PHYSICAL REVIEW E 106, 044404 (2022)

Efficient sliding locomotion of three-link bodies with inertia
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Many previous studies of sliding locomotion have assumed that body inertia is negligible. Here we optimize
the kinematics of a three-link body for efficient locomotion and include among the kinematic parameters the
temporal period of locomotion, or equivalently, the body inertia. The optimal inertia is nonnegligible when the
coefficient of friction for sliding transverse to the body axis is small. Inertia is also significant in a few cases with
relatively large coefficients of friction for transverse and backward sliding, and here the optimal motions are less
sensitive to the inertia parameter. The optimal motions seem to converge as the number of frequencies used is
increased from one to four. For some of the optimal motions with significant inertia we find dramatic reductions
in efficiency when the inertia parameter is decreased to zero. For the motions that are optimal with zero inertia,
the efficiency decreases more gradually when we raise the inertia to moderate and large values.
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I. INTRODUCTION

This work addresses the physics of terrestrial locomo-
tion, part of a larger field of interdisciplinary studies of
the locomotion of organisms, robots, and vehicles, often
bioinspired [1-7]. Aerial and aquatic locomotion problems
are often dominated by the interaction between a loco-
moting body (or bodies) and the surrounding fluid, and
may involve complicated fluid dynamics [4,7]. Terrestrial
locomotion is usually dominated by local contact forces in-
volving friction [3,5,6,8,9], which may also be complicated
to characterize. Here we study sliding locomotion inspired by
biological and robotic snakes [3,5,6,10-12]. As with several
recent models [6,13-21], we use a local Coulomb friction
force model for the interaction between the body and the
surface that it slides across. The problem is similar to a
larger body of work that has used resistive force theory to
approximate fluid forces on swimming bodies in the viscous-
dominated (zero-Reynolds-number or Stokes) regime [2,22—
25]. For the sliding locomotion problem here we adopt the
three-link body that has been used by Purcell and many oth-
ers; it is one of the simplest bodies that can locomote at
zero Reynolds number, by performing time-irreversible (e.g.,
undulatory) motions [2,23,26-28]. Unlike the Stokes swim-
mers, for sliding locomotion the body’s inertia can play an
important role, though it has mostly been neglected for sim-
plicity [16-18,29]. Neglecting inertia allows one to analyze
this system and the three-link swimmer using a geometrical-
mechanics framework [19,30-33].

The body’s inertia can be neglected for motions with small
accelerations, which is a reasonable approximation for some
but not all biological snake motions [12,17]. Important ex-
ceptions include predator-prey interactions and fast steady
locomotion [12,34-37]. The main subject of the present work
is the effect of body inertia on sliding locomotion (biological
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or robotic). Can such motions be more efficient than those
with negligible inertia? We will show that in some cases the
answer is yes. We will study three-link bodies because they
are simpler to explore and optimize than general smooth bod-
ies yet can still approximate familiar snake motions such as
lateral undulation. In the simpler case of a fore-aft symmetric
two-link body, inertia is necessary for locomotion, and such
locomotion can be relatively efficient, in the limit of small
friction normal to the links [38]. In this limit the peak effi-
ciency of a two-link body can be slightly over half the peak
for all planar sliding bodies and motions [38].

Unlike for a two-link body, inertia is not necessary for the
sliding locomotion of a three-link body [39]. In some locomo-
tion problems there is a tradeoff between speed and efficiency,
where the highest efficiency is achieved at the lowest speeds.
This was found by Ref. [40] in their model of snake locomo-
tion using sidewinding, lateral undulation, and sinus lifting
gaits, and by Refs. [41,42] in models of lateral undulation
at particular sets of friction coefficients. Here we compute
optimally efficient gaits and find that the most efficient gait
occurs with a small velocity in only a portion of friction
coefficient space. In some regions the optimally efficient gait
has a significant speed (in dimensionless units to be defined),
so there slower speeds require a decrease in efficiency.

This work builds upon a few previous works that used the
same Coulomb friction model for the forces on a planar body
sliding on a surface. Different specialized methods were used
to compute the body’s dynamics and perform optimization
in different cases. Motions of bodies without inertia—two-
link bodies with a wide range of friction coefficients and
three-link bodies with a specific biologically motivated set
of friction coefficients—were studied in Ref. [43], using
asymptotic analysis and computations, including a commer-
cial optimization toolbox. Optimal motions of smooth bodies
were found using quasi-Newton methods and asymptotic anal-
ysis in Refs. [44,45]. Motions of smooth, passively flexible
bodies with inertia were simulated using a Broyden iterative
method [37]. The optimally efficient motions of a three-link
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FIG. 1. (a) Schematic diagram of a three-link body with changes in angles A6, (here positive) and A6, (here negative) between the links.
The body is parametrized by arc length s (nondimensionalized by body length), at an instant in time. The tangent angle 6 and the unit vectors
tangent and normal to the body at a point, § and A, respectively, are labeled. Vectors representing forward, backward, and normal velocities are
shown with the corresponding friction coefficients 1y, 15, and ,. (b) Examples of body shapes in the (A8, A6,) plane. Shapes that do not
self-intersect are shown in black; a few shapes at the threshold of self-intersection are shown in red. Figure reproduced from Ref. [39].

body without inertia were studied in Ref. [46] with isotropic
friction and in Ref. [39] with anisotropic friction. In the
absence of body inertia, the invariance of the dynamics un-
der time reparametrization allowed the motions of three-link
bodies to be solved using a lookup table. O(10°) motions
were simulated, providing a view of performance across kine-
matic space, at many friction coefficient values. Optimally
efficient motions of a two-link body with inertia were stud-
ied in Ref. [38], using explicit time-stepping and Newton’s
method for optimization. The present work studies the optimal
motions of a three-link body with inertia. With three links, it
is more complicated but still possible to formulate an explicit
time-stepping scheme for the dynamics [18]. However, we use
an implicit scheme because it is more stable, particularly when
the body inertia parameter is small. Like Ref. [39], we use
a population-based optimization method. Three-dimensional
(nonplanar) motions [20,47,48] will not be considered here
for simplicity.

We find that optimal efficiency occurs with negligible iner-
tia in one contiguous region of friction parameter space, where
friction normal to the links is moderate to high (relative to
friction for forward sliding). Optimal efficiency occurs with
nonzero and moderate inertia when normal friction is low,
and surprisingly, also occurs with moderate inertia where
normal friction is very high, and with large inertia where
backward friction is very high. The rest of the paper is
as follows: Section II presents the dynamical model, and
Secs. III and IV present the optimal motions in the single- and
multiple-frequency cases, respectively. Section V summarizes
the findings.

