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Experimental verification of arcsine laws in mesoscopic nonequilibrium systems
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A large number of processes in the mesoscopic world occur out of equilibrium, where the time evolution
of a system becomes immensely important since it is driven principally by dissipative effects. Nonequilibrium
steady states (NESS) represent a crucial category in such systems, where relaxation timescales are comparable
to the operational timescales. In this study, we employ a model NESS stochastic system, which is comprised of
a colloidal microparticle optically trapped in a viscous fluid, externally driven by a temporally correlated noise,
and show that time-integrated observables such as the entropic current, the work done on the system or the work
dissipated by it, follow the three Lévy arcsine laws [A. C. Barato et al., Phys. Rev. Lett. 121, 090601 (2018)], in
the large time limit. We discover that cumulative distributions converge faster to arcsine distributions when it is
near equilibrium and the rate of entropy production is small, because in that case the entropic current has weaker
temporal autocorrelation. We study this phenomenon by changing the strength of the added noise as well as by
perturbing our system with a flow field produced by a microbubble at close proximity to the trapped particle. We
confirm our experimental findings with theoretical simulations of the systems. Our work provides an interesting
insight into the NESS statistics of the meso-regime, where stochastic fluctuations play a pivotal role.
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I. INTRODUCTION

The Lévy arcsine laws are a set of laws governing stochas-
tic phenomena, which state that some variables related to the
Wiener process have a cumulative arcsine probability distri-
bution [1]. To provide an example of the Wiener process, we
consider the simplest case, i.e., standard Brownian motion
of a microparticle. The particle’s position coordinate starts
from zero, and it has an equally probable incremental step
in either direction, which does not depend on its past trajec-
tory, a key signature of a Markovian process. In addition, the
increments have a zero-centered Gaussian nature where the
variance of the distribution increases linearly with time. For
such a process, three variables can be defined: (i) the propor-
tion of time the fluctuating variable stays above zero: T+ =
1
t

∫ t
0 θ (W (t ′) − 〈W (t ′)〉)dt ′, where θ (x) is the Heaviside func-

tion, which takes values 1 and 0 when its argument is positive
and negative, respectively (first arcsine law); (ii) the ratio of
the last time when the variable had changed its sign to the total
time: Tlast = sup{t ∈ [0, 1] : W (t ) = 0} (second arcsine law);
and (iii) the ratio of time when the variable has attained its
global maximum to the total time: Tmax defined as the variable
that satisfies, W (Tmax) = sup{W (t ), t ∈ [0, 1]} (third arcsine
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law). These variables are scaled from 0–1 (T+, Tlast, Tmax ∈
[0, 1]), and they can be shown to have a normalized prob-
ability density function, PDF(T+/Tlast/Tmax) = 1

π
√

T (1−T )
, as

long as the root variable follows a Wiener process. It follows
that the cumulative distribution functions (CDF) of these three
variables follows the arcsine laws given by:

CDF(T ) =
∫ T

0
PDF(T ′)dT ′ = 2

π
arcsin(

√
T ). (1)

Indeed, arcsine laws are observed over a vast range of
stochastic phenomena, which include the fluctuation of stock
prices [2], waiting time distributions of human dynamics [3],
and leads in competitive sports such as football or basket-
ball [4].

Wiener processes also appear in the statistical description
of microscopic systems as a coarse-grained description of the
effect of the environment on the dynamics of the system. Nat-
urally, arcsine laws have also been observed in this context.
Notable examples include the quantum state of a dressed pho-
ton in a fiber probe [5], the electron current in cold quantum
dots [6], the net number of steps of a molecular motor [7], the
position fluctuation of a particle in a periodic potential [8],
and various random walk models [9]. Recently, there have
also been generalizations of arcsine laws to include the be-
havior of fractional Brownian motion [10], non-Markovian
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processes [11], and processes that display anomalous diffu-
sion [12].

A significant addition to this list of scenarios obeying an
arcsine law was made by Barato et al., in Ref. [13]. They
considered Markovian nonequilibrium systems in a station-
ary state and demonstrated that in the long time limit, the
cumulative distribution of the fraction of time a fluctuating
current spends above its average value follows the first arcsine
law. In explicit examples of experimentally and numerically
realized systems, it was also shown that the second and the
third arcsine laws hold as well. Reference [13] provides a rig-
orous proof for the first arcsine law for current fluctuations in
nonequilibrium steady states, but the second and third arcsine
laws remain a conjecture to date.

