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Phase space analysis of nonlinear wave propagation in a bistable mechanical
metamaterial with a defect
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We study the dynamics of solitary waves traveling in a one-dimensional chain of bistable elements in the
presence of a local inhomogeneity (“defect”). Numerical simulations reveal that depending upon its initial
speed, an incoming solitary wave can get transmitted, captured, or reflected upon interaction with the defect.
The dynamics are dominated by energy exchange between the wave and a breather mode localized at the defect.
We derive a reduced-order two degree of freedom Hamiltonian model for wave-breather interaction and analyze
it using dynamical systems techniques. Lobe dynamics analysis reveals the fine structure of phase space that
leads to the complicated dynamics in this system. This work is a step toward developing a rational approach to
defect engineering for manipulating nonlinear waves in mechanical metamaterials.
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I. INTRODUCTION

Acoustic metamaterials [1] are (generally) periodic struc-
tures assembled using artificially engineered units and
designed to possess unconventional mechanical wave propa-
gation characteristics. This class of mechanical metamaterials
has potential applications in vibration control [2], energy
harvesting [3], mechanical computing [4], precision sensing
[5], and cloaking [6]. The key to realizing the vast promise
of such metamaterials lies in developing rational design and
control techniques for manipulating the flow of energy in
these systems. Since the dispersion relation contains all the
information about the propagation and growth (or decay) of
linear waves, the research in linear acoustic metamaterials has
focused on developing techniques for tailoring the dispersion
relation [7,8].

For nonlinear metamaterials [9], the design space is vastly
less explored due to the increased complexity of the non-
linear dynamics of wave propagation. One of the popular
architectures consists of a one-dimensional chain of bistable
elements connected by linear springs [10-12]. This class
of metamaterials supports the propagation of solitary waves
[13,14], i.e., large amplitude, spatially localized waves that
can travel large distances without distortion. Depending on the
system geometry, continuum approximations of such systems
(corresponding to inter-mass distance going to 0) reduce to
variants of the canonical nonlinear partial differential equa-
tions (PDEs) such as the Sine-Gordon and Klein-Gordon
equations. This connection has been exploited in the analysis
of 1D and 2D acoustic bistable metamaterial systems in pre-
vious works [11,12,15,16]. The propagation of solitary waves
in such nonlinear structures can be tailored by introducing
suitable spatial variations in mass or spring stiffness. In previ-
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ous works, the effect of introducing inhomogeneity in bistable
chains has been studied analytically in the weakly nonlinear
regime for the case of 1D chain with spatially graded stiffness
[12], and numerically in the case of 1D or 2D structures with
localized inhomogeneities (“defects”) in mass and stiffness
[11,15,17]. The presence of a defect can give rise to an os-
cillatory mode (“breather’) localized at the defect [11,13,18].

In this paper, we employ methods of dynamical systems
theory to gain a deeper understanding of the dynamics of soli-
tary waves in a 1D chain of bistable elements in the presence
of a stiffness defect. Numerical simulations of the discrete
chain show that depending on its speed, an incoming solitary
wave can be transmitted, captured, or reflected back upon
interaction with the defect. To understand these numerical
results, following earlier work on Sine-Gordon equation with
a defect [19], we derive a two degree of freedom (DOF)
reduced-order model for the continuum approximation of this
system using the method of collective coordinates. The two
DOFs correspond to the position of the solitary wave, and
the amplitude of the breather. This model is shown to capture
some qualitative aspects of dynamics. The analysis of phase
space transport in the system reveals the organizing structures
that delineate the sets of initial conditions of solitary waves
leading to qualitatively different outcomes after interaction
with the defect.

II. SYSTEM MODEL AND COHERENT STRUCTURES

A. System without a defect
1. N-DOF System

We begin by discussing the defect-free chain of bistable
elements studied in Ref. [10], and summarize their main
results in the fully nonlinear (large amplitude) regime. The
periodic chain consists of N bistable units connected by (“in-
tersite”) linear springs of stiffness k;; see Fig. 1. Each unit
consists of two (“onsite”) identical linear elastic springs with

©2022 American Physical Society
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FIG. 1. An infinite chain of bistable elements with a defect in
stiffness of a pair onsite springs. The distance between neighboring
ground joints is a. In the unstressed configuration, L is the horizontal
distance between the mass at site i and the corresponding ground
joints. The displacement of the mass at site i is ;. In the absence of
defects, each onsite spring has stiffness k;, and each intersite spring
has stiffness k,. The parameter 0 < y < 1 controls the size of the
defect.

stiffness k; and unstressed length Iy, connected to point a
mass m in a symmetric fashion. The other ends of the springs
are fixed to the ground via joints that allow rotation. It was
shown in Ref. [10] that this system supports stable propa-
gation of solitary waves (displacement “kinks”) in the large
amplitude limit. Let u; denote the displacement of the ith
mass from the unstressed configuration. From Fig. 1, we get
I3 = L* + b*. The length of each of the two onsite springs at
site i is [(u;) = +/(L — u;)* + b%, and the total force exerted
by them on the ith mass is F(u;) = 2k (L — ui)l(’;(f;;lo. Fol-
lowing Ref. [10], we nondimensionalize the system using the

relations: # = 7, K, = i—f, @)=V —u)*+d? d= %,
and Iy = /1 + d2.

The dimensionless equations of motion of the chain are

iz + K (=i + 20 — i) — F(it;) = 0, (1)

where F(u) = —"‘g< = ka‘g 2(1 —a)(1 — (u))
Finally, (i) =1[/(1 — &) +d>—~1+d*? is the

dimensionless nonlinear spring potential.

