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Forward and inverse cascades by exact resonances in surface gravity waves
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We study the energy transfer by exact resonances for deep-water surface gravity waves in a finite periodic
spatial domain. Based on a kinematic model simulating the generation of active wave modes in a finite discrete
wave number space Sg, we examine the possibility of direct and inverse cascades. More specifically, we set
an initially excited region which iteratively spreads energy to wave modes in Sk through exact resonances. At
each iteration, we first activate new modes from scale resonances (which generate modes with new lengths),
then consider two bounding situations for angle resonances (which transfer energy at the same length scale): the
lower bound where no angle resonance is included and the upper bound where all modes with the same length
as any active mode are excited. Such a strategy is essential to enable the computation for a large domain Sg with
the maximum wave number R ~ 10°. We show that for both direct and inverse cascades, the modal propagation
to the boundaries of Sk can be established when the initially excited region is sufficiently large; otherwise a
frozen turbulence state occurs, with a sharp transition between the two regimes especially for the direct cascade.
Through a study on the structure of resonant quartets, the mechanism associated with the sharp transition and

the role of angular energy transfer in the cascades are elucidated.
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I. INTRODUCTION

Wave turbulence theory (WTT) describes the statistical
behavior of a large number of dispersive waves subject to
nonlinear interactions [1]. In the framework of WTT, the wave
system is described by a kinetic equation (KE) which has
stationary solutions of the Kolmogorov-Zakharov power-law
spectra in the inertial range. Analogous to the Kolmogorov
description of hydrodynamic turbulence, WTT predicts en-
ergy cascades through scales with a constant energy flux in the
inertial range. This methodology has been applied to a wide
variety of physical systems including surface gravity waves
[2], capillary waves [3], internal gravity waves [4], plasma
waves [5], and gravitational waves [6].

In spite of its fruitful applications, WTT is based on the
assumption of an infinite spatial domain, which is usually not
achieved in both numerical and laboratory experiments. For a
finite system, the wave number space becomes discrete with
the spacing between adjacent wave modes Ak = 27 /L, where
L is the size of the domain. Under this situation, it has been
understood that the predictions from KE can be obtained only
if the nonlinearity level is sufficiently high. The dynamics in
this regime is governed by the so-called kinetic wave turbu-
lence, where quasiresonances play a dominant role in energy
transfer, as shown in numerical simulations [7-11] and pure
analysis [12,13]. When the nonlinearity level is sufficiently
low for a fixed domain size (or the domain size is sufficiently
small for a given nonlinearity level), the discreteness in the
wave number space becomes dominant over nonlinear broad-
ening and the quasiresonances are prohibited. Such situations
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may occur in both experiments and simulations, as discussed
in [14,15] for a wave tank of realistic size. Physically, this dy-
namical regime is called the discrete wave turbulence regime
(see simulation evidence in [8,16] and pure analysis in [17]),
where the cascade can be excited only through exact reso-
nances, i.e., modal interactions satisfying

kitkyx---+k;=0,
wTw £ tw, =0, @))

where k; = (m;, n;) (after canceling the common factor Ak as-
suming a square spatial domain for simplicity) is the discrete
wave number vector with m;, n; € Z and w; is the angular
frequency determined from the dispersion relation, say, w; ~
k¢ with k; = |k;|. The importance of (1) in understanding
the wave dynamics at low nonlinearity has been demon-
strated in capillary wave turbulence [18-20], MMT turbulence
[16], and surface gravity wave turbulence [21-23] (also see
review in [24]).

