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The jamming transition is ubiquitous. It is present in granular matter, foams, colloids, structural glasses, and
many other systems. Yet, it defines a critical point whose properties still need to be fully understood. Recently,
a major breakthrough came about when the replica formalism was extended to build a mean-field theory
that provides an exact description of the jamming transition of spherical particles in the infinite-dimensional
limit. While such theory explains the jamming critical behavior of both soft and hard spheres, investigating
the transition in finite-dimensional systems poses very difficult and different problems, in particular from the
numerical point of view. Soft particles are modeled by continuous potentials; thus, their jamming point can be
reached through efficient energy minimization algorithms. In contrast, the latter methods are inapplicable to
hard-sphere (HS) systems since the interaction energy among the particles is always zero by construction. To
overcome these difficulties, here we recast the jamming of hard spheres as a constrained optimization problem
and introduce the CALiPPSO algorithm, capable of readily producing jammed HS packings without including
any effective potential. This algorithm brings a HS configuration of arbitrary dimensions to its jamming point
by solving a chain of linear optimization problems. We show that there is a strict correspondence between
the force balance conditions of jammed packings and the properties of the optimal solutions of CALiPPSO,
whence we prove analytically that our packings are always isostatic and in mechanical equilibrium. Furthermore,
using extensive numerical simulations, we show that our algorithm is able to probe the complex structure of
the free-energy landscape, finding qualitative agreement with mean-field predictions. We also characterize the
algorithmic complexity of CALiPPSO and provide an open-source implementation of it.
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I. INTRODUCTION

Jamming is a pervasive phenomenon: it is present in sys-
tems with diverse time and length scales, such as structural
glasses, grains, emulsions, foams, and colloids [1–4]. Such
ubiquity has been partially understood by recognizing that the
jamming point defines a critical point common to all these sys-
tems [1,2,5]. Despite being an out-of-equilibrium transition
that brings a system to form a mechanically rigid packing,
disordered jammed states can be identified as minima of a
(properly defined) free-energy landscape (FEL) [6]. In the
case of hard-sphere (HS) systems, which are a minimal model
for athermal and granular matter [7,8], jamming is reached
at infinite pressure, p = ∞, and the jammed packings are
identified by their packing fraction ϕJ . In soft-sphere (SS)
systems, the jamming point is still identified by ϕJ , but in the
limit p → 0, at least in the zero temperature limit [5,9].

Despite its physical relevance, a comprehensive theory of
jamming is still far from being formulated. Recently, a mean-
field theory has provided an exact description of the jamming
transition in infinite-dimensional sphere systems [6,10–13].
Such theory established that jamming occurs within the
so-called Gardner phase [11–14], where all states become
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marginally stable. This feature implies an abundance of soft
modes in jammed or nearly jammed packings. Another conse-
quence is that critical jammed packings are isostatic, meaning
that the number of mechanical constraints (i.e., contacts be-
tween particles) precisely matches the number of degrees of
freedom. Additionally, the mean-field theory predicted that
near jamming, the FEL of HS configurations is a very rough
and hierarchically organized hypersurface.

Another important theoretical step came about with the
realization that the jamming transition of hard spheres
in the high dimensional limit can be thought of as the
satisfiability/unsatisfiability threshold of continuous con-
straint satisfaction problems (CSPs), where the constraints are
induced by the requirement that spheres do not overlap. From
this point of view, jamming criticality defines a universality
class encompassing the physical systems mentioned above, as
well as CSPs [15,16], neural networks [17,18], and inference
problems [19]. In particular, in recent years, the perceptron
model has gained a prominent role among the CSPs; it has
been employed to investigate special instances of the sphere
packing problem [20,21], and even to analyze their quantum
regime [22,23].

From this perspective, it is quite remarkable that the same
jamming criticality predicted by mean-field theory (i.e., as
d → ∞) has been observed in finite dimensional systems,
even down to d = 2 [6,24–29] which is now believed to be the
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upper critical dimension. Explaining the observed robustness
of the jamming phenomenology in HS systems in different
dimensions constitutes a challenging open problem, which has
been tackled both numerically [5,6,24–36] and experimentally
[37–43].

A related question is whether finite-dimensional HS and SS
systems exhibit the same critical scalings when approaching
the jamming transition, i.e., as ϕ → ϕ−

J and ϕ → ϕ+
J , respec-

tively. While it is generally believed that HS and SS systems
share similar critical behaviors, it has been observed that
some critical exponents are markedly different. For instance,
near jamming the pressure in hard spheres and harmonic soft
spheres scales as p ∼ |ϕ − ϕJ |±1 for ϕ → ϕ±

J ; nonetheless,
both critical behaviors can be captured by a single scaling
function [13]. Importantly, it has also been shown that the
distributions of forces and interparticle gaps at the critical
point are insensitive to the direction from which jamming is
reached. The latter feature has been verified numerically only
recently [29], thanks to the algorithm for jamming in hard
spheres presented in this article.

In summary, while HS and SS systems allow a similar
theoretical treatment, from the numerical point of view they
represent very different types of systems. So far, computer
simulations have amply favored SS systems thanks to the
efficiency of energy minimization techniques available for in-
teracting systems. In particular, the powerful FIRE algorithm
[44] has been successfully employed for studying jammed
packings made of several thousands of soft particles, and there
is now abundant numerical evidence that the jamming criti-
cality of SS systems agrees with the mean-field predictions
[24,29,35,45–48].

In contrast, due to the singular interaction potential of HS
systems, studies analyzing their critical behavior at jamming
are much more scarce. By definition, the interaction energy in
HS configurations is either zero (if spheres do not overlap) or
infinite (whenever two or more spheres overlap). This makes
energy minimization strategies inapplicable. To partially over-
come this problem, nearly jammed HS configurations have
been produced using the Lubachevsky–Stillinger (LS) com-
pression protocol [49,50]. By properly tuning the compression
rate, this protocol can avoid crystallization (whenever d � 3)
and produce highly compressed HS glasses [51,52]. However,
since this algorithm relies on simulating the dynamics of HS
configurations through elastic collisions, particles do not re-
main in contact, nor does limit p = ∞ is reached. To solve this
problem, other molecular dynamics (MD) algorithms have
been devised. For instance, the authors of Ref. [53] consid-
ered an overdamped dynamics, in which once two particles
collide they are constrained to stay in contact. By cleverly
incorporating geometrical information of the configuration
into the dynamical equations, they keep a well defined con-
tact network at all times and are able to generate jammed
HS packings, coming from this particular dynamical sce-
nario. However, MD approaches that purely rely on elastic
collisions—the most common case—lack in general the re-
quired precision to resolve the full network of contacts that
determines a jammed state (as we exemplify in Appendix D
for the LS protocol).

Alternatively, jammed packings of pseudohard spheres
have been constructed by introducing an effective interaction,

and subsequently minimizing the corresponding potential
energy. The most common choice has been a logarithmic
potential, v(h) ∝ − log h, where h is the (dimensionless)
distance between spheres [27,35,48,54–57]. This potential
clearly accounts for the nonoverlapping condition, and ample
evidence exists that it correctly accounts for the interactions
between particles in terms of their average position. Nev-
ertheless, it is also important to investigate how to describe
HS systems in terms of their instantaneous positions. Mod-
eling HS systems by adding an extraneous potential presents
two major drawbacks. First, any effective potential introduces
fictitious interactions for h > 0, which become more impor-
tant as the system approaches its jamming point. Second, the
associated energy-minimization algorithms identify jammed
packings as equilibrium states at zero temperature, while in
true HS jammed states correspond to entropy extrema [58].
To certify that the logarithmic, or any other potential capture
the physics of HS systems, one should carefully study such
systems close to their jamming point. The algorithm we pro-
pose here is an ideal candidate for such a task: without relying
on any effective potentials, it is able to reach the jamming
point making use only of the geometrical constraints of HS
configurations and on the particle’s instantaneous positions.
This approach relies on a direct mapping of jamming of hard
spheres into a constrained optimization problem.

The purpose of this article is to present in full detail
the CALiPPSO algorithm, that is able to generate jammed
packings of hard spheres in arbitrary dimensions and polydis-
persity without introducing any interaction potential between
particles, thus overcoming the issues mentioned above. It re-
lies on the linear approximation of the original, nonconvex
optimization problem, and it gradually reaches jamming by
iterating over a series of linear programming instances. Hence
its name, which stands for Chain of Approximate Linear
Programming for Packing Spherical Objects. In addition, in
this article we show that combining CALiPPSO with the LS
compression protocol provides a powerful tool for exploring
the physics of jamming in finite-dimensional HS systems. We
provide our own implementation as a Julia [59] package at
[60].

The CALiPPSO algorithm has been successfully employed
before for studying the properties of 3d packings near the
jamming point [32,61]. Moreover, in combination with the
LS protocol, it was used to confirm the jamming criticality
of spheres and other mean-field-like models [29]. We refer to
those references for extensive discussions on these issues.

The plan of the present article is as follows. In Sec. II,
we introduce the CALiPPSO algorithm, and analytically
show that the configurations that it produces are well-defined
jammed states. Specifically: (i) CALiPPSO jammed packings
are solutions for the exact optimization problem; (ii) such
solutions satisfy the mechanical equilibrium condition, pre-
viously derived for soft spheres [24,27]; (iii) they are also
always isostatic. Importantly, points (ii) and (iii) imply that the
Hessian obtained for hard spheres matches that of soft spheres
which has been found to reproduce the marginal stability con-
dition expected from the mean-field solution. In Sec. III, we
demonstrate, through extensive numerical simulations, that
CALiPPSO can be readily coupled with the LS compression
protocol to produce a robust and fast algorithm for jamming.
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We characterize the behavior of the two algorithms combined,
and we provide evidence that the LS+CALiPPSO route to
jamming allows us to study the hierarchical structure of the
FEL of hard spheres with very high accuracy, reproducing the
results previously obtained with other methods. In Sec. IV,
we investigate the time complexity of our algorithm and con-
clude that its running time scales with the cube of the system
size. Finally, in Sec. V, we briefly summarize our results and
discuss why CALiPPSO should be preferred to other jamming
algorithms when an accurate identification of the network of
contacts is needed. We finish by providing some examples
of other problems that could be tackled using CALiPPSO or
similar methods.

Before ending the Introduction, we acknowledge that other
works, Refs. [62–68], have previously used linear program-
ming methods to produce jammed packings of hard spheres.
Our optimization problem is simpler than the ones considered
in those studies since it contains fewer optimization variables;
thanks to this, we are able to obtain an exact proof of the prop-
erties (i)–(iii) mentioned above. To the best of our knowledge,
none of the previous works has carried out a similar analy-
sis. Furthermore, the question of whether linear programming
algorithms allow probing the FEL of hard spheres has never
been put to test, as we do here. Additionally, CALiPPSO, if
initialized with sufficiently highly compressed configurations,
produces packings that should coincide with the p → ∞ ex-
trapolation of LS. In contrast, this is not always the case
within the other methods [62]. However, it should be noted
that some of the previous works [62,66–68] demonstrated that
their algorithms are capable of producing both ordered and
disordered packings, within a rather broad range of densities;
this feature is not realized by CALiPPSO.

II. JAMMED PACKINGS OBTAINED USING CALiPPSO

A. Jamming as an optimization problem

Let us consider N spheres of diameters �σ = {σi}N
i=1

inside a cubic box of volume V = Ld . We denote the dN-
dimensional vector of their centers as �r = {ri}N

i=1, where ri

is the d-dimensional vector identifying the position of the
ith particle. The system’s packing fraction is given by ϕ =
1
V

∑N
i=1 vd (σi/2), where vd (R) = πd/2Rd

�(1+d/2) is the volume of a
hypersphere of radius R in d dimensions. For later use, we
define σi j = σi+σ j

2 as the sum of two particles radii.
For hard particles of arbitrary shape, a jammed state must

fulfill an excluded volume constraint, as well as a set of
mechanical constraints, related to force and torque balance,
absence of attractive forces, etc. [7]. Restricting to frictionless
hard spheres, as we do here, the excluded volume constraint
reads |ri − r j | � σi j , ∀ 1 � i < j � N . This simply states that
spheres cannot overlap. Moreover, among the mechanical
requirements, only the force balance condition is relevant,
because once it holds the other mechanical constraints are au-
tomatically satisfied. In summary, for frictionless hard spheres
the excluded volume constraint and the force balance condi-
tion for each particle are necessary and sufficient conditions
for having jammed configurations [7,24].