2. Continuum limit

Let the ith mass be initially located at x; = ia and define

nondimensionalized quantities
Xi

Xi =,
a

A% =% — % = 1. )

In the continuum limit @ — 0, Taylor expansion yields

B diu; 19%g;

Uit1 = ul + — + = + 0(3) (3)

Substituting Eq. (3) into Eq. (1) gives the nonlinear PDE

g — Kol sz — F(a) =0. “4)
For the rest of the paper, we drop the overbars for conve-
nience. In the large amplitude limit, this system supports a
solitary wave solution of the form i, (x, ) = iy (x — vt) =
il (z), where v is the propagation velocity and z = x — vt is
a reduced variable. The solitary wave satisfies the implicit

equation in i (z),

2
1n|: (@ k)"‘ZlEuk;\/l-i-d{I '1+d

1 —by(iy) 1 — baliy)
x In - — | = [ 5@ —20),
14+ b1(ly) 1+ by(iy) Cy—v
(5)
where 7y is a constant of integration, Cy = /K,, b1(ilx) =
A Aoy NIFdE (1)
Uy 1, and bz(uk) = m
3. Dispersion relation
The linearization of Eq. (4) about u = 0 is
Uy — Kot oy + wju =0, (6)

where a)g o d2 By looking for solutions of the form

u(x, t) = ite" ¥, we obtain the dispersion relation

wr =/} + K.q?, @)

where g € (0, 00) is the (spatial) wave number, and wy, is the
(temporal) frequency. This relation shows that there is a band
gap in the system, i.e., the defectless system supports linear
waves limited to the frequency range w;, € (wg, 00).

B. System with a defect

A localized inhomogeneity is now introduced in the
bistable chain by modifying the onsite spring stiffness to be
(1 — y )k, at the origin. Thus, the new nonlinear and linearized
PDEs are

n— Kty —[1—y8()]F (@) =0 (8)
and

i — Kot + [1 — y8()]ogu = 0, )

respectively, where 0 < y < 1 is the defect magnitude, and
8(x) is the Dirac §. Motivated by previous works [13,18—
24], we explore the possibility that this “small” perturbation
of Eq. (6) can support spatially localized coherent structures
with frequencies that lie in the band gap (0, wp). Inserting
the ansatz u(x, t) = ¢(x)e™" into the linearized equation (9)
yields

K¢ + (0° — o) = =y (). (10)

Let us first solve Eq. (10) in the region x € (—oo, —£) U
(&, 00), where 0 < & < 1. In this region, Eq. (10) reduces to

K¢ + (0 — &) = 0. (11)
Putting ¢ = Ce**,
K¢ o + (0 — w5)d =0, (12)
where
2 2
2 Wy —w
= = 13
K e (13)

The above equation implies that ¥ will be real as long as w
lies in the band gap, i.e., < wy. In that case, Eq. (12) has the
solution of the form

o(x) = C1e" + Cre ™. (14)
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FIG. 2. Space-time plot of an incoming wave transmitting across the defect in the (a) discrete and (b) continuum models. The breather
mode gets ‘activated’ once the wave has passed the defect. The parameters are d = 1, K, =2, and y = 0.9.

Clearly, ¢ will blow up as x - —oo unless C, is zero on
(—o00, —£&). Similarly, C; must be zero on (£, co0). Thus, the
solution has the form

KX
Cie

¢(X) = {Cze/(x ,

Continuity of the solution at x = 0 requires C; = C,, and
hence, ¢(x) = Cie M. Hence, the solution is localized in
space, and periodic in time, i.e., a breather [21].

To compute the breather frequency w, we integrate both
sides of Eq. (10) over the interval —¢ < x < £, yielding

§ § §
/ K¢ xdx + / (a)2 — a)g)¢ dx = / —y8(x)w(2)¢>dx,
—£ =3 —&
(16)

x <0,

x> 0. (15)

&
K (@ xlime — Gulimse) + f : (0 — wp)p dx

3
_ / Y 8w, (17)
=3
Taking the limit £ — 0, the second term of the left hand side
of Eq. (17) vanishes since ¢ is finite, and we obtain
K (—k Ci ™ —k C1 ™) = —ywjpp(0) = —yijC)
(18)
and

2
Y wy

= —. 19

K oK, (19)

Substitution of the relation in Eq. (19) into Eq. (13) yields the
relation

2.2
Yoy

w (20)

w= w1 —

Finally, the full breather solution is

2
ip(x, 1) = Cj cos (wt 4 0)p(x) = C) cos (wt + Q)e_ZT? W

21
where C) and 6 are constants that depend on the initial con-
ditions. We emphasize that the breather is an exact solution
of the linearized PDE (9). This solution is expected to decay
anomalously slowly in the nonlinear system (8) due to radia-
tion damping effects, rendering it “metastable” [19,25].

Numerical simulations of the discrete and continuum models for
the system with defect

In Figs. 2—4, we show the space-time evolution of initial
conditions that lead to transmission, capture, and reflection of
an incoming solitary wave, respectively. We perform numeri-
cal computations using both the N-DOF system (1) (suitably
modified to include the defect) as well as the continuum
system with defect (8). For the latter, we used a three-point
second-order centered finite difference discretization for both
spatial and temporal second derivatives, with dx = 1 and
ot = 0.1. Following Ref. [26], the defect term is treated as
a point source. This finite difference scheme requires initial

(a) Discrete model

(b) Continuum model

FIG. 3. Space-time plot of an incoming wave getting captured at the defect in the (a) discrete and (b) continuum models. The parameters

ared =1,K, =2,and y =0.9.
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(b) Continuum model

FIG. 4. Space-time plot of an incoming wave reflecting from the defect in the (a) discrete and (b) continuum models. The parameters are

d=1,K, =2,andy =0.9.

displacement and velocity. We use the approximate solution of
the solitary wave (centered far to the left of the defect) given
in Eq. (29) to obtain both these quantities. This solitary wave
profile is also used as an initial condition in the discrete system
to avoid phonon excitation (“tingling”). Figure 5 summarizes
the input-output behavior of the system with defect. If the
initial speed of an incoming solitary wave, v;, is equal to or
below a critical velocity v,,, it is either captured at the defect
site (vy ~ 0), or reflected back (v; < 0). For v; > v,,, the
wave passes through the defect. Reflection and/or trapping of
incoming solitary waves has been reported in earlier studies
involving graded stiffness in 1D chains [12], and localized de-
fects in 2D structures supporting vector solitary waves [15].