The study on the exact resonances in discrete wave number
space is a main subject of discrete wave turbulence (DWT),
introduced first by Kartashova [25-27]. In general, the prob-
lem of computing exact resonances in a discrete wave number
space is to find integer solutions of (1), which is essentially a
system of Diophantine equations. The properties of solutions
in different wave systems are determined by the values of s
in (1) and « in the dispersion relation. In particular, there are
certain wave systems in which no exact resonance exists (e.g.,
capillary waves with s = 3, @ = 3/2) [27], as well as systems
containing a large number of exact resonances so that the
energy can be transferred to arbitrarily large wave numbers
[e.g., the nonlinear Schrodinger (NLS) equation with s = 4,
o = 2] [28,29].
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The situation for deep-water surface gravity waves (s = 4,
o = 1/2) is much more complicated. Previous studies have
shown that exact resonances exist, but are sparse other than
some trivial quartet solutions (which do not excite new modes
in scale) [15,30,31]. However, it is not clear what should
be expected from these exact resonances in a discrete wave
number domain Sk (given some initially active modes), i.e.,
whether a state of unlimited cascade or frozen turbulence is
relevant. More precisely, here we define the propagation of
wave modes generated by exact resonances from the initial
region to the maximum wave number R in Sk as an “unlimited
cascade (in Sg)” and otherwise as “frozen turbulence”. We
note that the concept of “frozen turbulence” was originally
provided in [18] for capillary waves, which indicates a state
where no new modes can be generated by exact resonances
so that the turbulent cascade has to be “frozen”. Here we
use a generalized definition to describe the bounded genera-
tion of wave modes by exact resonances. For R — oo, this
is a very hard number theoretical problem (through private
communication with number theorists), which is beyond our
scope in this paper. We will instead consider an Sk with finite
R ~ 10% (the maximum R in this study is 2500), which is
compatible with (or beyond) most state-of-the-art simulations
[8,23,30,32-37] performed for wave turbulence (with the only
exception of [38] to the authors’ knowledge).

An effective approach to study the above problem numeri-
cally is the so-called kinematic method, i.e., with an initial set
of active modes, the generation of new modes to outer regions
is computed iteratively by finding solutions to (1). Under the
kinematic method, we consider the modal propagation toward
higher and lower wave numbers direct and inverse cascades
respectively. This method has been applied to capillary waves
[39], gravity waves [30], and NLS [40], which, however,
mainly focus on the effect of exact or quasiresonances in a
small domain, i.e., with small R. As an example, for gravity
waves, the only available result is for R = 64 with initially
active modes in k € [6, 9] (i.e., wave number magnitude in
the interval from 6 to 9), where it is shown in [30] that a
frozen turbulence state is observed. The difficulty in extending
the existing kinematic method to our interest of R ~ 10° lies
in the computational cost. A brute-force search of solution
of (1), as applied in [30], exhibits a computational cost that
grows fast with the increase of the number of active modes
(in particular the cost scales as the cubic of active mode
numbers for each iteration). Therefore, in order to make cases
of R ~ 10 computationally tractable, a much more efficient
numerical method needs to be developed for the kinematic
study.

One way to save some computational cost is to precompute
the set Q of all exact resonances within Sg using a fast generic
method [31,41,42]. With the invariant set Q available, we
can loop over Q to compute the energy spreading in each
iteration, instead of a much larger set of all combinations of
the activated modes (that expands up to 0(10'®) if all modes
in Sg are excited when R = 1000). However, this is still not
sufficient due to the large number of elements in Q, with
|Q| ~ 108. In order to further reduce the computational cost,
we consider a small subset O, of Q (with |Q,| ~ 10%) that
includes only the scale resonances, i.e., resonances generating
wave modes with new length that are of vital importance to

the cascade. The remaining set Q, (with |Q,| ~ 10%) contains
only angle resonances with pairwise equal lengths (k| =
k3| and |ky| = |kal; or |ki| = |k4| and |k>| = |k3|) that are
less important (but may play a role in connecting different
scale resonances). Accordingly, we can formulate an efficient
computational scheme to loop over O in each iteration and
account for the resonances in Q, by its two bounds: an lower
bound that no angle resonances are included and an upper
bound that all modes with equal length with any active one
are excited. Using this scheme, the computational cost for
R ~ 10% becomes affordable, and we are certain that the true
solution lies between the two bounds of the computation,
which is sufficient for the physical purpose in this study.