II. MODEL

Our model is essentially the same as in Ref. [39] but with
the addition of body inertia. We give the main points here for
completeness. The model describes the dynamics of a shape-
changing body acted on by Coulomb friction with the ground,
as in Refs. [17,18,43] and other recent studies. We repre-
sent the body as a polygonal curve X(s, t) = [x(s, 1), y(s, )],
parametrized by arc length s and varying with time ¢. A
schematic diagram is shown in Fig. 1(a).

The basic problem is to prescribe the time-dependent shape
of the body to obtain efficient locomotion. The shape is de-
scribed by A6;(¢) and AB,(¢), the differences between the
tangent angles of the adjacent links. A representative set of
body shapes is plotted at the corresponding (A6, A6,) lo-
cations in Fig. 1(b). The region inside the gray polygonal
boundary consists of shapes that do not self-intersect. Five
examples of shapes that lie on the boundary are shown in
red (along the upper right portion of the boundary). In this
work we will consider time-periodic kinematics, which are
represented by closed curves in the (A8, A6,) plane.

To write the dynamical equations (Newton’s laws), we first
write the body tangent angle as 6 (s, t); it satisfies d;x = cos 6
and dsy = sin#. The unit vectors tangent and normal to the
body are § = (d,x, d;y) and i = (—0,Y, dsx), respectively. We
write

O(s,1) = 6o(1) + AOL(OH (s — 1/3) + AG(HH (s — 2/3),
ey
where H is the Heaviside function and 6y(¢) is the tangent
angle at the “tail” (the s = 0 end), an unknown to be solved

for using Newton’s equations of motion. The body position is
obtained by integrating the tangent vector:

x(s, 1) = xo(t) + /J cosO(s', t)ds, 2)
0

v(s,t) = yo(t) + /S siné(s', t)ds'. 3)
0

The tail position X (#) = [xo(?), yo(¢)] and tangent angle 6 ()
are determined by the force and torque balance for the body,
i.e., Newton’s second law [17,18]:

L L
/ p8,,xds:f fids, “)
0 0
L L
/ p8,,yds:/ fds, (5)
0 0
L L
/ pX* - 8, Xds = / X+t fds. (6)
0 0

Here L is the body length, p is the body’s mass per unit length,
and X+ = (—y, x). For simplicity, the body is assumed to be
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locally inextensible so L is constant in time. f is the force
per unit length on the body due to Coulomb friction with the
ground:

£(s. 1) = —pgua(dX; - W) — pgluH (B X; - §)

+ p[1 — H(@O,X; - $)1}(3,Xs - 83, (7)
X, = 00 ®

Vo:x2 + 8,y% + 52’

and g is gravitational acceleration. Again H is the Heaviside
function, and 9,X; is the normalized velocity, regularized
with a small parameter § = 10~ here. Nonzero § aids the
numerical solutions, particularly when p is small, but § has
little effect on the solutions as long as it is much smaller
than the scale of body velocities [typically O(1)], as noted in
Refs. [39,46] in the case of zero inertia. We find empirically
that there is little change in the results (less than 1% in relative
magnitude) when § is decreased below 1073,

According to Eq. (7) the body experiences friction with
coefficients (s, iy, and p, for motions in the forward (8),
backward (—8§), and normal (%fi) directions, respectively.
If pp # g, then we define the forward direction so that
Wy < Wp, wWithout loss of generality. In general the body ve-
locity at a given point has both tangential and normal compo-
nents, and the frictional force density has components acting
in each direction. A similar decomposition of force into direc-
tional components occurs for viscous fluid forces on slender
bodies [49].

We nondimensionalize Eqgs. (4)—(6) by dividing lengths
by the body length L and mass by pL. We nondimension-
alize the time ¢ by /L/g, and assume that the body shape
[AB;(t), AB(2)] is periodic in time (as is typical for steady
locomotion [17]) with dimensionless period T', a parameter
that we are free to choose. We compute the motions with
respect to a time variable T =¢/7T, the time scaled by the
period, so that a population of motions with different periods
can be computed as an ensemble on the same t grid. Using t,
the dimensionless Eqs. (4)—(6) are

1 1 1
ﬁ/ E)des=/ fids, 9)
0 0

1

1
Bnyds=/ fids, (10)
0

T2 ),

=
P
4
=
Il

1 to+T; 1
H —/ f o X dsdt
Tl I 0

1 1

% X" 9. Xds = / X+ - fds. (11)
0 0

In Egs. (9)—(11) and from now on, all variables are dimen-

sionless. If we divide by p in each of Egs. (9)-(11), then

we can see that the problem depends on three parameters:

R=1/usT?, pp/ iy, and iy /piy.

In most of the previous studies using this model (e.g.,
Refs. [17,18,39,44]), T is taken to infinity, so the left-hand
sides of Eqgs. (9)—(11) vanish. Here we allow T to be finite,
and it (actually, R) is one of the parameters we optimize
with respect to. Physically, 7 or R are only rough measures
of the sizes of the inertia terms, which are actually the full
left-hand sides of Egs. (9)—-(11), and therefore depend on the
body kinematics. For example, for lateral undulation, given
by a periodic traveling wave of deflection of a nearly straight
body (considering for the moment a smooth body rather than
a three-link body), the integrals on the left-hand sides of
Egs. (9)—(11) are small even if T = O(1), if the body length
is a large integer multiple of the spatial period of deflection.
In such a case (studied in Refs. [44,46]), T could be small (or
R large) but the inertia terms are small. Such a motion and
its efficiency are insensitive to the value of R. For the optimal
solutions of the three-link body studied here, we find wide
variations in the sensitivity of efficiency to R. Some optimal
motions work well across a wide range of R and others do not.

One can also think of 7' or R as measures of the speed
of the motion, although the true speed of the motion is the
ratio of the center-of-mass displacement per period to 7. The
center-of-mass displacement per period is generally not larger
than the body length, so in general a large T implies a small
locomotion speed. However, a small T could occur with small
or large speeds, depending on the center-of-mass displace-
ment. A more straightforward but less physically meaningful
interpretation of R is as simply one of the kinematic param-
eters that can be tuned to change the body’s motion and its
efficiency.