Our aim is to bring an initial HS configuration, with initial
packing fraction ϕ < ϕJ , to its jamming point at ϕJ . We wish

to reach the jamming point by increasing the packing fraction,
ϕ → ϕ−

J , until the system becomes mechanically rigid, and
using a procedure that does not allow any overlap among
particles at any time. All of this can be recast as a con-
strained optimization problem (OP), as we show next. Without
loss of generality, we will assume that the system volume is
fixed; ϕ is then a monotonically increasing function of �σ , and
maximizing it is equivalent to finding the largest factor by
which the particle’s diameter can be inflated. Naturally, we
look for the optimal value of such inflation factor allowing
for particles to be rearranged. Thus, letting �s = {si}N

i=1 be the
possible particles displacements,

√
� the inflation factor, and

using � to denote the optimal value of a quantity, the OP
we consider is: find (�s�, ��) such that if we transform our
HS system according to (�r ← �r + �s�, σi ← √

��σi), then the
packing fraction reaches a (possibly local) maximum value.
�s and � must fulfill the nonoverlapping constraint between
spheres; thus, this is a constrained OP. The reason for using
the square root of � will become apparent when we will write
the linearized version of this OP [see Eq. (2)]. Clearly, by
taking an inflation factor equal for all the particles we preserve
the degree of polydispersity of the system.

Hence, in a system with periodic boundary conditions and
in absence of external forces, finding a jammed HS configura-
tion is equivalent to solving the following constrained OP:

max � (1a)

Gi j (�s, �) := �σ 2
i j − |ri + si − (r j + s j )|2 � 0, (1b)

∀ 1 � i < j � N,

where the OP’s variables are (�s, �), while the particles’ po-
sition and size, (�r, �σ ), play the role of constant parameters.
Notice that the constraints in Eq. (1b) are symmetric upon
exchanging i and j, making the case j < i redundant. The
results presented here can be easily generalized to systems
with closed boundaries. In such a case, in the OP (1) one
should also require that �σ 2

i
4 � (ri,μ + si,μ)2 and �σ 2

i
4 � (L −

(ri,μ + si,μ))2 for all i = 1, . . . , N and μ = 1, . . . , d . This
would add extra constraints that should be taken into account
when counting the effective degrees of freedom and analyzing
the stability.

Equation (1) represents an exact, albeit nonconvex, for-
mulation of jamming as an OP. Indeed, as depicted in
Fig. 1(a), the set of points (�, �s) that satisfy the nonoverlap-
ping constraints (represented as the gray region) is nonconvex.
Intuitively, the excluded volume constraint between particles
creates many “holes” in the set of possible solutions, termed
feasible region. Thus, as often occurs in nonconvex OP’s,
the problem (1) becomes intractable for large system sizes
[dN ∼ O(102)], and one has to resort to approximations.

A simple, yet powerful one is to assume that the starting
HS configuration is already close to the jamming point; there-
fore, any feasible displacement �s has a negligible magnitude
in comparison with the smallest distance between particles
centers. Thus, terms of order O(|si|2) can be neglected in
each of the constraints Gi j . This amounts to the so-called
approximation of small displacements [69], which has been
successfully used to analyze the mechanical properties of rigid
structures. Within this approach, the exact OP becomes a
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(a) (b) (c)

FIG. 1. Geometry of CALiPPSO for a problem of a single moving particle (1, black dotted) and four fixed ones (2, green; 3, blue; 4, orange;
5, purple). In all panels, the exact nonoverlapping constraints, {G1 j}5

j=2, are drawn with dashed circles, while their linearized version, {F1 j}5
j=2,

are identified by solid lines. Panel (a) shows the nonconvex OP of Eq. (1) and the associated jamming LOP, Eq. (2). The size of particle 1
is indicated by the dotted circle, but only the position of its center (black dot) is relevant since the contribution of σ1 has been included in
the constraints. {G1 j}5

j=2, induce “holes” in the set of possible displacements (gray region), making it nonconvex. In contrast, {F1 j}5
j=2 always

define a convex set: a polytope (light pink). Note that such polytope is always strictly contained in the original feasible set. Panel (b) depicts
the optimal displacement, s�

1 (black star), of the jamming LOP instance of panel (a). As expected for any LOP, s�
1 is located at the intersection

of the linearized constraints, evaluated at the optimal solution, {F �
1 j = F1 j (s�

1, �
�)}5

j=2. Note, however, that s�
1 does not saturate the analogous

exact constraints. In panel (c), we show the new instance of the jamming LOP obtained after updating r1 ← r1 + s�
1 and σi ← √

��σi, for
i = 1, . . . , 5. This panel shows that CALiPPSO quickly reduces the size of the feasible region, which means that the linear constraints better
approximate the exact ones. In this last panel the new size of particle 1 is not shown. Panels (b) and (c) have been magnified by a factor 9.6
and 4.4 with respect to panel (a), respectively.

linear optimization problem (LOP), so it is guaranteed to be
convex [70,71]. The resulting LOP reads

max � (2a)

Fi j (�s, �) := −2ri j · si j + �σ 2
i j − |ri j |2 � 0, (2b)

∀ 1 � i < j � N,

with ri j := ri − r j , and si j := si − s j . Despite the fact that Fi j

depends on �s only through si j , to simplify the notation, we
will consider the general case where it depends on the full
displacement vector. Notice that by increasing the diameters
by a factor

√
� we are able to keep both the objective function

(�) and the constraints strictly linear. In the following, we
will refer to Eq. (2) as the jamming LOP. For future use,
we introduce the Lagrange multiplier, λi j � 0, associated to
the constraint Fi j (�s, �). The Lagrange multipliers play a fun-
damental role in our algorithm since they determine the set
of contact forces at jamming, as we will show below when
analyzing the dual of the jamming LOP [Eq. (5)].

The main advantage of using the LOP in Eq. (2) with
respect to the exact OP is that the optimal solution of
the former, (�s�, ��), can be found by means of several
linear programming methods. Moreover, it is straightfor-
ward to show that any point that satisfies the set of
linear constraints {Fi j (�s, �)}1�i< j�N satisfies also the ex-
act ones {Gi j (�s, �)}1�i< j�N ; indeed, Gi j (�s, �) = Fi j (�s, �) −
|si j |2. This feature is illustrated by Fig. 1(a), where it is shown
that the feasible region of the LOP (pink) is contained in the
analogous set of the original OP (gray).

However, a significant drawback is that the optimal so-
lution of the jamming LOP is, in general, a sub-optimal
solution for the exact OP. That is, solving Eq. (2) once, does

not necessarily yield a jammed packing because, even if the
linear constraints (2b) are saturated, the exact constraints in
Eq. (1b) might not be so. More precisely, sub-optimality is a
consequence of the fact that an optimal solution of the LOP is
always located in the boundary of the polytope defined by the
linear constraints [70,71], and that such point, in general, does
not minimize the separation between inflated particles. There-
fore, some of the exact constraints {Gi j} remain unsaturated.
Geometrically, this means that �s� of the jamming LOP is de-
termined by the intersection of the set of constraints {Fi j} that
are saturated once evaluated with ��. But if the intersection
point does not coincide with the point where Fi j are tangent to
Gi j , then (�s�, ��) will be suboptimal with respect to the exact
OP. This is depicted in Fig. 1(b) for a single particle.

Yet, importantly the configuration obtained after solving
the LOP, (�r, �σ )←(�r + �s�,

√
�� �σ ), will have no overlaps and

a larger packing fraction. Consequently, it will be closer to
jamming and we can use it to generate a new instance of the
LOP (2), that better approximates the exact OP. This is shown
in Fig. 1(c).

The above considerations suggest that if x(t ) denotes the
value of the quantity x in the t th instance of the jamming
LOP (2), then we can use the optimal solutions as initializa-
tion points, and proceed iteratively as (�r(t + 1), �σ (t + 1)) =
(�r(t ) + �s�(t ),

√
��(t )�σ (t )) to reach the jamming point. Jam-

ming is realized when the particles cannot be further inflated
nor moved, i.e., (�s�(n), ��(n)) = (�0, 1); we henceforth refer
to this optimal solution as the convergence condition of the
CALiPPSO algorithm and n as the number of linear optimiza-
tions required to reach it.

We can intuitively understand the functioning of
CALiPPSO in the following way. During the first few
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linear optimizations and the corresponding configuration
updates, the space of possible solutions is quickly reduced,
as depicted in Figs. 1(a)–1(c) for a single particle. This
reduction is mainly caused by the tighter bounds imposed
by the linear constraints Fi j (�s, �), in comparison with the
exact nonoverlapping constraints of Eq. (1b) [cf. Fig. 1(a)].
Importantly, the polytope defined by the constraints Fi j (�s, �)
suppresses rearrangements that would allow particles to
escape from the cages formed by their neighbors, thus
efficiently preventing hopping over (entropic) barriers [cf.
Fig. 1(c)]. This feature is particularly relevant to prevent
crystallization in monodisperse configurations. In this way,
the linear constraints of the CALiPPSO algorithm are
responsible for efficiently trapping particles, a geometric
metaphor for the enchantments used by Calypso to keep
Odysseus captive in her island for several years.

As a final remark, we highlight that the convergence con-
dition of CALiPPSO corresponds also to an optimal solution
of the exact OP. That is, if (�r(J ), �σ (J ) ) defines a jammed
packing obtained using CALiPPSO and we use these values to
generate another instance of the OP (1), then (�s�, ��) = (�0, 1)
and (�r(J ), �σ (J ) ) constitutes a local optimum of the exact OP
as well. At least in d = 2 and d = 3 the global optimum
corresponds instead to a crystalline structure. For instance, the
densest packing of 3d monodisperse spheres corresponds to
an FCC structure with ϕ

(FCC)
J = π/

√
18 ≈ 0.74. Similarly, in

d < 10, the densest known monodisperse packings have an
ordered structure [72,73]. Since our aim is to study amor-
phous packings, we want to avoid precisely such ordered or
partially crystallized solutions. It is therefore convenient that
the CALiPPSO algorithm prevents particles from performing
large displacements: in such a way only a local optimum,
very likely corresponding to a disordered configuration, can
be obtained. The results we report below confirm that we can
avoid producing ordered monodisperse packings whenever a
random initial configuration is chosen for d � 3. When d = 2,
instead, (partial) crystallization always ensues in monodis-
perse packings. This is a consequence of the Euler criterion
applied to the planar graph formed by the network of con-
tacts [74,75] (see Appendix A for more details). As we show
below, adding bidispersity or polydispersity helps to prevent
crystallization in bidimensional systems.

While these arguments show that CALiPPSO is able to
generate a maximally dense disordered configuration of hard
spheres, a more rigorous analysis is needed to show that such
configuration is a mechanically stable packing. This is the
issue we address next.

B. CALiPPSO produces well-defined, globally
stable jammed states

In this section, we analytically prove that a HS pack-
ing obtained once the CALiPPSO convergence condition is
reached corresponds to a valid jammed state. This means that:
(a) such HS configuration satisfies the excluded volume and
force balance constraints for each particle (local property);
(b) it is a collectively stable packing (global property). The
stability property follows from a relation between the number
of contacts (Nc) and the number of degrees of freedom in
a configuration (Ndof), specifically, Nc � Ndof [3,7,30,76–78].

Counting Ndof requires some care due to the presence of
symmetries and unstable particles. Fortunately, CALiPPSO
also provides a univocal way to determine Ndof; see Eq. (14)
below. Before continuing, we recall some common terminol-
ogy. When the latter inequality does not hold (Nc < Ndof), a
packing is said to be hypostatic; if the equality is verified
(Nc = Ndof), the packing is isostatic; finally, a packing is
hyperstatic when the strict inequality is fulfilled (Nc > Ndof).
Note that the condition (b) does not follow necessarily from
(a) since there can be hypostatic packings where force balance
holds for each particle and no overlaps are present [3,69].