In this paper, we apply the computational method outlined
above to study the resonant energy transfer of surface gravity
waves in a finite discrete wave number space with R = 2500.
The initially active modes are placed in a circular region with
radius rp for the direct cascade. We show that for small rp,
a state of frozen turbulence is observed with the maximum
reachable wave number k.« linearly proportional to rp. At
rp ~ [60, 110], a sharp transition to unlimited cascade oc-
curs where ky.x ~ R is established for both upper and lower
bounds. In addition to the direct cascade, we also study the
inverse cascade with initial active modes in a ring-shaped
area, and we show the transition from frozen turbulence to
unlimited cascade (under their corresponding definitions in
the context of inverse cascade) with the increase of the thick-
ness of the ring. Finally, we analyze the structure of resonant
quartets, through which the sharp transition from frozen turbu-
lence to unlimited cascade is explained, and the role of angle
resonances in determining the extent of the modal propagation
is elucidated for both direct and inverse cascades.

II. METHODOLOGY

We consider the surface gravity wave system with resonant
conditions in the form

ki +ky =ks + ky,

Vi + vk = Vs + Vi, ©)

where k,’ = (m,-, Vl,’) and ki = |k,| (l = 1, 2, 3, 4) with m;, n; €
Z and +/ ml2 + ”12 < R for a given R € N. The solutions of (2)
correspond to the exact resonances in a finite wave number
domain Sg = {k € Z? : k < R}. In our kinematic model, we
specify the initial condition by defining a set of active modes
denoted by Sp. For the direct cascade, the initially active
modes are placed in a circular area Sy = {k € 7% k < rp)
where 0 < rp < R. For the inverse cascade, they are placed
in a ring-shaped area Sy = {k € Z?:r; <k <R} where
0<r <R

The solution for the direct or inverse cascade problem now
amounts to iteratively finding the solution of (2) for energy
spreading; i.e., for each iteration, we loop over all combina-
tions of three active modes and check whether there exists
a fourth mode satisfying (2). Such a brute-force method, as
reviewed, is not computationally affordable for large R ~ 10°.
Here we propose an efficient method for this computation
providing the upper and lower bounds of the true solution
that are sufficient for our physical purpose. The first step is to
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precompute (before the start of the iterations) the set of scale
resonances Q; inside the spectral domain Sg:

Qs ={lky, ko, k3, ky) 1 ki + ko = k3 +ky,

Vi + Vi = Vs + Vi,
ki # k3, ki # kg,
kieSp Vi=1,2,3,4). 3)

As shown by Kartashova, the scale resonances in Q; are
substantially sparser compared to all resonances (or angle
resonances) [43,44] and can be computed by a fast algorithm
[31]. The principle of this algorithm is that only a small
subset of numbers need to be considered for frequency w
according to the irrationality of the dispersion relation, which
substantially reduces the number of searches (since only the
small subset and the corresponding wave numbers need to be
searched instead of all wave numbers). We present the detailed
algorithm to compute Q; in the Appendix mainly following
[31]. The overall computational complexity can be estimated
as O(R?), which needs to be performed only once for all
kinematic calculations in this paper.

With Q, available, we can iteratively update the set of
active modes S; (i = 1,2, ..., N) starting from Sy with op-
eration S;11 = P°(S;). In particular, in performing P*, we
loop over all the quartets in Qj, and if there exist three (and
only three) active modes (according to S;) in one quartet, we
activate the fourth one. The set S; is then taken as the union
of S; and all newly activated modes. Since Qj is invariant
and sparse, the number of calculations at each iteration is a
small constant, as opposed to the situation in the brute-force
approach.