III. REDUCED-ORDER MODEL

A. Derivation

To understand the numerical results discussed in the previ-
ous section, we derive a reduced-order model for the system
using the method of collective coordinates [13], alternatively
known as the reduced Lagrangian approach [27]. In this
approach, an ansatz is chosen for the solution, and the Euler-
Lagrange equations are obtained by restricting the principle of
stationary action among the class of solutions representable by
that ansatz. Usually, the known exact or approximate coherent
structures are included in the ansatz. Following Ref. [19],
we use an ansatz that assumes that the spatial profiles of the

0.1¢

0.05¢

1)/
o

-0.05¢

0.1}

0.29 0.3 0.31 0.32 0.33

(%

(a) Discrete model

solitary wave iI; and the breather i, are unaffected by their
interaction. Specifically, we pick the ansatz

ulx, X(1), a(t)) = u(x, X (1)) + up(x, a()),  (22)
where X (¢) is location of the kink, u; = it [x — X (¢)], a(t) is

the amplitude of the breather, and u;, = a(t)¢(x).
The Lagrangian for Eq. (8) is

L= /"" {%uz, - % o — [1— y8(x)]¢(u)} dx. (23)

Taking the derivative of Eq. (22) with respect to x and ¢ yields

Uy = Uy + Upy, Uy = U, + Upy, (24)
where
Ugr = -X Uz Ukx = Uiz, Upy = aP ., and up, = ag.
(25)
We approximate higher powers of the derivatives as follows:
W = (U + upe)* ~ up, +up, (26)
and
W = (U + up)* XU o (27)
0.1
0.05¢
= 0 V V
-0.05¢
-0.1

0.29 0.3 0.31 0.32 0.33
(%

(b) Continuum model

FIG. 5. Input-output behavior of the system showing transmission, capture and reflection. Here v; is the velocity of an incoming solitary
wave far to the left of the defect, and vy is its final velocity. The parameters ared = 1, K, =2,y =0.9.
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Substituting Eqgs. (22), (26), and (27) into Eq. (23) yields

L(X,a,X,a) /w{12+12 L
,a, A,d) = —Uu —Uu — - KU X
o 2 k.t 2 b,t 2 k,

1
5 rui,x —[1 = y8C)r (uy + ub)} dx.

(28)

Since there is no explicit solution of Eq. (5) for u, we will
approximate the solitary wave as

(e, X) =1 — tanh [ =X, (29)
V20,

C27 2
%" __ has been chosen such that the slopes

2(V1+d?~d) }
of the approximate and exact solutions agree at u; = 1; see

Fig. 6. Since Cy > v, we use C; & ﬁ. The fifth inte-

|

A . 1 A
X2 22
+2Ka 0

where C, =

Leff(Xv a, X» a) =

gral in Eq. (28) can be written as
o0
/ (I = y8C)IY (e + up) dx
—00

- / V(g + up) dx — / Y 8o (i + up) dx

o0

=/ ¥ (e +up) dx — y [ (0, X) 4 al. (30)

To calculate the integral in Eq. (30), we Taylor expand
the nonlinear potential energy term v (4 + up) around a = 0,
assuming that the excitation of the breather mode is weak. The
rest of the details of computation of the integrals in Eq. (28)
are relegated to Appendix A. The effective Lagrangian is
computed by substituting Egs. (S1)- (S5) into Eq. (28),

LKA @ 0.X) +a]
§a> W2 Wrane TYVImOATa
2
Coz"}az _ % +y[R@) + F(X,a) + GX)], @D

2
F(X,a)=2 atanh(é@)—\/1+d2\/|:tanh<\/§cz>+a:| +d2+tanh2<%g>—l , (32)

232G, 232G
A . 1 1
= X2 —|— J— 52 — |:—
272G, 2’ (1 +d*)x
where
X
G(X) = 1 — tanh? ( ) (33)
V26
R(a) = a* +2(1 +d*), (34)
and

V1i+d?+1
A=2\/1+d2—d21n[—] 35)
J1+d?—1
The above choice of F(X,a) and G(X) is crucial for the
perturbation theory arguments that we employ later in the
paper. The equations of the motion derived from the effective
Lagrangian are

A . oF dG
—X - — 4+ —1]=0, 36
NiTe V(ax * dX) 0
oF dR

1. > 2 2

;a—i— (COK + —(1 +d2)/c)a — y(a + %> =0. 37
The expressions for partial derivatives in the above equa-
tions are provided in the Appendix B. The system in Egs. (36)
and (37) is a conservative two degree of freedom system
governing the evolution of the position of the center of the
solitary wave, X, and the breather amplitude, a.

B. Numerical simulations

In Fig. 7(a), we show the input-output behavior obtained
by solving the 4D reduced-order dynamical system given by

(

Egs. (36) and (37). To mimic the initial conditions used in
simulations of the full-order models in Sec. II, the initial
conditions (X = —100, a = 0, a = 0) are kept fixed, and the
initial solitary wave speed X(0) > 0 is varied. Figure 7(b)
shows the time evolution for three different initial conditions
that lead to capture, transmission and reflection, respectively.

_0.5 1 1 1
15 20 25 30 35
T

FIG. 6. Exact (solid) and approximate (dash) profile of the soli-
tary wave in the continuum model, and the solitary wave profile
from the discrete model (dot-dash). The exact solution is obtained
by numerically solving Eq. (5), and has a slope ‘% ~ chij(d -
1+ d?) atu, = 1 with zg = 25. The approximate solution is given
by Eq. (29), where C, is chosen to match the slope of the exact
solution at u; = 1 with X, = 25. The discrete solution is obtained
by numerically solving Eq. (1). (ford = 1,v =1, and K, = 2).
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FIG. 7. (a) Input-output behavior of the reduced-order system with y = 0.9. Here, v; and v; denote final and initial wave velocities.
(b) Capture (bold), reflection (dash), and transmission (dot-dash) of incoming solitary waves in the reduced-order model with initial velocities

(0.171, 0.170, 0.169), respectively.

For y = 0.9, the critical velocity obtained using this model
is v, & 0.19, which is about 35% lower than the critical ve-
locity for full-order models. Contrary to the full-order models,
capture is rarely seen in the reduced model, and there exist
several intervals of initial velocity below v, that lead to trans-
mission upon interaction with the defect. Figure 8 shows the
critical velocities for the discrete and reduced-order models
for a range of values of the bistability parameter K,.. In the next
section, we interpret these results by analyzing phase space
transport in the reduced-order dynamical system.