When [A6,(7), AbBy(7)] is periodic, the body motion may
be solved as an initial value problem by giving initial con-
ditions for {xy(7), yo(7), B0(7), X0(T), Yo(T), Op(7)} (all set to
zero here), and then evolving them forward in time using (9)—
(11). We find that generically the resulting body motion
X(s, 7) evolves toward a time-periodic state with the same
T period (unity) as [A6;(t), AB(7)]. Part of our definition
of locomotor efficiency is the body’s average speed—i.e., the
magnitude of the average velocity of the body’s center of
mass—over a finite length of time 7 starting at time fy:

(12)
1 1 2 1 2
- [ / x(s. 10+ Ty) — x(s. lo)ds} + [ / Vs, t0+ Th) —y(s,ro)ds] (13)
1 0 0
1 1 2 1 2
T [/ x(s, o + T1) — x(s, to)ds:| + |:/ y(s, to + T1) — y(s, rg)ds:| . (14)
1 0 0
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FIG. 2. (a) Examples of elliptical trajectories in the region of non-self-intersecting configurations (inside the black polygonal outline).
Examples of body configurations along the boundary of the region are shown at the upper right. The gray ellipse has center A, A5y and shape
given by {Ai1, Az1, Bi1, Ba1}. (b) [AO;(2), AB,(¢)] for a path symmetric about the line Ay = —A6,.

Here 7y and 7; are ¢y and T} with time nondimensionalized
by the period of motion instead of +/L/g, so 19 = to/T and
Ti = T1/T, respectively. With large 7y and 7; we approximate
the steady-state long-time average, but here we use moderate
values—t( = 3 and 7| = 2—for computational efficiency. We
find that the average speed changes by less than 3% when 1
and 7, are increased to 5 and 4, respectively. Using 7 that
is not very large also allows for the possibility of efficient
locomotion with nonzero rotation over a period. This can
occur as long as the body does not rotate much over time
Ti, and we will show that this holds for the optimal motions
that we find. The reason that 3 is sufficiently large for 7y is
that the body relaxes to a steady motion rapidly—within a
few periods—for all parameters used in this work. The motion
relaxes to the same steady state for all initial conditions. For
example, for all 96 optimal motions in Figs. 3 and 4 of the next
section, the relative difference in the tail speed over periods 4
and 5 after starting from rest is < 0.004:

5
/4 18 Xo(2) | — 18- Xo( — 1)|||df/

5
/ 118, X0 (7)lldT < 0.004. (15)
4

In many cases it is much less than 0.004. In general we would
expect a longer relaxation time with a larger inertia parameter
R, but perhaps due in part to the nonlinearity in the frictional
force term, a few periods is sufficient for the optimal motions
in this work, even with R as large as 100.

A typical measure of efficiency for sliding locomo-
tion [17,18,43,44] is

_ 1@X)

; (16)
(P)
the ratio of the average speed to the average power
1 to+T; 1
(P) = — / —f(s, 1) 0, X(s,t)dsdt
nJ, 0
1 w+T1 pl
= — / —f(s, 7)- 9. X(s, T)dsdr. (17)
n J, 0

Both (P) and ||(9,X)| scale linearly with velocity, but their
ratio A does not. Nonetheless, the solutions depend on the
period of motion since it sets the magnitudes of the left-hand
sides (inertia terms) in Eqgs. (9)—(11), so A does vary with the
period of the body kinematics (A6 (t), AB,(t)), though not as
a simple scaling law.

The upper bound on efficiency is

1
v — (18)
mln(“'f’ H’ba H/n)

corresponding to uniform motion in the direction of least
friction, and can be approached by a sequence of particular
concertina-like motions, as shown in Ref. [46]. In this work
we take the relative efficiency A/A,;, as the primary measure
of performance.

III. EFFICIENT SINGLE-FREQUENCY
(ELLIPTICAL) KINEMATICS

We begin by considering body kinematics with a sin-
gle frequency, corresponding to elliptical trajectories in the
(A6, Ab,) plane:

AB (1) =Ap+ A1 cosQmt) + By sin(2r 7)),
AOy(t) = Ay + Azicos(2mt) + By sin(2rrr), 0 <7< 1.
(19)

An example is the gray ellipse in Fig. 2(a), with the coefficient
values shown as vectors. In Ref. [39], we paid particular
attention to paths that yield no net rotation of the body over
one cycle, and found that they correspond to ellipses with
a bilateral symmetry [symmetric under reflection in the line
A6 = —Ab,, e.g., the blue ellipse in Fig. 2(b)], or antipodal
symmetry, i.e., symmetry with respect to reflection in the
origin, such as the green ellipse in Fig. 2(a). With nonzero
inertia, such paths may yield nonzero net rotation of the body,
but we find nonetheless that the optimally efficient motions
are often close to such paths. A third special case is reciprocal
kinematics—degenerate ellipses that reduce to straight line
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FIG. 3. Classification of optimally efficient elliptical trajectories into 10 clusters, labeled by distinct colors and the numbers 1-10. (a)
Cluster classification of global optima on a 12-by-8 grid of (u,,/1tf, s/ 4 5) values. The clusters happen to occupy 10 contiguous regions, each
labeled with a distinct color and the numbers 1-10. (b) Examples of elliptical trajectories for each of the 10 clusters in panel (a). The ellipses
have the color and number (along the right-hand side of the panel, at the vertical maximum of the ellipse) of the cluster they represent. Arrows
represent the direction of motion for each trajectory. (c) Motions for the ten trajectories in panel (b), one per cluster, at the following values of
(n/ s o/ 1) (1) (0.01,2); (2) (0.2,2); (3) (0.33,1.5); (4) (0.5,1.5); (5) (1,1.2); (6) (2,1.2); (7) (3,10); (8) (10,1.2); (9) (100,2); (10) (20,5).
Snapshots of the three-link body are shown at five instants spaced 1/4-period apart, starting with the thin colored line and proceeding from

light to dark gray, finishing with the thick colored line.

segments, e.g., the red line in Fig. 2(a). We will see that these
can yield efficient locomotion if pj, > .
We can rewrite Egs. (19) as

AO (1) = Ao + /A3, + B3, cos 2T — ¢y),
AOy(T) = Agg + /A3, + B3, cos 2Tt — ) (20)

for some ¢y, ¢, € [0, 27), and it is clear that the extrema of

A@l and Aez are AlO + 1/A%l + B%l and A20 + ‘/A%I +B%1,

respectively. To avoid self-intersection, the extrema must not
exceed m in magnitude, so we must have

M«T—mm, A3+ B} <7 —|Ayl. D

We select a random set of Fourier coefficients that are
widely distributed in the space given by Eq. (21) as follows.
We first choose Ajy and Ayg from the uniform distribution
on (—m, ). Then, we choose A;; and A,; from the uni-
form distributions on (—m + |Ajg|, T — |A10]) and (—m +
|Axol, T — |A20l), respectively. Finally, we choose B; and By;
from the uniform distributions on the intervals bounded by

i\/ (7 — A1) — A2, and j:\/(n — JAx])? — A2, respec-
tively, guaranteeing that Eq. (21) is satisfied. We eliminate the

small number of trajectories that satisfy Eq. (21) but have self-
intersecting configurations that lie outside the small indents

in the lower left and upper right portions of the boundary in
Figs. 2(a) and 2(b). The only remaining parameter to choose
is R = 1/u;T? it is chosen from a uniform distribution on a
logarithmic scale from 1073 to 10?. A lower bound of 1073
for R is used throughout this work because the iterative solver
is less robust at smaller R, including 0.

