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In this work we investigate the dynamics of the number-density fluctuations of a dilute suspension of active
particles in a linear viscoelastic fluid. We propose a model for the frequency-dependent diffusion coefficient of
the active particles which captures the effect of rotational diffusion on the persistence of their self-propelled
motion and the viscoelasticity of the medium. Using fluctuating hydrodynamics, the linearized equations for
the active suspension are derived, from which we calculate its dynamic structure factor and the corresponding
intermediate scattering function. For a Maxwell-type rheological model, we find an intricate dependence of these
functions on the parameters that characterize the viscoelasticity of the solvent and the activity of the particles,
which can significantly deviate from those of an inert suspension of passive particles and of an active suspension
in a Newtonian solvent. In particular, in some regions of the parameter space we uncover the emergence of
oscillations in the intermediate scattering function at certain wave numbers which represent the hallmark of the
nonequilibrium particle activity in the dynamical structure of the suspension and also encode the viscoelastic
properties of the medium.
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I. INTRODUCTION

Active matter, which has recently emerged as a prominent
research field of physical sciences [1], focuses on systems that
are made up of autonomous entities capable of consuming en-
ergy from their environment in order to convert it into directed
motion [2]. This definition encompasses a broad diversity
of nonequilibrium systems ranging from locomotive macro-
scopic animals to mesoscopic biomolecular motors [3–6]. Of
special interest is the study of active soft materials, such as the
cytoplasm of eukaryotic cells [7–10], seminal fluids [11–14],
bacterial colonies [15–18], and aqueous suspensions of syn-
thetic active colloids [19–27], which exhibit complex fluidlike
structural, dynamical, and rheological properties that signif-
icantly differ from those of inert fluids [28]. For instance,
unlike passive colloids dispersed in a viscous solvent, which
increase the total viscosity of the resulting suspension [29],
the addition of swimming bacteria can reduce it [30,31].
Moreover, at higher densities, remarkably complex effects
can emerge, ranging from active superfluid behavior [32] to
turbulent flows of concentrated bacterial suspensions at low
Reynolds number [33]. Therefore there is a growing interest
in understanding nonequilibrium fluctuations and transport
properties in active soft matter, as they open up new avenues
for designing novel soft materials with specific functionali-
ties [34,35]. This requires the use of experimental techniques
that, in addition to conventional single-particle tracking meth-
ods [36–38], are able to provide ensemble information of
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dynamical and structural properties of active-particle suspen-
sions. For instance, dynamical light scattering (DLS) [39],
differential dynamic microscopy (DDM) [40], and super-
heterodyne laser-Doppler-velocimetry (SH-LDV) [41] have
been successfully applied to the characterization of aque-
ous suspensions of Janus colloidal particles [42–45], motile
bacteria [46–49], and cytoskeletal filamentous actin [50].
Furthermore, analytical expressions for the intermediate scat-
tering function, a quantity directly accessible by DDM,
have been derived for stochastic models of active mat-
ter, such as run-and-tumble particles [51], active Brownian
particles [52,53], and oscillatory breaststroke microswim-
mers [54]. Although such ensemble techniques have proved
to be valuable for investigating specific dynamical details of
active particles in viscous solvents under homogeneous con-
ditions, other situations of practical interests remain largely
unexplored. In particular, the effect of viscoelasticity of the
solvent on the bulk properties of the active suspension due to
the presence of suspended macromolecules could be of great
significance for many fluids of biological and technological
importance [55–59].

The main purpose of this work is to get insights into
the effects produced by the hydrodynamic fluctuations of a
viscoelastic fluid on a suspension of active particles. The
presence of time-memory kernels due to viscoelasticity in-
duces thermally excited retarded fluctuations, a situation that
not only occurs in viscoelastic fluids, but also in glassy ma-
terials [60], and is of increasing importance for complex
biological media [61]. Although these effects have been the-
oretically studied mainly for Brownian motion and diffusive
systems [62–66], much less is known of their implications
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FIG. 1. (a) Viscoelastic fluid layer between two parallel plates with separation d � a, where a is the radius of the embedded active
particles, which are separated on average by a distance l such that a � l � d . Some quantities describing a light-scattering process have
been also included: The xz plane is the scattering plane. The angle θ between the wave vector of the incident light, k1, and the one of the
outgoing beams, k2, is the scattering angle. The wave vector of the scattered light, k1 − k2, is related to θ by k = |k| = 4πn sin(θ/2)/λ,
where λ is the wavelength of the incident light beam in vacuum, and n is the refractive index of the scattering medium. p1 and p2 denote the
polarizations of the incident and scattered beams, respectively. (b) Active particle moving in the viscoelastic fluid with propulsion velocity usp

that evolves according to the Ornstein-Uhlenbeck process described by Eq. (27). On the timescale τR, the particle exhibits persistent motion
with a persistence length u0τR.

on the fluctuations and transport properties of active hydro-
dynamic systems. The dynamics of the solvent fluctuations
around its quiescent state are described by using fluctuating
hydrodynamics [67,68]. On the other hand, to describe the
motion of the active particles through the viscoelastic fluid,
we propose a stochastic model for their diffusion coefficient.
This model, which is motivated by experimental observa-
tions, captures qualitatively the effect of rotational diffusion
in the persistence of self-propulsion with a characteristic
propulsion speed. It also depends explicitly on the type of
viscoelasticity of the medium. The general expressions for the
frequency-dependent diffusion coefficient are then written for
Newtonian solvents as well as for Maxwell-type viscoelastic
fluids. This approach leads to analytical expressions for the
dynamic structure factor of the suspensions in terms of the
parameters that characterize the viscoelasticity of the medium
as well as the particle activity. Using such expressions, we
numerically compute the intermediate scattering function and
analyze the distinct behaviors of the dynamical structure
of the active suspension that can emerge in its parameter
space.

The plan of the paper is as follows. In Sec. II we introduce
the relevant features of the model for a dilute suspension
of active particles in a viscoelastic fluid. The hydrodynamic
equations for the particles and solvent are formulated, and
the nonequilibrium steady state (NESS) to be considered is
defined. In Sec. III the linearized fluctuating hydrodynamic
equations are formulated, which are then solved in the Fourier
domain for the fluctuations of the number density of active
particles and the velocity fluctuations of the solvent. In Sec. IV
a model for the frequency-dependent diffusion coefficient of
the active particles in the suspension is proposed, which en-
codes both the viscoelasticity of the fluid and the properties of
the active particles. From it, a general formal expression for

the dynamic structure factor is obtained in Sec. V, which is
then applied to investigate in detail the intermediate scattering
function of dilute suspensions of active particles in a Newto-
nian solvent and in a Maxwell-type viscoelastic fluid. Finally,
in Sec. VI we summarize the main results of our work and
make some further physical remarks.

