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Densest packings from size segregation of particles in geometric confinement
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A correlation between density maximization and size segregation for packings of polydisperse particles in
geometric confinement has been discovered, through the derivation of a general solution for the densest-packed
zigzag arrangements of polydisperse particles. This solution is a size-graded structure in which the larger a
particle the closer it is located to either end of the system, such that the smaller particles in the interior are
encapsulated by the larger ones away from it. Any pair of different-sized adjacent particles is a grain-boundary-
like configuration that reduces the overall packing efficiency of the system, and this solution corresponds
to a minimization of excess-volume contributions from grain-boundary-like configurations of different-sized
particles as a result of the clustering of equal- or like-sized particles. Our findings provide new insights into how
structural order of polydisperse particles emerges in confined settings.

DOI: 10.1103/PhysRevE.106.L042902

Packing problems [1], which concern the optimal arrange-
ments of objects in space, have been studied extensively by
mathematicians, physicists, and geologists. From the physi-
cist’s point of view, solutions of packing problems can serve
as structural models for a variety of condensed matter sys-
tems. Examples include the crystalline structures of solids
[2], the disordered structures of liquids [3] or glasses [4], and
the microstructures of heterogeneous materials [5]. Thanks
to the rapid technological development of high-performance
computers in the past few decades, computational solutions
can now be obtained for a wide range of complex pack-
ing problems, of which analytic solutions are elusive. These
include a variety of problems concerning the optimal arrange-
ments of particles in geometric confinement [6–19]. In many
cases, there exists a complex geometric interplay between
the confined particles and the confining boundaries despite
the simplicity of the geometries involved. An active area of
research in the past two decades concerns the densest-packed
structures of equal-sized hard particles in uniform quasi-one-
dimensional confinement [8–19]. Among them are a wide
spectrum of ordered structures discovered for circles or el-
lipses within a parallel slit [8–11] or for spheres or ellipsoids
within a cylindrical tube [12–18]. Such structures, which are
different from their bulk counterparts, are results of a competi-
tion between boundary-induced ordering and bulk crystalline
ordering [18].

Despite a long tradition of research on bulk packings of
polydisperse particles [20–32] and the wide applicability of
polydisperse grains in the engineering of high-performance
materials [33–36], less attention has been paid to packings of
polydisperse particles in geometric confinement. For confined
systems, however, packing problems of polydisperse particles
could be much more interesting and challenging than those
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of equal-sized particles, because the coupling of effects of
particle dispersity with those of geometric confinement would
bring the corresponding packing problems to a new level of
complexity. Apart from the additional degrees of freedom that
arise from a size variation of particles, the mechanisms of how
particles of different sizes interact with the boundaries of a
confined system also play a key role in determining the opti-
mal arrangements of particles. In view of the current research
interests in confined packings and of the new physics that
could potentially arise from an inclusion of particle disper-
sity, we have carried out an extension of theoretical research
on densest packings in quasi-one-dimensional confinement to
polydisperse particles, for which we have discovered an un-
expected correlation between density maximization and size
segregation: For zigzaglike packings of polydisperse circles or
spheres within a sufficiently narrow parallel slit or cylindrical
tube, there exists a general size-graded solution in which the
larger a particle the closer it is located towards either end
of the system, such that the smaller particles in the interior
are encapsulated by the larger ones away from it. Any pair
of different-sized adjacent particles is a grain-boundary-like
configuration that reduces the overall packing efficiency of the
system, and this general solution corresponds to a minimiza-
tion of excess-volume contributions from grain-boundary-like
configurations of different-sized particles as a result of the
clustering of equal- or like-sized particles. Our findings pro-
vide new insights into how the structural order of polydisperse
particles emerges in confined settings.

Consider a set of N polydisperse disks or spheres packed
in a zigzag manner within a parallel slit or cylindrical tube,
of slit width or tube diameter D. The integers i ∈ [1, N] and
j ∈ [1, N] are used as indices to label the particles in as-
cending order of their diameters d and vertical positions z,
respectively:

(4 − 2
√

3)D � di=1 � di=2 � ... � di=N � D (1)
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and

z j=1 < z j=2 < ... < z j=N . (2)

The smallest possible value of d , only at or above which a
planar-zigzag structure can exist [12], can be derived from
the cylinder-to-sphere diameter ratio D/d = 1 + √

3/2 for the
zigzag-to-single-helix transition of densest-packed structures
of identical spheres in cylindrical confinement [37]. In reality,
there exist some very polydisperse granular systems where the
interstitial space of the largest particles could be filled up by
the smallest ones, but such cases are not considered in this
research.