It is known that critical jamming emerges together with
isostaticity. Remarkably, isostaticity is verified in packings
produced via CALiPPSO once all the relevant degrees of
freedom are considered, as we will show here. For our proof,
we will adopt a pedagogical approach, so several logical steps
will be explicitly made, and we will emphasize the connection
between a geometrical analysis of jamming and the opti-
mization approach developed here. Our proof will go along
the following lines: to show (a) we will first notice that the
excluded volume constraint is verified by construction. Then,
we will use general results of convex optimization theory [71]
to show rigorously that optimality of the jamming LOP (2) im-
plies mechanical equilibrium. The property (b) will be derived
from the existence of the solution of the force balance equa-
tions. These equations are encoded in the constraints of the
dual optimization problem associated to the jamming LOP;
see Eq. (5) below. Leveraging on the property that such dual
problem is itself a LOP, we will show that the solution of the
force balance equations is unique. Since this can only happen
when Nc = Ndof, the packings produced must be isostatic.

Let us begin by pointing out that, since Gi j (�s, �) �
Fi j (�s, �), ∀ 1 � i < j � N , it is guaranteed that the solutions
of the LOP (2) always satisfy the nonoverlapping constraints
of HS systems, Eq. (1b). To continue the proof, we will
need few results of linear optimization, Eqs. (3)–(7) below,
particularized for the jamming LOP. We first introduce some
notation. Let M := N (N−1)

2 and λ̃ = {λi j � 0}i< j be the set of
M nonnegative dual variables or Lagrange multipliers asso-
ciated with the constraints {Fi j}i< j . In the following, we will
show that we only need to consider O(N ) constraints in order
for CALiPPSO to work. For the remaining part of this section,
we will use the simplified notation �x := (�s, �), and define the
(dN + 1)-dimensional vector �y := (�0,−1); the zero vector of
such space will be denoted by �∅ = (�0, 0) . In terms of this
new variables, the objective function (2a) is equal to �y · �x. We
rewrite the jamming LOP (2) in the more conventional form:

min �y · �x, (3a)

s.t. F�x � ρ̃, (3b)

where � denotes element-wise comparison; F is a M ×
(dN + 1) matrix with entries

Fμk
i j = −2ri j,μ(δik − δ jk ), (4a)

FdN+1
i j = σ 2

i j, (4b)

for 1 � k � N , 1 � μ � d , and 1 � i < j � N ; while ρ̃ is an
M-dimensional vector with components ρi j = |ri j |2, i < j.
Thus, expression (3b) is nothing else than the full set of
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nonoverlapping constraints, emphasizing their affine charac-
ter. In addition, for later use we introduce the dual OP of
Eq. (3):

max − ρ̃ · λ̃, (5a)

s.t. FT λ̃ + �y = �∅, (5b)

λ̃  0̃. (5c)

Notice that the dual OP is also a LOP, but one in which the in-
equality constraints, Eq. (3b) [or Eq. (2b)] have been replaced
by equalities, Eq. (5b). This is a standard property of LOPs
[70,71], and will be fundamental to prove the isostaticity of
CALiPPSO packings.

Readers familiar with a geometrical interpretation of the
mechanical properties of granular packings [69] might recog-
nize that Eq. (5b) is equivalent to the mechanical equilibrium
condition, provided that the Lagrange multipliers are iden-
tified with the contact forces. We expect that the details
of our proof will make clear the correspondence between
the optimization and the geometrical approach. In fact, the
CALiPPSO algorithm works by exploiting the deep con-
nection between the mechanical equilibrium condition to be
fulfilled by jammed packings [captured by the jamming LOP’s
dual (5)] and the constraints that such condition imposes on
the density and configurational degrees of freedom of the
system [represented in the primal LOP (3)]. In particular, one
can rely on the strong duality property of LOPs [70,71], which
implies that if either the primal or the dual LOP has a finite
optimal solution, so does the other. When both LOPs can be
solved to optimality, their optimal values are equal (or, in other
words, there is no duality gap). In our case, this means that
if �x� is an optimal solution of Eq. (3), then λ̃

�
—the optimal

solution of the dual (5)—is such that ρ̃ · λ̃
� = −�y · �x� = ��.

Moreover, as we will show next, the equality constraints (5b)
imposed on λ̃

�
are equivalent to the force balance requirement

for each particle.
An explicit derivation of the force balance equations for λ̃

can be obtained using the Lagrangian, defined as

L(�x, λ̃) = �y · �x +
∑

1�i< j�N

λi jFi j (�x). (6)

Because of the strong duality between the LOP (3) and (5),
the Karush–Kuhn–Tucker (KKT) conditions [71] imply the
following results for any primal and dual optimal points
(�x�, λ̃

�
) := (�s�, ��, λ̃

�
):

λ�
i jFi j (�x�) = 0, (7a)

∇L(�x�, λ̃
�
) = �y +

∑
1�i< j�N

λ�
i j∇Fi j (�x�) = �∅, (7b)

where ∇ = ( ∂
∂�s ,

∂
∂�

), and ∂
∂�s has been used as a shorthand

notation of ( ∂
∂s1,1

, ∂
∂s1,2

, . . . , ∂
∂s1,d

, ∂
∂s2,1

, . . . , ∂
∂sN,d

). Importantly,
equality (7a), termed complementary slackness, implies that
if the constraints are inactive, i.e., Fi j (�x�) < 0, then λi j = 0.
Conversely, a Lagrange multiplier will only be positive, λi j >

0, when the associated constraint is active, Fi j (�s�, ��) = 0.
Such active Lagrange multipliers play a major role in

our algorithm because they can be used to obtain the phys-
ical contact forces between particles. To emphasize that our

analysis of the mechanical equilibrium of the packing is based
on the linear constraints (2b) that are saturated in an optimal
solution, we will use [i j], with i < j, to indicate that there is
an active linear constraint between particles i and j. So, we
define C = {[i j]}, the set of linear contacts, whose cardinality
is |C| = Nc � M. The last inequality follows from the fact
that not all particles are in contact with each other; therefore,
the amount of positive Lagrange multipliers is much smaller
than M as long as d � N , as we assume here. It is useful
to consider the Nc-dimensional vector of only positive dual
variables, λ = {λi j}[i j]∈C .

Proving the mechanical equilibrium condition is now
straightforward: the linearity of the LOP (3) implies that each
of the derivatives of Eq. (7b) results in one entry of F (for
fixed i < j). Thus, plugging Eq. (4) into Eq. (7b) leads to the
following equation for the components associated to the ith
particle:

1,N∑
j

j �=i

λ�
i jri j =

∑
j∈∂i

[i j]∈C

λ�
i jri j = 0, (8)

where, in the second equality, ∂i is the set of all linear contacts
of particle i. That is, because of the complementary slackness
condition (7a), the sum over N − 1 terms is reduced to one
that only contains active dual variables, usually of order d .
On the other hand, the component associated to ∂

∂�
of Eq. (7b)

reads ∑
1�i< j�N

λ�
i jσ

2
i j =

∑
[i j]∈C

λ�
i jσ

2
i j = 1. (9)

We note in passing that from the last equation we can esti-
mate how far from the jamming point a given �x� is. Indeed,
given that �� � 1, from the absence of duality gap mentioned
above, it follows that ρ̃ · λ̃

� � 1. Whence, from Eq. (9) and
the complementary slackness property, it is straightforward to
obtain ∑

[i j]∈C
λ�

i j

(|ri j |2 − σ 2
i j

)
� 0. (10)

These are conditions to be fulfilled by any optimal solution
�x� of the jamming LOP. However, when the convergence
criterion �x� = (�0, 1) is reached, we have F[i j](�0, 1) = 0, and
equality holds in Eq. (10). This means that |r[i j]| = σ[i j], i.e.,
linear contacts become physical contacts, and C then deter-
mines the full network of contacts at jamming. Once we
know that the norm of r[i j] can be fixed, we can rescale the
corresponding dual variables λ�

i j = fi j/σi j and introduce the
unit vector ni j = ri j

|ri j | to rewrite Eq. (8) as

∑
j∈∂i

fi jni j = 0. (11)

This is the force balance equation for the ith sphere. We can
write analogous equations for the full configuration as

Sf = �0, (12)

where f = { fi j}[i j]∈C is the vector containing the contact
forces magnitudes, and S is a dN × Nc matrix, whose entries
are given by S [i j]

k,μ
= (δik − δ jk )ni j,μ. Crucially, this expression
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is identical to the one derived in previous works [13,24,27,69],
and it determines the force balance condition for jammed
packings. Notice that f represents contact forces, which are
finite despite the singular potential of hard spheres. The
connection between contact forces and dual variables is com-
pletely analogous to the one between generalized forces and
constraint conditions in Lagrangian mechanics; namely, fi j

can be obtained from the Lagrange multiplier λ�
i j times the

derivative of the constraints involved [cf. Eq. (7b) from
the KKT conditions]. This completes the proof that, upon
convergence, CALiPPSO generates packings in mechanical
equilibrium and with physical contacts, even if in the inter-
mediate steps this latter feature is not necessarily true.

The global stability property or, equivalently, the require-
ment that a jammed state produced with our algorithm is
not hypostatic, does not follow from the force balance con-
dition, Eq. (12), alone. To prove that CALiPPSO always
produces isostatic packings (property (b) above), we note that
once convergence has been reached, it follows that S [i j]

k,μ
=

− 1
2σi j

(FT )i, j
k,μ

if particles i and j are in contact. This means
that Eq. (12) is equivalent to the equality constraints of the
dual LOP (5b) but with a reduced matrix which only involves
particles in contact. Letting R be such a (dN + 1) × Nc ma-
trix, Eq. (5b) can be rewritten as

Rλ + �y = �∅. (13)

This expression forms a system of dN + 1 equations in Nc

unknowns, in which the first dN equations form a homoge-
neous system, equivalent to Eq. (12) (once rescaled by 1

σi j
).

Equation (13) represents the link between the geometric in-
terpretation of HS packings, and the optimization perspective
given by the KKT conditions. Indeed, the first dN rows of
Eq. (13) are nothing else but the rightmost equality of Eq. (8)
for each particle, while the last row corresponds to Eq. (9).

Proving the isostaticity of CALiPPSO packings requires
to accurately count the degrees of freedom. We first notice
that, because of our assumption of periodic boundaries, there
are d uniform translations that leave relative distances and
displacements among particles invariant; thus, the number of
degrees of freedom is decreased by d . This is nicely reflected
by the fact that out of the dN homogeneous equations in
Eq. (13), d are linearly dependent. Another important con-
sideration is the presence of rattlers, which are particles with
d or fewer contacts. Due to the low number of contacts, these
particles are unstable, and in most cases they do not belong
to the backbone of the network of contacts. Therefore, they
do not contribute to the rigidity of the configuration. The
only exception are monodisperse systems in 2d , where rattlers
are subject to forces; this case is discussed in Appendix A.
Rattlers should be excluded when counting the number of con-
tacts and degrees of freedom, and only spheres with at least
d + 1 contacts—henceforth termed stable particles—should
be considered. Of course, identifying whether a particle is sta-
ble or not can only be done a posteriori, when C is constructed
after CALiPPSO has converged. If Ns is the number of stable
particles, in the absence of any other symmetries or external
constraints, then we have

Ndof = d (Ns − 1) + 1, (14)

where the extra degree of freedom is a consequence of the fact
that � is also a variable of the jamming LOP. Equivalently, one
can think of density as an additional degree of freedom. Thus,
when we say that the isostatic condition Nc = Ndof is verified,
we mean that all the degrees of freedom of the jamming LOP
(i.e., the displacements of stable particles and inflation factor)
have been considered.

In contrast, if one considers only configurational degrees
of freedom, i.e., N ′

dof = d (Ns − 1), then we have Nc = N ′
dof +

1, which makes the packings produce by CALiPPSO hy-
perstatic. This amounts to say that requiring CALiPPSO
configurations to have a finite bulk modulus (or being rigid),
imposes an extra constraint [30,76]. To highlight our opti-
mization approach, we will use isostatic when the degrees of
freedom are counted as in Eq. (14).

As mentioned above, the d uniform translations reduce
the number of linearly independent equations in Eq. (13).
Naturally, this feature is also present in S . Therefore, con-
sidering Eq. (12), it is easy to see that to have a consistent
system of equations, it must happen that Nc � N ′

dof. However,
if Nc = N ′

dof, then only the homogeneous solution exists. Yet,
Eq. (9) prevents such scenario, whence Nc � N ′

dof + 1 = Ndof.
This shows that CALiPPSO packings can never be hypostatic,
and thus are always collectively stable.