II. FORMULATION OF THE MODEL

Consider a dilute suspension of noninteracting, active
spherical particles of mass m and radius a propelling in a
quiescent, homogeneous, isotropic, viscoelastic solvent in a
stationary state, ψ0 = (ρ0, v0 = 0, s0), characterized by the
local mass density (ρ0), hydrodynamic velocity (v0), and
entropy density (s0). The solvent is a layer of a linear vis-
coelastic fluid with thickness d confined between two parallel
(solid) plates perpendicular to the z axis but unbounded in the
x and y directions, as depicted in Fig. 1.

A. The solvent

The initial quiescent state ψ0 is altered by the self-
propelled motion of the particles. Since active particles are
intrinsically out of equilibrium, this results in a NESS. If
the characteristic propulsion velocity of the active particles
is not too high, the relaxation dynamics of the surrounding
viscoelastic fluid can be described using linear response (LR)
theory. For arbitrary states, the mass ρ(r, t ) and entropy s(r, t )
densities (per unit volume) of the solvent form a set of three
hydrodynamic variables, ψ (r, t ) = (ρ, v, s), which do not
couple to any other variables.

In the LR regime, the most general constitutive equa-
tion for the linear stress-strain relation for a linear,
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homogeneous, viscoelastic fluid is of the general form [69,70]

σi j (r, t ) = −pδi j +
∫ t

0
dt ′

{
K (t − t ′)γ̇kk (r, t ′)δi j

+2G(t − t ′)
[
γ̇i j (r, t ′) − 1

3
γ̇kk (r, t ′)δi j

]}
, (1)

where p(r, t ) denotes the local pressure, and 2γ̇i j (r, t ) ≡
∂vi
∂x j

+ ∂v j

∂xi
is the strain-rate tensor. In this linear homogeneous

viscoelastic approximation, the bulk compression modulus
K (t ) and the shear modulus G(t ) are scalar and spatially
independent functions. In addition, if the temperature per-
turbations are sufficiently small, as usually occurs when
the system is, e.g., illuminated by a laser beam in a light-
scattering experiment, its density fluctuations originate only
from pressure fluctuations. Moreover, if v(r, t ) is much
smaller than the sound velocity in the fluid, pressure fluctu-
ations can be neglected and the solvent may be considered
as incompressible [71]. Under such isothermal conditions, the
mass density of the solvent is uniform, ρ(r, t ) = ρ0. There-
fore, if the characteristic propulsion speed of the particles is
sufficiently small and the suspension is so diluted that the
presence of the active particles does not appreciably perturb
the motion of the fluid, the dynamics of the solvent is de-
scribed by the continuity equation for an incompressible fluid,

∇ · v(r, t ) = 0, (2)

and the equation of motion

ρ0

[
∂

∂t
+ v(r, t ) · ∇

]
v(r, t ) = ∇ · σ(r, t ),

= −∇p(r, t )

+
∫ t

0
dt ′G(t − t ′)∇2v(r, t ′),

(3)

where we have made use of the general expression (1) for
the total stress tensor, σ(r, t ), and the incompressibility con-
dition (2).

B. The active particles

If no chemical reactions occur between the particles, their
total mass is conserved and their local number density, n(r, t ),
obeys a generalized Fick’s law [72,73]:

j(r, t ) = −
∫ t

0
dt ′D(t − t ′)∇n(r, t ′) + n(r, t )v(r, t ), (4)

where the flux of active particles, j(r, t ), displays time-
memory effects in the diffusion coefficient D(t − t ′) of the
particles due to the viscoelasticity of the solvent. D(t − t ′)
depends on times t ′ previous to the observation time t . The
associated generalized diffusion equation governing the time
evolution of n(r, t ) is

∂

∂t
n(r, t ) + v(r, t ) · ∇n(r, t ) =

∫ t

0
D(t − t ′)∇2n(r, t ′), (5)

where the second term on the left-hand side denotes the con-
vective flux of particles arising from the flow of the solvent.

In Sec. IV we propose a model to obtain an explicit analytic
expression for D(t ) in Eq. (4).

C. Stationary states

Once G(t ) and D(t ) are known, Eqs. (1)–(5) form a
complete system of hydrodynamic equations for the active
suspension. The stationary (time independent) solutions of
this system define nonequilibrium steady states determined
by the boundary conditions imposed on the system. Here we
shall only consider the stationary solution corresponding to a
uniform number density of active particles,

n(r, t ) = n0, (6)

i.e., ∇n(r, t ) = 0, with v0(r) = 0 and constant mass density
and pressure of the solvent. Extensions of the NESS situations
studied here might include spatial variations in the number
density, i.e., n(r, t ) = nst (r) with ∇nst (r) �= 0.

III. FLUCTUATIONS

We now introduce thermal fluctuations into Eqs. (2), (3),
and (5) based on Landau’s fluctuating hydrodynamics [68,71].
To be consistent with LR, we consider small fluctua-
tions, δψs(r, t ) = ψ (r, t ) − ψ0, around the steady state, with
δv(r, t ) = v(r, t ), due to Galilean invariance. Formally, this
is accomplished by adding a momentum fluctuating source
�(r, t ) into (3) and a stochastic current J(r, t ) to the flux
into (5). By linearizing the resulting equations in δψs, we
arrive at the following complete set of linearized equations for
the fluctuations:

∇ · δv(r, t ) = 0, (7)

ρ0
∂

∂t
δv(r, t ) = −∇δp +

∫ t

0
dt ′G(t − t ′)∇2δv(r, t ′)

+ ∇ · �(r, t ), (8)

∂

∂t
δn(r, t ) =

∫ t

0
dt ′D(t − t ′)∇2δn(r, t ′) − ∇ · J(r, t ). (9)

Equation (8) can be further simplified by applying the operator
∇×∇× and using the incompressibility condition (7), thus
eliminating the gradient term with the result

ρ0
∂

∂t
∇2δv(r, t ) =

∫ t

0
dt ′G(t − t ′)∇2∇2δv(r, t ′)

