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Understanding space-charge-limited current density (SCLCD) is fundamentally and practically important
for characterizing many high-power and high-current vacuum devices. Despite this, no analytic equations for
SCLCD with nonzero monoenergetic initial velocity have been derived for nonplanar diodes from first principles.
Obtaining analytic equations for SCLCD for nonplanar geometries is often complicated by the nonlinearity of
the problem and over constrained boundary conditions. In this Letter, we use the canonical coordinates obtained
by identifying Lie-point symmetries to linearize the governing differential equations to derive SCLCD for any
orthogonal diode. Using this method, we derive exact analytic equations for SCLCD with a monoenergetic
injection velocity for one-dimensional cylindrical, spherical, tip-to-tip (t-t), and tip-to-plate (t-p) diodes. We
specifically demonstrate that the correction factor from zero initial velocity to monoenergetic emission depends
only on the initial kinetic and electric potential energies and not on the diode geometry and that SCLCD is
universal when plotted as a function of the canonical gap size. We also show that SCLCD for a t-p diode is a
factor of four larger than a t-t diode independent of injection velocity. The results reduce to previously derived

results for zero initial velocity using variational calculus and conformal mapping.
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Ordinary differential equations (ODEs) and partial differ-
ential equations (PDEs) are used extensively to model the
behavior of many systems in applied physics and mathematics
[1], including tumor growth [2,3], heat transfer [4,5], fluid me-
chanics [6], neutron transport [7], chemical engineering [8],
electromagnetism [9], and electroporation [10-12]. Consider
the general first-order ODE of the form

dy
T Flx,y), (1)
x
where f(x,y) is a smooth function of x and y. If function f
in (1) is a function of x alone [i.e., f(x,y) = f(x)], we can
readily solve (1) by quadrature,

y= /f(x)dx+c 2

for some integration constant c. If, however, f(x,y) in (1)
cannot be separated into a product of two functions such that
f(x,y) = g(x)h(y) for some smooth functions g and 4, the so-
lution to the ODE cannot be obtained directly by quadrature.
This often arises for the applications described above [1-12],
particularly, for complicated geometries. For such situations,
we can use the Lie-point symmetries of (1) to identify a set
of canonical coordinates that reduces (1) to a form that can
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be solved directly by quadrature (2) [13—15]. These canonical
coordinates represent local transformations that map every
solution set of a system to another solution set of the same
system for which known solutions exist or can be obtained
directly by quadrature. Similar transformations can be applied
to simplify and solve higher-order ODEs and PDE:s.

We demonstrate this approach in this Letter by solving
a second-order ODE to derive exact analytic solutions for
space-charge limited current density (SCLCD) in vacuum
with nonzero monoenergetic electron injection velocity in
any orthogonal diode geometry. The SCLCD is the maxi-
mum steady-state current density that can flow between a
cathode and an anode in vacuum [16,17]. Characterizing
SCLCD is critical for numerous applications, including elec-
tric propulsion, nanovacuum transistors, thermionic energy
converters, solar power conversion, high-power microwaves,
and microplasma formation [16,17]. For a one-dimensional
(1D) planar diode, the exact analytic equation for classical
nonrelativistic SCLCD, first derived by Child and Langmuir
(CL) [18,19], is given by

3/2
JCL = 7> (3)

where y = 4€p+/2¢/m/9, €y is the permittivity of vacuum, e
and m are the charge and mass of the electron, respectively,
the anode is held at a constant voltage V, located at x =
x4, and the grounded cathode is located at x = x¢. Various
studies have extended the CL law to account for multiple
dimensions [20-27], nonplanar diode geometries [28-34],
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time-varying voltages [35-38], bipolar flow [39-42], relativis-
tic effects [43,44], trap-filled solids [45—47], and quantum
effects [48-51].

When the electron injection velocity is zero, the electron
charge density is infinite at the cathode, and the corresponding
SCLCD, given by (3), can only be obtained as the limit of
an indeterminate 0/0 singularity at the cathode [52]. Jaffé
avoided this singularity by deriving SCLCD for a constant
nonzero electron injection velocity and recovered (3) by tak-
ing the limit as the ratio of the kinetic energy to the electric
potential energy approached zero [53]. Recently, Lafleur [54]
validated Jaffé’s results using particle-in-cell simulations, and
Huang er al. [55] used a sheet model to simulate the injection
of electrons with either a monoenergetic or a Maxwell-
Boltzmann velocity distribution. In this Letter, we extend (3)
to include a constant nonzero initial velocity in a 1D planar
geometry before further generalizing SCLCD to any 1D diode
geometry represented by an orthogonal coordinate system,
which we use to derive SCLCD for cylindrical, spherical,
tip-to-tip, and tip-to-plate geometries. We only consider 1D
analysis and ignore image charges.