Finally, to show that the packings obtained with our
method are isostatic we make use of the fact that there is
zero duality gap between the jamming primal and dual LOPs,
Eqs. (3) and (5), respectively. The absence of duality gap
implies that the solution of the linear system (13) is unique
[69]. Given that λ � 0, and that Eq. (13) is not a homogeneous
system (recall ydN+1 = −1), the uniqueness of the solution
implies that the number of independent equations matches
the number of unknowns, Ndof = Nc. Therefore, the resulting
packings are isostatic. This completes the proof that packings
produced with the CALiPPSO algorithm are valid jammed
states.

Let us note that the result of two paragraphs above, i.e.,
Nc � Ndof, only relies on the KKT conditions [Eq. (7)], and
thus is more general than the isostaticity property. In some
“pathological” cases, it may happen that Nc > Ndof. In our
experience, hyperstaticity only occurres in 2d monodisperse
packings, where also large crystalline domains are formed.
We comment further on this particular case in Appendix A.
Importantly, all the tests we performed in d � 3 (see Secs. III,
IV and Appendix B) have never produced such hyper-
static configurations, even with monodisperse systems. Sim-
ilarly, in bidimensional, polydisperse systems isostaticity is
recovered.

It should now be clear that the dual jamming LOP [in par-
ticular Eq. (5b)], together with the complementary slackness
property [Eq. (7a)], contain all the requirements to guaran-
tee that CALiPPSO produces valid jammed states. We also
showed that an equivalent condition is that any CALiPPSO
optimal dual solution λ� must fulfill Eq. (13). We emphasize
that the matrices S , F , and R are determined entirely by
the geometrical features of the configuration. Notably how-
ever, we derived them not from geometric considerations,
but following results of optimization theory; specifically the
KKT conditions, Eq. (7). The CALiPPSO algorithm works
by exploiting the correspondence between optimization and
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geometric descriptions of jammed packings. This can be
considered the heart of our proof: any optimal solution �x�

must fulfill the KKT conditions, as written in Eqs. (8) and
(9) (due to the convex nature of the jamming LOP), and at
convergence these conditions are equivalent to Eq. (13) (a
geometric property). Mathematically, we can understand that
the CALiPPSO algorithm succeeds at producing isostatic con-
figurations because the dual optimization problem associated
to the jamming LOP [see Eq. (5)] is itself a LOP. Given
that, once an optimal solution is found the two systems of
linear equations associated to their constraints are satisfied
simultaneously (because there can be no duality gap), the only
possibility is that Nc = Ndof.

Before closing this part, we comment on an additional
property that can be derived from Eq. (9), for a packing in
arbitrary dimensions, d . Notice that for monodisperse sys-
tems, or whenever the distribution of diameters is significantly
peaked around its mean value σ (i.e., whenever Var[�σ ] � σ 2),
it is easy to see that ϕ ∼ Nσ d . In this case, the scaling of
Eq. (9) with the system size implies that the mean force f
is such that N f ∼ 1/σ , whence we obtain f ∼ N1/d−1.

C. Algorithmic implementation of CALiPPSO

The CALiPPSO algorithm is rather simple; it consists of
a single loop that iterates over successive LOP instances to
reach the jamming point.

Its performance can be easily enhanced by using neighbor
lists to reduce the number of constraints of the LOP. Indeed,
when two particles are far apart, their associated constraint
in Eq. (2b) becomes irrelevant. Hence, for sufficiently dis-
tant particles, the evaluation of the inequality (2b) can be
omitted without affecting the optimization procedure. By im-
plementing the neighbor-list approach, instead of including
the N (N − 1)/2 possible constraints, we only consider M ′ ∼
cd N of them, where cd is a prefactor that depends on the
dimensionality and should be, at most, of the order of the
kissing number (i.e., the maximum number of nonoverlapping
spheres such that each of them touch a common sphere) in the
corresponding dimension. Clearly, this reduces the size of the
constraints matrix F of Eq. (4) to be M ′ × (dN + 1).

The neighbor list is constructed utilizing a cutoff distance,
�(ϕ), which (possibly) depends on the system’s packing frac-
tion, as explained below. For each particle i we define its
list of neighbors, ∂̃i := { j | |ri j | � �(ϕ)}, where the distance
between particles i and j is computed following the nearest
image convention [79]. Therefore, the constraint Fi j (�s, �) is
included only if j ∈ ∂̃i (and i < j). That is, for a given pack-
ing fraction, the full set of constraints becomes F̃(�s, �) =
{Fi j (�s, �) | i < j, j ∈ ∂̃i}.

It is useful to consider a cutoff distance dependent on ϕ

since at low packing fraction, when a single update can result
in particles being displaced over large distances, �(ϕ) should
be kept large enough to ensure that no overlaps occur even
after such large displacements. In contrast, for ϕ � ϕJ , when
each linear optimization iteration generates only very small
rearrangements, �(ϕ) can be set to a small value, keeping
track only of the nearest neighbors for each particle. Notice
that we have assumed that � is the same for each parti-
cle, but it is straightforward to generalize our algorithm to

the case where each particle has a different cutoff distance,
�i(ϕ). This situation could be useful, for instance, with highly
polydisperse packings, in which the smallest particles might
perform larger displacements and therefore more neighbors
need to be taken into account to avoid overlaps. In such case,
the list of neighbors for the ith particle could be defined as
∂̃i := { j | |ri j | � max[�i(ϕ), � j (ϕ)]}.

The CALiPPSO algorithm is reported as pseudocode in Al-
gorithm 1. Before further comments, we anticipate that more
details on how to initialize the algorithm will be addressed
in Sec. III, while the analysis of the convergence time of
CALiPPSO is postponed to Sec. IV.

As a first remark, we highlight that CALiPPSO has no
free parameters, except for �(ϕ). Working with monodis-
perse configurations, we found that, if the initial packing
fraction is not too small, setting �/σ ∈ [3, 4] produces good
results, while when the system is very close to jamming
(i.e., during the last linear optimizations), further reducing
the cutoff distance to � = 1.4σ suffices. However, since ϕJ

is not known a priori for a given configuration, we choose
� according to the optimal inflation factor from the previous
linear optimization, ��

0. For instance, in our tests we used
� = 3.5σ when

√
�� − 1 � 10−5, and � = 1.4σ otherwise.

We verified that the results are insensitive to specific value of
� ∈ [1.4, 5]σ .

Second, if the initial packing fraction is not close to ϕJ , say
ϕ/ϕJ < 0.5 imposing bounds on the particles’ displacements,
|si| < sbound for i = 1, . . . , N , is convenient. In this way, one
can avoid both large rearrangements (that could lead to crys-
tallization in 3d monodisperse systems), and the need to
make �(ϕ) too large. We found that the naive bound, sbound =

1
2
√

d
[�(ϕ) − √

��
0σ ], was enough to avoid overlaps in all the

cases we tested. However, if the degree of polydispersity is
very broad, tighter bounds might be needed. Additionally,
bounding |si| might be useful also at later stages of the chain
of linear optimizations to effectively reduce the feasible re-
gion of the jamming LOP and speed up the optimization. This
should be done with some care because, if these constraints
become active, they would play the role of external forces.
Therefore, they must be taken into account when assessing
the mechanical equilibrium of the configuration. If ignored,
active displacement bounds might cause a packing to be non-
isostatic [in the sense defined above i.e., Nc = Ndof with Ndof

as in Eq. (14)], given that Nc only considers contact forces.
A practical solution to guarantee isostaticity and that only real
contacts are included, is to perform the last linear optimization
without bounds on any |si|.

In the pseudocode of Algorithm 1 we have implicitly
assumed, without loss of generality, that λ̃

�
is obtained si-

multaneously when solving the jamming LOP (line 8). This is
certainly the case when the jamming LOP (2) is solved using
interior-point methods [70,71] as we do here (see below).
However, if the optimal solution is obtained using, e.g., the
primal simplex method [70], the Lagrange multipliers would
be computed after such solution is found. Conversely, if the
dual simplex method was employed [i.e., if the LOP (5) is
solved instead of the primal, original jamming LOP], (�s�, ��)
would be obtained from λ̃

�
. As already remarked, these ar-

guments rely on the strong duality theorem: once the primal
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Algorithm 1 CALiPPSO algorithm for jamming hard spheres.

Require: A HS configuration (�r, �σ ), without overlaps; tolerance for convergence criterion (tols, tol� ).
1: procedure CALiPPSO (�r, �σ ; tols, tol�)
2: Compute initial density, ϕ, and cutoff �(ϕ)
3: repeat
4: for 1 = 1, . . . , N do � Construct neighbor lists
5: ∂̃i ← { j| |ri j | � �(ϕ)}
6: end for
7: F̃ := {Fi j (�s, �) | i < j, j ∈ ∂̃i} � Define set of relevant constraints, Fi j , from Eq. (2b).
8: Solve the jamming LOP (2), with constraints F̃.
9: �s ← �s�

10: � ← ��

11: Store C := {[i j] | λi j > 0} � Define contacts indices from active dual variables
12: Store active dual variables, λ.
13: (�r, �σ ) ← (�r + �s,

√
� �σ ) � Update the configuration

14: Recompute ϕ and �(ϕ)
15: until maxi |si| < tols and

√
� − 1 < tol�

16: (�rJ , �σJ ) ← (�r, �σ ) � Define jammed configuration
17: for [i j] ∈ C do � Construct network of contacts
18: ni j = ri j

σi j
� Store contact vectors

19: fi j = λi j

σi j
� Store forces magnitudes

20: end for
21: return �rJ , �σ, {ni j}, { fi j} � Output
22: end procedure

or dual optimal solution is available, the other one can be
accessed straightforwardly.

When the CALiPPSO convergence criterion has been met
within a given tolerance (tols, tol� ), we directly obtain the
jamming packing fraction ϕJ , the particles’ position and size
(�r(J ), �σ (J ) ), as well as the set of contact forces f = { f[i j]}.
From their knowledge, it is possible to investigate all the
properties of the jamming transition of hard spheres, such as
the jamming critical exponents [6,11,12,29], and the structure
the free-energy landscape (FEL) [26,32] (see also Sec. III A).

In Ref. [60], we provide our own implementation of the
CALiPPSO algorithm, written in the Julia programming lan-
guage [59] and making use of the JuMP [80] modeling
package. To solve all the jamming LOP instances, we used the
Gurobi Solver [81]. We tested our code also with other free,
open-source optimizers such as HiGHS [82] and GLPK [83].
We found that even though all these solvers have a relatively
low precision (about 10−9), CALiPPSO is able to produce
valid jammed packings systematically. This is a remarkable
feature that contrasts with other algorithms, such as FIRE
[44], which requires quad-precision computations to avoid
over-shooting the jamming critical point [24,46].

The precision of the solver determines the tolerance for
satisfying the constraints and, consequently, the precision with
which the dual variables are computed. Using Gurobi with the
highest overall accuracy available (10−9), overlaps larger than
10−8 never occur, and the force balance condition is satisfied
with higher precision by several orders of magnitude (about
10−13). Moreover, using such solver, active and nonactive dual
variables are distinguished with double precision in most of
the systems we examined. This implies that true contacts are
identified with high precision and mechanical equilibrium is
also guaranteed within a reasonably small tolerance.

Using our implementation [60] of Algorithm 1 we are able
to produce packings as the ones shown in Fig. 2. In the top
panel, we illustrate the network of contacts in a 2d bidisperse
configuration, while in the bottom panel spheres are colored
according to the number of their contacts (visualization done
using Ref. [84]). These packings were crunched from an initial
random configuration with ϕ = 0.4 (in 2d) and ϕ = 0.2 (in
3d). We mention that, compared with their corresponding
jamming densities, these values amount to ϕ/ϕJ < 0.5 and
ϕ/ϕJ < 0.3, respectively. This means that, even if the justifi-
cation to transform the exact jamming OP (1) into the LOP
(2) was based on the assumption that ϕ � ϕJ , so all {|si|}
are small, the CALiPPSO algorithm is sufficiently robust to
produce valid packings even if initialized relatively far from
jamming. We tested our algorithm in d = 2–5 dimensions (see
Appendix B), and we verified that in all cases the jammed
packings thus produced satisfy the mechanical equilibrium
condition and are isostatic. This shows convincingly that our
algorithm generates typical jammed configurations, and can
be employed to carefully explore the jamming transition of
HS systems.