+ ∇2[∇ · �(r, t )] − ∇{∇ · [∇ · �(r, t )]}.
(10)

The random terms J(r, t ) and �(r, t ) in (8) and (9) are
modeled as Gaussian, stationary, non-Markovian stochastic
processes with zero mean [74],

〈�(r, t )〉 = 0, 〈J(r, t )〉 = 0, (11)

and correlations are given by the following relations derived
from the expression for the rate of change of the total entropy
of the fluid [68,74],

〈�i j (r, t )�lm(r′, t ′)〉 = 2kBT G(|t − t ′|)δ(r − r′)i jlm, (12)

〈Ji(r, t )Jj (r′, t ′)〉 = 2n0D(|t − t ′|)δ(r − r′)δi j, (13)
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where the angular brackets denote an average over the NESS,
kB is the Boltzmann constant, and the tensor i jlm is defined
by

i jlm = δi jδlm + δimδ jl − 2
3δi jδlm, (14)

where δi j denotes the Kronecker delta.
Since a description in terms of the diffusion coefficient

is expected to be valid only at times much longer than the
molecular times, the upper limit in Eqs. (9) and (10) may be
extended to +∞, and their Fourier transform can be used:

Â(k, ω) =
∫

dr
∫ +∞

−∞
dt eik·re−iωt A(r, t ). (15)

Then the fluctuating linearized Eqs. (7), (9), (10) in (k, ω)
space read

k · δv̂(k, ω) = 0, (16)

δn̂(k.ω) = ĝ(k.ω)ik · Ĵ(k, ω), (17)

δv̂(k, ω) = −ĥ(k, ω)(I − kk) · [ik · �̂(k, ω)], (18)

where the Green functions associated with Eqs. (9) and (10)
are, respectively,

ĝ(k, ω) ≡ 1

iω + k2D̂(ω)
, (19)

ĥ(k, ω) ≡ 1

iρ0ω + k2Ĝ(ω)
, (20)

being k = |k|. In Fourier space the relations (12) and (13) then
become

〈�̂i j (k, ω)�̂lm(k′, ω′)〉 = 4(2π )4kBTRe[Ĝ(ω)]

× δ(k + k′)δ(ω + ω′)i jlm, (21)

〈Ĵ(k, ω)Ĵ(k′, ω′)〉 = 4(2π )4n0Re[D̂(ω)]δ(k + k′)

× δ(ω + ω′)I, (22)

where I is the unit tensor, and δ(k + k′) and δ(ω + ω′) stand
for the Dirac δ function in wave vector and frequency do-
mains, respectively.

IV. ACTIVE DIFFUSION MODEL

It should be stressed that in the above equations, the ex-
plicit form of the generalized diffusion coefficient D(t ) is
valid for any form of D̂(ω); however, its explicit form should
be consistent with the active character of the self-propelled
particles and with the specific type of the solvent viscoelas-
ticity. In this section we propose a model to obtain an explicit
expression for D(t ). As sketched in Fig. 1(b), we model the
motion of a spherical active particle by a generalized Langevin
equation of the form [75–79]

m
d

dt
u(t ) = −

∫ t

0
γ (t − t ′)u(t ′)dt ′ + Fsp(t ) + ζT (t ). (23)

The left-hand side of Eq. (23) corresponds to the inertial force
on the particle, where u(t ) = d

dt r(t ) represents its instanta-
neous velocity, whose position at time t is r(t ). In addition,

the first term on the right-hand side of Eq. (23) is the hydro-
dynamic drag force exerted on the particle, which self-propels
by the action of an internal force Fsp(t ), whereas ζT (t ) is
assumed to be a Gaussian noise which mimics the effects of
thermal fluctuations:

〈ζT (t )〉 = 0, 〈ζT (t )ζT (t ′)〉 = kBT γ (|t − t ′|)I. (24)

For the sake of simplicity we focus on the overdamped limit,
i.e., the inertial term on the left-hand side of Eq. (23) can be
neglected, whereas the self-propelling force is chosen as

Fsp(t ) =
∫ t

0
γ (t − t ′)usp(t ′)dt ′. (25)

Equation (25) is motivated by experimental observations of
active colloidal particles in viscoelastic fluids [75–77,80],
where the instantaneous self-propelling force lags behind
the instantaneous particle orientation, n̂(t ) = usp(t )/|usp(t )|,
with usp(t ) the characteristic propulsion velocity, due to the
retarded response of the surrounding medium. Note that
this choice of the self-propelling force correctly reduces to
Fsp(t ) = γ usp(t ) = γ u0n̂(t ) in the case of a spherical ac-
tive particle moving at persistence speed u0 = |usp(t )| in a
Newtonian fluid with constant friction coefficient γ , which
corresponds to the well-established model of active Brownian
particles whose orientation n̂(t ) is subject to rotational diffu-
sion [5,81]. We point out that the coarse-grained description
in terms of the propulsion velocity usp(t ) takes into account
the slip velocity across the interfacial layer near the particle
surface due to a tangential gradient created by the specific
microscopic mechanism that generates a thrust force on a
self-propelled particle, e.g., diffusiophoresis, electrophoresis,
or thermophoresis [82]. Such a thrust force must be balanced
by the hydrodynamic drag such that on average there is no net
force on the body [83]. For instance, for a spherical particle
of radius a, this condition yields a simple expression for the
propulsion velocity of the particle which can be computed
by integrating the slip velocity of the fluid, vslip, over the
particle surface, S: usp = − 1

4πa2

∫
S vslip dS [84]. Under such

conditions, the equation of motion (23) takes the particular
form∫ t

0
γ (t − t ′)u(t ′)dt ′ =

∫ t

0
γ (t − t ′)usp(t ′)dt ′ + ζT (t ), (26)

where we assume that the propulsion velocity usp(t ) corre-
sponds to an Ornstein-Uhlenbeck process,

d

dt
usp(t ) = − 1

τR
usp(t ) + ξsp(t ), (27)

where ξsp(t ) is a Gaussian white noise satisfying

〈ξsp(t )〉 = 0, 〈ξsp(t )ξsp(t ′)〉 = 2
u2

0

τR
δ(t − t ′)I, (28)

with u0 representing the characteristic propulsion speed.
Moreover, ξsp is decorrelated from ζT (t ), i.e.,