To further account for the effects of angle resonances, two
bounds of the result can be considered. The lower bound
can be simply taken as Sl-l =S, (i=1,2,...,Nh, ie., re-
sult of spreading only from scale resonances. For the upper
bound, we consider the situation that at each iteration, after
the spreading by scale resonances, we activate all modes in Sg
that have the same length with any active modes (defined as
operation P). More precisely, we perform Sp | = P*(S}') U
PY[P°(SH] (i=1,2,...,N") from §§ = Sy, where the op-
eration P is defined as P*[S*] = {k : k = k{, Yk, € S*}. The
full algorithm for the computation is presented in Algorithm 1,
with the code available on Github [45].

III. RESULTS

We first present results for direct cascade in a wave number
domain of R = 2500 using our kinematic model. Figure 1
shows the upper and lower bounds of final distributions of
active modes (i.e., no more activated modes in the next iter-
ation) for three cases with rp = 50, 80, 120. For rp = 50 as
in Figs. 1(a) and 1(b), the results from the upper and lower
bounds are identical, indicating a true solution of frozen tur-
bulence with maximum reachable wave number k., = 243.
For rp = 80 as in Figs. 1(c) and 1(d), a difference in the
upper and lower bounds of the solution is observed, showing
that the true solution kn,x lies in a relatively large range of
[729,2401], still a state of frozen turbulence according to our
definition. Finally, for 7, = 120 as in Figs. 1(e) and 1(f), the
upper and lower bounds become much closer, both close to

Algorithm 1. Kinematic model.

Input: size of domain R, the radius rp for direct cascades or the
inner radius r; for inverse cascades

Output: the final sets of active modes S,Ivz for lower bound and Sy,
for upper bound
Initialization initialize the set of active modes Sy = {keZ? : k<
rp} for direct cascades or Sy = {k € Z? : r; < k < R} for inverse
cascades
Calculate Q; from (2)

i <0, S(l) <~ S
while S! 3 P*(S!) do
«S,-’ < PS(S,-’)
i<—i+1
end while
N«
i< 08 <S8
while S # P*(S") do
S,-“Jrl <~ P'(S") UP'[P*(SH)]
i<—i+1
end while
N" «— i
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FIG. 1. The distribution of active wave modes (red dots) in the
final state of direct cascades in a domain with R = 2500, for (a) rp =
50, lower bound, (b) rp = 50, upper bound, (c) rp = 80, lower
bound, (d) rp = 80, upper bound, (e) rp = 120, lower bound, and (f)
rp = 120, upper bound. The initially excited region is indicated by
ared area circled by a black solid line. The maximum wave number
kmax Of the active modes is indicated by a circle with cyan dashed
line.
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FIG. 2. The maximum wave number k., as a function of the
radius of the initial region rp in direct cascades with R = 2500.
Both upper (red line with squares) and lower (blue line with squares)
bounds are shown.

the outer boundary of the domain with ky,x ~ R, indicating a
state of unlimited cascade. This is in spite of the fact that the
upper-bound solution is associated with a much denser active
modes excited by angle resonances.

A more complete view of the relation between kp,x and
rp is shown in Fig. 2 with both upper and lower bounds
of the solution. We see that there exists a sharp transition
between frozen turbulence and unlimited cascade for a critical
value of rp ~ [60, 110] (considering the uncertainty exhibited
between upper and lower bounds). For rp below the critical
value, a frozen turbulence state is observed with exact match
of upper and lower bounds of the solution, showing a lin-
ear relation fitted by kp,x & 5.5rp — 35.9. For rp above the
critical value, the state quickly transits to unlimited cascade
with k. > rp (and eventually kp,x ~ R). Such a transition
implies a bifurcation of solutions depending on the initial
condition of energy distribution in discrete turbulence of sur-
face gravity waves. In addition, we remark that the frozen
turbulence observed here for small rp is consistent with the
simulation of primitive Euler equations at low nonlinearity
level [23], which suggests a frozen turbulence state when the
forcing is located in the range of k € [1, 19].