We first consider a 1D planar diode with cathode and
anode, represented by infinite planes, located at x = x¢c and
X = x4, respectively. The anode is held at a constant potential
Ve, whereas, the cathode is grounded. Continuity implies that
the local current density in planar coordinates is J, = p,v),
where p, is the charge density and v, is the electron velocity
across the gap. From conservation of energy in 1D flow, given
by mv; /2 = mvj/2 + e, [54], we obtain

2e¢p
mv3’

v, = 1+ 4

where ¢, is the electric potential in the planar gap and vy
is the electron velocity at the cathode. Including nonzero vy
avoids the 0/0 singularity in J, and infinite p, at the cathode
and elucidates virtual cathode behavior in various orthogonal
geometries [53,54]. Considering variation only in the x direc-
tion, Poisson’s equation in planar coordinates is given by

d2¢p _Pp _ Jp

dx2 e €oVp ©®)
Combining (4) and (5), we obtain
d*¢, 2e¢)p
Jy = €vo—- 2 1 mv(z) . (6)
The planar SCLCD at the cathode J, scr is given by
Jpser = lim [max(J,)] = max[Jim (/). (7)

where we define max( ) as a continuous functional that takes
the expression on the right-hand side of (6) as an input and
generates the maximum value of J, (denoted as J,, scr) as the
output. We will now present a general definition and deriva-
tion of the max( ) functional.

Derivation of max(). For generality, we consider the cur-
rent density J in general canonical coordinates . We consider
all current and electron velocity to be in the ¢ direction.

Writing (6) in canonical coordinates gives

d2¢§ 2€¢){
J = 1 , 8
€0vo ac2 JIT—= o ®)

with the grounded cathode at { = {¢ and the anode biased
to Vy at ¢ = ¢4. To simplify the derivation, we define v} =
2eV, /m and the following dimensionless parameters [54]:

¢ - $—ic . mvj

¢{_Vg’ g_CA—CC’ 2V,

Jo JscL(Ga — §c)2. ©)
€oVeup

Rewriting (8) in terms of the dimensionless parameters
from (9), we obtain

&g
T= "G+ (10)

Multiplying both sides of (10) by d¢/d¢ and simplifying
yields

11(@)22_1' (di) (n
247 \ di [g2 1 4, \dE

Multiplying both sides of (11) by d¢ and integrating gives
a modified version of Poisson’s Eq. (5) as

A o
2Jo B>+ é;
Simplifying (12), we obtain

@2_@)2_ e
(dg:>— i g0+ 4G/ B+ —B). (13)

Letting * denote the location of the virtual cathode where
the electric field goes to zero, and ¢; denote the potential at

C* gives

dg\*
(d;) s 0= —4(/B*+ ¢} — B). (14)

Substituting (14) into (13) and simplifying yields

. _ —1/2
N R AN R S R

The normalized electric field, defined as £ = —d¢, /d¢, is
positive for 0 < ¢ < ¢* and negative for £* < ¢ < 1, whereas
the electric field is zero at ¢ = ¢*. Integrating (15) while
accounting for this sign change gives

/"g? dé;
- 0 — — 12
(B2 + = [+ )

| _
d
/ o;
(5* —

STy

1
2:2[1/0 dz.

(16)
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Defining 1, = B>+ 1 and n* = /B> + ¢; allows to

rewrite (16) as

VT =28 = )" B +207) + 200 — )"0 + 20%),
a7
We can find the extremum of J by setting d7 /dn* =0
in (17), yielding n} .. = Bnr/(B + nr) [54]. Evaluating (17)
at n* = .« gives the maximum stable current density in
dimensionless parameters as

_ 3
Jsc = 3B+ 1+ %) (18)
Redimensionalizing (18) using (9) yields

3/2

V.
o= -2 (B 1+ (19)
(Ca — &c)

Hence, we define the max( ) operator for canonical coordi-
nates from (8) and (19) as

¢ [ 2eq, yVe'? 53

max |:eov0 e 14 mv§:| (gA_gc)z(ﬂ—i-\/l—i-ﬂ ).

