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We study the full nonequilibrium steady-state distribution Py (X) of the position X of a damped particle
confined in a harmonic trapping potential and experiencing active noise whose correlation time . is assumed to
be very short. Typical fluctuations of X are governed by a Boltzmann distribution with an effective temperature
that is found by approximating the noise as white Gaussian thermal noise. However, large deviations of X are
described by a non-Boltzmann steady-state distribution. We find that, in the limit t. — 0, they display the scaling
behavior Py (X) ~ =X/ where s(X) is the large-deviation function. We obtain an expression for s(X) for a
general active noise and calculate it exactly for the particular case of telegraphic (dichotomous) noise.
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I. INTRODUCTION
A. Background

One of the fundamental problems in the study of nonequi-
librium statistical mechanics and probability theory is fluctu-
ations in stochastic systems. Rare events, or large deviations,
are particularly interesting [1-13]. Despite their small like-
lihood, they are of great interest because of their relevance
to catastrophes like earthquakes, heatwaves, population ex-
tinction, and stock-market crashes. It is therefore important
to develop theoretical frameworks that enable one to esti-
mate their occurrence probability. Here, we study statistics
of rare events within the context of active stochastic sys-
tems, which physically correspond to molecules and objects
that consume energy from their environment and convert
it into directed motion [14-18]. Such systems are driven
out of thermal equilibrium and their dynamics may ex-
hibit a multitude of counterintuitive and rich phenomena
[19-40]. In particular, they can relax to nonequilibrium steady
states (NESSs), which, in general, cannot be described by a
Boltzmann distribution.

The first-passage time (FPT) problem (or Kramers’ es-
cape problem) is a classical problem in statistical mechanics
[41,42]. In the simplest setting, one considers a particle that
is trapped in a potential well and interacts with a noisy envi-
ronment. The position x of the particle at time ¢ is described
by a Langevin equation, which for a system in one dimension
reads

m¥ +Tx 4+ V'(x) = £@), (1

where m is the particle’s mass, I' > 0 is the damping coef-
ficient, V (x) is the external potential, and &£(¢) is the noise.
The FPT problem is that of determining the distribution of the
first time 7.5. (X ) at which x(7) reaches some target X, given an
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initial condition. A related interesting quantity to study is the
steady-state distribution (SSD) Py (X) of the position of the
particle.

If &£(t) describes thermal noise, then it can be math-
ematically described by a white Gaussian noise with the
following statistical properties: (£(¢)) = 0 and (£(#)&(t")) =
2kgTT8(t —t"), where the angular brackets denote the expec-
tation value and kg and T denote Boltzmann’s constant and
the temperature, respectively. For thermal noise, the SSD is
given by the Boltzmann distribution

Py(X) ox eV XI/kT, 2

In the limit of low temperature and/or high barrier [43], the
mean first passage time (MFPT) is approximately given by
Kramers’ formula (the Arrhenius law) [44—46]

(tesc(x = X)) ~ eAE/kETs 3)

where AE is the difference between the potential energy at
positions X and at the minimum of the potential well, i.e.,
AE =V(X) — Vain-

A simple model of active particle dynamics is given by
Eq. (1) with &£(¢) that is not a thermal noise. In Refs. [47-50],
a model was introduced and studied that is mathematically de-
scribed by Eq. (1) with a harmonic trapping potential, V (x) =
kx?/2, and £ (¢) that is the sum of a thermal noise and an active
(nonthermal) noise with correlation time 7.. The model was
originally inspired by experiments in “active gels,” consisting
of a network of actin filaments and myosin-II molecular mo-
tors, in which the athermal nature of the random motion was
probed by measuring the fluctuations of tracked tracer parti-
cles and showing the fluctuation-dissipation theorem breaks
down [14,51-53]. Position and velocity distributions and
FPTs were studied [47-49], as well as the entropy production
[50], but analytic progress could only be made in certain
limiting cases such as the limits of very large or very small
T.. For small 7., the MFPT was found to be given by Eq. (3),
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but with a modified, effective temperature i, i.e., [48]
(fesc0x = X)) ~ X/, “

Here, we consider the case where & (¢) is a pure active noise
(i.e., no thermal component [54]) in the limit 7. — 0 at a fixed
noise amplitude. This case has to be distinguished from the
case where simultaneously one also takes the noise amplitude
to infinity with a proper scaling. In the second case (when the
noise amplitude diverges), the correlation function of the noise
becomes a delta function (£ (t)E (")) = 2kgTo '8 (¢t — t'), with
some effective temperature T and Eq. (4) becomes exact
[55]. In the first case (fixed noise amplitude), as we will
show below, Eq. (4) (with T.¢ o 7;) faithfully describes the
behavior of the system only for small X, which is sufficiently
near the center of the trap. This result, however, breaks down
at large X. One way to see this is to consider, for example,
a noise term that is bounded, e.g., a telegraphic active noise.
For this kind of noise, x(¢) is bounded as well, leading to a
divergence of the MFPT at some finite X, in contradiction
with Eq. (3) (regardless of the definition of Ti¢). This implies
that, despite the timescale separation present in the system,
detailed balance is violated. A similar situation was observed
recently in a different context [56].