III. THE LS+CALiPPSO ROUTE TO JAMMING:
PROBING THE FREE ENERGY LANDSCAPE

In this section, we present results obtained when com-
bining CALiPPSO with the Lubachevsky–Stillinger (LS)
compression protocol [49]. Specifically, the idea is to use
configurations compressed with LS as initial conditions of the
CALiPPSO algorithm. This scheme will allow us to improve
the performance of CALiPPSO and to study in detail the
influence of the initial condition on the jammed packings it
produces. We argue that the jammed states we obtained fol-
lowing such combined approach, referred as LS+CALiPPSO,
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FIG. 2. Upper panel: jammed packing in a two-dimensional,
bidisperse system (with diameter ratio 1 : 1.4). Rattlers are coloured
in orange and the full network of contacts is shown, with the mag-
nitude of contact forces represented by the thickness of the lines. Bot-
tom panel: monodisperse packing in three dimensions. The contact
network is not shown to avoid cluttering but particles are coloured
according to the number of their contacts: lighter particles have more
contacts, while the darkest ones are rattlers (zero contacts). Both
packings were obtained initializing CALiPPSO with low density
configurations: ϕ0 = 0.4 in 2d (ϕJ = 0.839) and ϕ0 = 0.2 in 3d
(ϕJ = 0.635).

reflect the hierarchical structure of the free energy landscape
(FEL) [6]. Our numerical results suggest that, if CALiPPSO
is initialized from a configuration at very high pressure (as
specified below), then the packings it produces likely coincide
with the ones that would be obtained extrapolating the LS

compression to the infinite pressure limit (see Sec. III B).
Hence, using LS+CALiPPSO we can generate jammed
packings [5,77,78], reproducing many of the properties ob-
served previously in the literature [6,25,32].

As we mentioned in the Introduction, the LS protocol
allows us to compress hard spheres to very high pressures.
However, it is not able to strictly reach the jamming condition,
1/p = 0. Nevertheless, the LS compression protocol is an
excellent tool to approach the jamming point: Besides being
fast, it has been amply verified that it closely reproduces
the (phenomenological) equation of state [85] of HS glasses
[10,50,86,87]:

p = d

1 − ϕ/ϕJ
, (15)

with p = βPV/N the reduced pressure of the system.
The LS compression protocol increases the particle diam-

eters with a uniform growth rate, σ̇ (t ) = κ . This compression
is performed simultaneously to the dynamical evolution of the
configuration. HS dynamics can be efficiently simulated using
event-driven MD in arbitrary dimensions [6,25,50,86], or even
in some mean-field models [88]. We used the implementation
of Ref. [50], so we limit our analysis to finite-dimensional,
monodisperse systems. Before proceeding, let us note that
depending on κ the LS protocol can produce monodisperse
configurations that possess some degree of crystallization
[50,51,67]. As stated above, we want to produce only disor-
dered packings; thus, we took care in choosing κ to avoid any
ordering in our configurations, as explained in the following.

In this work, we will focus on three-dimensional systems
because of their special role as a minimal model displaying
jamming phenomenology [89]. Nevertheless, our approach is
valid in any dimensionality d > 1, (in d = 1 the resultant
packings are inevitably ordered chains). Monodisperse sys-
tems in d � 3 are prone to crystallize if slow compression
rates are used. To avoid the formation of ordered domains in
three-dimensional systems, we initially perform a fast com-
pression with κ (0) = 5 × 10−3 (see Appendix C for more
details); instead, there is no need to include this initial fast
compression in higher dimensions.

Our LS+CALiPPSO protocol to reach the jamming point
of HS systems is composed of the following steps:

(1) We generate a random HS configuration, i.e., we draw
from a uniform distribution the spheres’ positions, at low
packing fraction ϕ0 and without overlaps, and initialize the
LS compression protocol with it.

(2) To avoid crystallization, we perform a fast compres-
sion, with a compression rate κ (0) = 5 × 10−3, until p(0)

tar =
500. Note that this step can be safely avoided in d � 4 (see,
e.g., Fig. 8).

(3) We initialize a new LS compression with the HS con-
figuration obtained at p(0)

tar = 500, and further compress it until
a target pressure ptar � 1 (see below for detailed values) is
reached. This second compression is performed with a smaller
compression rate κ .

(4) We use the HS configuration at ptar from the previous
step to initialize the CALiPPSO algorithm. Following the
implementation of Algorithm 1, CALiPPSO is executed until
the convergence condition (��, �s�) = (1, �0) is verified, within
a given tolerance. In this way, we obtain an HS configuration
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at the jamming point. All the results reported below have been
obtained at fixed tolerance: tols = 10−9, tol� = 10−12.

The two protocols involved, LS and CALiPPSO, compress
HS configurations at very different speeds. In particular, the
LS compression is a finite-time protocol. Thus, while it is un-
able to produce the states given by a quasistatic construction,
such as state-following or adiabatic compression [12,90], it is
relatively slow when compared with the CALiPPSO instanta-
neous inflation of spheres. The CALiPPSO algorithm instead
is, for all purposes, a quenched compression, or crunching.
Consequently, LS+CALiPPSO is an out-of-equilibrium pro-
cedure that brings an HS configuration to its jamming point
without following the thermodynamic equation of state (see
also Sec. III B).

A. The role of the initial condition and the FEL structure

The most relevant parameters of the LS+CALiPPSO pro-
tocol are the LS compression rate, κ (see step 3 above), and
the target pressure from which CALiPPSO is initialized, ptar

(see step 4 above). In addition, we can change the number
of particles in the system, N . Notice that, due to memory
effects in hard spheres [48], in principle the value ϕtar from
which CALiPPSO is initialized, i.e., the packing fraction such
that p(ϕtar ) = ptar, should be considered as a parameter of the
protocol. However, for simplicity we will assume that, in the
glassy regime, the exact value of ϕ is uniquely determined by
p, and the influence of ϕtar is considered to be implicitly cap-
tured by ptar. Therefore, in the following, we will investigate
only the influence of κ , ptar, and N on the final jammed states.

For fixed κ and N , we construct a sample by compressing
via LS the same initial HS configuration to different values
of ptar in the range [103, 1011]. In such a way, all the jammed
states of a sample belong to the same glassy state. This feature
can be exploited to explore the FEL’s structure at jamming.
Since our compression protocol stops as soon as p � ptar, the
precise value of p obtained for a target ptar can slightly vary.
For a given ptar, there is a small sample variability (usually
less than 1%) in the actual value of the pressure.

Let us begin by analyzing the dependence of ϕJ on the
LS+CALiPPSO parameters. In particular, let us consider its
sample average, 〈ϕJ〉. All the averages reported in the follow-
ing are computed over 20 samples, unless otherwise stated.
We consider ptar ∈ [103, 1011], and several values of κ and N .
Figure 3(a) shows the dependence of 〈ϕJ〉 on ptar, for various
κ , at N = 1024. Figure 3(b) illustrates analogous results for
different system sizes, at fixed κ = 10−5. In agreement with
previous studies [3,5,10], we find that 〈ϕJ〉 is always close to
0.64. We see that changing the target pressure of the LS com-
pression protocol has a very small effect in the pressure range
we considered. In contrast, slowing down the compression or
increasing the system size increases ϕJ , albeit always within
a narrow interval. These features are not surprising. Lowering
κ , the particles have more time to rearrange; therefore, the
system can reach deeper minima of the FEL, yielding higher
values of ϕJ [32]. Instead, border or periodic effects are re-
duced in larger systems, so the particles are less constrained,
and higher values of ϕJ can be achieved. Nevertheless, the
data suggest a rather quick convergence to the thermodynamic
limit value.

FIG. 3. Dependence of various properties of the jamming con-
figurations obtained via LS+CALiPPSO as a function of ptar, for
N = 1024 (left) and κ = 10−5 (right); note that plots on a same
row share the scale of their vertical axes. We present results for
several values of the compression rate κ (left column) and the system
size N (right column). All values reported are the average and stan-
dard error over 20 samples. (a, b) Jamming packing fraction, 〈ϕJ〉.
(c, d) Difference of the jamming packing fraction obtained at ptar

from the one obtained at pmax = 1011 in the same sample. (e, f)
Similarity measure of the contact networks within the same sam-
ple, 1 − Q(ptar ) (defined in the main text). (g, h) Number of linear
optimizations, n, needed for CALiPPSO to reach the jamming con-
vergence condition. Inset of panel (h): size scaling collapse showing
that n/N is only a function of the thermodynamic pressure P ∼ N p,
as explained in the main text. Panels (c–f) support the presence of a
hierarchical structure of the jamming landscape, as explained in the
text.

To further investigate the properties of the jamming
configurations obtained via the LS+CALiPPSO algorithm,
we define the quantity |�ϕJ (ptar )| := |ϕJ (pmax) − ϕJ (ptar )|,
where pmax = 1011 is the largest target pressure considered,
and is used as a reference for comparison. |�ϕJ | quantifies to
what extent the packing fraction of a jammed configuration
changes if the CALiPPSO crunching begins from a smaller
ptar. We seldom find that �ϕJ is a nonmonotonic function
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of ptar, so in Figs. 3(c) and 3(d) we consider its absolute
value. We report 〈|�ϕJ (ptar )|〉, averaged over 20 samples, for
several values of κ at N = 1024 in Fig. 3(c), and for different
system sizes N at κ = 10−5 in Fig. 3(d). We observe that in
general 〈|�ϕJ |〉 is a decreasing function of ptar. Moreover,
from Fig. 3(c) we see that 〈|�ϕJ (ptar )|〉 is independent of
the compression rate only for ptar � 106. For larger pressures,
the effects of κ become relevant. For instance, using the
fastest compression (κ = 3 × 10−4), 〈|�ϕJ (ptar )|〉 = 0 within
the numerical precision for ptar � 108. This means that, in
each sample, the LS+CALiPPSO algorithm finds the same
ϕJ . Instead, smaller compression rates yield 〈|�ϕJ (ptar )|〉 � 0
for higher pressure, with �ϕJ remaining finite within an in-
terval that grows as κ decreases. A cleaner signature of this
behavior is discussed below considering the similarity of the
network of contacts [see Figs. 3(e) and 3(f)]. On the other
hand, Fig. 3(d) shows that size effects are negligible, at least
for N � 1024.

As explained before, employing the LS+CALiPPSO pro-
tocol, we can easily extract the network of contacts of a
jammed configuration. Notice that this network univocally
defines a minimum of the FEL [6]. Thus, a more refined
measure of similarity between jammed configurations can
be obtained comparing the contact networks rather than the
packing fractions of two configurations. In particular, we are
interested in quantifying the similarity between two config-
urations of the same sample at different target pressures.
Considering again the configuration produced from pmax as
reference, we define Q(ptar ) := |C(ptar ) ∩ C(pmax)|/Nc(pmax),
where C(ptar ) ∩ C(pmax) is the intersection between the con-
tact networks of the two configurations, while Nc(pmax) is
the number of contacts of the jammed configuration at pmax.
Therefore, Q(ptar ) measures the number of common contacts
between the packings obtained initializing CALiPPSO with
two configurations in the same sample, one at ptar and the
other at pmax. Q(ptar ) = 1 only when the contact networks
exactly coincide. Similar observables have been used else-
where [6,26,48] to investigate the FEL’s structure near and at
jamming. Our findings are reported in Figs. 3(e) [respectively,
Fig. 3(f)] for fixed N and different κ (respectively, fixed κ

and different N). For the values of ptar, κ , and N considered
here, we see that the main structure of the contact network is
shared by jammed packings in the same sample, i.e., within
a given metabasin [6,12]. Yet, a small fraction of the contacts
(∼10%) are only determined gradually, as the CALiPPSO in-
put configuration goes down in the landscape as ptar increases.
Thus, the behavior of 1 − Q(ptar ) reported in these figures is
in accordance with that of |�ϕJ (ptar )| discussed above. Using
Q(ptar ) the influence of changing the compression speed, as
well as the system size, are distinguished more cleanly. We
observe that for a given κ or small N , there is a threshold
pressure above which we obtain Q(ptar ) = 1 for all samples.

