity
Q is defined by

— Var(w, 1 — wm)’ (B2)

2 Var(w,,)
where Var(w,,) is the sample variance of all values w,,. If
the x, fulfill Eq. (B1), which implies w,, = g(v,,), we have
Wint1 — Wy = g(Un+1) — g(vy). Assuming that the x,, densely
fill an interval (or a union of intervals), we have, in the limit of
an infinite number of samples, v,,+; — v,, — 0 for (almost) all
m. It follows that the numerator converges to zero in this limit
and we have Q — 0, provided that g(x) is not constant, which
would lead to a vanishing denominator. If w,, = §, is discrete
white noise, we have Var(w,+; — w,) — 2 Var(w,,) in the
limit of an infinite number of samples, so that we have Q = 1
in this case. Considering 1 — Q instead of Q gives values close
to 1 or O for true laminar or pseudolaminar chaos, respectively.
An implementation of the algorithm can be found in Listing
1. In Table I, the quantity 1 — Q is shown for the return maps
of the levels x,, and the increments §, of the levels of the
(pseudo)laminar phases visualized in Figs. 2 and 5, where the
algorithm was applied to 10* points (x,, §,) and (8, 8,+1),
respectively.

LISTING 1. Mathematica implementation of the algorithm
for the computation of Q. For computing Q of the return map
of the levels x,, or the increments §,, the variable data must
contain the list of all points (x,, 8,) or (8,, 8,+p), respectively.

w =SortBy[data, First] [[All, 2]];

Q =Variance [w[[2 ;; -11]1 - wl[1 ;;

-2]111/
(2*Variance [w]) ;
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The results are compared to the maximal information co-
efficient (MIC) introduced in Ref. [90], which converges, as
the quantity 1 — Q, to O for stochastically independent vari-
ables, and it converges to 1 if the variables are connected by
a nonconstant function. The authors there also demonstrate
that different functions lead to similar values of the MIC if
noise with the same noise strength is added. So it should be
an appropriate quantity for detecting nonlinear correlations
during the test for laminar chaos. To analyze correlations in

the return maps of the levels x, or the increments §,, the
algorithm is applied to sets of points (x,, 8,) or (8, 8u4p),
respectively. The MIC values were computed from 10* data
points with p = 1 using MINEPY [92].

For the considered parameters, both methods are able to
distinguish pseudolaminar chaos from true laminar chaos even
in the case shown in Fig. 2(c), where the return map of the
levels of the pseudolaminar phases basically consists of two
lines.

[1] D. Miiller, A. Otto, and G. Radons, Laminar Chaos, Phys. Rev.
Lett. 120, 084102 (2018).

[2] D. Miiller-Bender, A. Otto, and G. Radons, Resonant Doppler
effect in systems with variable delay, Phil. Trans. R. Soc. A.
377, 20180119 (2019).

[3] A. Uchida, K. Amano, M. Inoue, K. Hirano, S. Naito, H.
Someya, I. Oowada, T. Kurashige, M. Shiki, S. Yoshimori,
K. Yoshimura, and P. Davis, Fast physical random bit genera-
tion with chaotic semiconductor lasers, Nat. Photonics 2, 728
(2008).

[4] 1. Reidler, Y. Aviad, M. Rosenbluh, and I. Kanter, Ultrahigh-
Speed Random Number Generation Based on a Chaotic
Semiconductor Laser, Phys. Rev. Lett. 103, 024102 (2009).

[5] 1. Kanter, Y. Aviad, I. Reidler, E. Cohen, and M. Rosenbluh,
An optical ultrafast random bit generator, Nat. Photonics 4, 58
(2010).

[6] J.-P. Goedgebuer, L. Larger, and H. Porte, Optical Cryptosys-
tem Based on Synchronization of Hyperchaos Generated by a
Delayed Feedback Tunable Laser Diode, Phys. Rev. Lett. 80,
2249 (1998).