B. Precise definition of the problem, rescaling, and summary
of main results

Let us consider the Langevin equation (1) in the particular
case of a harmonic trapping potential V (x) = kx?/2,

mi(t) + Tx(@) + kx(t) = X(t), (®)]

where X(¢) is telegraphic (dichotomous) noise, which
switches between the values +3 at a constant rate 1/7, i.e.,
the time between every two consecutive switches is exponen-
tially distributed with mean 7. Let us first rescale space and
time, kx/ %o — x, «/k/mt — t, so Eq. (5) becomes

P+yi+x=o0(), (6)

where y =T/ Vmk and o(r) takes the values +1, and the
rescaled mean time for switching between these two values is
T. = /k/m7T.. At long times, the system described by Eq. (6)
will approach a steady state. Due to the active nature of the
noise term, which violates detailed balance, this will be a
nonequilibrium steady state. Our goal is to calculate the full
SSD Py (X) of the particle’s position, including the tails of
this distribution. Due to the mirror symmetry of the problem,
Py (X) = Py(—X) and the distributions of #.s.(X ) and fes. (—X)
are identical, so we will only consider X > 0 in what follows.

This problem, as formulated above, presents a significant
theoretical challenge and to make analytic progress, certain
simplifying assumptions must be made. In the strongly over-
damped limit y — oo, the SSD is known exactly for arbitrary
trapping potentials V (x) [22,26,57-60]. In this work, we con-
sider Eq. (6) with arbitrary damping coefficient y and focus on
the limit of rapid switching rate of the noise term 7, — 0. In
this limit, the rapid switching of the noise causes it to typically
average out to zero over timescales that are relevant for the
harmonic oscillator (which are of order unity in our choice
of units). Hence, it becomes very unlikely to reach positions
X that are located away from the center of the trap, so that

the SSD is strongly localized around X = 0, and fluctuations
become very rare. To study the full SSD (including its tails),
it is thus natural to employ tools from large-deviation theory.
In particular, we will combine the optimal-fluctuation method
(OFM) (or weak-noise theory) [61-75] with the Donsker-
Varadhan (DV) large-deviation formalism [5-7,13,75-77].

Let us summarize the principal results of this work. We find
that, in the limit t. — 0, the SSD is given by

Py(X) ~ e/, ()

where the large-deviation function (LDF) s(X) does not de-
pend on 7. Thus, reaching any X that is sufficiently far from
the center of the trap is a large deviation. We show (see
Appendix A) that the FPT to reach position X follows an
exponential distribution whose mean is given (in the limit
7. — 0) by

(tesc(X» ~ 1/Pst(X) ~ eS(X)/Tc_ (8)
To be precise, we find a large-deviation principle (LDP)

— lim 7. In Py(X) = lim 7. In {fesc (X)) = s(X).  ®)
Te—> To—>

We calculate s(X ) exactly by finding the optimal (most likely)
trajectory of the particle, coarse-grained over timescales much
longer than t., that starts at the center of the trap at time
t = —oo and arrives at x = X at time ¢t = 0. The LDF s(X)
displays a parabolic behavior around the center of the trap at
X « 1, matching the description in terms of a Boltzmann dis-
tribution with an effective temperature, as found in [48]. We
find intriguing qualitative differences between the system’s
behavior between the overdamped (y > 2) and underdamped
(y < 2) cases. In particular, we find that the SSD has a finite
support [—Xp, Xo] (so the motion of the particle is bounded
and it cannot leave this interval), where Xj is a function of y
that exhibits a transition at the critical value y = 2. Finally,
we verify our theoretical predictions through extensive com-
puter simulations and discuss extensions to general trapping
potentials and other types of active noise.

II. THEORETICAL FRAMEWORK

Our theoretical framework consists of two main steps.
(i) Providing an effective coarse-grained description of the
dynamics that is valid over timescales much larger than t,
which gives the probability of (coarse-grained) trajectories of
the particle. (ii) Calculating the optimal history of the system
that leads to a given X, i.e., the most likely (coarse-grained)
trajectory x(¢) that satisfies the conditions x(t - —o0) =0
and x(t = 0) = X. The first step relies on the well-established
DV formalism, which we recall in Appendix B, while the
second step involves the solution of a minimization problem
from the calculus of variations, and essentially provides an
extension of the OFM to active noise.

A. Coarse graining

To coarse grain the dynamics, let us consider the average
of the noise term over a timescale ¢ that is much longer than
7.. We define

g = 1/‘ta(t)dr. (10)
tJo
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Since the process o(t) is ergodic, its long-time averages
converge to their corresponding ensemble-averaged values.
Therefore, in the limit 7/t. — oo, &(¢) will approach its
ensemble-averaged value, which, for the telegraphic noise,
is zero. Indeed, in the limit 7, — O the noise effectively be-
comes very weak, making fluctuations of & very unlikely.
Nevertheless, we can quantify the probability for such fluctua-
tions to occur. Fluctuations of integrals of stochastic processes
(known as “dynamical” or additive observables) over long
times have, in fact, been extensively studied and there ex-
ists a well-established theoretical framework for studying
them. This theory, sometimes referred to as DV theory, is
based on a path-integral representation of the process and
uses the Feynman-Kac formula [5-7,13,78,79]. The long-
time behavior predicted by DV theory is that of an LDP
for the probability density function (PDF) of the dynami-
cal observable, describing an exponential decay in time. In
our particular case, it predicts that the PDF P(&;¢) of &
behaves as
P(G;t) ~ e PO (11)

where the rate function (&) is independent of ¢ and ..
Equation (11) holds at fixed ., in the limit # — oo.

Importantly, by simply rescaling time, we find that Eq. (11)
holds at fixed ¢, in the limit t. — 0. The rate function ®(z)
that corresponds to telegraphic noise was found in several con-
texts, such as run-and-tumble particles [80] and the Ehrenfest
Urn model [81], and it is given by

P =1-+1-22,

with z confined to the interval z € [—1, 1], as obviously must
be the case since o(7) is itself bounded so that it cannot
exceed this interval. A calculation of ®(z), using DV theory,
is given in Appendix B for completeness.