These findings are in agreement with the rough and hier-
archical structure of the FEL predicted for hard spheres in
infinite dimensions (see Sec. I). Assuming such mean-field
picture to be valid also in finite-dimensional systems, as sug-
gested by recent numerical evidence [6,12,26,32], our results
indicate that the FEL’s structure could only be fully resolved
with an infinitesimally slow compression, κ → 0 (assuming
that crystallization can be avoided in this limit; see the dis-

cussion at the beginning of Sec. III B). Instead, when κ is
finite, there will be a threshold pressure p(th), such that if
ptar > p(th) the jamming packings obtained within the same
sample will be inevitably the same: the system is trapped in
one minimum. The fact that p(th) increases with N can be
understood considering that the number of minima in the FEL
increases tremendously with the system size [12,13,91] which
suggests that for large systems finding diverse minima is much
likelier, even for very high values of ptar. The role of p(th) will
be discussed in more detail in the next section.

The dependence of the final packing on ptar is reflected
not only in physical quantities, such as ϕJ and the network of
contacts but also in algorithmic properties. In Figs. 3(g) and
3(h) we consider the number of linear optimizations needed
to reach the convergence criterion, n, as a function of ptar.
In agreement with the rest of the panels, these curves illus-
trate that, for sufficiently large ptar, the value of n remains
essentially unchanged, despite the fact that the distance to
ϕJ decreases by several orders of magnitude. Moreover, from
Fig. 3(h) we see a clear dependence of n on the system size N .
Interestingly, such dependence can be teased out by assuming
n = NG(N ptar ), where G(x) is a scaling function such that
G(x) ∼ constant, for x → ∞. We put to test this scaling in the
inset of Fig. 3(h), obtaining a very good collapse of the curves
at different N . The small deviations observed in N = 512
systems at very large target pressure are likely explained from
the fact that, in such cases, n matches the minimal number of
iterations, n0 = 2 (see Sec. IV). We can rationalize the scaling
variable N ptar by noting that, from the definition of the reduce
pressure [92], we have that N p = βPV , where P is the usual
thermodynamic pressure, β is the inverse temperature, and V
is the system’s volume. Since in all our MD simulations we fix
β = 10 and V = 1, N ptar ∼ P provides the natural variable to
measure how far from jamming a configuration is, indepen-
dently of the number of particles. Our results hence indicate
that n = NG(P); for fixed P, this linear relation suggests that
CALiPPSO works by blocking few degrees of freedom at each
linear optimization (see also the discussion in Sec. IV).

Finally, we compare the properties of the packings ob-
tained via the LS+CALiPPSO protocol to the ones that would
be obtained using only the LS compression protocol in the
limit p → ∞. Unfortunately, it is very difficult to access the
microscopic details of the jammed packings, such as contacts
and interparticle gaps, purely from an extrapolation of the data
at finite pressure (see, for instance, Fig. 10 in Appendix D
and the corresponding discussion). However, recalling that an
HS glass in d dimensions is well described empirically by the
equation of state (15), we can use this expression to fit the
values of p and ϕ computed during the MD simulations of
the LS protocol, and then estimate the jamming packing frac-
tion ϕ

(LS)
J that would correspond to 1/p = 0.

Fixing N = 1024, we estimate ϕ
(LS)
J using the LS data in

the range p ∈ [105, 1011], and we perform the sample average
of such values. Then, we compare it to the sample average
of ϕJ obtained via the LS+CALiPPSO protocol. The results
(mean and standard error) for various compression rates κ

are reported in Table I. We only include the LS+CALiPPSO
results at ptar = 103 and 105 because with larger pressures the
sample average of ϕJ is identical, within the statistical error,
to the one at ptar = 105. The results in Table I imply that, at

055310-12



HARD-SPHERE JAMMING THROUGH THE LENS OF LINEAR … PHYSICAL REVIEW E 106, 055310 (2022)

TABLE I. Average values of the jamming density of the LS
compression protocol (second column) and LS+CALiPPSO (third
and fourth columns). Each row corresponds to a different growth
rate (first column). ϕ

(LS)
J is the p → ∞ limit packing fraction within

the LS protocol, estimated via a fit as explained in the main text.
The values and uncertainties reported are obtained averaging over 20
samples of N = 1024 particles.

κ 〈ϕ (LS)
J 〉 〈ϕJ (ptar = 103)〉 〈ϕJ (ptar = 105)〉

3 × 10−4 0.64244(20) 0.64240(21) 0.64244(20)
10−4 0.64274(23) 0.64272(22) 0.64274(23)
3 × 10−5 0.64314(19) 0.64313(19) 0.64314(19)
10−5 0.64329(18) 0.64328(17) 0.64329(18)

fixed κ , the jammed state obtained via the LS+CALiPPSO
protocol for sufficiently large ptar (presumably smaller than
p(th)) coincides with ϕ

(LS)
J . Similar results have been obtained

performing a comparison of ϕJ and ϕ
(LS)
J within each sample.

However, given that for ptar � 105 the uncertainty in the esti-
mation of ϕ

(LS)
J (about 10−5) is much larger than the values

of ϕJ − ϕ
(LS)
J (about 10−7) and |�ϕ(ptar )|, a more precise

comparison for larger ptar is unfeasible.

B. The LS+CALiPPSO phase diagram

In view of the results presented in Sec. III A, we can sketch
the path followed by HS configurations brought to jamming
via the LS+CALiPPSO algorithm. Such a path is illustrated
in Fig. 4 in the (ϕ, 1/p) plane, where it is compared with
the path one would obtain considering an infinitesimally slow
compression (black solid line), i.e., the hypothetical thermo-
dynamic equation of state of the glass. Let us stress that in
practice no algorithm can reach the κ → 0 limit. Moreover,
in 3d , monodisperse systems decreasing κ below a critical
compression rate inevitably leads to partial crystallization [52]
(accompanied by significantly larger values of ϕJ ). Since our
results have been obtained at finite κ , and we have checked
the absence of any sign of crystallization (see Fig. 7), in our
discussion we will neglect the possibility of forming a crystal
during the LS compression, and use the κ → 0 limit just as an
idealized reference.

In Fig. 4, the first half of our protocol, i.e., the LS com-
pression, is identified by the κ > 0 line which, for small p,
is virtually identical to the thermodynamic one. However, for
any finite κ > 0, the glass obtained from the LS protocol
inevitably detaches from the path associated with the qua-
sistatic limit. The CALiPPSO crunching is identified by the
dashed, red lines, highlighting the fact that no value of p
can be assigned during this process. Figure 4 illustrates also
the threshold pressure introduced before, such that, if ptar <

p(th), CALiPPSO produces packings with different jamming
density and network of contacts. Conversely, when ptar >

p(th), CALiPPSO converges to the same jammed microstate.
As discussed above, such a state is presumably identical to the
p → ∞ limit of the LS protocol. From the FEL perspective,
this implies that in the regime ptar < p(th) the hierarchical
structure of the landscape affects the final packings realized
by the LS+CALiPPSO algorithm, while for ptar > p(th) such

FIG. 4. Sketch of LS+CALiPPSO route to jamming in the
(ϕ, 1/p) plane. We include a schematic comparison of the LS pro-
tocol (blue line, κ > 0) and the quasistatic one (black line, κ → 0)
obtained by, e.g., adiabatic compression, that ends in ϕ�

J . These two
protocols coincide up to a certain pressure, identified by the gray
square, but at larger pressure the finite compression rate of LS makes
it detach from the idealized thermodynamic line. ϕ (LS)

J is the jamming
packing fraction that would be obtained by LS when 1/ptar = 0, and
is identified with the big blue circle to represent the large uncertainty
in its estimation with respect to ϕJ from CALiPPSO (see Sec. III A).
CALiPPSO crunching is represented by dashed lines, initialized at a
given ptar < ∞. If ptar � p(th), then CALiPPSO leads to packings of
different densities, e.g., ϕ

(1)
J < ϕ

(2)
J (green lines). Conversely, when

ptar � p(th), different initial conditions lead to the same jammed state,
ϕ

(3)
J (red lines) that very likely coincides with ϕ

(LS)
J . Note that the

interval of different values of ϕJ has been drastically magnified, and
that the κ → 0 path is used only as a schematic reference since no
finite-time numerical algorithm could follow such a path.

structure is not longer detected by the algorithm and it al-
ways reaches the same minimum. In addition, our data show
that p(th) is not universal: p(th) increases as κ decreases or N
increases. Nevertheless, further studies are needed to better
characterize such dependence. Finally, we note that the values
of ϕJ obtained using either CALiPPSO or the p → ∞ limit
of LS are expected to be smaller than the quasistatic jam-
ming density ϕ�

J . This discrepancy has already been observed
in polydisperse systems [93], and mean-field models [94],
although in 3d monodisperse HS systems such difference
should be very small [25].

IV. TIME COMPLEXITY OF CALiPPSO

In this section, we explore the performance of the
CALiPPSO algorithm as a function of the system size N . In
particular, we will analyze the time required by the algorithm
to converge (τ ), the number of linear optimizations (n), and
the mean time required per linear optimization in a given
system (tLOP), as a function of N . The results presented in
this section are obtained for 3d , monodisperse systems, fixing
ptar = 107, and within two different LS compression proto-
cols. In the first one, we set κ f = 10−5 for all system sizes;
in the second one, we introduce a size-dependent growth rate,
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κN , such that ϕ̇ is constant for all values of N . More precisely,
given that ϕ̇ ∼ Nσ 2σ̇ ∼ (Nϕ2)1/3κ , if all configurations must
be subject to the same compression rate for a given value
of ϕ, then κN ∼ N−1/3 (more generally, in d dimensions we
would have κN ∼ N−1/d ). We consider system sizes up to
Nmax = 16384. For the second compression protocol, we fix
κN = (Nmax/N )1/3κ f . Notice that, since the smallest system
size is Nmin = 256, the ratio between the inflation rates of
the two protocols is κNmin/κ f = 4 at most. Comparing the two
scenarios is useful to guarantee that the scalings we obtain are
intrinsic to CALiPPSO.

Since the performance of the LS protocol has been ana-
lyzed before [62], we will not discuss it here. However, in
Appendix D we show a comparison of the CALiPPSO and LS
times and their dependence on ptar (see Fig. 11).

We test our implementation of the CALiPPSO algorithm
in a 6 cores computer, with processor Intel Core i7-8700
at 3.2 GHz. Each jamming LOP is solved using the Gurobi
Solver [81] (version 9.1) along with the JuMP package [80] of
the Julia programming language [59]. All the jamming LOP
instances are solved using the Gurobi’s barrier method, with
six threads running concurrently, and setting the feasibility
and optimality tolerance to their most stringent values, 10−9.
The rest of the solver parameters are used with their default
values [81].

In Fig. 5, we report the results obtained after averaging over
100 samples for each value of N and compression protocol,
along with the corresponding standard error. Notice that in all
three panels, the mean values obtained at fixed compression,
κ f (blue crosses), are very similar to the ones obtained with
the size-scaled compression rate, κN (green squares). There-
fore, here we only present the data analysis made within the
former protocol. In Fig. 5(a), we illustrate the size dependence
of τ , as well as the result of a least-square fit of the form
τ = τ0 + cNα (black line). We chose the offset time, τ0, such
that residuals of the linear model ln(τ − τ0) = ln c + α ln N
were minimized, and obtained α = 2.84 ± 0.09. We can see
that data at small N deviate from the large size trend. Perform-
ing again the fit, but including only data for N � 1024, we find
that α = 3.09 ± 0.13 (red, dashed line). Similar values are ob-
tained for the compression protocol with κN , whence we argue
that this is the intrinsic size dependence of τ of CALiPPSO.
We can conclude that, for high enough ptar (see Sec. III B), the
complexity of CALiPPSO scales approximately as N3.