[71 G. D. VanWiggeren and R. Roy, Optical Communica-
tion with Chaotic Waveforms, Phys. Rev. Lett. 81, 3547
(1998).

[8] V. S. Udaltsov, J.-P. Goedgebuer, L. Larger, and W. T. Rhodes,
Communicating with Optical Hyperchaos: Information Encryp-
tion and Decryption in Delayed Nonlinear Feedback Systems,
Phys. Rev. Lett. 86, 1892 (2001).

[9] L. Keuninckx, M. C. Soriano, 1. Fischer, C. R. Mirasso, R. M.
Nguimdo, and G. Van der Sande, Encryption key distribution
via chaos synchronization, Sci. Rep. 7, 43428 (2017).

[10] L. Appeltant, M. Soriano, G. Van der Sande, J. Danckaert,
S. Massar, J. Dambre, B. Schrauwen, C. R. Mirasso, and 1.
Fischer, Information processing using a single dynamical node
as complex system, Nat. Commun. 2, 468 (2011).

[11] L. Larger, M. C. Soriano, D. Brunner, L. Appeltant, J. M.
Gutierrez, L. Pesquera, C. R. Mirasso, and I. Fischer, Photonic
information processing beyond Turing: An optoelectronic im-
plementation of reservoir computing, Opt. Express 20, 3241
(2012).

[12] Y. Paquot, F. Duport, A. Smerieri, J. Dambre, B. Schrauwen,
M. Haelterman, and S. Massar, Optoelectronic reservoir com-
puting, Sci. Rep. 2, 287 (2012).

[13] L. Larger, A. Baylén-Fuentes, R. Martinenghi, V. S. Udaltsov,
Y. K. Chembo, and M. Jacquot, High-Speed Photonic Reservoir
Computing Using a Time-Delay-Based Architecture: Million
Words per Second Classification, Phys. Rev. X 7, 011015
(2017).

[14] J. D. Hart, L. Larger, T. E. Murphy, and R. Roy, Delayed dy-
namical systems: Networks, chimeras and reservoir computing,
Phil. Trans. R. Soc. A. 377, 20180123 (2019).

[15] J. D. Hart, R. Roy, D. Miiller-Bender, A. Otto, and G. Radons,
Laminar Chaos in Experiments: Nonlinear Systems with Time-
Varying Delays and Noise, Phys. Rev. Lett. 123, 154101 (2019).

[16] T. Jiingling, T. Stemler, and M. Small, Laminar chaos in nonlin-
ear electronic circuits with delay clock modulation, Phys. Rev.
E 101, 012215 (2020).

[17] D. D. Kul’minskii, V. I. Ponomarenko, and M. D. Prokhorov,
Laminar chaos in a delayed-feedback generator, Tech. Phys.
Lett. 46, 423 (2020).

[18] D. Miiller-Bender, A. Otto, G. Radons, J. D. Hart, and R. Roy,
Laminar chaos in experiments and nonlinear delayed Langevin
equations: A time series analysis toolbox for the detection of
laminar chaos, Phys. Rev. E 101, 032213 (2020).

[19] T. Banerjee and D. Biswas, Time-Delayed Chaotic Dynamical
Systems (Springer, Cham, 2018).

[20] B. Karmakar, D. Biswas, and T. Banerjee, Oscillating synchro-
nization in delayed oscillators with time-varying time delay
coupling: Experimental observation, Chaos 30, 063149 (2020).

[21] T. Albers, D. Miiller-Bender, L. Hille, and G. Radons, Chaotic
Diffusion in Delay Systems: Giant Enhancement by Time Lag
Modulation, Phys. Rev. Lett. 128, 074101 (2022).

[22] J. Molacek, Bouncing and walking droplets: Towards a hy-
drodynamic pilot-wave theory, Ph.D. thesis, Massachusetts
Institute of Technology, 2013.