(20)

Note that SCLCD, which may depend on position when

written in orthogonal coordinates, is constant when written in
canonical coordinates for any given diode.

We next apply this definition for a few orthogonal diode

geometries. For the 1D planar problem, we substitute J,, from

(6) into (7) to obtain the SCLCD as

Jscr = (B + T+ B2 Jer. @1

Poisson’s Eq. (12) is separable in Cartesian coordinates
since the spatial dependence can be isolated; however, this is
not true for nonplanar diode geometries since the Laplacian
in Poisson’s equation becomes nonlinear. For such nonlin-
ear ODEs, we can introduce canonical coordinates to make
them separable and derive analytical equations for SCLCD.
To illustrate this approach, we first derive SCLCD in gen-
eral orthogonal coordinates. We then consider 1D concentric
cylindrical, concentric spherical, tip-to-tip (t-t), and tip-to-
plate (t-p) geometries.

General coordinates. We now derive analytic equations
for SCLCD in any orthogonal geometry by considering the
generalized metric ds* = (hdg))* + (hadqn)?* + (hadgs)* =
Z(h,-dq,-)z, where ds represents the infinitesimal distance
between any two points, and g; and &; represent the orthogonal
coordinates and scaling factors, respectively [56]. We will
only consider a 1D diode geometry where the potential ¢,
varies only with ¢;. The anode and cathode are at g4 and gc,
respectively. Continuity requires that the local current density
Jy = pqvy, Where p, and v, represent the electron charge
density and velocity in the gap in the g; direction. We may
write Poisson’s equation as [57]

1 d (hyhzd J
__(Lﬂ> - 9 (22)
h1h2h3 dql hl dql €0Vqg

Using conservation of energy for 1D flow in general coor-
dinates, given by mvé /2 = mvé /2 + edy, allows us to write

(22) as

1 d (hhsd 2
J, = eovo[——<£&>:| 14+ 2% 3
h1h2h3 dql h] d(,]] va
where vy represents the velocity of the electrons at the cathode
in the g; direction. To make (23) separable, we introduce
the canonical coordinate ¢, such that d¢,/dq, = hi/(hah3).

Using the canonical coordinate ¢,, defining ¢,[¢,(q1)] = b,
and applying the chain rule allows us to recast (23) as

1 dz(p{q 2€¢{q
Jq = GQUQ[W (d_é‘(f)} 1 + mv(% . (24)

SCLCD J, scL, which corresponds to the maximum current
density emitted from the cathode, is defined as [assuming that
max( ) is continuous everywhere],

lim {max[(hyh3)>J,]} = max { lim [(hzhg)zfq]}
q4—>4qc q—4qc

= q,SCL[(h2h3)2|q=q(<]- (25)

We may then write SCLCD by substituting (24) into (25)
to obtain

> 2
Jscr = —0 e | (L) 14 2% | (o)
(h2h3) |q:qc dé‘q muv

One of the requirements for writing Poisson’s equation for
a system is V x E = 0, which implies E = —V¢. However,
any curl equation, such as V x E = 0, is a three-dimensional
(3D) equation that only makes sense in three dimensions
of space. Hence, current densities obtained from Poisson’s
equation are equations in three-dimensional space, which can
also be observed by noting that Poisson’s equation always
yields current densities with units of A/m? in any number
of dimensions. Accounting for continuity in one direction
differs between 1D and 3D systems since the units of current
density must be preserved due to Poisson’s equation. In 1D,
the current density should have units of A because the other
two dimensions do not exist. Hence, J must be multiplied
by the corresponding orthogonal coordinates in the continuity
equation when truly in 1D to convert from A/m? to A. In 3D,
the standard divergence accounts for the full geometry. Hence,
we note that continuity for 1D flow, in general, orthogonal
coordinates is given by V - ( Xf;,) =0, where x = hyh3 for
a flow in 1D (along ¢,), x = h3 for a flow in two dimen-
sions (e.g., on the g;¢q, plane), and x = 1 for a flow in three
dimensions [58]. For a flow in ¢;, the continuity equation
reduces to d (h%h%Jq)/dql = 0. Furthermore, noting that the
argument of max ( ) in (26) exactly equals the argument
defined in (20) and substituting &, 4 = [ f hidq/(hah3))lg=g,»
and ¢, c = [ f hidq/(hy2h3)]l4=q. gives SCLCD at the cathode
in the general orthogonal coordinate system as