〈ξsp(t )ζT (t ′)〉 = O, (29)

where O is the zero tensor. Equation (27) captures quali-
tatively the effect of rotational diffusion at sufficiently long
times with effective rotational diffusion time τR or tumbling
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rate τ−1
R in the persistence of self-propulsion with characteris-

tic propulsion speed u0, as observed in numerous experiments
and simulations of self-propelled particles in complex me-
dia [75–77,80,85–88]. The general solution of Eq. (26) is

u(t ) = u0 exp

(
− t

τR

)
+

∫ t

0
exp

(
− t − t ′

τR

)
ξsp(t ′)dt ′

+
∫ t

0
�(t − t ′)ζT (t ′)dt ′, (30)

where �(t − t ′) corresponds to the inverse Laplace transform
of 1

γ̃ (ε) , with γ̃ (ε) = ∫ ∞
0 e−εtγ (t )dt the Laplace transform

of the friction kernel γ (t ). Therefore, for t � t ′ � τR, the
velocity autocorrelation function of the active particle in a
NESS can be written as

〈u(t )u(t ′)〉 =
∫ t

0
ds

∫ t ′

0
ds′e− t−s

τR e− t ′−s′
τR 〈ξsp(s)ξsp(s′)〉

+
∫ t

0
ds

∫ t ′

0
ds′�(t − s)�(t ′ − s′)〈ζT (s)ζT (s′)〉,

= u2
0e− t−t ′

τR I +
∫ t

0
ds

∫ t ′

0
ds′�(t − s)�(t ′ − s′)

×〈ζT (s)ζT (s′)〉. (31)

On the other hand, according to the definition of the time-
dependent diffusion function of the generalized Fick’s law, see
Eq. (54) in [64],

D(t ) = 1
3 Tr[〈u(t )u(0)〉]�(t ), (32)

where �(t ) is the Heaviside step function. Thus, from Eq. (31)
it can be seen that D(t ) can be written as the sum of two
contributions, D(t ) = DT (t ) + Dsp(t ): a thermal contribution
DT (t ), whose Fourier transform can be approximated in the
overdamped limit as

D̂T (ω) =
∫ ∞

−∞
dt e−iωt DT (t ) = kBT

γ̂ (ω)
, (33)

where γ̂ (ω) is the Fourier transform of the memory kernel
in Eq. (26) as computed in [64]. Note that a description in
terms of the frequency-dependent diffusion coefficient given
by Eq. (39) is expected to be valid for times much longer than
molecular times. For sufficiently long timescales of the order
of the relaxation times of the diffusion modes, the leading con-
tributions to Eq. (33) are determined by the viscoelastic nature
of the solvent, which is fully characterized by the dynamic
shear modulus G∗(ω). This is a quantity commonly measured
in small-amplitude oscillatory shear rheology, which can be
represented as

G∗(ω) ≡ G′(ω) + iG′′(ω) = iωĜ(ω), (34)

where G′(ω) and G′′(ω) are the storage and loss modulus,
respectively [69]. Indeed, for a spherical particle moving in
a viscoelastic fluid of dynamic modulus G∗(ω) and density ρ,
in the LR regime the Fourier transform of the friction memory
kernel is given by [89]

γ̂ (ω) = 6πaG∗(ω)

iω
+ 6πa2

√
ρG∗(ω), (35)

where the first term on the right-hand side corresponds to
well-known Stokes-law drag term with frequency-dependent
viscosity η∗(ω) = G∗(ω)/(iω), whereas the second one ac-
counts for the Basset-Boussinesq force due to the motion
of the displaced fluid [71,90,91]. The latter originates when
a rigid moving particle disturbs its fluid environment with
a characteristic frequency ω in such a way that the stress
penetrates through the fluid, which could give rise to hydro-
dynamic memory in the particle motion [92,93]. However, for
frequencies ω � ωC , where ωC is implicitly given by

ωC =
√

|G∗(ωC )|
ρa2

, (36)

the Basset-Boussinesq term in Eq. (35) is negligible [89].
For instance, for an active Brownian particle of radius a =
1 μm that is self-propelling in water at ambient temperature
(T = 20◦ C, viscosity η = 10−3 Pa s, density ρ ≈ 103 kg m−3)
at speed u0 ∼ 10 μm s−1 (the maximum speed achieved by
self-propelled colloids in experiments [5]), Eq. (36) yields
ωC = η

ρa2 ∼ 106 rad s−1. This value is many orders of mag-
nitude larger than the rates characterizing the particle activity,
namely, the inverse of its rotational diffusion time, τ−1

R =
kBT

8πηa3 ≈ 0.16 s−1, and u0/a ∼ 10 s−1. Furthermore, for a typ-
ical viscoelastic fluid, e.g., an aqueous polymeric solution in
the semidilute regime, this frequency is also ωC ∼ 106 rad s−1,
since the high-frequency viscosity of the fluid approaches that
of its viscous solvent, whereas the fluid density remains of
the same order of magnitude, ρ ∼ 103 kg m−3, even in pres-
ence of suspended macromolecules. Therefore, in the effective
long-time description of terms of a frequency-dependent dif-
fusion given by Eq. (33), hydrodynamic memory effects due
to the motion of the viscoelastic fluid can be completely
neglected in such a way that the Fourier transform of the
memory kernel can be approximated as γ̂ (ω) ≈ 6πaη∗(ω) =
6πaG∗(ω)/(iω). On the other hand, the active contribution to
the diffusion function,

Dsp(t ) = u2
0e− t

τR �(t ), (37)

can be expressed in frequency domain as

D̂sp(ω) = u2
0

1
τR

+ iω
. (38)

Therefore the simplest frequency-dependent diffusion func-
tion involved in the generalized Fick’s equation that accounts
for both the effect of the viscoelastic solvent and the persistent
motion of the active particle can be modeled as

D̂(ω) = iωkBT

6πaG∗(ω)
+ u2

0
1
τR

+ iω
. (39)

Equation (39) must represent an adequate model for the ef-
fective diffusive behavior of run-and-tumble particles [94],
active Brownian particles [81], as well as Ornstein-Uhlenbeck
particles [95] moving in a viscoelastic medium for timescales
that are much larger than those of the molecular mechanisms
responsible for the randomization of the particle’s persistent
direction. It should also be pointed out that the first term in
Eq. (39) is directly related to the complex frequency response
function to an external force, χ (ω), derived in the context
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of passive microrheology for the position of a nonactive
Brownian probe particle, in the linear response regime [96],
i.e., D̂T (ω) = iωkBT χ (ω), whose inverse Fourier transform,
χ (t ), is in turn related to the corresponding impulse response
function, h(t ) = 6πaχ (t ) [97]. Then the frequency-dependent
function 6(iω)−1D̂(ω), with D̂(ω) given by Eq. (39), repre-
sents the overdamped limit of the Fourier transform of the
time derivative of the mean-squared displacement of a freely
moving active particle embedded in a viscoelastic material
with dynamic shear modulus G∗(ω) [96,97].