[23] M. Durey, Bifurcations and chaos in a Lorenz-like pilot-wave
system, Chaos 30, 103115 (2020).

[24] A. Rahman and D. Blackmore, Walking droplets through the
lens of dynamical systems, Mod. Phys. Lett. B 34, 2030009
(2020).

[25] R. N. Valani, A. C. Slim, D. M. Paganin, T. P. Simula, and T.
Vo, Unsteady dynamics of a classical particle-wave entity, Phys.
Rev. E 104, 015106 (2021).

[26] R. N. Valani, Lorenz-like systems emerging from an integro-
differential trajectory equation of a one-dimensional wave-
particle entity, Chaos 32, 023129 (2022).

[27] J. W. M. Bush and A. U. Oza, Hydrodynamic quantum analogs,
Rep. Prog. Phys. 84, 017001 (2021).

[28] E. N. Lorenz, Deterministic nonperiodic flow, J. Atmos. Sci. 20,
130 (1963).

[29] C. Sparrow, The Lorenz Equations: Bifurcations, Chaos, and
Strange Attractors, Applied Mathematical Sciences No. 41
(Springer, New York, 1982).

[30] N. Platt, E. A. Spiegel, and C. Tresser, On-Off Intermittency: A
Mechanism for Bursting, Phys. Rev. Lett. 70, 279 (1993).

014208-11


https://doi.org/10.1103/PhysRevLett.120.084102
https://doi.org/10.1098/rsta.2018.0119
https://doi.org/10.1038/nphoton.2008.227
https://doi.org/10.1103/PhysRevLett.103.024102
https://doi.org/10.1038/nphoton.2009.235
https://doi.org/10.1103/PhysRevLett.80.2249
https://doi.org/10.1103/PhysRevLett.81.3547
https://doi.org/10.1103/PhysRevLett.86.1892
https://doi.org/10.1038/srep43428
https://doi.org/10.1038/ncomms1476
https://doi.org/10.1364/OE.20.003241
https://doi.org/10.1038/srep00287
https://doi.org/10.1103/PhysRevX.7.011015
https://doi.org/10.1098/rsta.2018.0123
https://doi.org/10.1103/PhysRevLett.123.154101
https://doi.org/10.1103/PhysRevE.101.012215
https://doi.org/10.1134/S1063785020050090
https://doi.org/10.1103/PhysRevE.101.032213
https://doi.org/10.1063/5.0003700
https://doi.org/10.1103/PhysRevLett.128.074101
https://doi.org/10.1063/5.0020775
https://doi.org/10.1142/S0217984920300094
https://doi.org/10.1103/PhysRevE.104.015106
https://doi.org/10.1063/5.0076162
https://doi.org/10.1088/1361-6633/abc22c
https://doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
https://doi.org/10.1103/PhysRevLett.70.279

MULLER-BENDER, VALANI, AND RADONS

PHYSICAL REVIEW E 107, 014208 (2023)

[31] J. F. Heagy, N. Platt, and S. M. Hammel, Characterization of
on-off intermittency, Phys. Rev. E 49, 1140 (1994).

[32] H. Fujisaka and T. Yamada, A new intermittency in coupled
dynamical systems, Prog. Theor. Phys. 74, 918 (1985).

[33] A. S. Pikovsky and P. Grassberger, Symmetry breaking bifurca-
tion for coupled chaotic attractors, J. Phys. A: Math. Gen. 24,
4587 (1991).

[34] S. Boccaletti, J. Kurths, G. Osipov, D. L. Valladares, and C. S.
Zhou, The synchronization of chaotic systems, Phys. Rep. 366,
1 (2002).

[35] P. W. Hammer, N. Platt, S. M. Hammel, J. F. Heagy, and B. D.
Lee, Experimental Observation of On-Off Intermittency, Phys.
Rev. Lett. 73, 1095 (1994).