IV. PHASE SPACE ANALYSIS OF THE REDUCED MODEL

Following the approach of Ref. [19], we analyze the
reduced-order model using a perturbative approach. To do
this, we introduce a perturbation parameter 4 that is a measure
of the coupling between the solitary wave and the breather
dynamics in the system. We use lobe dynamics and Mel-
nikov theory to understand phase space transport in the 4D
dynamical system in the limit of small (but nonzero) coupling.
We show that for u < 1, there exist heteroclinic orbits that
correspond to solitary waves that transmit across the defect
with vanishing initial and final speeds. In this limit, we prove
the existence of chaotic dynamics, and provide a phase space
interpretation of the transmitting and reflecting trajectories, as
well as that of the critical velocity. Finally, we argue that the

0.35
0.31 |

. 0251 |
5 0.5 7
0.15 7

0.1 ‘ ‘ D
2

FIG. 8. Critical velocity v, in the continuum (solid) and
reduced-order (dashed) models as a function of the bistability pa-
rameter K,, fory =0.9andd = 1.

qualitative picture persists for the fully coupled case of u = 1,
and compute the corresponding heteroclinic orbits.

A. Hamiltonian formulation
From the expression of the effective Lagrangian in
Eq. (31), we obtain the Hamiltonian as
H(X.a, px, pa) = Xpx + apa — Len, (38)

where px and p, are the momentum variables corresponding
to the collective coordinates X and a, respectively. These
momenta are computed as follows:

Ly A

=—=—X, (39)
Px X \/ECO
e 1
Pa= —2 = —a. (40)
da K

Substituting Egs. (31), (39), and (40) into Eq. (38) yields

H(Xa a, px, pa)

_ V2C,
TO24A

+_

K 1 Ck
PPy P 4| —o— + 2 |&
X+ “+[(1+d2)/< 2 }“

GlA
—y[R(a)+ F(X,a)+GX)]+ —. 41)

V2

B. Perturbation analysis

We introduce a coupling parameter 0 < u < 1 to apply
perturbation theoretic arguments. The new Hamiltonian is
taken to be

H(X’ a, px, pa)

V2Go 5 K,
Y pX+§pa+

Cg" 2
[(1+d2)/<+ 2 }“

CoA
—Y[R(a) + nF X, a) + GX)] + —=. (42)

V2

1. Uncoupled case (n = 0)

For © = 0, the X and a dynamics are uncoupled, and the
Hamiltonian can be written as (ignoring constant terms)

H=H"+H" (43)
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FIG. 9. The X dynamics in the uncoupled case (i = 0). (a) Potential energy. (b) The two heteroclinic orbits connecting the fixed points at
X = Fo0, with parameters d = 1, K, = 2, and y = 0.9. The region R, is enclosed by these two orbits. Also shown are typical trajectories in

the three regions R, R, Rj.

where
2C
=290 G, (44)
2A
K 1 Cik
o= | 1 LS r@). @5
2pa+[(1+d2)x+ ) ]a yR(a) 45)
Using Hamilton’s equations, we get from Eq. (44)
. 0H* 2C,
x= Y6, (46)
BpX A
. 0HY
Px = 9X
dG X
=y-—=- fys ch2< )tanh (—) 47)
dx V26, V26

Hence, the solitary wave dynamics are that of a particle mov-
ing under a potential V(X) x —yG(X) = y[tanhz( ) -
1] that has a single minima at the origin, and goes t0 Zero
as x — Fo00. The system of Eqs. (46) and (47) has three fixed
points (X*, p%): a nonlinear center (0,0), and two parabolic
points (£o0, 0). There exist two heteroclinic orbits connect-
ing the fixed points at X = =o0; see Fig. 9. The phase space is
divided into three disjoint regions (R, R», R3), corresponding
to trajectories that are right moving, traveling on closed curves
about the origin, and left moving, respectively.
From Egs. (46) and (47), we get

2y C X X
Y -0 sech2< > tanh (—), 48)
AGC V2 G V2GC

which can be integrated to obtain the equation of the hetero-
clinics:

1 [V2yC
X) = +v2 Gy sinh~! o %(t—to), (49)
2

where we have assumed that the two trajectories reach the
origin at t = fy. From Eq. (45), the governing equations for
the breather are

X=-

. 3H
a= = KPa; (50)
9Ppa
' oH Coet —2 2 (51)
. = — =—|\Ck + 75— — a,
P da T A raw

which yields a + [Cj
rameters such that C K2+ i dz — 2ky > 0, and hence the

breather mode is a linear oscﬂlator in the uncoupled case; see
Appendix C for more details.

1% + (1+d2 — 2kyla = 0. We pick pa-

2. Coupled case (i > 0)

For pu > 0, the Hamiltonian is given by Eq. (42). The
Hamilton’s equations are

oH ﬁC()
=— = , 52
x 1 Px (52)
. 0H  (dG n oF (53)
Pr="%x =V\ax ""ox )
. O0H
a= = KPa, 54
dPa
: oH 2 + 2 5 n oF
o =——=—|Cik + ——— — a —.
P IO PR e
(55)
This 4D coupled system has three fixed points

(X*, p%,a*, p): the origin (0,0,0,0), and (&£o0,0,0,0).
For pn =0, the origin is clearly a fixed point of the type
center x center. In Appendix C, we provide conditions
on parameters Cy and d such that the origin continues to
be a center x center fixed point for all 0 < w < 1. This
is important to ensure the validity of perturbation theory
arguments that follow.

For total energy slightly above that of the fixed points at
X = %00, there exist periodic orbits around them. This is be-
cause in the limit (X — 00, px = 0), the X and a dynamics
decouple, and the pair (a = 0, p, = 0) is a nonlinear center of
the system given by Eqgs. (54) and (55).