The coarse-graining procedure that we employ now is
fairly standard but we will, nevertheless, explain it now in
detail. We consider a sequence of time averages of the noise,
o1, 07, ..., 0y, defined as

1 tit1
0= — T)dT,
At; /z U( )

i

12)

13)

for some sequence of N time intervals, defined by fiia =
H <t) <--- <Iytl] = lfna, Where Af; =t —¢. In the
limit t. — 0, the 6;’s become statistically independent, so
their joint PDF P(64,...,6y) is given by a product of
their individual PDFs, each of which is given by Eq. (11),
ie.,

N
P(51,...,6y) ~ exp [—% > At,-(b(&,-):|. (14)

¢ i=1
The final step in the coarse-graining procedure is to take the
continuum limit in Eq. (14) by treating the index i of &; as
continuous. This requires a separation of timescales between
the short timescale 7. and some longer characteristic timescale
that depends on the physical system under study. We thus
consider a coarse-grained noise () whose distribution is

given by

P[5 (1)] ~ =170, (15)

Ifinal

slo ()] = / P[o(r)ldrt, (16)
Linitial

which is the continuum analog of (14). Equations (15) and

(16) provide the basis for a coarse-grained, path-integral-

effective description of the telegraphic noise, which is valid at

timescales much longer than t,. It is worth noting that, since

the rate function @ is parabolic at small argument,
D(2) 2 2°/2,

it follows that at small noise amplitudes, |5| < 1, Eq. (16)
reduces to the Wiener action

1 tfinal
- / &(1)%dr,

Tinitial

lz| < 1, a7

that describes white noise. However, signatures of the activity
of the noise will become noticeable for & ~ 1.

We now return to our model given by Eq. (6). At fixed
y and in the limit 7, — 0, the characteristic timescales of
the left-hand side of the equation (describing a deterministic
damped harmonic oscillator), which are of order unity, be-
come much longer than t.. Therefore, one can replace the
telegraphic noise o (¢) by its coarse-grained analog, i.e., one
can consider the equation

X+yx+x=a(@), (18)

which, over timescales much larger than 7., gives a correct
effective description of the process defined by Eq. (6).

B. Optimal fluctuation method

We now treat Eq. (18) as the starting point for an ap-
plication of the optimal fluctuation method OFM (which is
sometimes referred to as “weak-noise theory,” or as “geomet-
rical optics of diffusion” in the context of Brownian motion,
and is also related to the “macroscopic fluctuation theory” of
lattice gases). The OFM yields the (approximate) probability
of the large deviation by finding the optimal (i.e., most likely)
history of the system conditioned on the occurrence of the
rare event [61-75]. This optimal history is in certain contexts
referred to as an “instanton.”

At the heart of the OFM lies a saddle-point evaluation of
the path-integral representation of the process described by
Eq. (18), which exploits the small parameter t. < 1. The
usual first step of the OFM would be to plug Eq. (18) into
Eq. (15) to obtain an expression for the probability to observe
some (coarse-grained) trajectory x(z):

Plx(t)] ~ e S5OV (19)

Sx()] = / O + yx +x)dt, (20)
up to a Jacobian whose contribution is subleading in the limit
7. — 0. This leads to a minimization problem for the action
(20) over trajectories x(¢), which is to be solved subject to
boundary conditions and/or constraints that depend on the
particular problem that we are interested in solving. We are
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after the steady-state distribution Py (X ), for which it is ap-
propriate to consider trajectories x(#) on the time interval
—o0 < t < 0, under the constraints

x(t - —o0) =0, (21

x(t=0)=X. (22)

Once the optimal trajectory [the minimizer of Eq. (20) under
these constraints] is found, Py (X) is calculated by evaluating
the action s[x(#)] on the optimal trajectory, leading to the
scaling behavior (7) reported above.

However, the method outlined above leads to a techni-
cal difficulty in the present case because the Euler-Lagrange
equation associated with the functional (20) is a fourth-order
nonlinear differential equation due to the term with second
derivative, X, in the functional. To bypass this difficulty, we
use a shortcut which significantly simplifies the solution. The
shortcut involves reformulating the problem as an optimiza-
tion problem for the coarse-grained noise & (¢). The functional
that is to be minimized

0
sfo()] = f @[5 (1)ldt, (23)
is a lot simpler because it contains no time derivatives. How-
ever, the constraint x(+ = 0) = X takes a more complicated
form in terms of &, which we now derive. Solving Eq. (18)
for x(¢), we obtain

t
x(t) = / o (t"G(t,t)dt, 24)
—0Q0
where
—a_(t—t") _ e—a+(z—z/)
Gt,t)=0@—1) , (25)
a+ — da_

is the Green’s function for the forced damped harmonic oscil-
lator, i.e., the solution of the equation

G, 1)+ yd,G(t, 1)+ Gt,t') =81 —1) (26)

that satisfies G(¢,t") = 0 att < t’, and where

+./72—4
ai:%. 27)

Using Eq. (24), the boundary condition x(f =0) =X
becomes

a_t __ a4t

0 0 e
X =/ 6(Z)G(0,t)dt=/ o(t)y——dr. (28)
— 00 ay —a

o0 —

This reformulation of the problem as an optimization prob-
lem for & makes its solution very easy. We take the constraint
(28) into account via a Lagrange multiplier, i.e., we minimize
the modified action

sila ()] = s[6 ()] — AX

0 ed-1 — b+l
/ [d)[&(z)] — )ﬁ(l)—]dt. 29)
—00 ay —da—

The minimization becomes trivial because the functional does
not contain any derivatives in time. One simply requires the
derivative of the integrand in Eq. (29) with respect to 6 (¢) to

vanish, yielding the optimal realization of the coarse-grained
noise

5(t) = (¥ (x%> (30)
+ — —

where
y

V1+y?

is the inverse function of d®/dz [where we recall that @ is
given in Eq. (12)].