We optimize the relative efficiency A/A,, using a
population-based optimization algorithm similar to that in
Ref. [39]. We create a population of 50 individuals, each
consisting of seven parameters—the Fourier coefficients in
Eq. (19) and R——chosen randomly as just described. We
update the population through a sequence of generations, typ-
ically at least 200. At each generation, we solve the initial
value problem for the dynamics of the 50 individuals, and
select those with the top 50% of relative efficiency values. We
form two copies of each individual, and add random pertur-
bations to their parameters, drawn from uniform distributions,
to form the population of 50 at the next generation. Motions
with self-intersection are discarded at each generation. The
sizes of the perturbations are O(1072), and decrease with
the generation number N as 1/N. The optimization is ended
when the relative efficiency increases by less than 0.001 in 20
generations.

We run the algorithm multiple times at each pair of friction
coefficient ratios, with different random initializations of the
population. The resulting optima are very similar for the dif-
ferent populations, modulo symmetries such as reflection in
the line A9; = —A6b,.
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FIG. 4. Parameters and performance measures for the single-frequency optima. (a) Values of R = 1/u,T?. (b) Relative efficiencies A /A
(c) Absolute value of net rotation per period (in radians). (d) The radius of curvature of the circular path traced by the body’s center of mass at
times that are integer multiples of a period. (e) Average translational speeds [given by Eq. (14)], divided by , /it

We perform the optimization for friction coefficient ra-
tios (in/ My, p/s) Tanging over a 12-by-8 grid with values
shown on the axes of Fig. 3(a). We use a k-means clustering
algorithm (described in Ref. [39]) to group the 96 optima in
10 clusters, denoted by different colors in Fig. 3. The clusters
are based on the distances between the Fourier coefficients of

the optima, but not R. Some optimal motions are insensitive
to R, so R can vary widely in certain clusters even though
the Fourier coefficients do not. Including R in the distance
calculation would subdivide such clusters. Figure 3(b) plots an
example elliptical trajectory for each of the 10 clusters, with
the corresponding colors. The arrows denote the direction of
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motion of each elliptical trajectory. Within each cluster, the
ellipses are relatively uniform.

As in the no-inertia case in Ref. [39], the clusters in
Fig. 3(a) are contiguous in (w, /s, pp/ it r) space. The char-
acteristic ellipses for different clusters are similar in some
cases, so we can classify the optima using a smaller set of
seven regions in (w,// s, tp/ 1 y) sSpace, each with a typical
motion:

(1) pn/py < 1, represented by optima 1 and 2 [numbered
in Fig. 3(c)]. These optima are small-amplitude oscillations in
the lower right corner of Fig. 3(b), with |A8;| and | A6 | close
to 7, meaning that the body is nearly folded together.

(2) tn/py < 1butnot < 1and w,/pr =1, up/pey > 1,
represented by optima 3 and 4. These optima are similar to 1
and 2, but have larger oscillations and are less folded.

(3) mp/my =1, up/ 1y ~ 1, represented by optimum 3.
The corresponding ellipse [Fig. 3(b)] is not symmetric with
respect to Af; = —A6b,, unlike the others. This optimum has
an undulatory motion with a moderate amplitude.

4@ mp/mp > 1, up/py > 1, but not > 1, represented by
optimum 6. This optimum has the largest amplitude among
the ten, reaching two oppositely folded configurations at the
upper left and lower right corners of Fig. 3(b).

(5) 5 < pn/pyp <20, with pp/py not > 1, represented
by optimum 8. This optimum resembles a concertina motion,
with the body folding together before straightening out in each
period.

(6) tn/pty > 1butnot > 1, wp/py > 1, represented by
optimum 7. This optimum has the smallest amplitude, exclud-
ing optimum 1, and corresponds to a body that undergoes very
small oscillations about a somewhat folded shape, with very
small net displacement per period.

(7) tn/pry > 1, represented by optima 9 and 10. These
optima oscillate near the straight configuration and perform
small-amplitude undulatory motions.

As w, /s increases from 0.01 to 1 in Fig. 3, the optimal
trajectories change progressively to larger paths in the lower
right corner of Fig. 3(b). Increasing /s above 1 in this
region gives only a modest shift to the cluster boundaries in
Fig. 3(a), that favors slightly smaller trajectories at a given
tn/my. The region w, /s > 1 has a very different and more
diverse set of optimal trajectories (motions 5-10), which are
scattered in Fig. 3(b) but still occupy contiguous regions in
Fig. 3(a). A similar cluster analysis was performed in Ref. [39]
for the case of zero inertia, i.e., R fixed at 0. The optimal
ellipses in that case were similar to the ones in Fig. 3 when
pn/ty > 1. For w,/uy < 1, the zero-inertia case had many
ellipses centered at the origin, unlike the small ellipses in
the lower right corner of Fig. 3(b) in this regime. However,
when higher frequencies were added in Ref. [39], the optimal
trajectories were instead small triangular paths in the corner,
like motion 1 in Fig. 3(c) [and corresponding light green path
in Fig. 3(b)]. In Ref. [39] we found that the top two local
optima can be close in efficiency but have very different kine-
matics. Perturbations due to the addition of higher frequencies
or the presence of inertia could switch the global optimum
from one local optimum to another distant one. The same
is true here but only for u,/uys > 1. Later we will consider
the effect of higher frequencies in the present problem with
inertia.

The elliptical trajectories in Fig. 3(b) represent three of
the four optimization parameters, the Fourier coefficients but
not the value of R = 1/u;T? The R values are plotted in
Fig. 4(a), for the same 96 optima used to construct the clusters
in Fig. 3(a). We can separate (i,/ s, tp/ /4 ) space into four
regions based on the optimal value of R:

(1) mp/my < 1. R values are moderate (0.3 < R < 3) here
and correspond to optima 1-4 in Fig. 3.

(2) n/py~ 1 and pup/py > 1. R values are very large:
5 < R < 60.

3) 1 < up/pmyp <20 and pup/pnyp < 10. R values are very
small (0.001 < R < 0.02), often equal to 0.001, the set lower
bound.

(4) wn/pmr = 100. R values are moderate (1.3 < R < 1.7),
and correspond to optimum 9 in Fig. 3(c).