V. DYNAMIC STRUCTURE FACTOR

In this section we calculate a general expression for the
dynamic structure factor of the active suspension, which is
simply given by the spectrum of the number-density fluctua-
tions of active particles in the solvent in the NESS described
in Sec. II C. Thus from Eqs. (17), (19), and (22) the dynamic
structure factor is given by

Ŝ(k, ω) ≡ 〈δn̂(k, ω)δn̂(−k,−ω)〉

= 4(2π )4n0δ
4(0)k2Re[D̂(ω)]

{ω + k2Im[D̂(ω)]}2 + k4[Re[D̂(ω)]]2
. (40)

We now consider specific models for the dynamic shear mod-
ulus of the medium, G∗(ω), and analyze the main effects
on the resulting dynamic structure factor for distinct values
of the parameters that characterize the dilute active-particle
suspension.

A. Newtonian solvent

In this case the storage and loss modulus in Eq. (34) are
given by

G′(ω) = 0, (41)

G′′(ω) = ηω, (42)

respectively, where η is the constant (frequency-independent)
shear viscosity of the Newtonian liquid. In such a case, the
dynamic structure factor (40) is explicitly given by the ex-
pression

Ŝ(κ,�) = S0
βκ2

(
1 + β

1+�2

)
β2

(
1 − κ2

1+�2

)2
�2 + κ4

(
1 + β

1+�2

)2 , (43)

where S0 = 4(2π )4n0δ
4(0)τR, and we have chosen the rota-

tional time τR and the persistence length u0τR of the active
particles to define the dimensionless frequency, � = τRω,
and the dimensionless wave vector, κ = u0τRk, respectively,
with κ = |κ|. In addition, in Eq. (43) we have introduced

the dimensionless parameter β = u2
0τR

kBT
6πaη

= DA
DT

, where DA =
u2

0τR is the active diffusion coefficient of the particles, and
DT = kBT

6πaη
is their long-time thermal diffusion coefficient,

in order to quantify the effect of self-propulsion relative
to thermal fluctuations. Note that for u0 = 0, Eq. (43) re-
duces to the Lorentzian function Ŝ(k, ω) ∝ ωc

ω2+ω2
c

with cut-off

frequency ωc = DT k2 and zero-frequency plateau Ŝ(k, ω →
0) ∝ ω−1

c that describes the equilibrium dynamics of a di-
lute suspension of passive Brownian particles in a viscous

solvent for all k. In this case, the inverse Fourier trans-
form corresponds to the well-known exponential behavior of
the intermediate scattering function, F (k, t ) ∝ exp(−DT k2t ).
Nevertheless, self-propulsion of the particles in the solvent
strongly modifies the shape of the dynamic structure factor
of the suspension, as can be seen in Fig. 2(a) for β = 10. For
instance, for κ = 0.01 and 0.1, i.e., for wave numbers smaller
than the inverse of the persistence length, a Lorentzian-
like behavior is observed for sufficiently small frequencies
(�< 1). Indeed, it can be easily checked from Eq. (43) that
for κ � 1, the dynamic structure factor as a function of ω can
be approximated to a Lorentzian curve with cut-off frequency
ωc = (DT + DA)k2, which corresponds to wave numbers at
which the active suspension effectively behaves as a passive
suspension of Brownian particles with an effective diffusion
coefficient DT + DA. This behavior stems from the fact that,
at timescales that are much longer than τR, active particles
lose the persistence in their self-propelled motion, thus ef-
fectively performing a random walk. However, in contrast to
purely passive suspensions, as the wave number k becomes
comparable to or larger than (u0τR)−1, systematic deviations
from the Lorentzian profile occur. A particular feature is the
emergence of a well-defined peak around a given frequency,
whose location along the � axis and characteristic width both
increase as κ increases, as shown in Fig. 2(a) for κ = 1, 10,
and 100. Such a peak is the hallmark of the particle activity
in the dynamical structure of the suspension, which results
from the persistent motion probed at length scales that are
similar or smaller than the persistence length u0τR. To better
appreciate in time domain the role of such a peak, we compute
the normalized intermediate scattering function, defined as

f (κ, τ ) = 1

2πS0

∫ ∞

−∞
d� ei�τ Ŝ(κ,�). (44)

In Fig. 2(b) we plot the dependence of f (κ, τ ) on the di-
mensionless time τ = t/τR, corresponding to the different
structure-factor curves shown in Fig. 2(a). From the poles of
Eq. (43), it can be readily shown that, for β � 1 (large particle
activity) and 0 < κ < κ− [see Eq. (45)], f (κ, τ ) is given by
the sum of purely decaying exponentials, as can be verified
by the monotonically decreasing dependence of f (κ, τ ) on τ

for κ = 0.01 and 0.1 shown in Fig. 2(b). Moreover, for β � 1
and κ− � κ � κ+, where the characteristic wave number κ±
are given by

κ± =
√

β

√
β ±

√
β2 − 1, (45)

an oscillatory behavior of the intermediate scattering function
emerges as a function of τ , which is similar to the oscilla-
tions found at intermediate wave numbers for other models of
active matter in a viscous environment [44,52–54]. This can
be checked in Fig. 2(b), where oscillations in f (κ, τ ) develop
for the wave numbers κ = 1 and 10, which are contained
in the interval κ− = 0.708 < κ < κ+ = 14.1244. This reveals
the peculiarities of particle self-propulsion in the nonequi-
librium dynamics of the active suspension in a Newtonian
solvent, which can be probed at intermediate wave numbers
and are absent in the case of passive particles. Furthermore,
for β � 1 and κ > κ+, even though a peak in the structure
factor persists, the oscillations of the intermediate scattering
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FIG. 2. (a) Dynamic structure factor as a function of the normalized frequency � = τRω, and (b) corresponding intermediate scattering
function as a function of the normalized time τ = t/τR of an active suspension in a Newtonian solvent with β = 10 and distinct values of
the normalized wave number κ = u0τRk. (c) Dynamic structure factor as a function of the normalized frequency �, and (d) corresponding
intermediate scattering function as a function of the normalized time τ of an active suspension in a Newtonian solvent with β = 0.1 and
distinct values of κ . (e) Diagram of the different regimes of the dynamical structure of the active suspension with Newtonian solvent that can
be probed depending on the values of β and κ . The values β = 1 and κ = 1 (white circle) mark the onset of oscillations in the intermediate
scattering function, which are intrinsic to the active nature of the particles. The solid and dashed lines represent the characteristic wave numbers
κ− and κ+ given by Eq. (45), respectively. (f) Dynamic structure factor as a function of the normalized frequency � for κ = 1 and different
values of β: 1 (thick solid line), 10 (thick dashed line), 102 (thick dotted line), 103 (thick dotted-dashed line), 104 (thin solid line), and 105