To calculate the LDF s(X), we first plug () from the
solution (30) into Eq. (23), yielding s as a function of A:

0 a_t _ ,ayt
5= / cp[(cp/)‘l(/\—e ¢ )}dr
—0 a+ —da_
_ /0 (1 B a; —a-
e\ Ve —a e Ry

The relation between A and X is then found by plugging
Eq. (30) into the constraint (28), yielding

0 a_t ast a_t ayt
e — et _ e — et

X=/ — (D) 1()»—)511
—o00 a4y —a-— ay —da—

_ ea+f)2

_ /0 A(ea,l
—oo (ay —a ) (ay —a_)? + 22(et-! — o+t )’

@) 'y = 31

)dt. (32)

dt. (33)

Equations (32) and (33) give the LDF s(X) in a parametric
form and constitute the main theoretical result of this paper.
This function s(X) is plotted in the solid line in Fig. 1 for
[Fig. 1(a)] y = 3 and [Fig. 1(b)] ¥ = 1, corresponding to the
overdamped and underdamped cases, respectively. The LDF
s(X) has a parabolic behavior around X = 0 (displayed by
the dashed curves in Fig. 1), and it diverges at X = Xy. The
circle symbols denote the results of computer simulations,
which, indeed, show a very good agreement with the analyti-
cal predictions. The details of the computational methods are
described in Appendix C.

Note that the dependence of our main results on the partic-
ular type of noise (which we took to be dichotomous) enters
only through the rate function ®(z). Therefore, for other types
of active noise, the SSD can still be found by first calculating
the corresponding rate function ®(z) and then plugging into
the first lines of Egs. (32) and (33) to obtain the LDF s(X).

The OFM gives us additional useful information: the
optimal (coarse-grained) realization of the process x(t), con-
ditioned on the constraint x(0) = X. This is now simply found
by plugging Eq. (30) into Eq. (24):

t 1 ea,z’ _ ea”/ efa,(tft') _ efaJr(tft’) )
x(t) = (@) ' x dr'.
—00

ay —a— ay —a—

(34)

Optimal paths are plotted in Fig. 2 for the overdamped and
underdamped cases. These examples illustrate a general fea-
ture of the optimal trajectories: In the overdamped case x is a
monotonic function of 7, whereas in the underdamped case x
oscillates with an amplitude that grows in time. This feature
is not a consequence of the activity in the system, as it occurs
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12.5 @) T

10~ T

1.51%

s(X)

!
91.39 -1

FIG. 1. Solid curves: The LDFs s(X) for (a) y = 3 and (b) y = 1, corresponding to the overdamped (y > 2) and underdamped (y < 2)
cases, respectively. The most pronounced difference between the overdamped and underdamped regimes is the fact that s(X ) diverges at +Xp,
where Xy = 1 for y > 2 and X, > 1 for y < 2, see Fig. 4 below. Dashed curves: The approximation s(X < 1) ~ yX?, corresponding to the
description of the steady state through a Boltzmann distribution with an effective temperature. Symbols: Results of computer simulations.

also for the case of thermal noise, as will become immediately
clear from the discussion of the case X « 1.

In the limit X < 1 (in which, as we will explain shortly in
Sec. IIC 1, the noise can be approximated as thermal, with
no signature of activity in the leading order), the optimal
trajectory becomes [using (®')~'(y < 1) ~ y in (34)]:

x(t) ~

a_t ait

- (e— _¢ ) (35)
2(ay —a-)a-+ay)\ a- ay
This is nothing but the time-reversed relaxation trajectory for
a particle that begins at position X with zero velocity and
evolves in time in the absence of noise, i.e., according to
X+ yx+x=0. This is expected due to Onsager-Machlup
symmetry for equilibrium systems [61] that follows from the
time-reversal symmetry of the dynamics in the case of thermal
noise.

C. Asymptotic limits

The results given above give the exact LDF, s(X), at any
X and any y. We now study the behavior of s(X) in three

1.0+ 1
0.8¢ ]
0.6¢ ]
0.4; ]
0.2¢ ]
0.0

-5

=

—4 -3 -2

t

FIG. 2. Optimal histories of the system x(¢) conditioned on
reaching position X at time 0, see Eq. (34). Parameters are y =3
and A = 6 for the overdamped case (solid line) and y =1 and
A = 6 for the underdamped case (dashed line), corresponding to
X =0.632168... and X = 1.1154..., respectively.