3. Poincaré map and action-angle coordinates

We transform the the collective coordinate pair (a — p,)
into action-angle coordinates (I — 6) via

2 ol
a = Syl cos(8), and p, = | = sin(@),  (56)
K

where w is the breather frequency defined in Eq. (20), and
S _ 2K
—2ky "

o pE— The Hamiltonian in the transformed
0 (1+12>
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variables is

HX, px,1,0) = H (X, px) + ol + p H' (X, 1,0) + C;,

(57)
where HY is given by Eq. (43), C; = % —2y(1 4+d?*) and
H'(X,1,0)
=—yF(X,1,0)
= —Zy{SVwIcos(Q) tanh( X )
V2C
X
+tanh2( )—1—\/1+d2
V26
X 2
X |:tanh ( ) + SVl cos(@)i| + d?
V2G
(58)
Thus, the Hamilton’s equations are
. oH 2C,
x= M _ V%, (59)
BpX A
. 0H 4G n oF 60)
Px = 59X _de MVBX’
- oH oF 61)
T T
, oH oF
I=——=puy—. 62
50 — "5 (62)

J

o0
M(@o,to)zf {HX,HI}(XO,pg)(,t—i-Oo,IO)dt:/
o _

The uncoupled (u = 0) equations have a family of orbits
=0 = It)=1", (63)

=0 = 0()=cuwt+06" (64)

The four-dimensional phase space of the coupled system
is foliated by three-dimensional constant energy manifolds.
Consider the manifold defined by

H(X, px,0,1) = ho, (65)

where Ay is a constant. On this manifold, we define a Poincare
Map Py, on the two-dimensional section =% = {(X, px);0 =
6o, H = hp}. This map is globally well-defined as long as
9H - () along the trajectories, since in that case one can in-
vert Eq. (65) to obtain I = I(X, px, 6o; ho) using the implicit
function theorem. From Eq. (61), we conclude that this will
hold for small enough values of the coupling .

4. Melnikov analysis and existence of chaotic dynamics
Jor small p

When u < 1, we can transform the coupled two degree of
freedom system given by Eqs. (§9)-(62) into a single degree
of freedom periodically forced system in (X, px) [19,28].
In that case, we can use Melnikov’s theorem to establish
transversal intersection of stable and unstable manifolds of
fixed points of the Poincaré map defined above. The Melnikov
function is

© (QHX 9H' 9HX OH!
( Jor o

39X dpx  opx X

oo

where (X, p%) is the coordinate-momentum pair corresponding to the heteroclinic trajectory of the unperturbed system given

by Eq. (49). This yields

2 2y C o X0
M6y, 1) = C_ZV f; 0 / SeCh3<«/§C
—0oQ

0
){S\/ wl%os(t + 6y) + 2 tanh (é@)

N

2C 67)

V1 + d?[S¥wIcos(t + 6) + tanh ( X )] }
— dt.
\/dz + [SVwI%cos(t + 6) + tanh (2 )]2

V26,

N(t—tp)

From Egq. (49), sech( f’;c) =
sions into Eq. (67), we get

I
N 1+N2(1—10)

X0 N
=, and tanh(ﬁcz) =

, where N = L/ @. Inserting these expres-
1N (1—19)? 2

(t —1o)

M (6, 1) = Zr 2y Gy /00 ! Sy wlOos(t + 6y) +2N—_
GV A ) (1N — 1))+ N2t —19)? V1+N2(t — 1)

. 5 _ Na—w)
i VT +d2[SVwlOcos(t + 6o) + ‘/m]}dt (68)
N 5 _vew )
\/d + [SVwIOcos(t + 6p) + m]
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Assuming #y = 0, the Melnikov function can be written as

2 C
M(8) = CZ,/IV 0 / Oy (1, 60) + Ma(t) — Ms (1, 60))dr 69)

where o) = WW’ M (t,0) =
SV wlOcos(t + 6y), My (t) = ZW, and M;(t, 0y) =
VISV wl%cos(t+6p )+ —— JT

dz-F[S«/wl"cos(t-&—@o)-ﬁ-\/7]2
We claim that the Melnikov function M (6y) vanishes at
6o = £%. To prove this, we compute

M, (t, %) — —SVwl0sin(t), and (70)

M( 71) V1i+d[-SVw sm(t)+m]
3|, = )| = .
\/ [ SV wI0sin(t) +

(71)
2

vl

Note that Q(t) is an even function of time, while M,(t, %),
M, (t),and M5(¢t, ) are odd functions of time. It follows from
Eq. (Dl) that all the three terms of the integral vanish for
6y = Z, since each integrand is a product of an even and an
odd functlon. Hence, we have proved that M(5) = 0. Mel-
nikov’s theorem further requires that 7 be a simple zero of

M, ie., M (§°)| g,=2 7 0. We provide a proof of this statement
in the Append1x D. The preceding analysis establishes the
existence of heteroclinic tangles and chaotic dynamics in the
system for small values of . It also implies that there exist
orbits heteroclinic to the periodic orbits at X = +o0o in the
corresponding 4D phase space of Eq. (42).

5. Lobe dynamics and phase space transport for small p

We use the theory of lobe dynamics [19,29] to interpret
the orbits of solitary waves in this chaotic system. This theory
states that phase space transport can be understood in terms
of forward and backward mapping of parcels (called “lobes”)
bounded by segments of stable (WA ) and unstable (W} ) mani-
folds of the two fixed points, p; = ( o0, 0)and p, = (oo 0),
of the map Py,.

The phase space is again divided into three disjoint regions
R1, Ry, R3, corresponding to solitary waves that are traveling
right, (temporarily) captured at the defect, and traveling left,
respectively. This division of phase space is performed by
selecting the appropriate primary intersection points (“pips”).
A point g; belonging to the intersection of W;}, and W; is a pip
if the segment U[p;, §;] on Wpl‘j connecting p; to §;, and the
segment S[§;, px] on W, connecting §; to py, intersect only at
gi- We denote the pip formed by intersection of W and W at
X =0 as gy, while the pip at the intersection of Wy and Wy
at X = 0 is denoted as §».

Once these primary intersections points are picked, the
boundaries between regions R; can be demarcated using the
associated invariant manifolds, as shown in Fig. 10. The
region R, is enclosed by Ul[pi, 4], S[41, p21, Ulp2, ¢2],
and S[§», p1]. The regions R; and R; are defined as

(

Ry = [(x, »I(x,y > 0) ¢ Ry], and R3 = [(x, y)|(x,y < 0) ¢
R»], respectively.

A lobe is an area enclosed by segments U[g;, §;] and
S[4;, g;] for any neighboring pair of pips §; and §;. Lobes are
mapped onto each other by forward and backward iterations
of the map Py,. The lobe L; ;(k) is the set of all points that are
mapped from R; to R; after k iterations of Py . Furthermore,
any point in R; that eventually enters R; must pass through
L; j(1). Figure 10 also shows a few forward and backward
iterates of L; »(1) and L, 1 (1).