(thin dashed line). The thinner black solid and dashed lines depict the behaviors ∝ �−4 and ∝ �−2, respectively.

function vanish, thus exhibiting a sum of exponentially de-
caying relaxations, as can be seen in Fig. 2(b) for κ = 100 >

κ+ = 14.1244. On the other hand, for 0 < β < 1 (small par-
ticle activity), qualitatively different behaviors of Ŝ(κ,�) and
f (κ, τ ) are found, as plotted in Figs. 2(c) and 2(d), respec-
tively. In this regime, the dynamic structure factor exhibits a
quasi-Lorentzian profile as a function of � for all values of κ ,
as verified in Fig. 2(c) for κ = 0.01, 0.1, 1, 10, and 100. This
results in intermediate scattering functions that are given by
the sum of exponential decays without any oscillatory behav-
ior, as shown in Fig. 2(d) for the same values of κ . Figure 2(e)
summarizes the different regimes that can be probed in the
dynamical structure of the active suspension depending on
the specific values of β and κ , where the values β = 1 and
κ = 1 correspond to the onset of oscillatory behavior in the
intermediate scattering function. In particular, it should be
noted that in the limit when active diffusion fully dominates
over thermal diffusion, β � 1, oscillations in f (κ, τ ) occur
for wave numbers in the interval 1√

2
� κ �

√
2β.

To illustrate another distinctive feature of the dynamical
structure of the suspension in the regime where oscillations
in the intermediate scattering function emerge, in Fig. 2(f)

we plot Ŝ(κ,�) as a function of � for κ = 1, i.e., at a wave
number equal to the inverse of the persistence length u0τR, and
different values of β � 1. For � � √

β, we observe the be-
havior Ŝ(κ,�) ≈ S0β

−1κ2�−2, which is expected regardless
of the values of κ and β due to the presence of thermal noise
in the fluid. In addition, we uncover the emergence of an in-
termediate frequency range, 1 � � �

√
β, where Ŝ(κ,�) ≈

S0κ
2�−4, which becomes broader as β increases, as observed

in Fig. 2(f) for β = 100, 101, 102, 103, 104, and 105. This can
be attributed to the active diffusion of the particles in the
suspension, which becomes dominant with respect to purely
thermal diffusion as β increases.

B. Maxwell-type solvent

We now focus on a Maxwell-type solvent described by the
following expressions for the storage and loss modulus:

G′(ω) = (η0 − η∞)τ0ω
2

1 + τ 2
0 ω2

, (46)

G′′(ω) = η∞ω + (η0 − η∞)ω

1 + τ 2
0 ω2

, (47)
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respectively, where η0, η∞, and τ0 represent the zero-
shear viscosity, the high-frequency shear viscosity in the
limit ω � τ−1

0 , and the single relaxation time of the
fluid where the active particles self-propel. This rheo-
logical model adequately describes the linear viscoelastic

response of the swimming medium used in several ex-
periments with active suspensions of Janus colloids in
aqueous polymer solutions [26,75,76,80]. In such a case,
the explicit expression of the dynamic structure factor (40)
is

Ŝ(κ,�) = S0
βκ2

(
1+αϑ2�2

1+α2ϑ2�2 + β

1+�2

)
{
β� + κ2

[ (1−α)ϑ�

1+α2ϑ2�2 − β�

1+�2

]}2 + κ4
(

1+αϑ2�2

1+α2ϑ2�2 + β

1+�2

)2 . (48)

In Eq. (48), in addition to the parameter β that quantifies
the activity of the particles in the suspension, we have intro-
duced the dimensionless parameters α = η∞

η0
� 0, ϑ = τ0

τR
�

0, which characterize the viscoelasticity of the fluid. Note that
when α → 1 or ϑ → 0, the dynamic shear modulus described
by Eqs. (46) and (47) tends to the Newtonian case, Eqs. (41)
and (42), respectively, with frequency-independent viscosity
η = η∞ = η0, as described in Sec. V A. Accordingly, in such
a limit Eq. (48) reduces to Eq. (43). On the other hand, a
strong viscoelastic behavior of the fluid corresponds to α � 1
or ϑ � 1, which represent situations in which the flow re-
sistance of the fluid microstructure is much higher at low
deformation rates and its relaxation time is very large with
respect to other timescales, respectively. To understand the
influence of such viscoelastic parameters on the dynamics
of the number-density fluctuations of the active suspension,
we first compute the dynamic structure factor as a function
of � for β = 10 (dominant active diffusion with respect to
thermal diffusion), κ = 1, α = 0.1 (large zero-shear viscosity
with respect to high-frequency shear viscosity), and distinct
values of the ratio of timescales ϑ = τ0/τR spanning sev-
eral orders of magnitude: ϑ = 10−2, 10−1, 100, 101, 102, and
103, see Fig. 3(a). Note that for such values of β and κ ,
the persistent nature of the active particles in a Newtonian
solvent (ϑ = 0) is manifested through a peak in Ŝ(κ,�) at
around � ≈ 1, immediately followed by a monotonic decay
Ŝ(κ,�) ≈ S0β