The examples considered in Ref. [13], such as the exper-
imental realization of the Brownian Carnot engine [14], are
among well-studied models in the context of nonequilibrium
thermodynamics of microscopic systems [15]. Research in
this area (also referred to as Stochastic thermodynamics) is
largely motivated by the desire to uncover general principles
that govern the dynamics and thermodynamics in far-from-
equilibrium regimes. A large class of systems studied within
this framework, for, e.g., electric current flowing across a
resistor and heat flux across two thermal sources at dissim-
ilar temperatures in contact [16], chemical kinetics inside
cells [17], and molecular motors [18] operating in nonequi-
librium steady states. However, it is surprising that no other
experimental systems, apart from the ones already looked
at in Ref. [13], were studied to test the validity of these
arcsine laws. Consequently, very little is known about their
implications in the nonequilibrium steady-state dynamics of
microscopic systems.

In this work, we investigate whether Lévy arcsine laws
are obeyed by empirical currents measured for a time dura-
tion τ , in the nonequilibrium steady state of a stochastically
driven colloidal system. We further consider the convergence
to an arcsine law under manifestly different nonequilibrium
settings, characterized in terms of the steady-state entropy
production rate. Our results show that, in all cases, the con-
vergence to the arcsine laws is only asymptotic in τ . We
characterize the convergence in terms of a distance function
in the space of cumulative distributions and find that the
convergence is faster for near equilibrium systems with a
comparatively small entropy production rate as opposed to
far-from-equilibrium systems. To create different nonequi-
librium landscapes, we drive our model colloidal probe by
external noise, change the driving amplitude of the noise, or
change the ambient flow field of the fluid where the probe is
embedded by trapping it in the vicinity of a microbubble, and
study the change in convergence rates. All findings are val-
idated using trajectory data from experiments and numerical
simulations.

II. MODEL AND SIMULATION

The model we consider in this work is a colloidal particle
trapped in an optical trap, which has its mean position modu-
lated using the Ornstein-Uhlenbeck (OU) process. This model
was first experimentally tested in Ref. [19], and was exten-
sively studied theoretically from a stochastic thermodynamics

point of view [20–23]. In an earlier work, this setup was
used to demonstrate the effectiveness of the thermodynamic
uncertainty relation based inference scheme for the entropy
production rate in the stationary state [24]. Different nonequi-
librium conditions were created in this setup by controlling
the amplitude of the external driving and by generating mi-
croscopic flows in the background by means of a microscopic
air bubble created in the fluid surrounding the probe using a
separate laser beam. The latter is particularly interesting since
it is a problem that may mimic real-life situations involving
microflows (for, e.g., bacteria swimming in microflows [25]).
However, it is extremely challenging to obtain the exact nature
of the flow field analytically, and thereby model the exact
force environment the probe encounters. On the other hand,
the thermodynamic inference scheme [26–29] based on the
thermodynamic uncertainty relation (TUR), by construction,
overcomes this problem and actual entropy production rate
of the system can be obtained from the trajectory data, af-
ter doing proper optimization of the lower bound of entropy
production rate laid down by the TUR, as demonstrated in
Ref. [24]. In this paper, we proceed to calculate the stochastic
currents in a similar manner, and investigate the validity of the
arcsine laws in this system.

We first consider the case when the nonequilibrium con-
ditions are created using only the external OU modulation,
which we denote using the variable λ(t ). In this case, the
dynamics of our system with position variable x(t ) can be de-
scribed using a system of overdamped Langevin equations as:

ẋ(t ) = −x(t ) − λ(t )

τ
+

√
2Dζ (t )

λ̇(t ) = −λ(t )

τ0
+

√
2Aξ (t ). (2)

In Eq. (2), D is the room-temperature diffusion constant and
τ = γ /k is the relaxation time of the harmonic trap, where
k is the trap stiffness and γ is the drag coefficient related
by the Stokes-Einstein relation as Dγ = kBT . Similarly, τ0

is the relaxation time of the OU process and A corresponds
to its strength. The noise terms ζ (t ) and ξ (t ) are Gaussian
white noises obeying 〈ξ (t )〉 = 0, 〈ζ (t )〉 = 0, 〈ξ (t )ξ (t ′)〉 =
δ(t − t ′), 〈ζ (t )ζ (t ′)〉 = δ(t − t ′) and 〈ξ (t )ζ (t ′)〉 = 0. The OU
noise has an exponentially decaying correlation 〈λ(t )λ(t ′)〉 =
Aτ0 exp(−|t − t ′|/τo) and a power spectrum that falls off as
f −α , α ≈ 2. In presence of the microbubble the system can
be modeled with a suitable addition of the flow field (ud ),
ẋ → ẋ − ud and by values of τ → τd and D → Dd that get
scaled as a function of the spatial distance d from the mi-
crobubble. (see Ref. [24]).