- 3
(hahs)lg=ge yVe"(B+ 1+ B?)
hd hd 2 -
([f hlzh?]|‘1=CIA - [f hlz_h;]]|CI=£IC)
Equation (27) represents the general form of the SCLCD

by using the definition of metric ds® alone without having to
solve the nonlinear Poisson’s equation. Equation (27) is true

27)

JyscL =

L063201-3
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FIG. 1. The exact solution of the ratio of SCLCD in general
coordinates to the corresponding SCLCD with zero injection velocity
in general coordinates as a function of 8 from (28) with limits for
B < 1 from (30) and 8 > 1 from (31).
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for any orthogonal geometry. We may then write SCLCD in
general orthogonal coordinates as

JyscL B+ VTT A, (28)

Jy.scLo

where SCLCD with vg = 0, J; scL,0 (i.e., 8 = 0), is given by
(h2h3)lg=ge YVe'
hid hid 2"
(U #h?]|q=q/\ - [f hlz_h;i:“q:lic)
For 8 « 1, we approximate (28) as

JyscLo = (29)

J
SeSCL o 14 38. (30)
Jy.scL,0

For g > 1, we approximate (28) as

Jascr 88°. (31)
Jy.scL,o

Figure 1 shows J, sc1./Jy,scL,0 as a function of g for the ex-
act (29) and asymptotic [(30), (31)] solutions. We next apply
this approach to common orthogonal coordinate systems and
show how continuity is satisfied in each case.

Example 1. We first consider a concentric 1D cylindrical
diode in polar coordinates with the cathode at r = r¢ and the
anode at r = r4. Using the metric ds*> = dr*> + r>d6> + d7*
in polar cylindrical coordinates gives Poisson’s equation for
variation only in the r direction as

1d (rd@) _ e )

rdr\ dr €V

where the local current density in cylindrical coordinates is
given by J. = p.v., where p. and v, represent charge density
and electron velocity in cylindrical coordinates. To make (32)
separable, we define a canonical coordinate ¢, that reduces
(32) to a separable form [59]. Upon inspection, we may define
¢ suchthatd¢./dr = 1/r, which yields ¢, = In r and reduces

1015 [ T T IIIIIII T T 11w T T IIIIIII T T T TIrhr T 1 llllll
... —p=0 1
R ~—B=1

110 F L ﬂ_ ]
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FIG. 2. SCLCD (JscL) as a function of canonical gap size §, =
r2[In(rc/ra)l* or 8, = ri[ra — r¢l?/r2 for cylindrical or spherical
coordinates, respectively, for various values of 8. The applied voltage
is Vy = 30kV. Note that JscL is the same for any geometry for a given
canonical gap size.

€0V dqu; 2eq;
Jo=——) /1 = 33
r? < dg? * mv} 33

where ¢.[{.(r)] = ¢.. Assuming that max( ) is continuous
everywhere, the maximum current density (SCLCD) at the
cathode is

(32) to

lim [max(r*J.)] = max [ lim (2J)] = ridescL. (34
r—>rc

r—=rc

Substituting (33) into (34) yields

d? 2edy,
réJescL = €vp max [( d?g‘) 1+ m‘f)’;} (39)

0

Applying (20) in (35) and noting that {. 4 = In r4 and
¢e,c = In r¢, we obtain

3/2

AL SB+VTE . 36

2
ré(n ry —In re

For vpy=0 (B=0), (36) reduces to J.scL=
ng3/ 2 / [ré(ln ra—In rc)?], which agrees with the result
from variational calculus (VC) [30] and conformal mapping
(CM) [31]. Continuity is satisfied in (36) since it requires that
d(r*J.)/dr = 0[58,60] for 1D flow in cylindrical coordinates.
Note that this derivation is completely independent of the VC
and CM techniques and was obtained without using the 1D
continuity definition. Figure 2 shows J. scr as a function of
the canonical gap size §. = r%[ln(rc / r4)]? for various values
of 8.