−1κ2�−2 for � �
√

β = √
10 due to thermal

diffusion, whereas a low-frequency plateau Ŝ(κ,� → 0) =
S0κ

−2β(1 + β )−1 is conspicuous for � � 1; see the thin
black solid line in Fig. 3(a). However, a nonzero relaxation
time of the fluid leads to systematic deviations of the dynamic
structure factor from the Newtonian case, which are due to the
presence of a high-frequency viscosity η∞ < η0 (in this spe-
cific example, η∞ = αη0 = 0.1η0). For a given value ϑ > 0,
such deviations result in a transition at around � ≈ α−1/2ϑ−1

to a qualitatively distinct regime, which is depicted by the
arrows in Fig. 3(a). Depending on the specific value of ϑ ,
three different types of profiles of Ŝ(κ,�) are observed. For
instance, for ϑ � 1 (short fluid relaxation time as compared
to the particle rotational diffusion time), the peak in the dy-
namic structure factor remains rather unaltered around � ≈ 1,
whereas a second diffusive behavior Ŝ(κ,�) ≈ S0β

−1
∞ κ2�−2

sets in for � � α−1ϑ−1, where β∞ < β represents a high-
frequency activity parameter. On the other hand, for ϑ ≈ 10,
the peak vanishes, which results in a Lorentzian-like shape
of the structure factor. This is verified in Fig. 3(b), where
oscillations in the intermediate scattering function are ac-
tually suppressed for such a specific value of ϑ . Finally,

for ϑ � 10 the peak reemerges but at a frequency that is
higher than that for ϑ � 1. In all cases with nonzero ϑ , a
low-frequency plateau Ŝ(κ,� → 0) = S0κ

−2β(1 + β )−1 that
is consistent with a Newtonian fluid of viscosity η0 can be
observed, whereas the effective diffusive behavior character-
ized by β∞ is revealed at sufficiently high frequencies. Note
that the numerical values of the dynamic structure factor
in such a high-frequency regime are α−1 = 10 times larger
than those for the active suspension in a Newtonian solvent
of viscosity η0 with the same values of κ , �, and β. This
can be explained by the existence of a high-frequency ther-
mal diffusion coefficient associated to η∞, which is in this
case kBT

6πaη∞
= kBT

6πaαη0
= 10DT , as verified for all curves with

ϑ > 0 at sufficiently large � in Fig. 3(a), thereby shifting the
aforementioned transition to smaller and smaller frequencies
with increasing values of ϑ . Furthermore, from Eq. (48) it
can be demonstrated that in the limit ϑ → ∞, the dynamic
structure factor converges to the curve corresponding to an
active suspension in a Newtonian solvent, as described by
Eq. (43), where the effective activity parameter is explicitly
given by β∞ = αβ. This limit corresponds to the situation
where the rotational diffusion of the active particles is so
fast that they do not have enough time to undergo the full
relaxation of the fluid while self-propelling, thus effectively
experiencing a Newtonian medium with viscosity η∞. This is
verified in Fig. 3(a) for ϑ = 102 and 103, where apart from the
plateau at low frequencies � � α−1/2ϑ−1, the structure-factor
curves have fully converged to the limiting case ϑ → ∞ for
� � α−1ϑ−1. Such a behavior of the dynamic structure factor
of the active suspension in a Maxwell-type viscoelastic sol-
vent is also reflected in the dependence of the corresponding
intermediate scattering function on the normalized time τ , as
illustrated in Fig. 3(b). In the inset of this figure it becomes
more evident that the specific value of ϑ determines the period
of the oscillation in f (κ, τ ) due to the particle activity. For
small values of ϑ , typically ϑ � 1, the oscillatory dependence
resembles that of a Newtonian fluid of viscosity η0, whereas
for ϑ � 1, it approaches that of a Newtonian fluid of viscosity
η∞. Such distinct oscillating behaviors of f (κ, τ ) are sepa-
rated by intermediate values of ϑ , where a monotonic decay
is observed in this example at ϑ = 10. On the other hand, re-
gardless of the value of ϑ , all intermediate scattering function
curves converge at short timescales to f (κ, τ → 0) → √

π
2 .

We now analyze the influence of the viscoelastic parameter
α on the dynamic structure of active suspension. To this end,
in Fig. 3(c) we plot Ŝ(κ,�) as a function of � for β = 10,
ϑ = 10 at κ = 1 and distinct values of α spanning the full in-
terval 0 � α � 1. The reference curve for α = 1 (Newtonian
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FIG. 3. (a) Dynamic structure factor as a function of the normalized frequency �, and (b) corresponding intermediate scattering function
as a function of the normalized time τ of an active suspension with β = 10, probed at normalized wave number κ = 1, in a Maxwell-type
viscoelastic solvent with α = 0.1 and distinct values of the parameter ϑ . The arrows in 3(a) depict the frequencies � = α−1/2ϑ−1 at which
deviations from the Newtonian curve (ϑ = 0), start to develop. In 3(b), the inset is an expanded view of the main plot around the values of τ at
which the first oscillation in the intermediate scattering function shows up. Same colors and line styles as in 3(a). (c) Dynamic structure factor
as a function of the normalized frequency �, and (d) corresponding intermediate scattering function as a function of the normalized time τ of
an active suspension with β = 10 probed at normalized wave number κ = 1, in a Maxwell-type viscoelastic solvent with ϑ = 10 and distinct
values of the parameter α. In 3(c) and 3(d), the insets are expanded views of the main plots around the values of � and τ at which the peak in
Ŝ(κ, �) and the first oscillation in f (κ, τ ) show up, respectively. Same colors and line styles as in 3(c).

solvent of viscosity η0 = η∞), which is depicted as a solid
thin line in Fig. 3(c), exhibits the characteristic shape with
a low-frequency plateau Ŝ(κ,� → 0) = S0κ

−2β(1 + β )−1,
followed by a peak at around � ≈ 1 and a high-frequency
diffusive decay ∝ �−2. With decreasing values of α, we find
systematic deviations from the Newtonian case, which result
in the complete disappearance of the peak for α = 0.1, and
its reemergence for 0 � α < 10−2 but with a height and a
frequency that are both smaller than those of the active sus-
pension in a Newtonian solvent, see inset of Fig. 3(c). This
translates into an increase of the oscillation period of the
intermediate scattering function for α < 0.01, as well as a
decrease in the amplitude of the oscillations, as shown in
Fig. 3(d). In addition, for α < 0.1 we observe the appearance
of a second plateau in the dynamic structure factor within the

frequency interval α−1/2ϑ−1 � � � α−1ϑ−1, which becomes
increasingly broader with decreasing values of α. Further-
more, for � � α−1ϑ−1, we find the high-frequency diffusive
behavior Ŝ(κ,�) ≈ S0α