We next present the results for inverse cascade with initial
active modes placed in a ring with radius [r;, R]. Our interest
is to understand the effect of ring thickness on the minimum
wave number ki, reachable in the cascade. For this purpose,
we keep r; = 1000 as a constant and vary R to examine its
effect on the inverse cascades. Figure 3 shows the upper and
lower bounds of final distributions of active modes in inverse
cascades for R = 1400, 1700, and 2200. For R = 1400 as
in Figs. 3(a) and 3(b), a frozen turbulence state is observed
with no new active modes generated (for both upper and
lower bounds). For R = 1700 as in Figs. 3(c) and 3(d), kmin
reaches [492.4,176.7] according to the two bounds of solution,
indicating again a state of frozen turbulence. The unlimited
cascade is enabled as in Figs. 3(e) and 3(f) for R = 2200,
where kpin ~ 1 (the fundamental mode) from both the upper
and lower bounds.

We show a more complete view of the relation between
kmin and R in Fig. 4. For R < 1500, no new modes can

0

2000 '('e) 2000 | (D
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£ 0 £ 0
-1000 -1000
-2000 (. ] -2000¢ !
2000 0 200! -2000 0 2000
k, k,

FIG. 3. The distribution of active wave modes (red dots) in the fi-
nal state of inverse cascades with r; = 1000, for (a) R = 1400, lower
bound, (b) R = 1400, upper bound, (c) R = 1700, lower bound,
(d) R = 1700, upper bound, (e) R = 2200, lower bound, and (f)
R = 2200, upper bound. The initially excited region is indicated by
the ring-shaped red area. The minimum wave number ki, of the
active modes is indicated by a circle with cyan dashed line.
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FIG. 4. The minimum wave number k,;, as a function of the
outer radius R in inverse cascades with », = 1000. Both upper (red
line with squares) and lower (blue line with squares) bounds are
shown.
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FIG. 5. The distribution of (a) M, and (b) O, in the (k,, k) plane, and (c) M, and O, as functions of k with R = 2500. In (a) and (b), the
values are averaged over the modes with nonzero M (k) in a 50 x 50-grid area to avoid large discrete peaks in the original field.

be generated. As R increases beyond 1500, discrepancy
between upper and lower bounds occurs, with stepwise tran-
sition behavior shown in the solutions. The frozen turbulence
state transits to unlimited cascade for R € [1800, 2000], after
which the upper and lower bounds become close to each other
with kpi, close to unity. We note that in numerical simulation
of gravity-wave primitive equations with forcing in [28,32],
a condensate forms at low wave numbers [14] indicating that
quasiresonances are disabled toward large scales. Our study,
with placement of initial modes in [28,32] and both direct
or inverse cascades activated, further shows there is no exact
resonance reaching unity in this corresponding case.

Finally, by examining the behavior of the upper and lower
bounds in direct and inverse cascades, the role of angle res-
onances in the modal propagation can be inferred. It is clear
in both cases that discrepancy between the two bounds occurs
mainly when the initially active region is of appropriate size
(i.e., not too small or too large). This is partly expected due
to the finite wave number space, i.e., if the scale-resonance
cascade can reach the boundary, angle resonances are not
needed (so that the upper and lower bounds for large initial
regions are guaranteed to be the same). However, it will be
beneficial to conduct a more rigorous analysis to elucidate the
full mechanism, as well as the sharp transition from frozen
turbulence to unlimited cascade above rp ~ 60 for direct cas-
cade. Such an analysis is presented in Sec. IV.

IV. STRUCTURE OF RESONANT QUARTETS

In order to understand the state transition and role of angle
resonances, it is necessary to discuss the structure of scale
resonances in Q. In particular, we aim to quantify the capa-
bility of a given mode in connecting smaller and larger scales
through scale resonances, which also provides a hint on the
role of angle resonances at this scale.