The packing fraction of such a system is defined as the total
area or volume occupied by the particles divided by the total
area or volume of the confining space. For any given set of
particles with a fixed total area or volume, the densest-packed
arrangement of particles corresponds to a minimization of the
total area or volume of the confining space. As the value of D
is fixed, this is equivalent to a minimization of the total length

Lj=1, j=N ≡ d j=1 + d j=N

2
+

N−1∑
j=1

(�z) j, j+1 (3)

of the system, where [37]

(�z) j, j+1 ≡ z j+1 − z j = √
D(d j + d j+1 − D) (4)

is the vertical separation between particle j and particle ( j +
1). Here we show that, if the particle at each end of the system
is one of the two largest particles, a necessary condition for
Lj=1, j=N to be at its minimum possible value is satisfied:

Take the j = N end of the system as an example, and
consider a hypothetical exchange of particle j = N − 1 with
particle j = N . The diameters of particles j = N − 1 and
j = N before the particle-exchange operation are denoted as

dj=N−1 = di=a and d j=N = di=b, (5)

respectively. The total length of the system is given by

(Lj=1, j=N )bef. exch.
= d j=1 + di=b

2
+

[
N−3∑
j=1

(�z) j, j+1

]

+ (�z) j=N−2,i=a + (�z)i=a,i=b. (6)

After the exchange of particles, the diameters of particles j =
N − 1 and j = N become

dj=N−1 = di=b and d j=N = di=a, (7)

respectively, such that we have

(Lj=1, j=N )aft. exch. = d j=1 + di=a

2
+

[
N−3∑
j=1

(�z) j, j+1

]

+ (�z) j=N−2,i=b + (�z)i=b,i=a (8)

for the total length of the system. The corresponding change
in Lj=1, j=N as a result of this particle-exchange operation is
given by [37]

(�Lj=1, j=N )exch. = F (d j=N−2, di=b) − F (d j=N−2, di=a) (9)

for

F (x, y) ≡
√

D(x + y − D) − y

2
and

∂F (x, y)

∂y
> 0. (10)

At any fixed value of x, the function F (x, y) increases
monotonously with y, so that the conditions

(�Lj=1, j=N )exch. < 0 and (�Lj=1, j=N )exch. > 0 (11)

are satisfied for cases of di=b < di=a and di=b > di=a, respec-
tively. The same conclusion can be reached for the other
end of the system. By definition, the total length Lj=1, j=N

of any densest-packed arrangement of particles cannot be
further reduced by such particle-exchange operations. This
necessary condition of density maximization is satisfied, not
exclusively, by any arrangement in which the two largest
particles are placed respectively at the two ends, with either
(i) d j=1 = di=N−1 and d j=N = di=N or (ii) d j=1 = di=N and
d j=N = di=N−1. In the following, we assume that at least one
such arrangement of particles corresponds to the minimum
possible value of Lj=1, j=N .

For any such arrangement of particles, if either particle
di=N or particle di=N−1 is brought to the other end such that
the two largest particles cluster at either end of the system,
the total length Lj=1, j=N would increase, resulting in a less
dense arrangement of particles. As an example, consider a
displacement of particle i = N from the j = N end to the
j = 1 end. For this particle-displacement operation, the initial
and the final conditions are given by

dj=1=di=N−1; d j=N = di=N ; “d j=2...d j=N−1”=“di=a...di=b”
(12)

and

d j=1=di=N ; d j=2 = di=N−1; “d j=3...d j=N ”=“di=a...di=b”,
(13)

respectively. With the initial total length

(Lj=1, j=N )bef. disp. = di=N−1 + di=N

2
+

[
N−2∑
j=2

(�z) j, j+1

]

+ (�z)i=N−1,i=a + (�z)i=b,i=N (14)

and the final total length

(Lj=1, j=N )aft. disp. = di=N + di=b

2
+

[
N−1∑
j=3

(�z) j, j+1

]

+ (�z)i=N,i=N−1 + (�z)i=N−1,i=a, (15)

the corresponding change in Lj=1, j=N as a result of this
particle-displacement operation is given by

(�Lj=1, j=N )disp. = F (di=N , di=N−1) − F (di=N , di=b) > 0.

(16)

Any arrangement of particles with the two largest particles
clustering at either end of the system is thus excluded as a
candidate of densest-packed arrangements.