The most striking feature of Fig. 4(a) is the sharp jumps
from O(1073) to O(1) values. Most cases fit the rule that
nonzero R is favored at small w, /14 and R ~ 0 is favored at
large .,/ y, but regions 2 and 4 do not. Region 4 coincides
with a particular motion, essentially lateral undulation with
small-amplitude deflections. When R in region 4 is changed
from the optimal value ~1.6 to 0, the efficiency decreases by
15%, showing the relative insensitivity of lateral undulation
to R. When u,, /s is decreased to 20, the efficiency of lateral
undulation drops sufficiently that a rather different motion
[motion 8 in Fig. 3(c)] becomes optimal, when 15/ r < 1.5.

The jump from 1073 to ~60 near the top center of the fig-
ure is particularly striking. Figure 3(a) shows that the cluster
of the optimal motion (7) is the same across the jump, so the
sequence of body configurations does not change much. The
efficiency of this very-small-amplitude motion turns out to be
surprisingly insensitive to R, changing by less than 2% when
R changes from 1073 to 60, and changing by less than 10%
over the range between these values. This accounts for the
rapid changes in R in region 2, across the right-hand side of
the top row of Fig. 4(a). Determining the interface between
large and small optimal R values more precisely here would
require a more refined grid, and we do not pursue this here.
Region 1 has much smaller, but still significant changes in
the optimal R. It rises almost monotonically by factors of 4-7
moving from the bottom to the top of the five leftmost columns
of Fig. 4(a).

The corresponding relative efficiency values are shown in
Fig. 4(b). The efficiency values vary more smoothly than R,
rising almost monotonically from bottom to top and from right
to left. The values on the right-hand side (u,/uy > 2) are
about the same as in the inertia-free case studied in Ref. [39].
In that work, a global peak relative efficiency of 0.58 occurred
at w,/pmy =1 and pp/py =20, near the top center, with
motion 7 (which is optimal in the region just to the right
of this square). In the present work, the global peak relative
efficiency also occurs at w,/pur =1 and u,/py =20, but
with a value of 0.78, with motion 4 instead of motion 7, and
with R of 6.2. The optimal efficiencies in the inertia-free case
dropped rapidly as f,/py decreased below 1, to 0.05-0.2
at the lowest three w, /iy values in Fig. 4(a). When more
frequencies were added, the inertia-free optima were much
higher, 0.3-0.4. Here, the efficiencies on the left-hand side of
Fig. 4(a) are higher still, 0.5-0.76 in the upper left quadrant.
The efficiencies become much smaller when R is decreased
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for the same kinematics. In general, nonzero inertia allows
for much greater efficiency when /1 < 1, and the optimal
kinematics here are sensitive to R. As in Ref. [39], the peak
efficiencies are much lower when p,, /i1y > 1.

Figure 4(c) shows the net rotation per period for the opti-
mal motions. With a nonzero time-averaged rotational speed,
points on the body will follow a circle in the x-y plane at
times that are integer multiples of a period. Therefore, the
long-time average of the center-of-mass velocity is zero. How-
ever, such cases could yield efficient locomotion over finite
time intervals, whose duration scales inversely with the mean
rotational speed. The absolute value of the net rotation per
period in Fig. 4(c) is bounded by 0.2 radians, so the direction
of locomotion does not change much in one period. However,
in some cases [e.g., motions 1 and 7 in Fig. 3(c)] the body
also does not travel far in one period, so it is useful to also
consider the net rotation per period relative to the center-of-
mass displacement per period. For small rotations, this ratio
turns out to be the curvature of the circle that the center of
mass follows at integer multiples of a period. In Fig. 4(d) we
plot the reciprocal of this quantity, i.e., the radius of curvature
of the circle traced by the center of mass. On the right-hand
side (u,/pms > 1), radii are usually > 1, corresponding to
nearly straight trajectories. The smallest radii, 0.5-1, occur in
the lower left of the panel, where rotations are nonnegligible
and net displacements per period are small. The smallest value
occurs with isotropic friction, similar to motion 5 in Fig. 3(c),
and comparing the thin and thick brown lines it can be seen
that the net rotation is not very large even in this case.

It is also useful to consider the speed of locomotion at-
tained by the optimal motions. Some locomotion studies
optimize both the speed and efficiency (or input power) si-
multaneously [40-42], and one can obtain a one-dimensional
Pareto frontier of optimal motions in speed-efficiency space.
Each such optimum has the highest speed among motions with
the same efficiency, or the highest efficiency among motions
with the same speed. In general, a fast motion is preferable to
a slow motion if both have the same efficiency. Figure 4(e)
shows the dimensionless speed of locomotion (divided by
J/Iy) for the 96 optima computed here. The speed values
are about 0.5 in the rightmost column (u, /1y = 100), where
the optima have moderate R values. The speeds are much
smaller, 0.001-0.1, in the next five columns to the left (2 <
Mn/myp < 20), closer to 0.001 where R ~ 0.001 [Fig. 4(a)],
and closer to 0.1 where R is very large at the tops of these
columns. These motions [motion 7 in Fig. 3(c)] have small
periods T but also small displacements per period, resulting
in small but nonnegligible average speeds. The speed has a
maximum of 1.06 at the top of the w,/py =1 column, and
decreases gradually moving leftward, to 0.04 in the leftmost
column. These are the motions that are nearly folded together,
with moderate R and speeds that are small but nonnegligible,
0.1-0.2 typically.

A. Fixed-period optimization

We have mentioned that for different optimal motions, the
efficiency may have different sensitivities to changes in R. We
now study more directly how R affects the optimal motions.
In Ref. [39] we computed optimal three-link motions with
R = 0. Now we vary R over five orders of magnitude, from

1072 to 10%, and compute the optimal single-harmonic mo-
tions over a 5-by-3 grid of friction coefficient values, a subset
of the previous 12-by-8 grid. We follow the same optimization
process used earlier, but keep R fixed and vary only the Fourier
coefficients in Eqs. (19). Thinking of R as an approximate
measure of the speed of a motion, this identifies efficient
motions at low and high speeds.

