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The Maxwell equations-based 3D-analytical solution for the terahertz (THz) half-cycle electromagnetic wave
transition radiation pulse has been found. This solution describes generation and propagation of transition
radiation into free space from laser-produced relativistic electron bunch which crosses a target-vacuum interface
as a result of ultrashort laser pulse interaction with a thin high-conductivity target. The analytical solution found
complements the theory of laser initiated transition radiation. It describes the THz wave half-cycle pulse at the
arbitrary distance from a target surface including near-field zone rather than its standard far-field characterization.
The analytical research has also been supplemented with the 3D simulations using the finite-difference time-
domain method, which makes it possible for description of much wider spatial domain as compared to that from
the particle-in-cell approach. The presented result sheds light fundamentally on the interference of the electron
bunch field and the generated THz field of broadband transition radiation from laser-plasma interaction. The
latter is studied for a long time in the experiments with solid density plasma and the theory developed may
inspire to targeted measurements and investigations of unique super intense half-cycle THz radiation waves near
the laser target.
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I. INTRODUCTION

Terahertz pulses with an ultrabroad spectral band-
width [1–5] attract a lot of attention due to the large number of
applications in various fields of science and technology [6–9].
The maximum energy yield of a THz pulse can be achieved
in the interaction of a short intense laser pulse with overdense
plasma [1] that pushes the boundaries of possible applications
of THz radiation to new areas, which require high energies
of generated pulses [6]. The broadest spectral bandwidth is
achieved when a half-cycle (unipolar) THz pulse is generated,
that has already been known because charged particles can ra-
diate in the form of unipolar pulses (see review [10] and Refs.
therein). Emission in such a form is still often considered
as a “strange electromagnetic wave” [11], since it looks like
DC field simply propagating with speed of light, but satisfies
Maxwell’s equations in vacuum as a standard electromagnetic
wave. To the best of our knowledge, such half-cycle-type
(quasi-half-cycle) pulses generated in laser-target interactions
were discussed only in numerical simulations or proposed
as ad hoc guess [12,13], while quasi-half-cycle pulses have
already been observed in the experiments with electron beams
from conventional accelerators [14]. Standardly, the theory
of transition radiation from electron bunch is presented in
the far-field approximation [15–18] as an extension of the
classical theory for a single electron [19]. There is no cor-
responding near-field theory, which could be a base for the
experimental measurements of the THz fields near the target
surface, where these fields have a maximum strength. The
problem is that special detectors are needed to respond to fast

static traveling field in free space. This is one of the reasons
for low motivation to the targeted experiments on specifically
high-intense unipolar radiation THz pulses, whose field pro-
file measurement still faces technical difficulties. At the same
time, it was predicted that such powerful THz pulses could
provide effective control over molecules adsorbed to surfaces
and ferroelectric polarization and molecular orientation [6].

Possible applications and development of appropriate di-
agnostics, e.g., with advanced electro-optic detection [20] and
electron/proton radiography [21,22], together with adequate
theoretical support could be a good background in pursuing
the works on laser-produced powerful half-cycle pulse source.
For example, highly beneficial novel THz light sources could
be those, which reach the spectral range from few to 15
THz. The present laser THz sources based on optical rec-
tification [3] usually do not operate in this spectral range
because of strong absorption in crystals. Conventional designs
of accelerator-based sources face difficulties in obtaining too
short electron bunches necessary to achieve these frequencies.
However, this is easily overcome by using electron bunches
generated in interaction of femtosecond laser pulses with a
plasma [22]. The highest density of electron current can be
obtained in the interaction with solid dense target. Therefore,
we focus on such laser-target design for generation of tera-
hertz radiation unipolar pulses of extreme frequency range (up
to 15 THz) by femtosecond lasers. Note, that laser production
of extremely intense THz pulses could be state-of-art work in
the context of terahertz-driven electron acceleration [23].