An arbitrary, fluctuating time-integrated current Jd in the
steady state of this system can be defined as,

Jτ
d =

∫ x(τ )

x(0)
d(x) ◦ dx. (3)

Here x denotes the column vector [x, λ]T and ′◦′ de-
notes the Stratonovich product defined as

∫ x(τ )
x(0) d(x) ◦ dx =∑ τ

�t −1
i=1 d( xi�t +x(i+1)�t

2 ) · (x(i+1)�t − xi�t ). A particular choice of
d(x) is referred to as the thermodynamic force field F(x) (see
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FIG. 1. Work dissipated by the system represented schematically, as obtained from experimental data. (a) Schematics of the process, where
the trap center is modulated by an Ornstein-Uhlenbeck process of a constant amplitude to proceed from an equilibrium to a nonequilibrium
steady state (ESS to NESS) (b) The fraction of time the stochastic current Wd (in red) lies above the average 〈Wd〉 over many cycles. (c) The
work dissipated by the probe over time plotted in units of kBT after subtracting the mean value of dissipating current. Values of the Lévy
variables T+, Tlast, Tmax are displayed for this window in red, green, blue color coding, respectively.

details in Appendix A 2), given by,

F(x) =
(

δ(δ2θ (λ−x)+δλ+λ)
Dτ0(δ2(θ+1)+2δ+1)

− δ2(δx+x−δλ)
Dτ0(δ2(θ+1)+2δ+1)

)
, (4)

where we have introduced the dimensionless variables δ = τ0
τ

and θ = A
D . The corresponding time-integrated current is the

steady-state entropy production �Stot . The corresponding en-
tropy production rate (σ ) for this system σ = 〈�Stot 〉

τ
is given

by [20,21,23],

σ = δ2θ

(δ + 1)τ0
. (5)

The entropy production rate, measured in units of kBs−1,
physically corresponds to how far away the system lies from
equilibrium. Alongside the entropic current, we can also look
at two physical thermodynamic currents, namely work done
and work dissipated. For a Langevin-like system, they can
be quantified according to the first law of thermodynamics
from the change in the potential dU (x, λ) = ∂U

∂λ
dλ + ∂U

∂x dx =
dW − dWd . In our case, the harmonic potential is U (x, λ) =
1
2 k(x − λ)2. Therefore the cumulative work done on the sys-
tem (W ) and work dissipated by the system (Wd ) are given, up

to the boundary terms by Refs. [21,23] as,

W =
∫ τ

0
−k[x(t ) − λ(t )] ◦ dλ(t )

Wd =
∫ τ

0
kλ(t ) ◦ dx(t ) + boundary terms. (6)

As noted previously in Ref. [13], fluctuations of any time-
integrated current, after a sufficiently large time τ , obey an
arcsine behavior if the system is in a stationary state. Our
model system, shown in Fig. 1(a), is a probe modulated
with Ornstein-Uhlenbeck noise, which forms a model NESS
system that is expected to obey the properties of the first
arcsine law. Now, in order to verify these laws, we first need
to compute the stochastic currents (such as entropic current,
work done, or dissipated work) from the time series of the
probe using Eq. (3) and Eq. (6). In Fig. 1(b) we show the
work dissipated, which we compute from a representative tra-
jectory. In addition, we also demonstrate how the T+, Tlast, or
Tmax variables are computed in Fig. 1(c). We demonstrate the
arcsine laws for this system using numerically simulated data.
We adopt a Euler discretization scheme, with �t = 0.0001 s,
and generate a long steady-state trajectory that is 1000 s long.
We obtain current statistics for any finite τ value by breaking
up this long steady-state trajectory into N = 1000/τ number
of trajectories of length τ . We verify that the PDF and CDF of
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FIG. 2. Statistics of work dissipated as obtained from simulation. The results for the three arcsine laws for T+ (in red), Tlast (in green),
and Tmax (in blue) from a simulation of the time series, where the CDF and PDF are plotted in (a) and (b). [Parameters used for this example:
dt = 1 ms, total time = 100 s, points in each division = 1000, τd = 1.2 ms, τ0 = 2.5 ms, A = 0.3 × (0.6 × 10−6)2 m2/s ]

the variables computed on these trajectories follow 1
π

√
T (1−T )

and the arcsine laws, respectively, as we show in Figs, 2(a)
and 2(b).