Example 2. We next consider a concentric 1D spherical
diode with the anode and cathode located at r, and r¢, re-
spectively. Defining ds?> = dr? + r’d¢?* + r’sin’d6? as the
metric and assuming variation only in the r direction gives

JescL =

L063201-4
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Poisson’s equation as

2 dos Js
= —, 37
r? dr( dr ) €0Us 37)
with local current density J; = p,v,. We define the canonical
coordinate ¢, such that d¢,/dr = 1/r?, yielding ¢, = —1/r.
Rewriting (37) in terms of canonical coordinates and defining

oslLs(r)] = ¢y, gives

€oVp d2¢; 2ed,
Jy= — : 1+ —=. 38
‘ rt (a’{sz * mv} %)

Assuming that max( ) is continuous everywhere, SCLCD
at the cathode can be obtained by

lim [max(r*J,)] = max [lim (r4Js)] = ré‘Js,SCL~ 39)
r—re r—re

Using (39) to maximize (38) yields

d*¢ [ 2edy
reJs scL = €vp max [(F;) 1+ m_v;:| (40)
K 0

Using (20) in (40) and noting that §; 4 = —1/rq and §,c =
—1/r¢, we obtain

3/2 2

1%
JuseL = (y e )2(ﬂ+\/1+52) @1)
C
For vo=0 (e, B=0), (41) reduces to J;scL =

3/ 13 /[r2(ra — rc)*], which agrees with VC [30] and pro-
v1des an independent verification of this approach. Continuity
for 1D flow in spherical coordinates, given by d(r*J;)/dr = 0
[58,60], is satisfied in (41). Figure 2 shows J; scL as a function
of the canonical gap size 8 = r[ra — rc]*/r3 for various
values of 8. SCLCD is independent of geometry when plotted
as a function of the canonical gap size, so this plot may be
used for any geometry and converted to physical dimensions
by using the appropriate metric.

Example 3. We next consider t-t and t-p geometries where
the cathode and the anode are represented by hyperboloids
nc and ny, respectively, in prolate spheroidal coordinates
[32]. The prolate spheroidal coordinate system models a
1D infinite hyperbolic cathode and anode facing each other,
with n = /2 modeling the t-p geometry (cf. Fig. 1 of
Ref. [32]). The surfaces of constant 7, given by z%/cos*() —
(x2 4 y?)/sin?(n) = a?, represent the hyperboloid of revo-
lution [32]. Although prolate spheroidal coordinates are a
natural orthogonal coordinate system to study the SCLCD for
a tip, the radius of curvature is fixed for each hyperboloid tip.
We can compensate for this restriction by choosing an appro-
priate distance between the foci of the hyperboloids, which
is given by a/2, to model a given experimental setup [32].
The metric in prolate spheroidal coordinates is given by ds* =
a*[(sinh?€ + sin’n)(dE? + dn?) + (sinh?Esin’n)d¢?]. If J_
represents the local current density in the t-t geometry, Pois-
son’s equation, assuming variation only in the 5 direction, is
given by [32]

1 1 d Ji
LR —(si ¢") _ I
a? (sinh?& + sin’n)sin n dn d77 €0V

Using conservation of energy, given by mv% /2= mvg /2 +
ep,, and defining the canonical coordinate ¢ such that
dg /dn = 1/sinn and ¢,[(n)] = ¢, reduces (42) to

d* 2
a=m ( ¢§/> 1+ 2% 43
a?(sinh“£& + sin“n)sin“n \ d¢; muy

Assuming that max( ) is continuous everywhere, SCLCD
at the cathode tip can be written as

lim [max(a’sin*nJi)] = max [ lim (azsin“th_[)]
n—>1nc 1= 1nc

= JuscLa’sin®ne. (44)

Substituting (43) into (44) and noting that sinh & = 0 at the
cathode tip yields

d? 2
JuescLa’sin*ne = €gvp max ( ¢2§‘) 1+ e¢§’ . (45
dg; my;

Using (20) in (45) and noting that ¢ 4 = In[tan(ns/2)]
and ¢, ¢ = In[tan(n¢/2)] gives SCLCD in t-t geometry at the
cathode tip as

J/‘/3/2

a?sin*ne(In [tan ()] — In [tan (%C)])z

< (B+y1+ B . (46)

For v9y=0 (8=0), (46) reduces to Jy scL=
yVe2a~2sin~*nc{Inftan(na/2)1— Inftan(c/2)1} 2, which
agrees with VC and CM [32]. Contlnulty for 1D
flow in prolate spheroidal coordinates requires that
d(h3h2J)/dn = d[(sinh’€6 + sin’n)sin’nJil/dn = O,
where h3 = a*(sinh*¢ + sin?n) and h3 = a’sinh’€ sin’n [58].
At the tip of the cathode represented by & = 0, sinh & =0
and the continuity equation reduces to d (a*sin* nJee)/dn = 0;
hence, continuity is satisfied in (46).