For a right-moving solitary wave to transmit across the
defect, it must either stay in R; for all times, or transit from
R; to R,, and then back to R;. Figure 11(a) shows a trajectory
doing the latter. Once this trajectory enters R,, it is mapped
onto a pre-image of L, ; (1), and eventually gets ejected back
to R;. Analogously, for a right moving solitary wave to get
reflected back from the defect, it must transit from R; to R,
and then from R, to R3. Figure 11(b) shows such a trajectory.
Once this trajectory enters R, it is mapped onto a pre-image
of L, 3(1), and eventually gets ejected into Rs.

Since the Poincare map Py, is area preserving, by argu-
ments similar to those in Ref. [19], the set of points that
are captured by the defect for all times has measure zero.
As a result, capture is observed only for isolated values of
incoming velocities in the reduced-order model (see Fig. 7).
This is in contrast to the full-order model results in Fig. 5
that show existence of finite intervals of initial velocities that
lead to permanent capture of incoming waves. This however
does not rule out the existence of trajectories that are captured
for arbitrarily long times by the defect in the reduced-order

FIG. 10. The stable and unstable manifolds of the fixed points
at X = doo for the Poincar¢ map P at the section 6y = 7 /2. The
region R, is bounded by bold segments. The lobe L; 5(1) is the set
that is mapped from R, into R, in one iteration of P. This lobe and
its three forward iterates are shown in red. The lobe L, (1) is the set
that is mapped from R, into R, in one iteration. This lobe and its one
forward as well as two backward iterates are shown in black. Note
that the lobe P3(L; (1)) intersects the lobe P~2(L, (1)), implying
that trajectories can travel from R; to R, and then back to R,. The
parameters are iy = 0.5, © = 0.5, and y = 0.9.
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(b) Reflected Wave

FIG. 11. (a) Phase space evolution of a solitary wave transmitting
across the defect. The trajectory begins in Ry, and enters R, via the
lobe L; »(1) bounded by W _ (purple) and W*__ (blue). It is mapped
onto Piz(LQVI(l)) after three iterations inside R,, leading to its re-
entry into R; after the sixth iteration. (b) Phase space evolution of a
solitary wave reflecting back from the defect. The trajectory begins
in Ry, and enters R, via L, »(1). After the first iteration inside R;, it
is mapped onto L, 3(1), a lobe bounded by W} (orange) and W?_
(green), leading to its entry into R; after the second iteration. The
parameters are iy = 0.5, u = 0.5, and y = 0.9.

model. In fact, the existence of horseshoes [30] in the system
leads us to conjecture that for each positive integer n, there
exists an initial condition such that a trajectory coming into
R, from R; performs n clockwise “revolutions” around the
origin, before exiting to either R or R3.

6. Lobe dynamics interpretation of critical velocity

For a given total energy level i, the maximum height of the
sequence of lobes P7™"(L; (1)) for (n = 1,2, 3, ...) reaches
an asymptote p_., as n — oo. If the initial momentum of an
incoming solitary wave (at X — —o0) is higher than p_,
then the trajectory will travel above the lobes, staying in
region R; and transmitting across the defect. However, if
the initial momentum of an incoming solitary wave is lower
than or equal to p_, then its fate will be decided by the
lobe dynamics discussed previously, and all three outcomes of
transmission, capture and reflection are possible. For fixed A,
an incoming solitary wave with maximum allowable velocity
Umax corresponds to an initial condition with no energy in
the breather. Hence, vy, can be obtained by putting (X —

Pmaz

0.5
P-co

Px
o

-15 -10 -5 0x 5 10 15

FIG. 12. Poincare section for h = —0.4 > h, = —0.72 with
n =0.5 and y = 0.9. The trajectory in black has incoming veloc-
ity v; & vpax > VU_o and transmits across the defect while traveling
above the lobes. The trajectory in red has v; & v_,, while the one
in blue has v; < v_. Here v_ is the velocity corresponding to the
momentum p_,. The evolution of both red and blue trajectories is
governed by the lobe dynamics. At initial time, the breather has no
energy in the case of the black trajectory, while it has non-zero energy
in the other two cases.

—00,a =0, p, =0) in the Hamiltonian (57), and inverting
the equation H = h. Similarly, an incoming solitary wave
with minimum allowable velocity vy, = 0 corresponds to an
initial condition with all the energy in the breather.

Recall that we defined the critical velocity v, to be the
velocity above which an incoming solitary wave (with zero
initial energy in breather) will always transmit across the de-
fect. Let the corresponding energy level be denoted by A¢,. Our
lobe dynamics computations reveal that for any fixed energy
level h > Z“’ the maximum allowable incoming momentum

(Pmax = chovmax) is higher than the corresponding p_, as

shown in Fig. 12 for h = —0.4, with h,, = —0.72. Hence, for

each i > h, incoming waves with v; € (‘/ZC“ P—o0s Umax] Will

always transmit, while those with v; € (0, % P—oo] Will be

governed by the lobe dynamics. Note that if v; # vpax, there
is non-zero energy in the breather at initial time (since the
total energy is fixed). Figure 12 shows three trajectories (all
at h = —0.4) with incoming velocity greater than, equal to
and less than v_o, respectively. However, we find that for
each i < her, Pmax = P—oo», and hence, the fate of all possible
incoming trajectories with v; € (0, vyax] Will be governed by
lobe dynamics. Figure 13 shows such a case with h =~ h, =
—0.72, and v ~ v = 0.19.

C. Heteroclinic orbits for u =1

Recall that we recover the original reduced-order Hamil-
tonian system (41) by putting u = 1 in Eq. (42). To compute
orbits heteroclinic to the periodic orbits at X = 400 for this
case, we use the fact that the stable manifolds in Fig. 10 can
be obtained by reflecting the unstable manifolds across the px
axis. This is a consequence of the invariance of the system
under the transformation:

(_vaX7a1 part)_> (X9pX3_a3pav_t)7 (72)
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0.5
o Pmax - :
-0.5
-15 -10 -5 0 5 10 15
X

FIG. 13. Poincare section for 1 ~ h,, = —0.72 with © = 0.5 and
y = 0.9. In this case, p_o & Pmax aNd V_o X Uy The trajectory in
black has incoming velocity v; & vy, While the trajectory in red
has v; < vmax. The evolution of both black and red trajectories is
governed by the lobe dynamics.

where a = 0 for the Poincare section of Fig. 10. Hence, if the
unstable manifold of the periodic orbit at X = —oo intersects
the X = O surface at a = 0, then the intersection also belongs
to the stable manifold of the periodic orbit at X = +-o00.