Since the empirical trajectories of the system are discrete in
practice, the admissible values of any of the variables T+, Tlast,
or Tmax are discrete for any finite τ . Therefore, the correspond-
ing probability density functions are discrete distributions,
and their cumulative distributions appear like step functions.
However, in the large τ limit, both the PDF as well as the CDF
become smooth functions. In Fig. 3(a), we show this feature
using the CDF of T+ for different τ values. The convergence to
the arcsine law as a function of τ can be better assessed using
distance functions D(τ ) in the space of distributions [30].
Here we use the L1 measure of distance given by,

D(τ ) = 1

Nb

Nb∑
i=1

|P̂τ
i − Pi|, (7)

where P̂τ is the numerically estimated cumulative distribution
function and P is arcsine distribution. Nb corresponds to the
number of bins used along the T axis. In Fig. 3(b), from
a simulated trajectory, we show how the distance function
varies as a function of τ for different θ values. In all cases,
the fluctuating current we consider is the corresponding �Stot .
We see that larger the θ value, the further is the instantaneous
cumulative distribution away from the arcsine distribution for
any fixed τ . From Eq. (5), we know that larger θ implies
higher entropy production rate and further away from equi-
librium steady state. We conclude that the closer the system
is to equilibrium, the faster it will converge to the arcsine
distribution.

III. EXPERIMENTS

Next, we proceed to check whether these features continue
to exist in the experimental realization of the stochastic slid-
ing parabola model. We use a Gaussian beam (1064 nm),
which is tightly focused with a high numerical aperture
of a standard oil immersion objective (100x, NA = 1.3)
an inverted microscope (Olympus IX71) to trap a spheri-
cal polystyrene particle (Sigma-Aldrich LB30, diameter =

3 μm), in a double-distilled aqueous solution, inside a cus-
tom sample chamber of thickness 100 μm that we construct
by inserting double-sided sticky tape between two cover
slips, which we then mount on a motorized microscope
stage. The laser passes through an acousto-optic modula-
tor (BRIMROSE-AOM), and the first-order beam traps and
modulates the particle perpendicular to the beam’s direc-
tion, given by U (x(t ), λ(t )) = k[x(t ) − λ(t )]2/2, where the
trap stiffness is k = 19.7 ± 0.1 pN/μm. The input noise λ(t )
is generated through the Ornstein-Uhlenbeck process [see
Eq. (2)], the time constant for its exponentially decaying
correlation is τ0 = 2.5 ms, and its amplitude is chosen as
A = [0.1, 0.2, 0.3] × (0.6 × 10−6)2 m2/s. We focus a second
copropagating beam of wavelength 785 nm and measure the
backscattered intensity by a balanced detection system con-
structed out of high-gain bandwidth photodetectors (Thorlabs
PDA100A2) [31] to sample the one-directional trajectory of
the probe at a spatiotemporal resolution of 1 nm–10 kHz for
100 s.

For the next stage of the experiment, we form a microbub-
ble of diameter 21 ± 0.6 μm (see Methods) using another
laser [32] such that its surface remains d = 10 μm away from
the mean position of the center of the probe particle. We have
already used this experimental setup to study one or more
microbubbles with colloidal particles moving in the liquid
in different contexts [24,32]. The microbubbles are nucleated
on a liquid-glass interface. The surface is precoated by linear
patterns of a Mb-based soft oxometalate (SOM) material [33].
When we focus a laser beam on any region along this pattern,
the SOM material gets intensely heated and a microbubble
forms. The top of the bubble is colder than its bottom where
it is anchored to the interface. As the surface tension is a
function of temperature, the variation of the surface tension
along the bubble’s surface sets up a Marangoni stress, driving
a flow along the bubble’s surface. The experimental apparatus
is described in the Appendix [33].