[36] F. Rodelsperger, A. Cenys, and H. Benner, On-Off Intermit-
tency in Spin-Wave Instabilities, Phys. Rev. Lett. 75, 2594
(1995).

[37] T. John, R. Stannarius, and U. Behn, On-Off Intermittency in
Stochastically Driven Electrohydrodynamic Convection in Ne-
matics, Phys. Rev. Lett. 83, 749 (1999).

[38] J. L. Cabrera and J. G. Milton, On-Off Intermittency in a Human
Balancing Task, Phys. Rev. Lett. 89, 158702 (2002).

[39] H. L. Yang and E. J. Ding, On-off intermittency in random map
lattices, Phys. Rev. E 50, R3295 (1994).

[40] H. L. Yang, Z. Q. Huang, and E. J. Ding, On-off intermittency
in random map lattices driven by fractal noise, Phys. Rev. E 54,
3531 (1996).

[41] T. Harada, H. Hata, and H. Fujisaka, On-off diffusion: Onset
and statistics, J. Phys. A: Math. Gen. 32, 1557 (1999).

[42] S. Miyazaki, T. Harada, and A. Budiyono, Continuous-time
random walk approach to on-off diffusion, Prog. Theor. Phys.
106, 1051 (2001).

[43] Y. Sato and R. Klages, Anomalous Diffusion in Random Dy-
namical Systems, Phys. Rev. Lett. 122, 174101 (2019).

[44] Y. Couder, E. Fort, C.-H. Gautier, and A. Boudaoud, From
Bouncing to Floating: Noncoalescence of Drops on a Fluid
Bath, Phys. Rev. Lett. 94, 177801 (2005).

[45] Y. Couder, S. Protiere, E. Fort, and A. Boudaoud, Dynamical
phenomena: Walking and orbiting droplets, Nature (London)
437, 208 (2005).

[46] R.N. Valani, A. C. Slim, and T. Simula, Superwalking Droplets,
Phys. Rev. Lett. 123, 024503 (2019).

[47] J. W. M. Bush, Pilot-wave hydrodynamics, Annu. Rev. Fluid
Mech. 47, 269 (2015).

[48] A.U. Oza, R. R. Rosales, and J. W. M. Bush, A trajectory equa-
tion for walking droplets: Hydrodynamic pilot-wave theory,
J. Fluid Mech. 737, 552 (2013).

[49] R. N. Valani, J. Dring, T. P. Simula, and A. C. Slim, Emergence
of superwalking droplets, J. Fluid Mech. 906, A3 (2021).

[50] R.N. Valani, A. C. Slim, and T. P. Simula, Stop-and-go locomo-
tion of superwalking droplets, Phys. Rev. E 103, 043102 (2021).

[51] X. Han, Y. Yu, and C. Zhang, A novel route to chaotic bursting
in the parametrically driven lorenz system, Nonlinear Dyn 88,
2889 (2017).

[52] We note that in the physical model of the wave-particle en-
tity, we require the parameter r(t) to be positive, whereas the
chosen form of r(¢) allows negative values. However, to realize
pseudolaminar chaos while keeping r(t) > 0, we would require
sophisticated periodic functions for r(z), whereas the present
simple sinusoidal variation allows us to explore pseudolaminar
chaos readily in the parametrically driven Lorenz-like system.

[53] For Figs. 1(a), 1(c), and 1(e), the maximal Lyapunov expo-
nents are given by Apa = 0.24, Ay =~ 0.085, and Ay, =~ 1.26,
respectively. The maximal Lyapunov exponents of the paramet-
rically driven Lorenz-like system, Eq. (1), were computed using
the function lyapunovspectrum from the library Dynami-
calSystems.jl [93] and for the time-delay system, Eq. (2), we
adapted the method from Ref. [94], where the linearized DDE
was discretized with step size Tpax/M with 7, = max, 7(¢)
and M = 2000.