Let ¢,(X, px,a, p,) denote the time-r flow map for
Eq. (42). Using Matlab’s BVP4C [31], we solve the following
multipoint boundary value problem (BVP) for a trajec-
tory beginning at (—X*, px_,a_, p,—) at t =0, reaching
(Xo, pxo, a0, pao) att = T /2, and terminating at (X*, pxy+ =
Px—, a4+ = —d_, Pat = pa-) att =T:

¢T/2(_X*’ Px-,a—, paf) = (X()s Pxo, Ao, paO)» (73)

¢_rp(X*, px—, —a_, pa—) = (Xo, pxo. a0, pao). (74

To make the problem well-posed, we fix X* =~ 10.
The BVP consists of eight equations corresponding to
the eight unknowns (px_, a_, p,—, Xo, ao, Px0, Pao, T ). The
initial guesses are obtained from heteroclinic trajectories ob-
tained for u < 1 using Poincare sections, as discussed in the
previous section. Once one solution to the BVP is found, we
find other distinct solutions by solving the BVP with different

initial guesses for a_ and p,_, while keeping the energy equal
to the first solution.

Figure 14 shows the projections of two such heteroclinic
orbits on the (X — a) and (X — Px) planes. Each right-moving
heteroclinic orbit corresponds to a solitary wave that arrives
from the periodic orbit at (X — —o0) with py ~ 0T and all
the energy initially in the breather. As this wave approaches
the defect, it absorbs energy from the breather and accelerates.
Once past the defect, the same amount of energy is gradually
transferred back to the breather, and the wave approaches
X — oo with vanishing speed. The situation is analogous for
a left-moving heteroclinic orbit.

V. DISCUSSION AND CONCLUDING REMARKS

In this paper, we have derived a reduced-order dynamical
model of an infinite chain of bistable mechanical elements
with a localized defect, and analyzed it using methods of
dynamical systems theory. Focusing on the interactions be-
tween solitary waves and the breather mode that arises due
to the defect, this two degree of freedom Hamiltonian model
captures some qualitative aspects of the system dynamics. The
study of phase space transport in the reduced-order model
via lobe dynamics elucidates the mechanisms via which an
incoming solitary wave may get transmitted, captured, or
reflected upon reaching the defect. Both the full-order and
reduced-order models predict that there is a critical initial
velocity (with no energy initially in the breather) above which
an incoming solitary wave will always pass through the de-
fect. However, there are a number of disagreements between
the models, including the value of the critical velocity itself.
While the reduced-order model predicts strong sensitivity to
initial conditions below the critical velocity, the full-order
models predict that an incoming wave will always be captured
in that regime, except for isolated initial conditions that lead
to reflection.

These discrepancies can primarily be attributed to two
factors. First, it is known that solitary wave-defect interac-
tions lead to “leaking” of energy into the infinite-dimensional
subspace of linear waves (“phonons”), even in the continuum
setting. Phonon excitation also occurs purely due to discrete-
ness of the system. In discrete bistable systems such as those

0.5
0.4r
0.3}
b
SH
0.2

0.1+

10 20

FIG. 14. Two distinct orbits heteroclinic to the two periodic orbits at X = £o0o, with £ =1 and y = 0.9, projected on (a) X — a and

(b) X — px planes.
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considered in this study, transition waves are accompanied by
oscillatory tails [11] that vanish when discreteness parameter
goes to 0. These tails consist of phonons primarily at a sin-
gle frequency, and mechanisms have been proposed recently
to harvest this energy by inclusion of defects [11,32]. Our
reduced-order model can potentially be made more accurate
by including these two sources of radiation damping [19]. It is
a challenging task to derive an accurate analytical description
of the damping terms to be appended to the Hamiltonian
equations, since it involves a careful study of resonances
between modes corresponding to the discrete and continuous
spectra [25]. Recent advances in data-driven sparse learning
of governing equations [33] may provide an alternative way
to obtain the dominant damping terms. Once a dynamical
model is available, the current framework can potentially
be extended to understand the damped dynamics, since lobe
dynamics and other related phase space transport methods
have been used to study nonconservative systems [29,34].
Second, prior numerical studies of solitary wave-defect inter-
action in the closely related ¢* model have pointed out the
importance of an “internal mode” in the dynamics [20,35].
This internal mode is a spatially localized eigenfunction of
the system linearized about the solitary wave solution. Our

J

computations confirm that a similar internal mode exists in
the system considered in this study. It corresponds to shape
change of the solitary wave profile, and it can potentially
exchange energy with the solitary wave. While it is plausible
that including this mode into the reduced-order model could
lead to a better agreement with the results of the full-order
model, the application of lobe dynamics to the resulting 4D
system would be a formidable task [36,37]. A promising line
of future work will be to apply singular perturbation theory
and Melnikov analysis following Refs. [23,38] to obtain more
accurate estimate of the critical velocity and its dependence on
system parameters. This analysis may also help uncover the
exact mechanism that leads to trapping of incoming waves.

Our work is a step toward a rational approach to defect
engineering in mechanical metamaterials, based on a fully
nonlinear dynamical systems approach. This approach can
potentially be extended to spatially extended defects, and
three-DOF reduced-order models, as demonstrated in pho-
tonic metamaterials [22,39]. Another promising extension is
active modulation of the defect strength (i.e., onsite spring
stiffness), or the breather oscillations, in an open-loop or feed-
back fashion for designing active mechanical metamaterials
[40-45].