IV. DISCUSSIONS

To obtain robust statistics, we divide the entropic current
computed from the 100 s position fluctuation time series into
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FIG. 3. Convergence to the arcsine laws. (a) Schematics for the cumulative distribution function of T+ at finite τ values: at any finite
τ = N�t , the probability distribution of T+ is a discrete distribution due to the inherent discreteness of the nonequilibrium trajectory. The
corresponding cumulative distributions look like step functions and converge to the smooth, arcsine laws only asymptotically in τ . (b) The L1

measure of distance [Eq. (7)] between the instantaneous cumulative distribution and the asymptotic arcsine distribution as a function of τ , for
different values of θ (simulation). We find that the larger the value of θ (higher the entropy production rate) the further is the instantaneous
cumulative distribution from the arcsine distribution. (c) The rate of entropy production increases with increasing θ (reproduced from Ref. [24])
(d)–(f) The arcsine laws for T+, Tlast, and Tmax, respectively, as observed from experimental trajectories of the stochastic sliding parabola model.
(g)–(i) The L1 measure of distance [Eq. (7)] between the instantaneous cumulative distribution and the asymptotic arcsine distribution as a
function of τ , for different values of θ for the three arcsine laws, respectively (experiments).
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FIG. 4. Action of a microbubble in close vicinity of the optically trapped probe. (a) Schematic of the experimental probe particle-
micobubble system. The microbubble is grown on a preexisting absorbing pattern or trail in the sample chamber (see Methods). The different
dimensions of the bubble, bead and the trail are marked in the figure . (b) Histogram of the position fluctuation; clearly it develops a skew in
the presence of the flow field generated by the microbubble. (c) CDF of T+ and (d) convergence rates to the first arcsine law for the colloidal
probe placed at different distances from the microbubble. (e) Entropy production rate for changing distance of the microbubble (see Ref. [24]).

segments of 1 s (104 points) each, which is much greater
than the time constant of the underlying process, τd (= 2.5
ms). In Fig. 3, we demonstrate convergence to the three arc-
sine distributions as a function of τ . The trends observed in
Fig. 3(b) are reproduced quite well, in all the three cases of the
arcsine laws as seen in Figs. 3(d)–3(i). As seen in Ref. [24]
and reproduced in Fig. 3(c), the rate of entropy production
increases with increasing θ , or the amplitude of the added
noise. The convergence to the arcsine distribution is found to
be faster for the near equilibrium system with the smallest
entropy production rate, providing direct experimental evi-

dence of the observations in numerical simulations. Following
the argument by Barato et al., in Ref. [13], we know that due
to strong Markovian property, the increments of the stochastic
current become independent random variables, for which the
first arcsine law works in the first place. For the near equi-
librium systems, when the strength of the added correlated
noise is less, the entropic current also has weaker temporal
correlation, and should converge faster. We discuss this matter
further in the Appendix, where we describe how the inherent
noise correlations can change our system’s convergence rate.
The increased statistical fluctuations in the plots are due to
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FIG. 5. Three arcsine laws tabulated for entropic currents. The entropic currents computed from our experiments are used to plot the three
arcsine distributions for T+, Tlast, and Tmax in red, green, and blue colors, respectively, for both the cases where bubble is present (in circles)
and absent (in squares).

having only 100 s long trajectories for the statistical analysis
as opposed to the 1000 s long trajectories we used in the
simulations.

For the second case [Fig. 4(a)], we perform the ex-
periment in the proximity of the microscopic bubble. As
already explained in Ref. [24], the hydrodynamic flow due
to the microbubble confines the trajectory of the trapped col-
loidal particle and the probability distribution of its position
fluctuation gets skewed from the Gaussian distribution [see
Fig. 4(b)]. The strength of the nonequilibrium currents is
reduced in the presence of the microbubble, as explained
in Ref. [24]. The entropy production rate decreases as the
separation between the trapped particle and the bubble [see
Fig. 4(e)] is decreased. We therefore consider the convergence
to the (first) arcsine distribution as a function of τ with varying
distances from the surface of the bubble. In Figs. 4(c)–4(d),
we find that the convergence to the arcsine distribution is
faster when the colloidal setup is closer to the bubble, where
the trajectories look more reversible. (We note that the ther-
modynamic force field F(x) in the presence of the bubble is
generically different from the one when there is no bubble.
We nevertheless use the latter for both cases, for simplicity.
We refer to Ref. [24] for details.) In Fig. 5 we tabulate all the
experimental plots and show that the CDF of T+, Tlast, and Tmax

obtained from the entropic current follow Lévy arcsine statis-
tics. Additionally, we note that change in the time constant
of the added Gaussian noise also changes the rate of entropy
production as given in Eq. (5), and it similarly influences the
convergence rate of the arcsine distribution. In the Appendix,
we further show that the physical currents such as work done
on the system or work dissipated by the system follow similar
trends of the arcsine properties.