Having the two largest particles placed respectively at the
two ends of the system, the total length Lj=1, j=N
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can be expressed as [37]

Lj=1, j=N = di=N−1 + di=N

2
+ (N − 1)

√
D√

γ

√
(2〈d〉 − D) + 2

(N − 1)

[
〈d〉 − di=N−1 + di=N

2

]
, (17)

where

γ ≡
〈
(�z)2

j, j+1

〉
〈(�z) j, j+1〉2

(18)

is the dispersity [38] of (�z) j, j+1, and 〈d〉 is the average
diameter of all the particles. A minimization of Lj=1, j=N cor-
responds to a maximization of γ , where the latter requires the
spread of values of (�z) j, j+1 to be as wide as possible. Here
we propose a possible maximization of γ through the clus-
tering of like-sized particles, i.e., demixing, where the upper
bound and the lower bound of (�z) j, j+1 are maximized and
minimized, respectively, through the clustering of the largest
particles at the two ends of the system and the clustering
of the smallest ones in the middle of the system. Following
this approach, we place particles i = N − 2 and i = N − 3
at positions next to particle i = N or i = N − 1. There are
two possible ways of doing so: One option is to place par-
ticle i = N − 2 in contact with particle i = N and particle
i = N − 3 in contact with particle i = N − 1, and the other is
to place particle i = N − 2 in contact with particle i = N − 1
and particle i = N − 3 in contact with particle i = N . The
first option is preferable, not only because it yields the largest
possible upper bound of (�z) j, j+1, i.e., �zi=N−2,i=N , but also
because it results in a smaller contribution to the total length
Lj=1, j=N :

�zi=N−2,i=N + �zi=N−3,i=N−1

� �zi=N−2,i=N−1 + �zi=N−3,i=N, (19)

from which the correct inequalities di=N−3 � di=N−2 and
di=N−1 � di=N can be derived [37]. An iterative application
of the above principle of clustering of like-sized particles to
all remaining particles leads us to a theoretical densest-packed
arrangement of the form

i = {N − 1, N − 3, N − 5, ..., 1, ...N − 4, N − 2, N}, (20)

where the clustering of smallest particles in the middle of the
system yields the smallest possible lower bound of (�z) j, j+1,
i.e., (�z)i=1,i=2. Such a general size-graded solution, in which
the larger a particle the closer it is located towards either
end of the system, can be constructed via a simple method
of sequential deposition, as in the case of equal-sized hard
spheres in cylindrical confinement [14]: Particles are de-
posited one by one in ascending order of their sizes. For i > 1,
they are deposited from alternating sides of particle i = 1,
with odd-indexed and even-indexed particles deposited re-
spectively from opposite sides. An illustration of this method
is presented in Fig. 1(a).

To verify our solution for densest packings of polydis-
perse particles, we have carried out numerical investigations
for a system of N = 20 particles with four different diam-
eters: (i) dv=1 = di=1 to 5 = 0.6, (ii) dv=2 = di=6 to 10 = 0.66,
(iii) dv=3 = di=11 to 15 = 0.84, and (iv) dv=4 = di=16 to 20 =
0.9, where each diameter value is shared by five particles.
The slit width or tube diameter is set to be equal to D = 1.
For any pair of adjacent particles and for the sole pair of
boundary particles at the ends of the system, there exist 10
possible pairwise combinations of particle diameters. Using
the positive integers Nend,v,v′ and N�z,v,v′ , the total length of
the system is expressed as a dot product that describes the
sum of contributions from all possible pairwise combinations
of particle diameters:

Lj=1, j=N=20 =
∑
v,v′

[
Nend,v,v′

(
dv + dv′

2

)]

+
∑
v,v′

[N�z,v,v′ (�z)v,v′], (21)

where ∑
v,v′

Nend,v,v′ = 1 and
∑
v,v′

N�z,v,v′ = N − 1. (22)

With both Nend,v,v′ and N�z,v,v′ being structure-dependent, the
square sum

ψ ≡
∑
v,v′

(Nend,v,v′ − N∗
end,v,v′ )2

+
∑
v,v′

(N�z,v,v′ − N∗
�z,v,v′ )2 (23)

FIG. 1. Theoretical densest-packed arrangement for a system
of N = 20 particles with dv=1 = di=1 to 5 = 0.6, dv=2 = di=6 to 10 =
0.66, dv=3 = di=11 to 15 = 0.84, dv=4 = di=16 to 20 = 0.9, and D = 1.
(a) Schematic illustration of this densest-packed arrangement and the
corresponding method of sequential deposition; (b) tabulation of the
values of N∗

end,v,v′ and N∗
�z,v,v′ .
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FIG. 2. Plot of the total length Lj=1, j=N=20 against the or-
der parameter ψ for a system of N = 20 particles with
dv=1 = di=1 to 5 = 0.6, dv=2 = di=6 to 10 = 0.66, dv=3 = di=11 to 15 =
0.84, dv=4 = di=16 to 20 = 0.9, and D = 1. The theoretical densest-
packed arrangement (Fig. 1), which corresponds to the circled datum
at ψ = 0, has a minimum possible total length of Lj=1, j=N=20 =
13.69754.