In Fig. 5 we plot the optimal trajectories for five fixed R
values, listed at right. For comparison, the optimal trajectory
from Ref. [39], with R = 0 and bilateral symmetry assumed to
enforce no rotation, is shown as a gray dashed-dotted ellipse.
The trajectory when R is allowed to vary in [1073, 10?] to
maximize efficiency, as in Figs. 3 and 4, is shown as a thick red
ellipse. In the rightmost column, .,/ s = 10, the trajectories
are fairly similar for all R, so a single type of motion is
efficient at both low and high speeds. Moving leftward to
the f,/py = 3 column, the same is true except for R = 10
and 100 at some p/py values. In the left three columns,
tn/mys < 1, there is somewhat more variation with R. Here
the red global optimum is generally close to the R = 1 ellipse,
and the R = 10 and 100 ellipses are nearby, but sometimes
much smaller. Those for R = 0, 0.1, and 0.01 are often much
larger and far away from the global optimum, and sometimes
from each other. In this region, the optimal motions can be
particularly sensitive to R when R is small. This is particularly
true for w,/uy = 0.1. Here and in the top and bottom rows
of the w,/uy =1 column, the bilaterally symmetric R =0
case is very different from the R = 0.01 case. As shown in
Ref. [39], at small R there can be distant local optima with
similar efficiency values. In most cases across friction coeffi-
cient space, the optimal trajectories with large R (10 or 100)
are small ellipses in the lower right corner. These correspond
to small oscillations about a mean shape that is nearly folded
together.

B. Isotropic friction

We have noted that in some cases the R =0 and 0.01
ellipses in Fig. 5 are far from each other. This may be due
to the bilateral symmetry assumed only for the R = O ellipse,
and/or to a sensitivity of the optimum with respect to R at
small R. One such case is isotropic friction, the bottom square
in the middle column. This case also has the feature that
the red globally optimal ellipse is shifted from the line of
bilateral symmetry, A8 = —A6,, unlike the other red ellipses
in Fig. 5. The same can be seen in Fig. 3(b), where the brown
ellipse, corresponding to motion 5, is the only one of the ten
that is not approximately bilaterally symmetric. Interestingly,
the brown ellipse and all of the isotropic ellipses in Fig. 5 are
approximately symmetric with respect to the line A6} = A6,.
We investigate the sensitivity of optimal efficiency with re-
spect to R further in the isotropic case, by examining how
efficiencies vary with R for ellipses that are optimal for a given
R, including those in Fig. 5 and several others.

We set R to each of ten values in the range 0.001-100,
perform the optimization, and plot the optimal ellipses in
Fig. 6(a) [the R values are listed in the legend to the right of
Fig. 6(b)]. Five of the ellipses are the same as in the isotropic
panel of Fig. 5, as is the gray dashed ellipse, the optimal
bilaterally symmetric ellipse with R = 0. The ten ellipses with
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FIG. 5. Optimally efficient elliptical trajectories in the 6,-6, plane for various friction parameters and fixed values of R = 1/ ,T?, plotted
in different colors for different values of R. The semitransparent red ellipses overlaid on this plot represent the optimally efficient elliptical

trajectories when R is allowed to vary freely.

R +# 0 are in the same general region of kinematic space, and
appear to change shape continuously with R (the ellipses for
R =0.001 and 0.01 are almost indistinguishable). The most
noticeable trend is that the ellipse size decreases monoton-
ically as R increases to 100. With small R, i.e., large T,
the ellipses correspond to low-frequency motions with larger
amplitudes, while with large R, the ellipses are high-frequency
motions with smaller amplitudes. The optimal ellipse with
R = 0.001 is quite far from the optimal bilaterally symmetric
(dashed) ellipse with R = 0. Here, removing the constraint of
zero rotation allows for slightly more efficient motions that are
quite different than those with zero rotation. In Ref. [39] with
R = 0, other nonbilaterally symmetric ellipses were found
with efficiencies close to and even slightly greater than the
bilaterally symmetric optimum at certain friction coefficient
values.

For each of the 11 ellipses in Fig. 6(a), we computed
the relative efficiencies for R ranging from 0.001-100, and
the values are plotted in Fig. 6(b). In each case the efficien-
cies plateau at small R, with the highest efficiency for the
R =0.001 ellipse (the graphs for the R = 0.001 and 0.01
ellipses are almost indistinguishable). The efficiency of the
bilaterally symmetric ellipse is much more sensitive than the
others to changes in R at small R, dropping by almost half as
R increases from 0.001 to 0.1. At large R, the efficiencies of
all the ellipses are much smaller, with that of the bilaterally
symmetric ellipse well below the others’. Even the ellipses
that are optimal at large R have higher efficiency at smaller R.
Figure 6 shows that in the isotropic case, the family of optimal
ellipses with nonzero R vary smoothly but significantly in
their shape, location, and performance as R is varied over a
wide range.

(a) 3 (b) 03
R
5 0.25
0, sym
r—— s ().(00 1
1 0.2 0.01
& 3 v
0 0.15 { |
< = \ 2
5
-1 0.1 \ 1 10
W 20
-2 0.05 \ 50
| 100
.3 0
-2 0 2 10% 102 107 10° 10" 102
Ab; R

FIG. 6. (a) Optimal elliptical trajectories for different valuesof R = 1/u sz in the isotropic case (When w,, /s = /s = 1). The plotted
ellipses maximize efficiency for each R € {0.001, 0.01, 0.1, 1, 2, 5, 10, 20, 50, 100}. The color of each ellipse shows its R value, listed in the
legend to the right of panel (b). The gray dashed ellipse represents the optimum for the inertia-free bilaterally symmetric case, found in
Ref. [46]. (b) A plot of the efficiency for each ellipse in panel (a) as R varies. Each line corresponds to the ellipse of the same color.
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FIG. 7. The factor of improvement for the optimal efficiency when the parameter space is enlarged from (a) 1 to 2 frequencies; (b) 2 to 3

frequencies; (c) 3 to 4 frequencies.

IV. MULTIPLE-FREQUENCY KINEMATICS

We now consider body kinematics with higher frequencies,
and check if there are major changes in the optimal motions.
With modes up to frequency n, Eq. (19) generalizes to

AGi(t) = Ao + ZA]k cos (2mkt) 4 By sin (2kt);
k=1

ABy(7) = Ay + Y Agi cos (2mkT) + By sin 2mkt). (22)
k=1

We need 4n 4 2 parameters to describe a given trajectory
up to frequency n, so adding higher frequencies enlarges the
search space dimension considerably. Also, there is no longer
a simple rule like Eq. (21) to ensure that the body does not
self-intersect. These factors lead to a large number of invalid
and suboptimal trajectories during the optimization. Because
of these difficulties, we will analyze the effect of higher fre-
quencies on the smaller 5-by-3 grid of friction coefficient
ratios. We have already shown the optima with n = 1, and
we take small random perturbations of these motions as the
starting population in the search for optima with n = 2. We
then take the optima with n = 2 as the starting point for the
n = 3 search, and likewise to go from n = 3 to 4. We find that
this sequential approach to optimization with higher n finds
better optima than starting with purely random choices at each
n. The latter approach could potentially find a wider range of
optima, but it tends to stagnate near lower-efficiency motions.