V. CONCLUSIONS

We unambiguously demonstrate that a class of intrinsic
stochastic currents associated with a Markov process, such
as entropy, or physical currents such as work done by, or
dissipated from the system, in a nonequilibrium steady-state
system, obey Lévy arcsine statistics. The cumulative proba-
bility distributions of the variables T+, Tlast, and Tmax converge
to the arcsine distribution asymptotically in the long time
limit and the rate of convergence is decided by the entropy
generated by the stochastic currents. For the case where the
amplitude of the colored noise [34,35] is low or an addi-
tional flow field is present due to a microbubble [24] at
close proximity, the dissipated work is minimum and the
rate of convergence is faster than the other cases. Any de-
viations from arcsine distribution indicate non-Markovian
behavior [10] or anomalous diffusion (aging) [12,36] in
the underlying processes that generate the stochastic cur-
rent. Thus it is possible to infer about such processes from
the fluctuating currents, and thereby detect deviations from
Gauss-Markov properties, or generalize the laws to include
transient phenomena in physics, without scanning the system
holistically. Understandably, this recipe may then be applied
to problems such as diffusion on a crystal lattice [37], gyration
of a microparticle due to unequal temperatures in complex
potentials [29], kinesin walking on microtubules [38], where
studying long-term statistics of stochastic currents is of utmost
importance. Additionally, the arcsine laws are studied for long
time limits, where the time of observation far outruns the
periodicity or correlation times of our given system. However,
few attempts have been made to understand the statistics in
the short-time limit [39] when the time period of observation
is comparable to the inherent time scales of the system, i.e.,
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before it has reached steady state. In that case, it is clear that
the Markov properties are not satisfied and demand further
investigation.
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APPENDIX

A few aspects described briefly in the paper require addi-
tional clarification and experimental evidence for interested
readers. In this Appendix, we comment on the effects of
changes in the parameter of the processes, discuss the Wiener
properties of our currents, comment on the addition of bound-
ary terms, characterize the error in our measured value, and
discuss the properties of the added noise.

1. Ornstein-Uhlenbeck noise

Figure 6 shows that the OU process generates a colored
noise with an exponentially decaying correlation and a power
spectrum that fits a power law. We can use the autocorrela-
tion property of the added noise to calibrate its amplitude.
In Fig. 6(a) we plot the autocorrelation for λ(t ) where τ0 =
25 ms. In Fig. 6(b), we plot the power spectrum of the noise
in a logarithmic plot. By fitting the data points with 1/ f α , we
get α ≈ 1.8, which confirms that it is colored noise.

2. Thermodynamic force field and entropy production rate of
stochastic sliding parabola model

The stochastic sliding parabola (SSP) model consists of a
colloidal particle trapped in a harmonic potential whose mean
position is shaken using an external OU noise. Equations (2)

are the governing dynamical equations of the model, which
can be described with a coupled Langevin equation of the
form: ẋ = −Bx + Gη, where x = (x, λ)T and η = (ζ , ξ )T .
The corresponding B and G matrix will be of the following
forms:

B =
(

δ
τ0

− δ
τ0

0 1
τ0

)
, G =

(√
2D 0

0
√

2Dθ

)
, (A1)

where, θ = A
D and δ = τ0

τ
.

The probability of finding the particle in a configuration x
at a certain time t can be determined in terms of probability
distribution function ρ(x, t ), which follows the Fokker-plank
equation of the form

∂tρ(x, t ) = −∇ · (−Bxρ(x, t ) − D∇ρ(x, t ))

≡ −∇ · j(x, t ) (A2)

with D = 1
2 GGT . And j(x, t ) denotes the probability current

in the phase space.
Starting from an arbitrary initial condition for x and λ,

the system will reach to a nonequilibrium steady state in
the long time (lim t → ∞) with a characteristic probability
distribution and current given by,

ρss(x) = (2π
√

det C)−1e− 1
2 xT C−1x

jss(x) = (−Bx + DC−1x)ρss(x), (A3)

in terms of the long time limit of the covariance matrix C(t ),

C ≡ lim
t→∞ C(t ) =

(
Dθτ0(θδ2+δ+1)

δθ (δ+1)
Dθδτ0
δ+1

Dθδτ0
δ+1 Dθτ0

)
, (A4)

obtained as the solution of the matrix equation: BC + CBT =
2D.