For this purpose, we define the scale-resonance multiplicity
index M (k) and order index O;(k):

Mk)=1{q:k €q}l, Oyk)={RKlk;q]l :keq}, 4

where g = {ky, ky, k3, k4} is a set taken from the quartets in
Q,, | - | is the cardinality of the set, which in this context
counts the number of ¢ for which k is an element, RK[k; ¢]
gives the ranking index of k in set ¢ (1,2,3,4 for length from
smallest to largest), and ~ calculates the average of the num-

bers in the set, and in this context the average of ranking
indices. With definition (4), M(k) measures the number of
scale resonances including mode k and O;(k) measures the
average ranking of k (in terms of length) among all scale-
resonant quartets. For a favorable situation of cascade crossing
k, it is desired that M (k) is large and O4(k) is in the middle
range (say, around 2.5).

Figures 5(a) and 5(b) show M (k) and Oy(k) in the domain
Sr=2500- We note that in the plot we consider only those modes
for which M, (k) is nonzero, i.e., there exist some quartets in
Q, for which k is an element. In general, it can be seen that the
function M(k) peaks around the middle range of k, whereas
O, (k) increases from 1 to 4 as k increases. The behaviors of
M (k) and O4(k) at large k can be partly explained by the finite
wave number space Sg, which eliminates many quartets (with
modes beyond R), leading to M,(k) ~ 0 and O4(k) ~ 4. In or-
der to more precisely quantify the two indexes at each (scalar)
scale k, we further define the angle-averaged quantities:

Mi(k) = {My(K") : [Ik*| — k| < 8k/2, My (k™) # 0}, (5)

Os(k) = {O5(k™) : |k — k| < 8k/2, M, (k™) # 0}, (6)

with 8§k = 20 used in our calculation. We plot M,(k) and O, (k)
in Fig. 5(c), which shows consistent behavior as Figs. 5(a) and
5(b) and helps elucidate the transition from frozen turbulence
to unlimited cascade, as well as the role of angle resonances,
as explained below.

In both direct and inverse cascades, if the initial active
region is small (i.e., rp and R are small for respectively the
direct and inverse cascades), the cascade dies out close to the
initial region. This is because the index O, (k) is close to either
1 and 4 for the direct and inverse cascade, and the index M, (k)
is small for both cases, resulting in an unfavorable situation
of generating new scales (by scale resonances). Under this
situation, even if many angle resonances are included (in fact,
for initial state the modes are already dense in the angular
direction), the cascade will not be further excited. As the
initial active region grows to appropriate size, kpax and kpin
can reach the middle range in Sg, where the scale of favorable
cascade becomes active, i.e., scales with O,(k) ~ 2.5 and
large M, (k). We see from Fig. 5(c) that this favorable scale
of energy transfer occurs as k grows above 250. Referring to
Fig. 2, k = 250 corresponds to rp & 60, which is exactly the
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starting point of the sharp transition from frozen turbulence
to unlimited cascade. For these cases, angle resonances be-
come important as they excite more modes in the favorable
scale k to sustain the cascade, leading to discrepancies in the
upper and lower bounds of the solution. Finally, as the initial
active region becomes large enough so that scale resonances
themselves can sustain an cascade to the boundary of the
domain (i.e., kmax reaching R and k., reaching 1), angle
resonances become unimportant for the extent of cascades.
More precisely, they result in a difference in the density of
active modes but do not affect k.« and kp;y.

V. CONCLUSIONS AND DISCUSSION

In this paper, we have studied the cascade of surface gravity
waves by exact resonances in a finite discrete wave number
space. A kinematic model is developed based on the scale res-
onances and the upper and lower bounds of angle resonances,
which significantly reduces the computational cost compared
to the brute-force searching method used in previous studies.
Both direct and inverse cascades are examined with different
sizes of initially active regions. For direct cascade, we find
that there exists a critical radius of the initial region within
the range [60,110], above which the dynamics transits from
frozen turbulence to unlimited cascade (with cascade extend-
ing to the boundary R = 2500). For inverse cascade, states
of frozen turbulence and unlimited cascade are also observed
but with a somewhat less sharp transition. We finally analyze
the structure of resonant quartets, which helps to elucidate the
sharp transition in [60,110] and the role of angle resonances in
the extent of the cascades observed in the kinematic studies.