Mechanisms of THz generation in short intense laser
pulse interaction with overdense plasma are associated with
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FIG. 1. An illustrative drawing of the physical pattern of transi-
tion radiation generation.

effective heating and ejection of target electrons and widely
discussed [1,24]. Most of the laser heated electrons are
trapped in a sheath field layer at the target-vacuum inter-
face. A sheath plasma expansion model has been developed
to describe THz radiation of ∼1 THz frequency in the
direction perpendicular to the laser pulse propagation direc-
tion [1,2,25,26]. Transition radiation of laser heated electrons
leaving the target is considered as another typical mechanism
of THz generation [15–18]. For the highly relativistic electron
beam this mechanism generates well collimated THz pulses
along electron propagation direction. The electrons trapped
in the sheath experience both deceleration/acceleration and
reversals at the spatial scale of the hot electron Debye length
producing Bremsstrahlung and synchrotron radiation, cor-
respondingly. These radiation mechanisms have efficiencies
comparable to the transition radiation mechanism, but belongs
to an optical range with typical frequency close on the order
of magnitude to the laser frequency. One may refer them as
re-emission of the laser light by laser-accelerated electrons.
Focusing on highly beneficial novel light sources of extreme
frequency range (up to 15 THz) based on femtosecond lasers,
here we consider a transition radiation mechanism. Illustrative
drawing of the physical pattern for generation of transition
radiation during laser interaction with a metal foil due to the
generation of emitted electrons is shown in Fig. 1.

Until now all the measurements of THz pulses were per-
formed in the far-field zone and standardly are based on
only theoretical description of the asymptotic characteristics
of wave energy and angular-spectral distributions. However,
the nature of generated THz pulse can be comprehended
only through rigorous analytical wave theory without far-field
approximation. Neither such experimental measurements nor
far-field theory are able to reconstruct a THz pulse shape yet.
The theory presented fills this gap. We present an analyti-
cal solution to Maxwell equations in the near-field zone for
an ideal conductivity target and compare it with a result of
numerical model for the case of a finite target conductivity.
Our analytical model (albeit with some simplifications for the
sake of analytical calculations) clearly demonstrates that the
coherent transition radiation of an electron bunch at the target-
vacuum interface has the form of a half-cycle terahertz pulse.
Certainly, there is a great advantage of a theory over numerical

simulations (see, e.g., Ref. [12]) since its ability to explicitly
scale THz field characteristics versus laser parameters.

II. ANALYTICAL SOLUTION

Starting with Maxwell’s equations, consider the process
of electromagnetic field generation into a vacuum (z > 0) by
laser-induced electron current, j = (0, 0, jz ), injected from an
ideal conductor (z < 0) (with no field inside), e.g., from a
high-conductivity plasma back side. This is a given source in
Maxwell’s equations in the form of electrical current of most
energetic electrons. They are accelerated by a laser pulse in
the forward direction, along the Z axis, and have an energy
enough to overcome a sheath potential barrier. Let, for defi-
niteness, this current appears at t = 0 and the plasma-vacuum
interface has an ideal interface (semi-bounded plasma). In
fact, the latter assumption is valid as long as the size of the
sometimes possible preplasma is less than the wavelength
of the generated electromagnetic wave of our interest (THz
range). We consider infinite boundary between target and vac-
uum, that is good approximation as long as b = πL/λγ � 1,
where L is the transverse size of the target boundary, λ is
the characteristic wavelength of the radiated wave, and γ is
the electron beam gamma factor. The latter makes it possible
to neglect the contribution of diffraction radiation, which, of
course, produces wings of opposite polarity in the profile of
the generated field, but introduces an error that is exponen-
tially small ∼ exp (−b) [15].

Given a single nonzero component of the electric current
( jz �= 0), the emitted into a vacuum electromagnetic field is
characterized by the following electric, E = (Eρ, 0, Ez ), and
magnetic, H = (0, Hϕ, 0), components. By introducing the
vector [A = (0, 0, Az )] and scalar (φ) potentials, H = rotA
and E = −∇φ − (1/c)∂t A, which obey the Lorentz gauge
condition, ∂zAz + ∂tφ/c = 0, the Maxwell’s equations are re-
duced to a single equation for Az

∂tt Az = c2�Az + 4πc jz. (1)