Now the local conjugate thermodynamic force field
F(x) [24] associated with the current jss(x) can be determined
as,

F(x) ≡ D−1jss(x)

ρss(x)
=

(
δ(δ2θ (λ−x)+δλ+λ)

Dτ0(δ2(θ+1)+2δ+1)

− δ2(δx+x−δλ)
Dτ0(δ2(θ+1)+2δ+1)

)
. (A5)

FIG. 6. Characteristics of the added Ornstein-Unhelbeck noise. (a) The autocorrelation of the added noise, which we fit with the theoretical
exponential decay function with amplitude Aτ0 and decay constant τ0. (b) The logarithmic plot of the power spectral density of the noise in the
Fourier domain. The amplitude falls off as 1/ f α , where α is an exponent denoting the characteristics of the noise.
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FIG. 7. Temporal autocorrelation of the entropy current: The
temporal autocorrelation of the stochastic entropy current is plotted
with respect to time delays. The correlation falls very fast with time
lag as it is a Markov process. For higher value of θ the time series for
entropy is more strongly correlated.

The total entropy production rate (in units of kBs−1) of the
system can thus be obtained as,

σ ≡
∫

dx F(x) · jss(x) = δ2θ

(δ + 1)τ0
. (A6)

3. Markov property and convergence rates

In a nonequilibrium setup, the time-integrated variables
such as entropy produced or work done can be described
by a discrete time master equation, with suitable transition
rates between them [13,40]. The arcsine law is valid for these
NESS variables because they can be successfully mapped to
Markov chains that follow these acrsine properties. As we
see in Fig. 6(a), the added noise has a finite temporal corre-
lation. Therefore the strength of the added noise contributes
to the small non-Markov feature added to the trajectory of the
stochastic current, although the underlying stochastic process
is still Markovian. Due to the strong Markov property, we
know that in the long time limit, the correlation would go to

zero. Hence, the long time statistics are expected to follow
the arcsine distributions. Additionally, as we confirm in our
experiments and show in Fig. 7, the trajectories with higher
values of θ have stronger temporal correlation in their entropy
current time series, and are expected to converge slower to
the arcsine distribution. From Eq. (5), we derive σ = θ

(1+ τ
τ0

)τ ,

which shows that as the correlation strength of the added noise
τ0 is increased, we would see a similar effect as increasing θ ,
or amplitude of the added noise in our system. A similar effect
is true for entropic currents produced by the probes at different
distances to the bubble, which we have already shown in the
main text. The CDF for the second and third arcsine laws are
plotted for the same in Fig. 8.

To demonstrate how a small non-Markov property can
affect the convergence to the arcsine distribution, we com-
pare the simulated stochastic trajectories of a free Brownian
diffuser in water and in viscoelastic fluids. The arcsine laws
are historically proven to be true for Brownian position trajec-
tory in water. To introduce some non-Markov behavior in the
trajectory, we modify the Oldroyd-B memory kernel γ (t ) as,

γ (t − t ′) = 2γ0δ(t − t ′) + γ1

τM
exp

(
− t − t ′

τM

)
. (A7)

We proceed to study the effect it has on the convergence.
To simulate a non-Markov trajectory we use the generalized
Langevin equation,∫ t

−∞
γ (t − t ′)ẋ(t ′)dt ′ + k[x(t ) − λ(t )] = φ0(t ). (A8)

The simulation is performed by introducing an auxiliary vari-
able

X (t )= 1

τM

∫ t

−∞
exp

(
− t − t ′

τM

)[
x(t ′) + τM

√
2kBT

γ
φ1(t ′)

]
dt ′

(A9)

so that we can solve the stochastic system as a matrix equation[
ẋ

Ẋ

]
= −

[
k
γ0

+ γ1

γ0τM
− γ1

γ0τM

− 1
τM

1
τM

][
x

X

]
+

⎡⎣√
2kBT
γ0

φ0√
2kBT
γ1

φ1

⎤⎦, (A10)

FIG. 8. The second and third arcsine laws in presence of the bubble: The L1 distance between instantaneous CDF and arcsine distribution
is plotted as a function of τ for the (a) Tlast and (b) Tmax, for various distances to the bubble and also for the case when there is no bubble
present.
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FIG. 9. Convergence rates of simulated free Brownian diffuser
in water (Markov) and non-Newtonian fluids (non-Markov): Simula-
tion parameters in legend, Oldroyd-B friction kernel model used for
simulating the non-Markov trajectories. For Markov trajectories the
value of the distance-function is less, as expected.

where φi are independent, temporally δ-correlated, zero-
centered, univariate Gaussian random variables. Please see
Ref. [41] for a more detailed explanation towards simulating
the numerical non-Markov trajectory of a particle in a non-
Newtonian fluid. For a spherical Brownian probe of radius a,
γ0 = 6πaμs and γ1 = 6πaμp, using which, we show in Fig. 9
that the convergence to the first arcsine distribution is faster
for a purely Markov trajectory as expected, whereas increas-
ing the non-Markov features introduces more deviations from
the arcsine behavior. For the simulation, we have carefully
chosen plausible values of the parameters, (as per Ref. [41])
keeping the ratio of μp to τ constant. In practice, the limiting
distribution of such non-Markov trajectories is not arcsine,
indeed there are some deviations in the higher orders from
that distribution, as has been stated in Ref. [10].