[54] We note that although multistability is common in many
Lorenz-like systems when transitioning from steady states to
chaotic states [95,96], we do still expect pseudolaminar chaos
to persist in such regimes as long as one varies periodically
between a stationary state and a chaotic state.

[55] R. Bellman, On the computational solution of differential-
difference equations, J. Math. Anal. Appl. 2, 108 (1961).

[56] R. Bellman and K. L. Cooke, On the computational solution of
a class of functional differential equations, J. Math. Anal. Appl.
12, 495 (1965).

[57] E. I. Verriest, Inconsistencies in systems with time-varying de-
lays and their resolution, IMA J. Math. Control Inf. 28, 147
(2011).

[58] E. I. Verriest, State Space for Time Varying Delay, in Time
Delay Systems: Methods, Applications and New Trends, Lecture
Notes in Control and Information Sciences No. 423 (Springer,
Berlin Heidelberg, 2012) pp. 135-146.

[59] K. Ikeda and K. Matsumoto, High-dimensional chaotic behav-
ior in systems with time-delayed feedback, Physica D 29, 223
(1987).

[60] V.I. Arnold, Small denominators I: Mappings of the circle onto
itself, Izvest. Akad. Nauk SSSR Ser. Mat. 25, 21 (1961) [Amer.
Math. Soc. Transl. Ser. 2 46, 213 (1965)]; Izvest. Akad. Nauk
SSSR Ser. Mat. 28, 479(E) (1964).

[61] A. Katok and B. Hasselblatt, Introduction to the modern theory
of dynamical systems, Encyclopedia of Mathematics and its
Applications, Vol. 54 (Cambridge University Press, Cambridge,
1997).

[62] D. Miiller-Bender and G. Radons, Laminar chaos in sys-
tems with quasiperiodic delay, Phys. Rev. E 107, 014205
(2023).

[63] T. Khatun, D. Biswas, and T. Banerjee, Synchronization of
laminar chaos, Eur. Phys. J. Plus 137, 561 (2022).

[64] D. D. Kulminskiy, V. I. Ponomarenko, and M. D. Prokhorov,
Laminar chaos in coupled time-delay systems, Tech. Phys. Lett.
48, 54 (2022).

[65] V. Bacot, S. Perrard, M. Labousse, Y. Couder, and E. Fort,
Multistable Free States of an Active Particle from a Coherent
Memory Dynamics, Phys. Rev. Lett. 122, 104303 (2019).

[66] M. Hubert, S. Perrard, M. Labousse, N. Vandewalle, and Y.
Couder, Tunable bimodal explorations of space from memory-
driven deterministic dynamics, Phys. Rev. E 100, 032201
(2019).

[67] M. Durey and J. W. M. Bush, Classical pilot-wave dynamics:
The free particle, Chaos 31, 033136 (2021).

[68] S. Perrard, M. Labousse, E. Fort, and Y. Couder, Chaos
Driven by Interfering Memory, Phys. Rev. Lett. 113, 104101
(2014).

[69] S. Perrard, M. Labousse, M. Miskin, E. Fort, and Y. Couder,
Self-organization into quantized eigenstates of a classical wave-
driven particle, Nat. Commun. 5, 3219 (2014).