is employed as an order parameter to describe the struc-
tural deviations of any given permutation of particles from
the corresponding theoretical densest-packed arrangement,
for which the equalities Nend,v,v′ = N∗

end,v,v′ and N�z,v,v′ =
N∗

�z,v,v′ hold. This densest-packed arrangement and the cor-
responding method of sequential deposition are illustrated
schematically in Fig. 1(a), and the values of N∗

end,v,v′ and
N∗

�z,v,v′ are tabulated in Fig. 1(b). Upon a thorough search
for all possible combinations of values of Nend,v,v′ and
N�z,v,v′ , it was found that the theoretical densest-packed ar-
rangement is indeed a structure with the minimum possible
value of Lj=1, j=N=20 (circled datum in Fig. 2). With such
an agreement obtained between theoretical predictions and
numerical results, we conclude that our solution for dens-
est packings of polydisperse particles has been verified. It
should be noted that, while the theoretical densest-packed
arrangement is confirmed as a solution to the current prob-
lem of interest, the uniqueness of this solution is not
guaranteed, because there might exist some other permu-
tations of particles with the same values of Nend,v,v′ and
N�z,v,v′ .

The tabulated values of N∗
�z,v,v′ in Fig. 1(b) indicate

a preferred clustering of equal- or like-sized particles in
the theoretical densest-packed arrangement. To understand
the physical mechanism behind, we look into the dense
packings of a system of N bidisperse particles, and consider a
specific type of particle permutations where each permutation
is a repetition of n sets of N/n particles. At a slit width
or tube diameter D = 1, the particle diameters take on
two possible values as follows: (i) dv=1 = di=1 to (N/3)

and (ii) dv=2 = di=[(N/3)+1] to N . For the sth set of particles
(s ∈ [1, n]), we set the particle diameter to be equal to dv=1

for particles from j = [(s − 1)(N/n) + (1/3)(N/n) + 1]

to j = [(s − 1)(N/n) + (2/3)(N/n)], and equal to dv=2

for particles from j = [(s − 1)(N/n) + 1] to j = [(s −
1)(N/n) + (1/3)(N/n)] as well as for particles from j = [(s −
1)(N/n) + (2/3)(N/n) + 1] to j = [(s − 1)(N/n) + N/n].
Any considered permutation of particles is thus of
the form

v = {[2...2 1...1 2...2] [2...2 1...1 2...2]...}, (24)

with

Nend,v=1,v′=1 = Nend,v=1,v′=2 = 0 and Nend,v=2,v′=2 = 1
(25)

and [37]

N�z,v=1,v′=1 = N

3
− n, N�z,v=1,v′=2 = 2n

and N�z,v=2,v′=2 = 2N

3
− (n + 1). (26)

The total length of this bidisperse system is given by

Lj=1, j=N = dv=2 +
(

N

3
− n

)
(�z)v=1,v′=1

+ 2n(�z)v=1,v′=2 +
[

2N

3
− (n + 1)

]
(�z)v=2,v′=2,

(27)

which implies [37](
∂Lj=1, j=N

∂n

)
N,D,dv=1,dv=2

> 0. (28)

This inequality holds because any pair of different-sized ad-
jacent particles is a grain-boundary-like configuration that, on
average, contributes more to the total length Lj=1, j=N than a
pair of equal-sized adjacent particles [37] (i.e., it contributes
an excess volume [39] to the system):

(�z)v=1,v′=2 >
(�z)v=1,v′=1 + (�z)v=2,v′=2

2
. (29)

A similar effect has been observed for dense packings of
ellipses within a parallel slit (or strip) [10], where the pack-
ing efficiency of the system is reduced by the presence of
grain boundaries between ellipses of mismatched orienta-
tions. Since the total length Lj=1, j=N increases monotonously
with n, the densest-packed arrangement of particles corre-
sponds to the minimum possible value of n = 1, at which
the value of N�z,v=1,v′=2 reaches its minimum and the
values of N�z,v=1,v′=1 and N�z,v=2,v′=2 reach their max-
ima. The length contributions from the grain-boundary-like
pairs of different-sized adjacent particles are minimized and
those from the crystallinelike pairs of equal-sized adja-
cent particles are maximized, resulting in a minimization of
excess-volume contributions from grain-boundary-like con-
figurations of different-sized particles. In our size-graded
solution for densest packings of polydisperse particles, such
excess-volume contributions are minimized because the spa-
tial variation of particle sizes is smoothed out by the clustering
of equal- or like-sized particles.
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