-1 0

limiting cases: Typical fluctuations | X | < 1; the behavior near
the edge Xy — |X| < Xp; and the strongly overdamped regime
y > L

1. Typical fluctuations |[X| « 1

In the regime of typical fluctuations, |X| < 1, or equiva-
lently |A| < 1, Egs. (32) and (33) simplify to

)\’2 0 5 )\’2
sh 1)~ —/ ("' — ey dt = — (36)
2(ay —a- )2 —00 4y
and
0 a_t _ ,ait)2
xan=r[ C S Ta- o)
oo (ay —a-) 2y
respectively, so s(X) is explicitly given by a parabola
s(X <« 1)~ yX2. (38)

Plugging Eq. (38) into Eq. (7), one finds that typical fluctu-
ations follow a Gaussian distribution, which, in the physical
variables, is given by

_ rkx2

Py(X) ~e T,

(39)

We now show that Eq. (39) coincides with the result that
one obtains by approximating the noise as white. The auto-
correlation function of the noise is

() = Bge 2T, (40)
which satisfies
/oo (B(OD())dt' = 22T.. 41)

As discussed at the Introduction, the telegraphic noise does
not become white in the limit 7. — 0 at fixed Xy [82].
However, in the typical fluctuations regime |X| <« 1, the
white-noise approximation works well: The telegraphic noise
can be approximated by an effective white (Gaussian) noise
&(t) with zero mean and correlation function (£(¢)&(t')) =
237}80 —t"), which would physically describe a thermal
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4 [ ‘ ‘ ‘ ‘ ‘ ‘ 5

0.88 0.90 0.92 0.94 0.96 0.98 1.00
X

14
12/
- 10/
o
o
135 136 137 138 139
X

FIG. 3. Solid lines: The LDF s(X) for (a) y = 3 and (b) y = 1, as in Fig. 1, at X >~ Xj. Dashed lines: The approximations near the edges,
given by Eqgs. (47) and (55), respectively. In (b), Xy = coth(z”ﬁ) =1.38958....

noise with an effective temperature T = 2372 /(2kgT"). This
approximation yields a Boltzmann steady-state distribution

X)

Pu(X) ~ ¢ fotar (42)

which, after plugging in the value of T. as well as Vi (x) =
kx?/2, indeed coincides with Eq. (39).

Equation (38) can be seen to correctly describe the small-
|X| behavior of the exact s(X) in Fig. 1 for y =1 and y =
3. As is seen in the figure, s(X) lies above its parabolic
approximation (38), leading to probabilities Py (X) that are
smaller. Physically, this means that the boundedness of the
noise makes it less likely to reach large X ’s when compared to
the white-noise case. This effect is very small at small X and
becomes more important as X is increased, while at X > X it
dominates and leads to Py (X) = 0.

2. Near the edges of the support, Xy — | X| <€ Xy

Let us now study the opposite limit in which the particle
is very close to the edges Xy — X « Xy, which corresponds to
A — oo. To do so, we first analyze the behavior of & (¢) from
Eq. (30), at A > 1. We consider first the overdamped case
y > 2. At sufficiently early times, the exponential terms are
negligible, so & (¢) vanishes in the leading order. From time

[ = ai_ n (<) (43)

onwards the term Le“~" becomes very large and dominates. As
a result, using (CD’)"(y > 1)~ 1 we find 6(¢) ~ 1. Finally,
very close to t = 0, we have ¢’ — ¢™+' =~ 0 ultimately lead-
ing to & (t = 0) = 0. To summarize,

0, t<tiort~0,
6(t) (44)
1, #n <t<O.
We verified the validity of the approximation (44) in
Appendix E.
The action is very easy to calculate in this limit. From
Eq. (23), we simply obtain

InA
sA> 1)~ -1 ~ o (45)

where we neglected the term a, — a_ in Eq. (43) to avoid
excess of accuracy. The relation between X and A also sim-

plifies in this limit. Plugging Eq. (44) into Eq. (28) (replacing
o — P,) we obtain

0 ja-t _ Layt 1
X:/ € T i~ — (46)
73

a, —a-— a_i

This result, in particular, implies that Xy = 1 for the over-
damped case, corresponding to the particle’s mechanical
equilibria for the situation in which the noise is o = 1. Putting
Eqgs. (45) and (46) together, we obtain the asymptotic behavior
s(X):—ailn(l—X), I-X <1, (47)
see Fig. 3(a). The physical picture in this limit is quite simple:
The noise & () acts as a constant force, pushing the particle
towards the position X, for duration |, |.
Let us now consider the underdamped case y < 2. In this
case, Eq. (30) takes the form

/ 2
2—)‘eyt/2 sin (ﬂt)} (48)
i 2
Equation (48) is exact. Let us now analyze its behavior in the
limit & > 1. At sufficiently early times, the exponential decay
again leads to 6 () ~ 0. From time t, = —2(In 1)/y onwards,
the exponential term becomes very large. As a result, the
argument of (®')~! becomes much larger than 1 in absolute
value, except for short temporal boundary layers in which the
term with sin vanishes, signaling a sign change of & (¢). Using

5(t)= (@) [—

(@) () 2 sgn(y).  IyI> 1., (49)
we thus obtain
0, r<t,
G(t) ~ - (50
—sgn[sin(V42_V n], n<t<0

(see Appendix E for a check of this approximation). This
leads, using Eq. (23), to

2In A
sA> 1)~ -1 = S (51)

One way to find the connection between X and A is to
analyze the expression (33) in the limit A > 1. However,
this turns out to be rather difficult from a technical point

054118-6



NONEQUILIBRIUM STEADY STATE FOR HARMONICALLY ...

PHYSICAL REVIEW E 106, 054118 (2022)

3.0
2.5¢

1.5}

1.0} ‘ ‘ e ‘ ‘ ) ‘

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Y

FIG. 4. The maximal possible position of the particle X, as a
function of the damping coefficient y, which is given by Eq. (57)
in the underdamped case y < 2 and by Xy = 1 for y > 2.

of view. Instead, we will employ a useful shortcut that by-
passes this calculation. The shortcut makes use of the relation
ds/dX = A, a property that follows from the fact that X and
A are conjugate variables, see, e.g., [83]. Using this property
together with the chain rule, we obtain

ds _ ds dX )LdX

—_— (52)
dr  dX dr dxr
Using Eq. (51), we find
dX 1d 2
2L 2 (53)
dr ~ adr T yA?
which we immediately integrate to obtain
2
X ~Xy— —, (54)
YA

where the integration constant Xj will be determined shortly.
Putting these results together, we obtain the asymptotic
behavior

2
s(X)~ —=1In(Xy — X), Xo — X < Xo, (55)
14
see Fig. 3(b).
Let us now calculate Xj. Plugging Eq. (50) into Eq. (28),

we obtain
/4 _ 2
X =— G (t)e""* sin (%t)dt ~

#/

sin dt. (56)

(7

f eyt/2
\/4 v?