We remark that although the current study is for finite
R, certain results obtained in the paper also apply for the
case with R — oo. For example, the frozen turbulence state
observed for k <~ 60 applies because our value of R is suf-
ficiently large to capture all possible four-wave resonances.
So does the linear scaling kp,x & 5.5rp — 35.9 obtained in
the frozen turbulence regime. Physically if an experiment or
simulation is conducted in domain size L with sufficient weak
forcing or initial energy concentrated within wave number
1207t /L, the highest wave number that can be excited is de-
scribed by the linear scaling.

APPENDIX: COMPUTATION OF SCALE RESONANCES

To find all the scale resonances satisfying the constraints in
(3), we follow a generic method proposed in [31] to the system
of surface gravity waves with the resonant conditions taking
the form (2). The main idea of this method is to partition the
spectral domain into disjoint classes of k, which allows us to
search for solutions in each class efficiently.

We first rewrite (2) in the following form:

my + my = m3 + my,
ny +npy = n3 + ny,

w1 + wy = w3 + wy, (AD)

where o; = |k;|'/* = (m} + n})"* (i=1,2,3,4).

Now let’s consider a set of algebraic numbers w = V4t e
N. Any such number w can be represented by
w=yq"*, yeN, (A2)
where ¢ is a product
q=p'ry P (A3)

with  py, po, ..., p, different primes and the powers
e1, e, ...,e, € N all smaller than 4. Then we define the set
of numbers @ with the same ¢ as the g-class denoted by Cl,,
where ¢ is called the class index. For each w = yq'/* € Cl,,
y is called the weight of w.

Based on these definitions, it can be shown that there are
two types of solutions for (Al).

Case 1. All the numbers w; (i = 1, 2, 3, 4) belong to the
same class Cl,. In this case the third equation of (A1) can be
written as

na'’* + gt = y3q""* + yag'* (A4)

withy; e N (i=1,2,3,4).

Case 2. The numbers w; belong to two different classes Cly,
and Cl,,. In this case the third equation of (A1) can be written
as

nal* + nad* =gl + gt (A5)

withy; e N (i =1, 2).

It is evident that scale resonances, which generate modes
with new lengths, are possible only in Case 1 since Case 2
consists of modes with pairwise equal lengths. Therefore, we
concentrate on finding possible solutions in Case 1. The gen-
eral idea is to take all solutions of y; + y» = y3 + y4 with y*q
decomposable into the sum of two squares y'q = m? + n?
and then check the linear conditions [the first and second
equations in (A1)]. The detailed description of this algorithm
is as follows.

1. Procedures
a. Calculating class indexes

We first consider numbers #; = o} = y;*q. To obtain a so-
lution for (A1), t; must have a representation as the sum of
two squares of integers, i.e., t; = ml2 + nl2 This requirement
restricts the class index ¢ in the following way: according to
the Euler’s theorem [46], an integer can be represented by
the sum of two squares if and only if every factor with the
form p = 4u + 3 (u € N) contained in its prime factorization
is in an even degree. As y;* already contains every prime
factor in an even degree (the degree of any factor is an integer
multiple of 4), this condition must be held for g. Note that by
construction, all prime factors of g are in degrees smaller than
4. Therefore, the restriction for g becomes: if g is divisible by
a prime p = 4u + 3, it should be divisible by its square and
not be divisible by its cube.

Based on the above requirements, the possible class in-
dexes ¢ for modes inside the spectral domain Sg (¢ < R?)
are calculated as follows. We create a list of integers A, =
{1,2,..., R’} and make two passes over it. In the first pass,
we remove all the numbers divisible by the fourth power
of any prime. In the second pass, we examine the numbers
divisible by any prime satisfying p = 3 mod 4: if the number
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is not divisible by p? or divisible by p?, we remove it from
A,. Finally, A, contains all the class indexes ¢ that can be
represented by the sum of two squares.

b. Solving the equation for weights

The next step is to solve the equations for the weights
obtained from (A4),

vit+v2=vi+ v, (A6)

with 1 < y; < M(q), where M(q) = [(R?/q)"/*] is the max-
imum possible weight y for a given g with |-| being the
round-down operator. Let S, = y1 + y» = y3 + y4. Without
loss of generality we can suppose

NM<ys << (A7)

There are four possible cases for the weights:

Mn<ys<ya<w,

QDn=vs<wm=,

GO <y=va<r,

Dyi=ys=y4=1.