APPENDIX A: DETAILS OF DERIVATION OF THE REDUCED-ORDER MODEL

The first and third integrals are

| 21, x? Vi+d2+1
/ —u} , dx = —/ X2 du = [2\/1 +d?—d? ln<;)i|, (A1)
2k o 20 ke 22K, Vi+dZ—-1
1, 21, 1 s o (V1+d*+1
/ioozuk’de——‘/o\ zuk’zdu—ﬁ 2 1+d —d ln m s (A2)
while the second and fourth integrals are
1 1 1
[ Euit dx = [ 5('12672’(‘)rI dx = 2—d2, (A3)
—0Q —0Q
*1 1 K

/ Eujx dx = / E[a(—/c)e_'("" sgn(x)]* dx = Eaz. (A4)

—0o0 -0

The fifth integral is
/ [1 =y 81y (e + up)dx = / V(e + up) dx — y Y [ug(0, X) + al. (AS5)
—oo —00
Expanding v (i + up) via Taylor series around a = 0, we get
N 2(1 —up)ly/(1 = w)? +d* = V1 +d?] (1 — )’
V(e + up) ~ Y (uye) T p + (=) +d2
A*(J(A —w)? +d?> — 1 +d?
LA —wr +d - VT4 d) 2+ 0(d). (A6)
[(1 —w)? +d?1y (1 — w)* + d?
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Using (21,22,29), we write (A6) as

\/tanhz ffx ) +d?2 -1+ d2)
Y (ux + up) =~ Y (uy) — \/ h2 ae M
tan
T
anh? (355) & {J[tanh% D]+ -Vi+d +d2}

a*e > W 10@a®). (A7)

J’_
tanh? (fc ) +a? (tanh2 \/ tanh2 ) +d?

T

The numerator of 7; is a product of two terms. For |[x — X | < 1, the first term is small while the second term remains bounded.
For |[x — X| > 1, the second term is small while the first term remains bounded. Hence, we assume 77 ~ 0.

Finally, 7; is a sum of two terms. We only keep the contribution for the case when [x — X| >> 1, and assume that the solitary
wave-defect interaction is captured by the the § function term in Eq. (A5). With these approximations, the fifth integral is

S W ) + (g a1 dx — y [ (0, X) + a

2m<¢1+d2+1>} L
Vi+d? -1 (1 +d?)x

APPENDIX B: DERIVATIVES OF F, G, AND R

5%[2 14+d?*— — y¥lug(0,X) +al.

The (partial) derivatives of G(X), F (X, a), and R(a) are

dG  —+/2 X X
— = fsechz( > tanh < , (BD)
dX C2 «/§C2 \/ECQ
oF 0 X X 1+ d?[tanh (-£=) +a
5= g—_sechz(ﬁc ) a + 2 tanh («/iC > - [ (ﬁczz) | , (B2)
X
2 2 2/ J[tanh () +a]” + a2
oF X «/1+d2[tanh(\/§ )—i—a]
= 2{ tanh (ﬁC ) — 22 , (B3)
a X
2 \/[tanh (ﬁ_c)+a] +d?
dR 2 (B4)
— = 2a.
da
[
APPENDIX C: FIXED-POINT ANALYSIS The following three inequalities guarantee the positivity of
In this section, we find conditions on parameters Cy and both eigenvalues:
d such that the fixed point (X* =0, py =0,a* =0, p} =0) )
is always of type center x center for all 0 < u < 1 and 0 < Vxx >0,V > 0,and VxxVae = Vi, > 0, (€3)
y < 1. This requires that (X*, a*) should be a minimum of
the potential energy where for the fixed point at the origin (X* = 0,a* =0) :
1 C2e Y V1 +d?—2d
ViX,a) = | —— + 2 |&° V,xx=—[1+u<— ; (C4)
@ [(1+d2)lc+ 2 }“ a d
CoA V1+d? 2 5
— el Vaa =2y ———un —1 —_ G,
v[R(a) + uF (X, a) + G(X)] + \/E (CD , J/< d K + (1+d?)x +xCo
(C5)
This condition is satisfied if the the Hessian of V (X, a) is and Vv, — ﬁy_ﬂ Vi+d? 1 (C6)
positive definite at (X*, a*). This requires that both the eigen- Xa d ’

values of the Hessian are positive. The eigenvalues are given

by To show that Vxy > 0, we note that (—VIJ“Z,LZ”’) > —1 for all

d > 0. Since 0 < u < 1, the result follows.

Next, we show thatV,, > OforCy > y4/1 — %‘21. Squaring

i\/(V,XX + Vi = 4(VxxViaa — V?{a)] (C2)  both sides, and using the relations wj = Tzdz’ and k = ;—1“;‘%

A= 3[Vixx + Vi)
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FIG. 15. ¥ (9°>|90_,, 2 as a function of the size of the periodic
orbit in the unperturbed system.

2
ymy/1 — 22, where

2 — 12 — (1 Lt _ )
m > max (o ) Hjij_( d )M],l
2(1 = 2p + L L)1 -

1
2(1-&-d2):|
(C8)

APPENDIX D: OMITTED DETAILS OF MELNIKOV
ANALYSIS

To finish the Melnikov analysis, and confirm the existence
of heteroclinic tangles in the system, we need to further prove
that dﬁjéf“) loy=r/2 # 0, where

2 2y C ©
M(9°)=C_Z‘/%/ o)

X [Mi(t, 00) + M (1) — M3(z, 6p)ldt,  (D1)

we get
_ 1 — /70
o) = RN ,—(1+N2t2)’M1(t’ 6o) = SV wl’cos(t +
2 2 60). My(1) = 2—=—, and Ms(t,60) =
Q>v PR e+ ——— -2y >0. (C7) V)
4 (1+d*)x VIFd2[SVwl0cos(t+60)+ m]
d2+[SVwlOcos(t+6p)+ *]2'
Since 0 < pu < 1, the result follows. \/ F b +b12) dM(go) , ' wh
Finally, one can verify by direct substitution that we rom above, we\oﬁam loy=r2 = @y — 03, where
2 : _ _ SVl
can also ensure VxxV, —Vy, >0 if we choose Cp= o) = f o (1+N212)W cos(t)dt, and
|
o /oo T+ d2S/ol0 cost (m SV s1nt) o )
3= a '
o (14 N22) /(1 + N2 \/d2 e — SVl sing)’ | 42+ (s — SV IOsint)’
[
Q) can be analytically computed to yield where K| is the modified Bessel function of the second kind.
Since the second integral could not be computed analytically,
S5 (1 we show the numerical results in Fig. 15. This computation
0 = _25 Vol°K; (17) (D3) confirms that dM (9‘)) lgy=r/2 > O for the parameters relevant to
! N? ' this study.
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