To calculate X, as a function of y, we simply take the limit
A — 00, in which one has t, — —o0, so

)
Xy = e”'/?sin (—yt) dt

2

il

= coth (L) (57)
2.4 —y?

The details of the solution of the integral in Eq. (57) are given
in Appendix D. In Fig. 4, Xj is plotted as a function of y. The
particle cannot reach the region X > X, i.e., P4(X) vanishes

there. The divergence of the LDF at X — X, as given by
Eqgs. (47) and (55), describes the manner in which Py (X)
vanishes as X — Xj.

3. Strongly overdamped regime y > 1

Here we study the strongly overdamped regime y > 1,
or m — 0 in the physical variables. In this limit, the mo-
tion described by Eq. (5) can be interpreted as that of a
run-and-tumble particle confined in a harmonic potential
[22,26,33,84]. As we mentioned in the Introduction, in this
limit the SSD is known exactly for telegraphic noise with any
trapping potential V (x) [22,26,33,55,57-60,85]. Up to a nor-
malization factor, the SSD is given, in the physical variables,
by

Py (X) F—z [E/Xd &} (58)
P T N Um P )

where F(x) = —V’(x) is the force that acts on the particle.
In the case of the harmonic potential V (x) = kx? /2, this be-
comes [26,86]

Psl(X)o<exp|:<kT 1)ln(2}§

In the limit 7. — 0, the term “—1” in the exponential in
Eq. (59) is negligible compared to the term I'/k7., and we
recover our Eq. (7) with the LDF

s(X)=—yIn(l —X?) (60)

— kzxz)]. (59)

(in the rescaled variables).

Let us show that the LDF given by Eqs. (32) and (33)
indeed recovers this result when y >> 1. In this limit, Eq. (27)
becomes

1
a_ ~ —, (61)
14
S0 a4 > a_. As aresult, the two exponential terms in Eq. (32)
decay over very different timescales, so we can safely discard
the faster-decaying one, leading to

aJ’,:J/,

’ 4
5~ / <1 - —)dt. (62)
% /)/2 + A2e2/y

In Appendix F we solve this integral, and then use the shortcut
(52) yielding explicit expressions for s and X as functions of
A, from which we indeed recover Eq. (60). In Fig. 5, the exact
s(X) is plotted together with the approximation (60) for y =
4. The two plots are indistinguishable within the scale of the
figure.

III. CONCLUSION

In this paper, we calculated the SSD (and from it, the
MFPT) of a damped particle which experiences an external
harmonic force and is driven by telegraphic (dichotomous)
noise in the limit where the switching rate of the noise is
very large. In the typical-fluctuations regime, the noise can be
approximated as white, leading to a Boltzmann distribution
for the SSD and an Arrhenius law for the MFPT, with an
effective temperature that is easy to calculate from the corre-
lation function of the noise. However, in the large-deviations
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FIG. 5. Solid line: The exact LDF s(X) for y = 4. This value
of y turns out to be sufficiently large for the strongly overdamped
approximation (60) (dashed line) to work very well, as is clearly seen
in the figure.

regime, the effective thermal description of the system breaks
down. We find that both the SSD and the MFPT follow
large-deviation principles, Egs. (7) and (8), respectively. We
proceed to calculate the large-deviation function s(X) analyt-
ically, see Egs. (32) and (33), showing very good agreement
with Langevin dynamics simulations (see also Appendix C).

We find that, at a coarse-grained temporal scale, the domi-
nant contribution to the probability for observing the particle
at some position X comes from an optimal trajectory x(t)
[and a corresponding optimal coarse-grained noise realization
& (t)]. We observe a qualitative difference in the behavior be-
tween the overdamped and underdamped regimes: In the first,
the noise & (¢) pushes x(¢) monotonically towards X, whereas
in the second, x(z) oscillates with a growing amplitude,
while &(¢) changes sign every half-oscillation, increasing
the particle’s energy until it reaches X. In both cases, the
particle is confined in space x(t) < Xy, with Xy =1 in the
overdamped case, but Xy > 1 in the underdamped case, see
Eq. (57). Notably, our coarse-graining procedure maintains
the nonequlibrium (active) character of the noise, cf. [56].

It is worth mentioning the recent work [87] in which the
stochastic dynamics of two populations was studied and a
separation of timescales was exploited to employ a “hybrid”
DV-OFM approach that is similar in spirit to ours. In the
current work we point out that this method can be applied
quite generally and demonstrate that it is especially useful
in systems with non-Gaussian noise with a short correlation
time.