Assuming identical tips (i.e., n4 = — n¢) and defin-
ing the distance between the apex of the tips as Dy
gives a*> = Dy(Dy + R), where R is the radius of the tips
[32]. Next, defining u = Dy/R = cot’ny = cot’ne yields
cos?(n4) = cos>(n¢) = Do/(Dy + R) and sin*ne = sin*n, =

JiscL =

R*(Dy + R)™2. Using these definitions and noting that x, —
xc = Dg gives (46) in terms of Jcp with D(Z) = (x4 — x¢)* as
Ji +1 3
ttSCL _ up +1) z(ﬂ+m) o
Jo AIn(/TH e+ /)]
where we used /1 +u — /it = (V1 +pn+ \/ﬁf1

The SCLCD for t-p can be obtained from (46) by
noting that the anode (a plate) is represented in prolate
spheroidal coordinates with n4 — /2 in (46), which ne-
cessitates In[tan(ns/2)] — 0 [32] Applying this and vg =0
to (46) gives JipscL = yV 24~ 2sin~ nc(ln[tan(nc/2)]) 2,
which agrees with VC and CM [32]. Hence, SCLCD near the
cathode tip in t-p geometry is given by

Jip.scL ulp +1) 3
- (B+VI+FY). (48)
e In(TFu+ /ol

Writing (47) and (48) in this form further shows that
Jip,scL = 4Ji scL, which was not apparent from the forms we

L063201-5
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FIG. 3. SCLCD normalized to CL as a function of & = Dy/R for various values of g for (a) tip-tip (Ji..scr/Jcu) and (b) tip-to-plate

(Je-p,scr/JeL) geometries.

derived for vy = 0 using CM [32]. Figure 3 shows Ji scL/JcL
and JypscL/JcL as a function of w for various values of
B. Equations (47) and (48) show that SCLCD increases
by 4x as the anode tip becomes a horizontal plate for a
given vy.

To summarize, we have demonstrated how to obtain canon-
ical coordinates to make Poisson’s equation separable to solve
for SCLCD in general orthogonal coordinates for nonzero
monoenergetic injections velocities and then for four simple
geometries. Of particular note, we have provided independent
validation of previous calculations of SCLCD using VC for
cylindrical, spherical, tip-to-tip, and tip-to-plate geometries.
We have also shown that the correction factor to account
for initial velocity for any coordinate system is independent
of geometry, so it is straightforward to write SCLCD for
monoenergetic emission for a known 1D SCLCD with zero
injection velocity. This may be valuable for complicated ge-
ometries that may not be amendable to this analysis, such as
those we have studied previously using the CM [31]. We have
also demonstrated that 1D SCLCD is independent of geome-
try once written as a function of canonical gap size (cf. Fig. 2);
therefore, one may obtain SCLCD for a given geometry by
applying the appropriate metric to the universal SCLCD.
For ODEs and PDEs with nonobvious canonical coordinates,
one may use Lie-point symmetries to derive the correspond-
ing canonical coordinates to simplify the ODEs and PDEs
[1,59]. This method provides various possible directions for
future research. For instance, Lie-point symmetries may sim-

plify the governing PDEs in cylindrical crossed-field diode
geometries [61].

Finally, we note that other current definitions [62,63] are
claimed to be SCLCD for monoenergetic injection of elec-
trons, but actually correspond to the bifurcation point in the
diode [64]. SCLCD, as defined by the maximum current den-
sity permissible in the diode, is not related to the onset of
reflection of particles but to the inherent nonlinear behavior of
the governing ODEs [64]. We recently applied VC to simplify
the Poisson’s equation to delineate how the SCLCD and bi-
furcation point are obtained using the appropriate differential
equations, boundary conditions, and functionals for extrem-
ization [65]. Future work will also apply these techniques to
quantum [66], time-dependent [67], and relativistic conditions
[44,68].
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