We can also investigate which components of the
CALiPPSO algorithm are more sensitive to the system size.
In other words, does τ increase with N due to a much larger
number of LOP instances required for convergence? Or, in-
stead, is it the time spent for each linear optimization that
gives the largest contribution to τ? To answer this questions,
in Fig. 5(b) [respectively, Fig. 5(c)] we plot the behavior of
〈n〉 (respectively, 〈tLOP〉) for different values of N and the
two protocols considered. Our results clearly show that the
increasing computational cost for jamming larger systems is
due to the time required to solve each LOP instance. Indeed,
analogous fits to Fig. 5(a) yield that tLOP ∼ N2.34±0.05, while
n ∼ N1.04±0.03. Hence, the main contribution to the growth
of τ with N comes from the increasing difficulty in solving
a single instance of the jamming LOP, while the number of
steps required for convergence grows only linearly with the

FIG. 5. Complexity of CALiPPSO as a function of system size
N , measured by the convergence time, τ (a), number of linear op-
timizations used to reach the convergence condition, n (b), and the
mean time required in solving the jamming LOPs of a system, tLOP

(c). We set d = 3, ptar = 107 and used two LS compression proto-
cols: a fixed growth rate κ f = 10−5 (blue crosses) and a size scaled
compression κN (green squares). Data reported correspond to the
average over M = 100 samples for each value of N and compression
strategy. Solid lines show the size scaling obtained by least-squares
fits to the data obtained using κ f ; the red, dashed line in panel (a) is
an analogous fit obtained considering only N � 1024 (see main text
for more details). The fits obtained with the κN protocol are virtually
identical.

system size. Notice that the scaling exponent obtained for
〈tLOP〉 versus N is significantly smaller than the one from the
worst-case scenario analysis that would yield a dependence
N3.5, given the complexity of the interior point method itself
[71].

Our data show also that the minimal number of iterations
required by CALiPPSO is approximately n0 = 2, a value con-
firmed by analogous results for very large ptar [cf. Fig. 3(h)].
This finding can be intuitively explained by assuming that,
even if the initial condition is very close to jamming and
a single linear optimization would make a system reach its
final density, �s� would be determined by saturating the linear
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constraints. Therefore, an extra iteration would be needed to
make linear contacts precisely match physical ones.

It is worth recalling here that from the scaling presented in
Sec. III A, 〈n〉 ∼ NG(P), the linear dependence of the number
of iterations with N is expected to be valid even for smaller
values of ptar. In other words, even if CALiPPSO was ini-
tialized from a smaller pressure, the proportionality relation
〈n〉 ∼ N would be valid for a fixed P.

Importantly, our tests have also shown that the convergence
condition for � is achieved noticeably faster than the analo-
gous condition on �s, especially for N > 1024. That is, the last
iterations of CALiPPSO are employed to fine-tune the parti-
cles’ positions to attain stability (by matching linear with real
contacts), and not in increasing the system density. This sug-
gests that our algorithm might be improved by implementing
some sort of “relaxation” during the configuration update. For
instance, writing the optimal inflation factor of the jamming
LOP as �� = 1 + γ , with γ > 0, we can update the particles’
diameter as σ → √

1 + cγ σ , for some 0 < c < 1, instead of
the rule considered so far. By doing so, it is likely that both
� and �s would converge at a much similar rate because the
slightly larger amount of free volume would allow obtaining
larger optimal displacements when needed. This goes beyond
the scope of the present work, and such alternatives will be
explored in further studies.

Another relevant point emerging from Fig. 5 is that the sim-
ple assumption 〈τ 〉 ∼ 〈n〉 · 〈tLOP〉 would give a slightly larger
exponent for the scaling of τ with N than the one obtained
from the direct fit. There are two mechanisms that might be
responsible for this mismatch. The first and most obvious one
is the contribution of the other steps described in Algorithm
1. Clearly, besides the linear optimization, CALiPPSO also
requires computing and updating the neighbor lists, identify-
ing rattlers, modifying and storing arrays, etc. Because each
of these operations is less demanding than the jamming LOP,
their combined effect is to reduce the overall exponent. How-
ever, a second factor that should be considered is that tLOP and
n are not necessarily independent variables, thus 〈n〉 · 〈tLOP〉 �=
〈ntLOP〉 ∼ 〈τ 〉. The fact that the first of these quantities yields
an N dependence with a larger exponent implies that n and
tLOP are anti-correlated. In other words, it is likely that our
algorithm converges by performing a relatively small number
of expensive linear optimizations.

As we mentioned in Sec. II, the CALiPPSO algorithm is
suitable for systems in any dimensions d , as we evince in
Fig. 8 in Appendix B for d = 4 and d = 5. Here, we anticipate
that its performance is affected by the dimensionality of the
system because, as d increases, each particle is surrounded
by more neighbors. That is, even if at jamming each par-
ticle is in contact with an average of 2d other spheres, the
amount of spheres within �(ϕ) that induce a constraint could
grow much faster. More precisely, solving each jamming LOP
has a polynomial complexity [71,95] on the max(Ndof, M ′),
following the notation of Sec. II. Now, Ndof ∼ dN , while M ′ =
z̃d N , where z̃d denotes the average number of near contacts
in a d-dimensional system. Isostaticity and geometrical con-
straints imply Ndof � M ′ � kd N , with kd the kissing number
in d dimensions. Thus, as long as kd is not much larger than
d , we can expect our complexity analysis to hold. Unfortu-
nately, kd increases exponentially in d , and having tighter

bounds on z̃d is not trivial. Previous data in d = 4–6 [3,50]
suggest that the abundance of near contacts increases rapidly.
Nevertheless, the constraint matrix F of the jamming LOP
(3) will remain rather sparse as long as z̃d � N ; this should
avoid tLOP from reaching the worst-case complexity men-
tioned above. Finally, let us notice that z̃d is also influenced
by the CALiPPSO initial configuration parameters (e.g., ptar

if the LS compression protocol is used). Nonetheless, our tests
have shown that CALiPPSO is an efficient algorithm even for
moderately high values of d , as discussed in Appendix B. A
more quantitative analysis is beyond the scope of the present
work, and is left for future studies.

V. CONCLUSIONS

In this work, we introduced the CALiPPSO algorithm to
produce disordered jammed packings of hard spheres with
very high accuracy. In contrast with most of the existing
algorithms, CALiPPSO does not require introducing any ef-
fective potentials between particles. Instead, it is based on
formulating the packing problem of hard spheres as a non-
convex optimization problem, which is then solved through
a series of more tractable linear optimization problems. Sec-
tion II contains our main results. We showed that, even if
the linear problems are only approximations of the original
problem, once convergence is attained, CALiPPSO produces
hard-sphere (HS) configurations that are optimal also with
respect to the original nonconvex problem. Importantly, using
results of optimization theory, we analytically proved that
CALiPPSO packings are globally stable, in mechanical equi-
librium, and isostatic. From the analysis of the complexity of
CALiPPSO in 3d systems in Sec. IV, we showed that its con-
vergence time likely scales as N3, where N is the system size,
making CALiPPSO a very efficient algorithm. We provide our
own implementation of CALiPPSO in Ref. [60].

Notably, from the isostatic packings produced by the
CALiPPSO algorithm, one can easily extract all the relevant
information on the microstructure of the jammed HS config-
urations. Achieving the same precision with techniques based
on molecular dynamics (MD) is certainly not as straightfor-
ward. When employing MD-based algorithms few gaps might
be misclassified as contacts, potentially leading to unstable
packings. A detailed discussion on this is provided in Ap-
pendix D. CALiPPSO solves these issues thanks to the fact
that the complete microstructure of a jammed packing is ob-
tained purely from static quantities. In fact, contact forces are
identified from active Lagrange multipliers. Thus, forces are
computed independently from interparticle gaps.

To improve the performance of CALiPPSO, in Sec. III we
combined it with the Lubachevsky-Stillinger (LS) compres-
sion protocol and verified that using these two algorithms
together we can readily produce typical jammed packings.
By means of extensive numerical simulations, we showed
that the LS+CALiPPSO protocol is capable of probing the
hierarchical structure of the free-energy landscape with un-
precedented accuracy. Studying the landscape structure in
finite-dimensional HS systems is relevant for several rea-
sons; for example, it provides a direct test of the recent
mean-field theory of glasses and jammed systems [6,12,13].
LS+CALiPPSO represents an optimal candidate to accurately
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test whether the landscape of HS configurations possesses
the ultrametric structure predicted by the theory, and recently
confirmed in soft-sphere packings [26].

Our method opens up numerous research directions to-
wards the characterization of the jamming critical properties
in finite-dimensional HS systems. First, exploring how the
LS+CALiPPSO protocol navigates the landscape upon reach-
ing jamming could inform on the existence of the Gardner
phase [12,14,96] in finite-dimensional models. Moreover, our
algorithm can be profitably used to confirm whether the
Gardner-like algorithmic transition found in Ref. [48] is a
generic feature of packing algorithms. Furthermore, by defin-
ing a cost function for hard spheres at jamming, CALiPPSO
can be employed to explore the stability of the jammed pack-
ings, as well as their spectral properties. Finally, another
promising extension would be to adapt this algorithm to tackle
constraint satisfaction problems. For instance, one could apply
it to the spherical perceptron model [15,16] in finite dimen-
sions and study the properties of the SAT/UNSAT transition
when it is approached from the SAT phase. This would pro-
vide a numerical validation of the corresponding mean-field
results [16,57]. We defer the study of these and other topics to
future works.
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APPENDIX A: OVERCONSTRAINED SYSTEMS:
THE CASE OF 2d MONODISPERSE PACKINGS

As we showed in Sec. II B, our protocol produces con-
figurations that satisfy the stability condition, Nc � Ndof.
Nevertheless, even though the vast majority of packings
produced by CALiPPSO are isostatic, in the case of monodis-
perse disks additional topological and geometrical constraints
lead to hyperstatic configurations (i.e., the strict inequality is
verified). As we explain here, in such overcontrained packings
the excess of contacts only occur between pairs of rattlers.

When dealing with monodisperse configurations in 2d ,
CALiPPSO constructs a solution that is mathematically valid
[i.e., (�s�, ��) optimize the jamming LOP, and λ� fulfills the
force balance conditions] but physically unstable. The reason
is that some rattlers have two parallel force bearing contacts.
Hence, such particles could move in the direction perpendicu-
lar to the line defined by the contacts, without affecting any
mechanical constraint. Moreover, force bearing rattlers are
part of the backbone of the system and, if they were removed,
mechanical equilibrium would be broken across the system.
We observed that such instabilities are invariably accompa-
nied by the formation of large crystalline domains. These
features are exemplified in Fig. 6.

FIG. 6. Unstable, jammed packing of N = 1024 monodisperse
hard disks. The presence of large crystalline domains is apparent.
Particles coloured in orange are rattlers upon which no contact force
is acting, while green disks are rattlers with finite contact forces.
Particles of this latter type cannot be removed without breaking the
force balance condition.

This atypical case can be understood by first noting that in
2d monodisperse systems partial crystallization is practically
unavoidable. This is due to the fact that the Euler criterion
(applied to planar graphs), and the requirement that the faces
of such a graph are regular polygons add extra constraints to
the network of contacts in monodisperse disks [74,75]. Now,
in a region with partial crystallization, the average coordina-
tion number is usually larger than the isostaticity requirement,
z = 2d − O(1/N ). For instance, in a triangular lattice z = 6.
However, as we have showed in Sec. II B, the CALiPPSO
algorithm always generates isostatic packings with respect
to the stable particles. To reconcile these two opposing con-
ditions, in 2d monodisperse systems CALiPPSO produces
packings where some rattlers exert finite forces upon stable
particles. From the point of view of linear optimization, the
excess of active constraints causes the jamming dual LOP (5)
to have degenerate solutions [70].

Formally, such configurations are hyperstatic since there
are more contacts than the number of degrees of freedom.
Nevertheless, if the contacts exerted by rattlers on stable parti-
cles are taken as “external” forces acting individually on such
stable particles, isostaticity is recovered. In other words, if Nc

exclusively counts contacts between stable-stable and rattler-
stable particles, and all rattlers (even the ones with force
bearing contacts) are excluded from Ndof, then the isostatic
condition Nc = Ndof is once again verified. We stress that,
even in this uncommon scenario, the force balance condition
is always satisfied for both rattlers and stable particles.