The solution of Eq. (1) in a free space reads: Az(t, r) =∫
d3r′ jz(t − η/c, r′)/(ηc), where η = |r − r′| and integration

is over the domain η < ct . We use the cylindrical symme-
try and the factorized form of the electrical current jz =
Qvnz(t, z)n⊥(ρ), where Q is the total charge of the electron
bunch moving with the velocity v = const, nz is the linear
electron density distribution versus z and t , and n⊥ is the
areal electron density distribution versus ρ =

√
x2 + y2. Here,

a simplifying assumption of a given constant electron velocity
is used to explicitly obtain an analytical solution for the gen-
erated transition radiation electromagnetic pulse. Then, the
solution of Eq. (1) can be written as follows:

Az = Qv

c

∫
√

ρ ′2+z′2<ct
dz′dρ ′ρ ′N⊥(ρ, ρ ′)

× nz(t −
√

ρ ′2 + z′2/c, z′ + z)√
ρ ′2 + z′2 , (2)

where

N⊥(ρ, ρ ′) =
∫ 2π

0
dχ n⊥

(√
ρ2 + ρ ′2 + 2ρ ′ρ cos χ

)
. (3)
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The desired solution should meet the boundary condition of
vanishing of the tangential electric field component Eρ at the
vacuum-target interface, Eρ |z=0= 0. This is achieved using
the so called image method when the desired electromagnetic
field can be represented as a superposition of two free-space-
type fields given by Eq. (2). They are generated by two
currents, j+z and j−z , having the charges of opposite signs
and moving from the vacuum-target interface in two opposite
directions. Correspondingly, j+z ≡ jz with n+

z ≡ nz(t, z) and
j−z (t, ρ, z) ≡ jz(t, ρ,−z) with n−

z ≡ nz(t,−z) and the substi-
tution of n±

z into Eq. (2) makes it possible to obtain in explicit
form z-components of the vector potential, A+

z and A−
z , and

hence the desired solution for the electromagnetic field in a
half-space z > 0,

Ez = −(1/c) ∂t (A
+
z + A−

z ) − (c/v)∂z(A+
z − A−

z ),

Eρ = −(c/v)∂ρ (A+
z − A−

z ), Hϕ = −∂ρ (A+
z + A−

z ), (4)

where it was used that φ+ + φ− = (c/v)(A+
z − A−

z ).
To concretize the solution (2) we specify spatial-

temporal form of the electron bunch by introducing n±
z =

θ (±z)[θ (vt ∓ z) − θ (vτ ∓ z)]/(vτ0), where τ = t − τ0, and
n⊥ = exp(−ρ2/w2

0 )/(πw2
0 ). Here the Heaviside step func-

tion, θ (t ), corresponds to the simplified rectangular time shape
of the electron bunch with the duration τ0 and the trans-
verse Gaussian distribution with the characteristic radius w0.
The latter can be addressed to a laser pulse with approximately
the same duration and spot size radius � w0. Given this spec-

ification one can write N⊥ in the following explicit form:

Ngs
⊥ (ρ, ρ ′) = 2

w2
0

I0

(
2ρ ′ρ
w2

0

)
exp

(
−ρ2 + ρ ′2

w2
0

)
, (5)

where I0 is the modified Bessel function, and reduce A±
z to a

simple integral form

A±
z = Q

cτ0

∫ ∞

0
ρ ′dρ ′Ngs

⊥ (ρ, ρ ′)[F±(t ) − F±(τ )],

F± = θ (
√

c2t2 − z2 − ρ ′) ln

[
vt ∓ z + R±(ρ ′)

(1 + β )(
√

z2 + ρ ′2 ∓ z)

]
,

(6)

where β = v/c and R±(ρ ′) =
√

(vt ∓ z)2 + (1 − β2)ρ ′2. Us-
ing Eq. (6) in Eq. (4) makes it possible to analyze in detail the
structure of the generated electromagnetic field.