Figure 7 shows the factor of increase in relative efficiency
for the optimum with n = 2 versus 1 [Fig. 7(a)], 3 versus 2
[Fig. 7(b)], and 4 versus 3 [Fig. 7(c)]. Figure 7(a) shows that
adding the second frequency gives a significant improvement

mainly for w,/puy < 1. For w,/uy > 1, the improvement fac-
tor is less than 1.02 for all cases except for w,/mr = up/
wuyr = 10, where it is 1.08. The largest factor of improvement,
1.6, occurs for the isotropic case. Moving to Fig. 7(b), we see
that adding a third frequency yields much smaller improve-
ments, by factors of less than 1.06 over the efficiency of the
2-frequency optima, and distributed heterogeneously in fric-
tion coefficient space. Adding the fourth frequency [Fig. 7(c)]
also gives small improvements, with a distribution similar to
that of the second-frequency improvements [Fig. 7(a)].

Figure 8 shows the trajectories of the optimal motions in
the A6;-A6, plane for n = 1-4 frequencies, corresponding
to the improvement data in Fig. 7. In most cases, the single-
frequency trajectory is a good approximation to those with
higher frequencies, at least in the size and location of the
trajectory, with the largest discrepancies around p,/py = 1.
The two-frequency trajectories are very good approximations
to those with three and four frequencies. The corresponding
R values (not shown) also show convergence with the number
of frequencies. For the right two columns (u,/uy > 3) and
isotropic friction, R = 0.001 for all trajectories. In seven of
the eight remaining cases (i, /@y < 1 and anisotropic), R =
O(1) and drops monotonically by 30-55% going from 1 to 2
frequencies, and then by much less (3—-30%, usually 10-20%)
from 2 to 4 frequencies. In the lone remaining case, the top
center panel, R varies nonmonotonically in the range [4,5] for
the four trajectories. In general, the small changes with larger
n support the possibility that the low-frequency optima here
are close to optima that would be obtained as the number of
frequencies approaches infinity.

The optimal trajectories with isotropic friction maintain
approximate symmetry with respect to the line A8, = A6,
with higher frequencies. The trajectories assume a triangular
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FIG. 8. Optimally efficient trajectories with different numbers of frequencies: 1 (dark blue), 2 (light blue), 3 (green), 4 (yellow).

shape that is very similar to the two-mode optimum with
R = 0 found by Ref. [43]. There the friction coefficient ra-
tios, taken from biological snakes, were mildly anisotropic
(Un/py = 1.7and pup/p s = 1.3). The optimal trajectory here
with p,/y =1 and up/py = 10 assumes a teardrop shape,
maintaining approximate symmetry with respect to the line
A6 = —A6,. All the other anisotropic cases are also ap-
proximately symmetric with respect to this line, though the
deviations from symmetry are noticeable, particularly for the
cases that resemble curved triangles near isotropic friction.
We now give examples of the optimal body motions, by
plotting sequences of body snapshots over a period of mo-
tion. The top five rows of Fig. 9 each show a sequence of
snapshots at eleven instants, spaced by 1/10 of a period,
from left to right. In each case, the optimal body motion has
been uniformly rotated (for ease of comparison) so the net
displacement of the body’s center of mass over the period
is directed vertically up the page. For the actual motion, the
net horizontal displacement is zero, but an artificial horizontal
displacement has been applied so each snapshot can be seen
distinctly from the others. The artificial displacement makes it
difficult to see the true horizontal motion, but since it is zero
on average, it is less significant than the vertical motion.
Each row shows two sets of snapshots. The black snapshots
are the optimal kinematics (with the optimal R value) at a
given friction-coefficient-ratio pair, listed in the caption. The
corresponding trajectories in link-angle space are shown at
the bottom of the figure, with markers (starting at the red
circle and proceeding from light gray to black dots) for the
sequence of snapshots. These five cases are chosen to be
widely spaced over the regions of friction coefficient space
where the optimal R > O(1). Figure 4(a) shows the region
for the single-frequency case; here the optimal motions have
four frequencies, but the relevant friction-coefficient regions
are similar. The green snapshots in each row have the same

Fourier coefficients for the link angles as the black snapshots,
and therefore the shapes are the same, but R is taken close
to zero (0.001). The black horizontal lines mark the starting
vertical position of the tail for each set of snapshots, allowing
the net displacements for the black and green snapshots to be
seen by comparing the tail positions in the last snapshots to the
horizontal line. In cases 1-3, the green snapshots have much
smaller net locomotion than the black snapshots, so R has a
strong effect on locomotion. Case 4 is an example, already
discussed with Fig. 4(a), of lateral undulation for which R
has a small effect on locomotion. In case 5, the difference in
displacement is small in absolute terms but significant (27%)
in relative terms.

Comparing the black and green snapshots in motion 1,
we see a noticeable separation between the black and green
bodies during the first half of the cycle, when the bodies
straighten, and the black body translates forward slightly
more. Here (at the cusp in the link-angle trajectory, below)
the body shape is almost fixed, and with inertia the black
body can coast forward, which is not possible for the green
body, without inertia. The cusp in the link-angle trajectory is a
main difference between the higher-frequency optima and the
single-frequency optimum in this case. The rate of separation
between the bodies is much larger in the second half of the
cycle. Here the front link angle closes and the rear link angle
opens. The middle link of the black body moves forward
rapidly, while that for the green body remains almost static.

Motions 2 and 3 are examples from the large region of
optima with w,/uys <1 and R = O(1) (0.24 and 0.48, re-
spectively). The lower panels show that the kinematics are
quite similar, but with a phase shift of about half a cycle. In
both cases, the rate of separation between the black and green
bodies is largest when the front link angle closes and the rear
link angle opens. This happens near the end of motion 2 and
near the middle of motion 3. At this moment, the rear link
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FIG. 9. Efficient motions represented by sequences of snapshots over a period. The motions are cases for which moderate inertia [R =
O(1)] is optimal, and occur at the following values of (w,/pr, wp/1r): (1) (1,10); (2) (0.33,2); (3) (0.1,1); (4) (100,2); and (5) (2,20). The
black body represents the optimal motion, and the green body represents the motion with the same kinematics but no inertia. The snapshots are
arranged so the net displacement is vertical, and are spaced uniformly in the horizontal direction from left to right with increasing time. The
motions have four frequencies. The red circles in the bottom panels give the body locations in phase space at times that are integer multiples
of the period; over a period the body positions follow the sequence of dots from light gray to black, in the directions shown by the arrows.

of the black body is almost static and the front and middle
links move forward, while for the green body, the front and
middle links are static and the rear link moves backwards,
almost canceling out the forward progress on the rest of the
cycle.