From these considerations, we argue that whenever the
solution to the jamming LOP leads to finite forces between
rattlers and stable particles, the resultant system must be
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FIG. 7. Radial distribution function of jammed packings ob-
tained initializing CALiPPSO from different target pressures (dis-
placed vertically for clarity), as indicated in the legend, using κ =
3 × 10−4 for the LS compression. Each curve is the average over
M = 20 configurations of N = 1024 spheres. Changing the com-
pression rate does not alter g(r), as illustrated by the black lines
corresponding to κ = 10−4 (dashed), κ = 3 × 10−5 (dash-dotted),
and κ = 10−5 (dotted). Inset: We show, for comparison, g(r) for 10
jammed configurations with partial crystallization (gray lines), and
their average (cyan curve). Such kind of configurations have been
excluded from all the results presented in this study. The peaks at√

2 and
√

7 (vertical dashed lines) are not present in the amorphous
packings, confirming the absence of crystallization. Besides, the ones
at

√
3 and 2 are considerably smaller and broadened.

hypterstatic. Such a hyperstaticity in CALiPPSO packings
signals the presence of some structural ordering.

APPENDIX B: FURTHER CHARACTERIZATION
OF CALiPPSO JAMMED PACKINGS

First, we show that our LS+CALiPPSO protocol produces
packings without any crystallization. To do so, we compute
the radial distribution function g(r) of the jammed packings
with N = 1024 monodisperse particles in 3d . The curves
we obtained initializing CALiPPSO from different values of
ptar are reported in Fig. 7 and are fully consistent with the
analogous results obtained with other methods [50,97]. In
particular, the absence of a peak at r = √

2σJ indicates that
no crystalline order is present in our packings. To exemplify
that even a small degree of crystallization yields a noticeable
peak at such location, in the inset of the same figure, we plot
g(r) of 10 slightly denser configurations, obtained using a
smaller κ (0) during the LS compression which have partially
crystallized. The densest of these 10 extra configurations has
a ϕJ that is only 5% larger than the average of the packings
without crystallization. In addition, we see that the very sharp
peaks at r = √

3σJ and r = 2σJ broaden considerably in the
disordered configurations, while the one at r = √

7σJ disap-
pears and only the underlying shoulder remains.

Finally, we characterize the jammed packings obtained
via the LS+CALiPPSO protocol in d > 3. In particular, we
analyze monodisperse configurations of N = 1024 particles
in d = 4 and d = 5, for κ = 10−5. As mentioned at the

FIG. 8. Results with the LS+CALiPPSO protocol in higher di-
mensions: d = 4 (blue circles) and d = 5 (green squares). In analogy
with Fig. 3, we explore the effect of ptar on the jamming packing
fraction [d = 4 in panel (a) and d = 5 in panel (b)], as well as
�ϕJ (ptar ) (c), and the number of linear optimizations, n (d). The
values reported correspond to the average over 20 samples together
with the corresponding standard error.

beginning of Sec. III, when producing these packings, the
fast compression with κ (0) (point 2 of our LS+CALiPPSO
protocol) has been omitted. In analogy with the analysis of
Sec. III A, we compute ϕJ , �ϕJ (ptar ), and n when CALiPPSO
is initialized from different values of the target pressure. In
Fig. 8, we report the average over 20 samples of these quan-
tities, which agree with the behavior found in d = 3 systems
and the hierarchical FEL structure we described above. We
verified that all the obtained configurations at jamming are
isostatic and in mechanical equilibrium. These results demon-
strate that CALiPPSO can readily produce valid jammed
packings in higher dimensions.

APPENDIX C: FURTHER DETAILS ON THE LS
COMPRESSION PROTOCOL

In Fig. 9, we exemplify the LS compression part of our
LS+CALiPPSO algorithm (i.e., the first three steps described
at the beginning of Sec. III). From this Figure it is clear
that using the fast compression the liquid (crosses) undergoes
a smooth transition to a glass (circles); thus, there are no
signatures of the crystalline phase. However, it should be
noted that having a finite κ , the LS fails to equilibrate the
liquid all the way up to the glass transition density [10,92],
ϕ � 0.58. Yet, the glass phase is well described by the free-
volume equation of state, as shown by the excellent agreement
between the numerical data and the plot of Eq. (15) (solid
red line). As mentioned above, this is not the true thermo-
dynamic equation of state. The inset of Fig. 9 confirms the
divergent behavior of p as ϕ → ϕJ . In short, even if the LS
is a rather quick compression protocol, it efficiently produces
glassy configurations. Naturally, a more complex compression
method can be used to attain better thermalized systems before
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FIG. 9. Comparison of the pressure obtained during the LS com-
pression (symbols) with the Carnahan–Starling equation of state [92]
for the liquid (black, dashed line), and Eq. (15) for the glass phase
(solid, red line). The fast compression is represented by the blue
crosses, while the circles correspond to the slower compression in the
glass phase. The inset shows that the pressure diverges as predicted
by Eq. (15) in the main text.

initializing the CALiPPSO crunching part. However, as we
argued in Sec. III A, this protocol suffices to probe the most
salient features of jammed packings.

APPENDIX D: COMPARING CALiPPSO
TO MD BASED ALGORITHMS

In the main text, we mentioned that using only the LS
compression it is impossible to extract the full structural in-
formation of a jammed state. To support this claim, in Fig. 10
we present the probability distribution function (pdf) of the in-
terparticle gaps, defined as hi j = ri j

σi j
− 1, obtained at different

values of ptar. That is, the gaps’ pdf once the MD simulations
have reached ptar, but without using CALiPPSO. For a given
value of target pressure, the associated pdf has three different
regimes: (i) for very small values of the gaps, h � 1/ptar,
a plateau forms, whose height increases (linearly) with ptar;
(ii) for 1/ptar � h, the pdf follows the scaling predicted by
mean-field theory [6,12,13], p(h) ∼ h−γ , with γ = 0.4163
(dashed, black line); (iii) for 1/ptar � h a third, intermediate
regime sets in which cannot be identified with any well-known
property of the configurations. The first two regimes can be
identified, respectively, as the nascent contact-singularity and
the critical gap distribution of the radial distribution function
characteristic of spheres packings [50,76,92]. We verified that
if only the gaps smaller than 1/ptar are counted as contacts, the
resulting system is highly hypostatic. Notably, these features
are independent of the value of κ employed.

Figure 10 illustrates also the gap distributions obtained
at convergence of CALiPPSO (circular markers), using the
LS configurations as seeds. Notice that using CALiPPSO,
p(h) is rather insensitive to the value of ptar from which a
configuration is crunched. Specifically, we also recover the
mean-field prediction, but in a consistent range spanning sev-

FIG. 10. Probability distribution function (pdf) of the interparti-
cle gaps, h, after terminating the LS compression at different target
pressures and with different compression rates (as indicated by
colors and legend in the lower left). We show also the analogous
pdf’s obtained with CALiPPSO for the same values of ptar, with
configurations compressed using κ = 3 × 10−5 (other values yield
virtually identical distributions). These curves have been displayed
downwards by a small fraction for clarity. For each value of κ and
ptar, we report the distributions obtained averaging over 20 configu-
rations of N = 1024 particles. Down arrows indicate the intersection
of the distributions with h = 1/ptar and correspond to the beginning
of the plateau. Thus, for a given value of ptar, LS “contacts” can be
identified as the gaps smaller than 1/ptar. We observe the presence
of the regime p(h) ∼ h−γ (black, dashed line) which is in good
agreement with the distribution of gaps predicted by the mean-field
theory. As we argue in the main text, since intermediate values of
h cannot be associated unequivocally to either of these two classes,
using exclusively LS-type algorithms we cannot recover the detailed
structure of jammed packings.

eral decades, independently of ptar. Moreover, deviations from
p(h) ∼ h−γ observed in the left tail of p(h) can be ascribed
to finite-size effects [29]. The plateau proportional to ptar

present in the LS distribution, completely disappears after the
crunching: it becomes δ(h), i.e., particles are in contact. Thus,
the intermediate regime (iii) for 1/ptar � h disappears as well
because using CALiPPSO all the interparticle distances can
be classified either as force bearing contacts, or as true gaps.

To better understand the difference between the results of
our approach and highly compressed configurations obtained
from MD simulations, let us assume a fixed value of ptar.
From the discussion of the previous paragraphs, by comparing
p(h) obtained within LS with the corresponding distribution
within CALiPPSO, we can conclude that a significant fraction
of gaps in the intermediate domain of the LS distribution
will form valid contacts once ϕJ is reached. Yet, for any
ϕ < ϕJ , there is no clear criterion for distinguishing this type
of “precontact” gaps from true ones (i.e., those that remain
finite at ϕJ ). To overcome this difficulty, previous studies
have computed a time-averaged network of contacts. In a
nutshell, this technique identifies the contacts of a particle
by averaging the collisions it undergoes with its neighbors
over a sufficiently large time window. Naturally, the plateau of
h < 1/ptar is a consistent contribution to such average because
such very small gaps constitute a rather constant background
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FIG. 11. Running time of LS (dotted lines) and CALiPPSO al-
gorithms (dashed), and their sum (solid), as a function of ptar. We
explore the effect of using different compression rates with fixed
N = 1024 (upper panel), as well as changing the system size but a
constant κ = 10−5 (lower one), as indicated in the legends. For the
analysis of Sec. IV, we used ptar = 107 (highlighted by the vertical
line).

of collisions associated with potential contacts. The remaining
contacts needed to achieve stability are therefore obtained
from the collisions with particles whose typical distance lies in
the intermediate regime. Instead, as we have shown here, iden-
tifying forces with strictly positive Lagrange multipliers of
the final jamming LOP offers a clear-cut distinction between
gaps and contacts. This makes CALiPPSO a more precise
packing algorithm than dynamical or time-average approaches
coming from the near jamming regime. We emphasize that
precisely identifying real contacts and gaps is of utmost
importance because of the marginal stability of jammed pack-
ings and the long-range correlations of their networks of
contacts.

To conclude, we compare (i) the time required by LS to
reach a given ptar, (ii) the time CALiPPSO takes to succes-
sively jam the configuration from the target pressure, and (iii)
their sum, i.e., the total time of our LS+CALiPPSO method.
For the first one, it is clear that the larger the desired ptar the
longer the LS protocol takes (dotted lines in Fig. 11). Besides,
intuition suggests the duration of the CALiPPSO crunching
process is reduced the larger ptar gets, leading to a trade-off
of the optimal total time of LS+CALiPPSO. However, from
the results of Figs. 3(g) and 3(h), we know that if ptar > p(th)

this is not necessarily the case. Indeed, those figures show
that 〈n〉 remains essentially unchanged in this very high-
pressure regime. Hence, it is expected that the convergence
time of CALiPPSO remains roughly constant, as confirmed
in Fig. 11 (dashed lines). Thus, at least for moderately large
N , increasing ptar is actually detrimental to the performance
of LS+CALiPPSO. Recall, however, that to properly sample
the free energy landscape (see Sec. III A) a large target pres-
sure, p(th) > ptar � 1 is useful. Therefore, even if choosing
a very high value of ptar leads to a longer LS compres-
sion, it should be favored to better model the thermodynamic
route to the jamming line. This is the reason why we fixed
ptar = 107 in Sec. IV to explore the CALiPPSO algorithmic
complexity.

From a more practical point of view, if many indepen-
dent configurations have to be compressed simultaneously,
then a long LS compression does not necessarily hinder the
performance of LS+CALiPPSO, provided ptar < p(th). That
is, given that LS [50] relies on event-driven MD that can be
efficiently implemented using a serial algorithm, as many con-
figurations as available threads can be compressed. However,
some optimizers, as Gurobi [81], benefit from being executed
with parallelized algorithms, which hinders the possibility
of concurrently executing CALiPPSO on several systems.
Therefore, when selecting ptar to optimize the total time
of LS+CALiPPSO these two different behaviors should be
considered.

As a final remark, we mention that a relatively large κ

can produce a nonmonotonic behavior of time of the full
LS+CALiPPSO protocol. In this case, a longer LS compres-
sion to reach a larger pressure is convenient up to a certain ptar,
that depends on κ . Beyond such pressure, however, further
increasing the target pressure leads to a larger time because
the CALiPPSO crunching is not substantially accelerated. In
other words, the small speed gain of CALiPPSO does not
compensate for the longer LS compression.
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