Our main result for s(X) can be straightforwardly extended
to other types of active noise whose associated rate function
®(z) can be found by simply plugging ®(z) into the first lines
of Egs. (32) and (33). A second immediate extension is to a
noise term &(¢) in Eq. (1) (with a harmonic potential) that is
given by the sum of two (or more) statistically independent
noises, €.g., the sum of active and thermal noises [47-50,88].
Due to the linearity of the equation, we find that the SSD is
given (exactly) by the convolution of the SSDs that correspond
to each of the two noise terms separately [88—90]. Finally,
it would be interesting to extend our results to anharmonic
potentials [30,48], higher spatial dimensions [31-33,38,89—
93], and to interacting run-and-tumble particles [34].
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APPENDIX A: RELATION BETWEEN THE FPT
DISTRIBUTION AND THE SSD

To reach the relation

(tesc (X)) ~ 1/Py(X) (Al)

between the MFPT and the SSD that is given in Eq. (8) of
the main text, we partition the dynamics into intervals whose
duration is several times longer than the system’s correla-
tion time (which is unity in our rescaled units). Then the
intervals are approximately statistically independent and the
probability of reaching the target X in each of the intervals
is proportional to Py (X ), which is assumed to be very small.
Thus the FPT to reach the target X obeys an exponential distri-
bution whose mean is given by Eq. (A1), as stated in the main
text. Relations such as Eq. (A1) between MFPTs and SSDs (or
quasi-SSDs) occur in many situations when considering large
deviations in stochastic dynamical systems, see, for instance,
[28,29] in the context of active matter and [11] in the context
of stochastic population dynamics. An even simpler example
comes from the Arrhenius law (3) and Boltzmann distribution

2.

APPENDIX B: DONSKER-VARADHAN FORMALISM

Here, for completeness, we briefly outline the Donsker-
Varadhan (DV) formalism [78] and apply it to the telegraphic
noise to calculate the rate function ®(z) that is given in
Eq. (12) of the main text. For an accessible introduction and
further details regarding the general DV theory we refer the
reader to [13]. Let y(¢) be a stochastic process with a finite

state space, y(t) € {y1, ..., Y}, and let
v _, (B1)
—_— = v
dt

be the master equation that describes the temporal evolution
of the probability vector v = (v, ..., v,), where v;(¢) denotes
the probability that y(r) = y;. Here L, the generator of the
dynamics, is an n x n matrix. Define a dynamical observable

1 T
A= 7/0 y(t)dt, (B2)

and consider its PDF pr(a), defined via
Prob(A € [a, a + da]) = pr(a)da (B3)

for infinitesimal da. Then the DV formalism predicts that, in
the limit 7 — oo, an LDP holds:

pria) ~ e 1@, (B4)

Moreover, it provides a method of calculating the rate func-
tion I(a) by making use of the Gértner-Ellis theorem [79].
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From this theorem it follows that /(a) is the Legendre-Fenchel
transform

I(a) = max [ka — u(k)] (BS)
keR
of the scaled cumulant generating function (SCGF)
o Loria
pu(k) = lim_ Tl (B6)

Finally, the SCGF is given by the maximum eigenvalue of an
auxiliary matrix operator

L = (L) + kyidi j, (B7)

which is a “tilted” version of the Hermitian conjugate of L.
Here §; ; is the Kronecker delta.

Let us apply this formalism to the (rescaled) telegraphic
noise o (¢) that is defined in the main text. Its two possible
states are o (t) € {1, —1}, and the generator of the dynamics
of o (¢) is the matrix

/-1 1

Therefore, the SCGF is given by the largest eigenvalue of the

(B8)

matrix
1/-1 1 1 0
k f——
L = Tc( 1 _1) +k<o _1>. (B9)
The largest eigenvalue of L is
/ 1 1
uk) = k2+—2 - —. (B10)
T/ 7

Since this function is convex, the Legendre-Fenchel transform
becomes a Legendre transform and we obtain
1 —+1—a?
Ia) = ——,

c

(B11)

recovering Eq. (12) of the main text.

APPENDIX C: LANGEVIN DYNAMICS SIMULATIONS

To verify the accuracy of Eqgs. (32) and (33), which con-
stitute the analytical expression for the LDF s(X), we need to
compute Py (X ) and then to extract s(X ) from Eq. (7) [or prac-
tically, from the logarithmic version of it, Eq. (9)]. The SSD
can be obtained by simulating an ensemble of long trajectories
of particles that follow the Langevin equation of motion (6),
where for each trajectory an independent realization of the
telegraphic noise o (¢) with a characteristic switching time
7. is randomly chosen. The duration of the simulated trajec-
tories ¢+ must be sufficiently large to ensure that the steady
state is established, while 7, must be sufficiently small to
approach the limit 7, — O of interest. Strictly speaking, in this
straightforward approach, the computed Py (X ) is expected to
converge to the correct SSD when the number of simulated
trajectories becomes infinitely large. In practice, however, this
strategy fails in the large deviation regime X < X, (which is
of most interest) because of the remarkably low probability of
a trajectory to actually reach near the edges of the support. To
better appreciate the difficulty to sample the large deviation
regime, consider the case y =3 [see Fig. 1(a)]. The first

problem that we encounter is the lack of a priori knowledge
which 7, is “sufficiently close to zero.” A reasonable choice
may be 7. = 0.2, which is smaller than the other (rescaled)
time constants relevant to the dynamics, i.e., (i) the inverse
oscillator frequency +/k/m = 1 and (ii) the friction damping
time m/I" = 1/y = 1/3. However, for this value of 7., the
probability to be in the range |X| > 0.95 [s(X = 0.95) ~ 6.5]
is smaller than 10~"> and the probability to reach |X| > 0.98
[s(X = 0.98) ~ 9] is smaller than 102!, These numbers sug-
gest that proper sampling of the large deviation regime may
require simulations of a prohibitively large number of tra-
jectories. Furthermore, even if we had the resources to do
so, we would still not know the difference between the LDF
computed for a small finite 7. and the one expected in the limit
7. — 0.