4. Physical currents

Any class of time-integrated current, from a NESS proto-
col, will follow the arcsine laws, as long as their dynamics

can be written in the form of Markov increments. Therefore
physical currents in our system, such as the work done by the
system as well as heat dissipated in the bath have quantifiable
arcsine properties. Unlike the entropy production, which is an
ensemble property of the trajectories, their “first-law” thermo-
dynamic variables, are often more important to a wider class
of experiments as they are more straightforward to calculate
from the given dynamics. In Figs. 10(a) and 10(b), we show
the CDF and PDF of the work done and heat dissipated by
our colloidal system, respectively. Figure 11 shows the arcsine
properties of these variables. It is evident from the expression
for work done that it stems from independent Markov incre-
ments, however, the boundary terms are needed to satisfy the
fluctuation dissipation theorem, which can be calculated from
the moment generating functions [23]

Wd (τ ) =
∫ τ

0
λ(t ) ◦ dx(t )/dt

+ δ2
(
δ
(
θ
(
x2

0 − x2
τ

) + 2x0λ0 − 2xτ λτ − λ2
0 + λ2

τ

))
2Dτ0(δ2(θ + 1) + 2δ + 1)

+ 2x0λ0 − 2xτ λτ

2Dτ0(δ2(θ + 1) + 2δ + 1)
. (A11)

We note that inclusion of higher-order moments do not change
the arcsine behavior of the stochastic variable.

5. Experimental details

Particle trapping and manipulation. We perform all exper-
iments on a double-distilled aqueous dispersion of spherical
polystyrene particles (Sigma-Aldrich LB30) having a diam-
eter 3 μm. We build a custom sample chamber of thickness
100 μm with double-sided sticky tape between two cover
slips and mount the sample chamber on a motorized stage.
A Gaussian beam (1064 nm) tightly focused with a high
numerical aperture oil immersion objective (100x, NA = 1.3)
of a standard oil immersion objective an inverted microscope
(Olympus IX71) traps the particle at a height 15 μm from
the lower surface of the sample chamber, to mitigate sur-

FIG. 10. The cumulative work done (W ) and work dissipated (Wd ) by the engine in units of kBT are plotted over time, in the positive and
negative axes, respectively, for a clear visualization. (a) The probability distributions of the work done and work dissipated per unit sampling
time W̃ and W̃d plotted in (b)
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FIG. 11. Arcsine laws tabulated for all the cases. The work dissipated by the stochastic engine as well as the work done in our experiments
are used to plot the three arcsine laws for T+, Tlast, and Tmax in red, green, and blue colors, respectively.

face forces [42]. The laser passes through an acousto-optic
modulator (BRIMROSE-AOM), and the first-order beam
traps and modulates the particle perpendicular to the beam’s
direction with input noise generated through the Ornstein-
Uhlenbeck process. We focus a second copropagating beam
of wavelength 785 nm and measure the backscattered intensity
by position-sensitive photodetectors (PDA100A2) employing
a balanced detection system to sample the one-directional
trajectory of the probe at a spatio-temporal resolution of
1 nm–10 kHz. Additionally, we use the autocorrelation of the
time series of a trapped particle and the noise to calibrate the
fluctuation of the probe from volts (measured by the photodi-
ode) to nm [43].

Generation of microbubble. For the experiments involv-
ing the microbubble, we employ a cover slip patterned by
a polyoxometalate material [32], absorbing at 1064 nm as
the bottom surface of the sample chamber while keeping
everything else unchanged. We use a second laser operating
at a 1064 nm wavelength to generate a microbubble of di-
ameter 21 μm, which remains constant for unchanging laser
power [32] throughout the time scale of the experiment. We
trap the particle at the same height as the radius of the bubble
and calibrate the length scale of our setup with the company-
manufactured integrated software, which we also verify from
the size of the probe.
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