014208-12


https://doi.org/10.1103/PhysRevE.49.1140
https://doi.org/10.1143/PTP.74.918
https://doi.org/10.1088/0305-4470/24/19/022
https://doi.org/10.1016/S0370-1573(02)00137-0
https://doi.org/10.1103/PhysRevLett.73.1095
https://doi.org/10.1103/PhysRevLett.75.2594
https://doi.org/10.1103/PhysRevLett.83.749
https://doi.org/10.1103/PhysRevLett.89.158702
https://doi.org/10.1103/PhysRevE.50.R3295
https://doi.org/10.1103/PhysRevE.54.3531
https://doi.org/10.1088/0305-4470/32/9/006
https://doi.org/10.1143/PTP.106.1051
https://doi.org/10.1103/PhysRevLett.122.174101
https://doi.org/10.1103/PhysRevLett.94.177801
https://doi.org/10.1038/437208a
https://doi.org/10.1103/PhysRevLett.123.024503
https://doi.org/10.1146/annurev-fluid-010814-014506
https://doi.org/10.1017/jfm.2013.581
https://doi.org/10.1017/jfm.2020.742
https://doi.org/10.1103/PhysRevE.103.043102
https://doi.org/10.1007/s11071-017-3418-0
https://doi.org/10.1016/0022-247X(61)90049-X
https://doi.org/10.1016/0022-247X(65)90017-X
https://doi.org/10.1093/imamci/dnr013
https://doi.org/10.1016/0167-2789(87)90058-3
https://doi.org/10.1103/PhysRevE.107.014205
https://doi.org/10.1140/epjp/s13360-022-02778-5
https://doi.org/10.21883/TPL.2022.02.53581.19044
https://doi.org/10.1103/PhysRevLett.122.104303
https://doi.org/10.1103/PhysRevE.100.032201
https://doi.org/10.1063/5.0039975
https://doi.org/10.1103/PhysRevLett.113.104101
https://doi.org/10.1038/ncomms4219

PSEUDOLAMINAR CHAOS FROM ON-OFF INTERMITTENCY

PHYSICAL REVIEW E 107, 014208 (2023)

[70] T. Cristea-Platon, P. J. Sdenz, and J. W. M. Bush, Walking
droplets in a circular corral: Quantisation and chaos, Chaos 28,
096116 (2018).

[71] D. M. Harris, J. Moukhtar, E. Fort, Y. Couder, and J. W. M.
Bush, Wavelike statistics from pilot-wave dynamics in a circular
corral, Phys. Rev. E 88, 011001(R) (2013).

[72] D. M. Harris and J. W. M. Bush, Droplets walking in a rotating
frame: From quantized orbits to multimodal statistics, J. Fluid
Mech. 739, 444 (2014).

[73] R. Klages, Deterministic Diffusion in One-Dimensional Chaotic
Dynamical Systems (Wissenschaft und Technik Verlag, Berlin,
1996).

[74] D. D’Humieres, M. R. Beasley, B. A. Huberman, and A.
Libchaber, Chaotic states and routes to chaos in the forced
pendulum, Phys. Rev. A 26, 3483 (1982).

[75] B. A. Huberman, J. P. Crutchfield, and N. H. Packard, Noise
phenomena in Josephson junctions, Appl. Phys. Lett. 37, 750
(1980).

[76] M. Schell, S. Fraser, and R. Kapral, Diffusive dynamics in
systems with translational symmetry: A one-dimensional-map
model, Phys. Rev. A 26, 504 (1982).

[77] G. Trefan, P. Grigolini, and B. J. West, Deterministic Brownian
motion, Phys. Rev. A 45, 1249 (1992).

[78] M. Mackey and M. Tyrankaminska, Deterministic Brownian
motion: The effects of perturbing a dynamical system by a
chaotic semi-dynamical system, Phys. Rep. 422, 167 (2006).

[79] J. Lei and M. C. Mackey, Deterministic Brownian motion
generated from differential delay equations, Phys. Rev. E 84,
041105 (2011).

[80] Y.-C. Lai and C. Grebogi, Intermingled basins and two-state
on-off intermittency, Phys. Rev. E 52, R3313 (1995).

[81] M. Zhan and G. Hu, Intermingled basins and on-off intermit-
tency in a multistate system, Phys. Rev. E 62, 375 (2000).

[82] H. L. Yang, Transition to phase synchronization in coupled
periodically driven chaotic pendulums, Phys. Rev. E 63, 026213
(2001).

[83] Lévy Flights and Related Topics in Physics, edited by M. F.
Shlesinger, G. M. Zaslavsky, and U. Frisch (Springer Berlin
Heidelberg, 1995).