Since our aim is to find the scale resonances, we need to
consider only cases (1) and (3) where the lengths of the four
modes are not pairwise equal. Then the search of the solutions
of (A6) is basically to find two partitions of S, (y; + y» and
y3 + y4) satisfying cases (1) and (3), which can be computed
straightforwardly by looping over all possible combinations
of the partitions of S, under the condition that 1 < y; < M(q)
(i=1,2,3,4).

Note that before this step, we can reduce the computa-
tional cost by discarding classes which consist of no solution
in cases (1) and (3). Consider the classes with M(g) = 1;
this means that all four weights y; = 1 (i = 1, 2, 3, 4). These
classes correspond to the case (4), which have all four modes
with the same length. Therefore, we can directly discard such
classes without any computation of solving (A6). Similarly,
we can also discard classes with M(g) = 2 since only cases
(2) and (4) are possible in this condition. According to our
calculation, there are 98.5% class with M (g) = 1, 2 among all
the classes obtained in the domain Sg—jog0. Thus, discarding
them significantly reduces the number of classes to be checked
in the following steps.

¢. Decomposition into sum of squares

The aim of this step is to find the decompositions of
the number yi4q with y;, =1,2,...,M(q). The generalized
form of this problem has been investigated in [47], which
gives an efficient algorithm to search for all decompositions

Algorithm 2. Search for scale resonances.

Input: size of the domain R

Output: set of scale resonance quartets Q;
1. Compute the list of class indexes A, = {g : ¢ € N*, g < R%;
dx,ye N, g =x%+y?).
2. Solve (A6) to obtain all possible y; (i = 1, 2, 3, 4) for each
qEA,.
3. Decompose y;*q obtained in 1 and 2 into sum of two squares:
m? + ni? (mf,n; € N).
4. Check the linear conditions (A8) and put all qualified quartets
(ky, ks, k3, ky) with k; = (£m}, £n}) into Q.

of b=x>+y* (x,y € N). First, we search for all a € N
satisfying a®> = (—1) mod b, 0 < a < b/2. Then for each
a we construct a finite sequence {r;} with ro =b, r| =a,
rjz2 = Bjrjy1 —rj,and B; = |r;/rj11]. It can be shown that
AN > 1 (N e N)suchthatry >r; > --->ry=1>ryp =
0. If we can find an integer k such that r,f_] >b> r,f, then
b= r{ + ri,,. Based on this method, we can obtain all the
decomposition of y;*g into sum of two squares of integers.
Note that if b = c?(x*> + y*) with ¢ > 1 (c € N), the above
method cannot obtain such decomposition directly. Therefore,
we need to check if y/q is divisible by an integer square
before applying this method. In such conditions, we divide
b by ¢? first and then compute the decomposition using the
above method.

d. Checking linear conditions

Finally, we check the linear conditions [the first and second
equations in (A1)] to find all solutions based on (m], n})
(mf >0, nf 20, i=1,2,3,4) satisfying the third equa-
tion of (Al) obtained from the previous steps. This is done
by taking all combinations of signs satisfying

+m} £ m; = £m} £ mj,

+nl £n; =+n} £nj. (A8)

There are 2% =256 combinations in total for each set of
(m?, n}). With the repeated solutions (e.g., some m] or n}
being 0) and the symmetric solutions (e.g., all signs become
opposite in the equations) taken into consideration, a correct,
exhaustive, and efficient search can be constructed.

2. Summary

The full
Algorithm 2.

computation process is summarized in
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