Motion 4 is an undulatory motion with large w,/u, that
is effective both at R = 0.78 (black body) and 0.001 (green
body), but about 18% more efficient at the larger R. For
motion 5, the difference in efficiency is smaller, about 4%,
though the difference in R values is much greater (117 versus
0.001).

Figure 10 shows the same comparison for five cases in the
region where small R (0.001) is optimal, the dark blue region
in Fig. 4(a). Here we use single-frequency optima, which give
a good approximation of those with multiple frequencies, but
are easier to compute. The motion with the optimal R (0.001
here) is again given by the black snapshots, and is again
compared with the motions that have the same kinematics
but now with R = 1 (blue) and 10 (green), to give a sense

of the difference that R = O(1) makes. In each case, the
relative efficiency and the net displacement per period drop
monotonically as R increases from 0.001 to 1 to 10. The
net displacements do not vary as greatly as in Fig. 9; those
for R = 10 are 45-85% of those for R = 0.001 across the
five cases. The relative efficiencies for R = 10 are somewhat
lower, about 40—75% of those for R = 0.001. Also, the rate of
separation between the bodies with small and large R is more
uniform across the period than in Fig. 9. In all five cases, the
efficiencies and net displacements undergo another substantial
decrease when R is increased from 10 to 100 (not shown).
For two-link bodies, we found that inertia is necessary
for locomotion, and that the optimal motions could often be
described as burst-and-coast motions, particularly for very
anisotropic friction [38]. For three-link bodies, locomotion
can occur with or without inertia, and the effect of inertia on
locomotion is more subtle than in the two-link case. By using
multiple frequencies we have allowed for the possibility of
burst-and-coast kinematics, but they are not generally seen in
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FIG. 10. Examples of optimally efficient single-frequency motions that have zero inertia (zero R), presented as sequences of snapshots as
in Fig. 9. Examples are given at the following values of (i, /11, s/ is): (1) (1,1); (2) (10,1); (3) (10,5); (4) (20,3); and (5) (2,5). In each case,
three motions are compared. The black body has R = 0.001 (optimal), and the blue and green bodies have the same kinematics but R = 1 and
10, respectively. The snapshots are arranged so the net displacement is vertical, and are spaced uniformly in the horizontal direction from left
to right with increasing time. The red circles in the bottom panels give the body locations in phase space at times that are integer multiples of
the period; over a period the body positions follow the sequence of dots from light gray to black, in the directions shown by the arrows.

the optima. One possible exception is the trajectory with four
frequencies that has a cusp, at the top center of Fig. 8, also
motion 1 in Fig. 9. Near the cusp the body shape changes little
as it moves forward, resembling coasting.

However, the most important (yet unexpected) effect of
inertia on the optimal three-link motions, seen in the top three
motions of Fig. 9, is an anchoring effect. Inertia changes
which of the three links is approximately stationary during the
motion, allowing the bodies (in black) to extend and retract the
remaining links forward, dramatically increasing the distance
traveled from the cases without inertia (in green). By contrast,
in the fourth and fifth motions in Fig. 9 and the optimal
motions with negligible inertia shown in black in Fig. 10,
changing the inertia parameter had a less dramatic effect.
The fourth and fifth motions in Fig. 9 and the fifth motion
in Fig. 10 are similarly effective with and without inertia.
Exactly how inertia causes differences in the body motion

is not trivial to see from the equations of motion, even for
the simpler case of a two-link body [38], because the equa-
tions couple the effects of the body’s changing geometry over
the whole body, and due to the nonlinearity of the frictional
force the equations cannot be solved analytically.

To limit the number of cases under discussion we have
focused on optimal motions in this work. Considering another
class of motions could reveal other effects of inertia on the
motion on three-link bodies, but we defer this possibility for
future work.

V. SUMMARY AND CONCLUSIONS

This paper has studied the role of body inertia in the ef-
ficient sliding locomotion of three-link bodies. Such bodies
have been used extensively to model locomotion in viscous
fluids and granular media and on dry surfaces. With two
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spatial degrees of freedom (the angles between the links) and
1-4 temporal frequencies, the number of degrees of freedom
is small enough to facilitate optimization methods, but large
enough to represent a wide range of motions and to approxi-
mate common motions such as lateral undulation.

We first computed the optima with a single frequency
across friction coefficient space. The optimal motions neatly
partition the space into a small number of clusters, with varia-
tions of one overall behavior—oscillating about a folded-up
state—when w,/us < 1, and roughly four different loco-
motor behaviors, one of which is lateral undulation, when
a/tyr = 1. The optimal motions oscillate with an O(1)
period [the corresponding inertia parameter and the time-
averaged speeds are O(1)] when pu,/us < 1. The optimal
period is instead very large (the inertia parameter and the time-
averaged speeds are generally very small) when p,/puy > 1,
except for a few cases with w,/us or py/puy very large—
lateral undulation with w,/us =100 and small-amplitude,
high-frequency oscillatory motions with p;,/u = 20.

The full set of optimal motions (across friction coefficient
space) here is generally similar to the set of zero-inertia op-
tima in Ref. [39], but with inertia there are variations in which
motions are optimal at which friction coefficients. There is
a large increase in efficiency for p,/pmy < 1 when nonzero
inertia is allowed.

Some of the optima, particularly at large w,/ur (lateral
undulation) or large i,/ y, maintain their high efficiency
when the inertia parameter is varied across a wide range. To
understand the effect of the inertia parameter more directly,
we computed optima with various fixed values of the inertia
parameter. In several cases with small w, /i, we found large

changes in the optimal kinematics when the inertia parame-
ter is near zero. With isotropic friction, unlike other friction
values, all the optima were strongly asymmetric with respect
to the line Af; = —A6H, but were symmetric with respect to
A6O; = A6, similar to a zero-inertia optimum with moder-
ately anisotropic friction in Ref. [43].

When we progressively increased the numbers of allowed
frequencies in the optimal motions from 1 to 2, there were
moderate changes, and then much smaller changes in the
optimal motions going from 2 to 4 frequencies, indicating that
these optima may be close to those with the full Fourier series
representation.

Finally, we showed examples of optimal motions with
small and with O(1) values of the inertia parameter, and
compared them to the motions with the same kinematics but
with the inertia parameter in the other regime [O(1) and small,
respectively]. When the inertia parameter was decreased from
an optimal O(1) value to zero for optima with w,/ny < 1,
the distance traveled (and efficiency) dropped dramatically. At
key moments during the motion, the front link moved forward
for the optimal motion, while the rear link (and center of mass)
moved backward for that with zero inertia. Less dramatic
changes were seen with the optima that occurred with zero
inertia. The distance traveled and efficiency dropped modestly
as R increased from 0.001 to 1 and then to 10, and then more
substantially as R increased to 100.
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