[84] J. L. Cabrera and J. G. Milton, Human stick balancing: Tun-
ing Levy flights to improve balance control, Chaos 14, 691
(2004).

[85] D. Miiller-Bender, J. L. Kastner, and G. Radons, Suppression of
quasiperiodicity in circle maps with quenched disorder, Phys.
Rev. E 106, L.012202 (2022).

[86] D. Liberzon, Switching in Systems and Control (Springer, New
York, 2003).

[87] M. di Bernardo, C. J. Budd, A. R. Champneys, and P.
Kowalczyk, Piecewise-smooth Dynamical Systems: Theory and
Applications (Springer, London, 2008).

[88] A. Rahman, I. Jordan, and D. Blackmore, Qualitative mod-
els and experimental investigation of chaotic NOR gates
and set/reset flip-flops, Proc. R. Soc. A. 474, 20170111
(2018).

[89] D. Tjgstheim, H. Otneim, and B. Stgve, Statistical dependence:
Beyond Pearson’s p, Stat. Sci. 37, 90 (2022).

[90] D. N. Reshef, Y. A. Reshef, H. K. Finucane, S. R. Grossman,
G. McVean, P. J. Turnbaugh, E. S. Lander, M. Mitzenmacher,
and P. C. Sabeti, Detecting novel associations in large data sets,
Science 334, 1518 (2011).

[91] Y. Wang, Y. Li, H. Cao, M. Xiong, Y. Y. Shugart, and L.
Jin, Efficient test for nonlinear dependence of two continuous
variables, BMC Bioinf. 16, 260 (2015).

[92] D. Albanese, M. Filosi, R. Visintainer, S. Riccadonna, G.
Jurman, and C. Furlanello, minerva and minepy: a C engine
for the MINE suite and its R, Python and MATLAB wrappers,
Bioinformatics 29, 407 (2013).

[93] G. Datseris, DynamicalSystems.jl: A Julia software library for
chaos and nonlinear dynamics, J. Open Source Softw. 3, 598
(2018).

[94] J. D. Farmer, Chaotic attractors of an infinite-dimensional dy-
namical system, Physica D 4, 366 (1982).

[95] T. Kapitaniak and G. A. Leonov, Multistability: Uncover-
ing hidden attractors, Eur. Phys. J. Spec. Top. 224, 1405
(2015).

[96] J. Perks and R. Valani, Dynamics, interference effects and mul-
tistability in a Lorenz-like system of a classical wave-particle
entity in a periodic potential, arXiv:2209.06386.

014208-13


https://doi.org/10.1063/1.5034123
https://doi.org/10.1103/PhysRevE.88.011001
https://doi.org/10.1017/jfm.2013.627
https://doi.org/10.1103/PhysRevA.26.3483
https://doi.org/10.1063/1.92020
https://doi.org/10.1103/PhysRevA.26.504
https://doi.org/10.1103/PhysRevA.45.1249
https://doi.org/10.1016/j.physrep.2005.09.002
https://doi.org/10.1103/PhysRevE.84.041105
https://doi.org/10.1103/PhysRevE.52.R3313
https://doi.org/10.1103/PhysRevE.62.375
https://doi.org/10.1103/PhysRevE.63.026213
https://doi.org/10.1063/1.1785453
https://doi.org/10.1103/PhysRevE.106.L012202
https://doi.org/10.1098/rspa.2017.0111
https://doi.org/10.1214/21-STS823
https://doi.org/10.1126/science.1205438
https://doi.org/10.1186/s12859-015-0697-7
https://doi.org/10.1093/bioinformatics/bts707
https://doi.org/10.21105/joss.00598
https://doi.org/10.1016/0167-2789(82)90042-2
https://doi.org/10.1140/epjst/e2015-02468-9
http://arxiv.org/abs/arXiv:2209.06386