−1β−1κ2�−2. This results in the com-
plex shape of the intermediate scattering function shown in
Fig. 3(d) for α < 10−1, where a double temporal decay is
observed at timescales that are shorter than the corresponding
oscillation period. Note that for the specific value α = 0,
which corresponds to the more widely known Maxwell model
with a single viscosity η0 > 0 and η∞ = 0, a marked change
in the behavior of Ŝ(κ,�) happens, where the second plateau
at high frequencies completely disappears. This in turn leads
to a pronounced change in the short-time behavior of f (κ, τ )
with respect to the curves at nonzero α, where a single decay
instead of two occurs and the value to which it converges as
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FIG. 4. Diagrams of the different regimes of the dynamical structure of the active suspension in a Maxwell-type viscoelastic fluid that
can be probed depending on the values of (a) ϑ and κ for β = 10 and α = 0.1; (b) α and κ for β = 10 and ϑ = 10; and (c) β and κ for
ϑ = 10 and α = 0.1. The areas marked by O correspond to the values of the parameters at which oscillations in the intermediate scattering
function emerge, whereas no oscillations occur at those marked by N-O. In 3(a) and 3(b), the symbols � and ∇ correspond to the characteristic
wave numbers κ+ = 14.1244 and κ− = 0.708 given by Eq. (45) for a Newtonian fluid with β = 10. In 3(c), the symbol ◦ depicts the onset of
oscillatory behavior.

τ → 0 is f (κ, τ → 0) → 1
2

√
π
2 , i.e., twice smaller than the

value for α > 0.
The previous results evidence that the viscoelasticity of

the solvent, characterized by the specific values of the pa-
rameters ϑ and α, can strongly impact in an intricate manner
the dynamical structure of the active suspension with respect
to that in a Newtonian solvent. To illustrate this, in Fig. 4
we plot three diagrams that represent the possible regimes
that can be probed in the active suspension by means of the
intermediate scattering function over several orders of mag-
nitude of the parameters ϑ , α, β, and κ . First, by varying
the parameter ϑ of the viscoelastic fluid at constant β > 1
and α < 1, two disconnected regions where oscillations in
f (κ, τ ) arise can be identified in the ϑ − κ plane, as shown
in Fig. 4(a) for β = 10 and α = 0.1. Out of these two re-
gions, no oscillations in f (κ, τ ) happen, and therefore for
such possible values of the parameters ϑ and κ the active
suspension effectively behaves as a passive system even when
the active diffusion coefficient is bigger than the thermal one.
Moreover, by varying α at constant ϑ > 0, we also find two
disconnected regions in the α − κ plane where oscillatory be-
havior of the intermediate scattering function takes place, see
Fig. 4(b) for β = 10 and ϑ = 10. Once again, we find that out
of these two regions in the parameter space, the oscillations
are suppressed even when β > 1. Finally, in Fig. 4(c) we
demonstrate that in a viscoelastic fluid, even though the shape
of the diagram is qualitatively similar to that of a Newtonian
case [see Fig. 2(e)], the numerical values of β and κ at which
oscillations occur are strongly modified by the specific values
of α and ϑ . In particular, the onset of the oscillations, which
critically occurs at (β = 1, κ = 1) in a Newtonian solvent,
is shifted to (β ≈ 20, κ = 1) in a Maxwell viscoelastic fluid
with α = 0.1 and ϑ = 10. This implies that a higher particle
activity is required in a viscoelastic solvent than in a Newto-
nian one to distinguish the dynamical structure factor of the
active suspension from that of an inert suspension of passive
Brownian particles under similar conditions.

We point out that the previous results are quantitatively
valid only for values of β such that advective and inertial

effects of the solvent around the particle are negligible. For
instance, for self-diffusiophoretic spherical colloids [19,23],
which are well described by the active Brownian particle
model with rotational diffusion time τR = 8πηa3

kBT , the activ-
ity parameter β is related to the active Péclet number by
means of Pe ≡ 2au0/DT = √

3β. Therefore, values as large
as β ∼ 103 − 104 correspond to Péclet numbers Pe ∼ 50–150,
at which advection of the solvent is negligible in the effective
description of the particle dynamics in terms of a slip velocity
generated within a thin interaction layer (thickness � a) [98],
for which Eqs. (23)–(25) represent an adequate coarse-grained
model of the particle motion. Then, for this kind of ac-
tive particles, although not strictly quantitative, the behavior
of the dynamic structure factor for values β ∼ 104–106 in
Fig. 4 are included only with the purpose to illustrate the
qualitative behavior of the suspension at very large values
of particle activity. Other types of self-phoretic colloidal
particles [20,22,25], as well as distinct micron-sized active
particles [99,100], are also expected to exhibit a similar be-
havior at sufficiently large values of β, provided that advection
of the solvent is negligible.

VI. CONCLUDING REMARKS

In this paper we have analyzed spatiotemporal properties
of the number-density fluctuations of a dilute suspension of
active particles in a viscoelastic solvent. The proposed model
for the particle motion captures the influence of rotational
diffusion on the self-propulsion of the active particles as well
as temporal memory effects on the friction exerted by the sur-
rounding viscoelastic medium. In the case of a Maxwell-type
model for the viscoelastic fluid, we find that, unlike a passive
suspension in a Newtonian solvent, the dynamic structure
factor and the intermediate scattering function have nontrivial
dependencies on the parameters that characterize the vis-
coelasticity of the solvent and the activity of the particles.
This approach allows us to identify regions in the parameter
space of the suspension where the intermediate scattering
function exhibits either a temporal oscillatory behavior or a
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monotonic decay in time. While the former is a hallmark of
the particle activity, the latter can be regarded as an effective
passive regime. Therefore our results could serve as a refer-
ence to probe the nonequilibrium nature of active suspensions
in non-Newtonian fluids by means of, e.g., DLS and DDM ex-
periments. We point out that Maxwell-like models have been
successful in providing a stochastic description for fluctua-
tions of hydrodynamic variables in various nonactive complex
fluids under external gradients [101–103]. Thus our approach
could also be useful to investigate the effects of external
gradients in the dynamics of active suspensions, e.g., particle
concentration gradients, hydrodynamic flow, or temperature

gradients, which are of great relevance to active matter sys-
tems. Other aspects that could be investigated in future work
are the effect of long-ranged correlations in the propulsion
velocity of the particles [104,105], negative friction mem-
ory [106], as well as spatially dependent friction [107] on
the dynamic structure factor of active suspensions in complex
fluids.
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