Generally speaking, the number of times that the direction
of the noise changes in large-deviations trajectories is con-
siderably smaller than the most probable number of switches
n* =t/t., which is characteristic of typical trajectories. To
properly sample such rare trajectories, we use the exact
relationship

P(X) =Y PX|mTl,,

n=0

(ChH

where P(X |n) is the conditional probability that the trajectory
ended at x = X given that noise underwent n switches during
the course of the motion and IT, is the probability that the
noise changed sign exactly n times. This probability is given
by the Poisson distribution

et/ s\
M, = (—).
n! \rt.

(C2)

A trajectory with n switching points consists of n 4 1 seg-
ments during which the particle experiences a constant noise
of magnitude 1. To generate such a trajectory, we draw n + 1
random numbers R; from a standard exponential distribution
and then rescale them R; — R;(t/ Z;’:} R;) to obtain the du-
rations of the dynamical segments. For a harmonic confining
potential, the equation of motion along each segment can
be easily solved, which yields the position and velocity of
the particle at each switching point. Once the trajectory has
reached completion, the position of the particle is recorded,
and by simulating many trajectories with n switches, we ob-
tain P(X |n). An important merit of this approach (besides the
simulations of many rare trajectories) is the fact that with the
data for P(X|n) (which depends on ¢ but not on t.), we can
use Eq. (C2) to calculate the SSD for any t. provided that
the largest simulated n is somewhat larger than n* =1 /7.. We
can, thus, compute s(X) for several values of 7., and then
extrapolate the results to the limit 7, — O.

The results presented in Fig. 1 are based on simulations
of 10° trajectories of duration ¢ = 10, for values of » in the
range 0 < n < 275. The displayed s(X) is an extrapolation of
the LDFs calculated for . = 0.2, 0.3, 0.4, and 0.5. For y = 3,
the computational data is indistinguishable from the analyti-
cal predictions at |X| < 0.92, and at 0.92 < |X| < 0.96 the
difference is at most 5%. We note that the following. (i) Sim-
ulating straightforwardly (with an overall similar CPU time)
the dynamics with 7, = 0.2 yields no single trajectory with
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FIG. 6. The optimal realization & () of the coarse-grained noise term & (¢) in the limit A >> 1, in the (a) overdamped and (b) underdamped
cases. Solid lines correspond to the exact result (30). Dashed lines correspond to the approximate expressions (44) and (50), respectively.

Parameters are y = 3 and A = 10*, corresponding to X = 0.999738.

..in (a) and y = 1 and A = 10*, corresponding to X = 1.38938... in

(b). Recall that in (a) the edge of the support of the SSD is at X, = 1 while in (b), it is at Xy = coth(z”—ﬂ) =1.38958....

|X| > 0.87. (ii) In a future publication we will demonstrate
how the approach presented herein can be further improved.

APPENDIX D: SOLVING THE INTEGRAL FOR X, IN THE
UNDERDAMPED REGIME

In this Appendix we solve the integral that appears in
the first line of Eq. (57) of the main text, thereby obtaining
the second line in that equation. Denoting w = /4 — 2 /2,
the first line of Eq. (57) can be rewritten as Xy = I/w where

0
=

We now divide the integration region into two parts and obtain

-7/ 0
I:/ e”’/2|sin(wt)|dt+/

oo —/w

e’"/?|sin (wt)|dt. (D1)

¢”""?|sin (wt)|dt

0 0
= e*”y/z"’/ e’"|sin (1)|dt — / e’ sin (wi)dt,
—00 —7/w

(D2)

where, when moving from the first to the second line in
Eq. (D2), we shift the integration variable t — t + 7 /w in
the first integral and use sin(w?) < 0 in the second integral.
Noticing now that the first integral in the second line of
Eq. (D2) coincides exactly with the definition (D1) of I, we
then solve Eq. (D2) for I to obtain

1 0
/ e’"? sin (wt )dit
/w

I'=—1—"=m |

4
=" coth (T = weoth (X)), (D3)
(Y2 + 40?) 4w 4w

where, in the last equality, we use the definition of w. Finally,
using Xy = I/w with Eq. (D3) and the definition of w, we
arrive at the second line of Eq. (57) that is given in the main
text.

APPENDIX E: NEAR THE EDGES OF THE SUPPORT

To check our approximations for &, given in Eqs. (44)
and (50) of the main text, we plot them in Fig. 6, together

with the corresponding exact solutions for & () from Eq. (30)
for a large value of A, in the overdamped [Fig. 6(a)] and
underdamped [Fig. 6(b)] cases, respectively. The agreement
is very good. There are temporal boundary layers at ¢ ~~ 1
and at t >~ 0, and also around times at which the sign of
& changes in the underdamped case. However, their relative
width of these boundary layers vanishes in the large-A limit.
The approximation improves as A is increased (not shown).

APPENDIX F: STRONGLY OVERDAMPED LIMIT

The exact solution of the integral in Eq. (62) yields

Y / A2 / A2
s_5|:ln< 1+ﬁ+1)—1n< 1+ﬁ_]

A
—2In2+21In —H (FD)
14
Now, using Eq. (52) with Eq. (F1), we find
dX 1d
ar _14as ¥ 1_L’ (F2)
dr  Adr A2 [yZ + A2

which we immediately integrate, together with the boundary
condition X (A = 0) = 0, to obtain

VYR —y

X F3
T (F3)
Finally, we invert this relation
2y X
A —— F4
L (F4)
which, after plugging into Eq. (F1), yields
s(X)~ —yIn(1 —X?), (F5)

coinciding with Eq. (60) of the main text.
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