A. The case of the sausage-type electron bunch

The most intense femtosecond laser pulse, which is able
to produce the highest electron current density and, hence,
the most powerful THz pulse should be focused into the few
micron focal spot, that typically corresponds to cτ0 � w0. In
this case, the transversal Gaussian electron beam profile can
be replaced by the delta-functional distribution, N p

⊥(ρ, ρ ′) =
δ(ρ − ρ ′)/ρ in Eq. (6). Correspondingly, from Eq. (6) we
arrive at the following easy-to-analyze analytical expressions
for the electromagnetic field components:

Ez = Q

vτ0

{[
1 − β2

R+(t )
+ 1 − β2

R−(t )
− 2

r

]
θ (ct − r) −

[
1 − β2

R+(τ )
+ 1 − β2

R−(τ )
− 2

r

]
θ (cτ − r)

}
,

Eρ = Q

vτ0ρ

{[
vt − z

R+(t )
− vt + z

R−(t )
+ 2z

r

]
θ (ct − r) −

[
vτ − z

R+(τ )
− vτ + z

R−(τ )
+ 2z

r

]
θ (cτ − r)

}
,

Hϕ = Q

cτ0ρ

{[
vt − z

R+(t )
+ vt + z

R−(t )

]
θ (ct − r) −

[
vτ − z

R+(τ )
+ vτ + z

R−(τ )

]
θ (cτ − r)

}
, (7)

where r =
√

z2 + ρ2. In the limit τ0 → 0 from Eqs. (7) we recover the known result for a point charge [27].
In the general case, Eq. (7) do not demonstrate a simple separation of the fields, the intrinsic bunch field and the radiation

field. In the far-field zone, ct > r � cτ0 the electric field components (7) can be rewritten in the following form:

Ez = Q

β

θ (ct − r) − θ (cτ − r)

cτ0

(
1 − β2

R+(t )
+ 1 − β2

R−(t )
− 2

r

)
− Q(1 − β2)θ (cτ − r)

{
vt − z

[R+(τ )]3
+ vt + z

[R−(τ )]3

}
,

Eρ = Q

βρ

θ (ct − r) − θ (cτ − r)

cτ0

(
vt − z

R+(t )
− vt + z

R−(t )
+ 2z

r

)
+ Qρ(1 − β2)θ (cτ − r)

{
1

[R+(τ )]3
− 1

[R−(τ )]3

}
,

Hϕ = Q

ρ

θ (ct − r) − θ (cτ − r)

cτ0

(
vt − z

R+(t )
+ vt + z

R−(t )

)
+ Qρβ(1 − β2)θ (cτ − r)

{
1

[R+(τ )]3
+ 1

[R−(τ )]3

}
, (8)

where we have neglected all the terms decreasing faster than
1/r2, and denoted ρ = r sin ϑ and z = r cos ϑ .

Each of the electromagnetic field components in Eq. (8)
has two distinct contributions: E = Erad + Eint and H =
Hrad + Hint. The contributions Erad and Hrad proportional to
the difference of θ functions decrease as 1/r for large r and
define the radiation field. The remaining contributions Eint

and Hint decreasing as 1/r2 for large r describe the intrinsic

field of the moving electron bunch. Propagating radiation
field reaches the given point at the distance r in the far-field
zone at the instant t = r/c and lasts till t = r/c + τ0. Then,
as times goes by, a radiation field is replaced by a weak
incoming intrinsic field (see, for example, Fig. 2). For the
instant corresponding to onset of a radiation field, ct  r, one
arrives to a simple form for the radiation components, Er =
Eρ sin ϑ + Ez cos ϑ = 0 and Eϑ = Eρ cos ϑ − Ez sin ϑ = Hφ ,
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FIG. 2. Magnetic field temporal profile, Hϕ (t ), for v = 0.95 c (γ  3.2) at r = 10 cτ0 (a) and for v = 0.999 c (γ  22) at r = 500 cτ0

(b) along the direction, ϑ = 1/γ , of maximum radiated field [red (gray) curves] and along the target surface, ϑ = π/2, (black curves). The
dashed lines corresponds to the far-field approximation. The insets show magnetic field temporal profiles at r = 500 cτ0 (a) and r = 5000 cτ0

(b).

which can be rewritten for the better clarity in the spherical
coordinates as follows:

E rad
ϑ = H rad

ϕ  2Q

r

β sin ϑ

1 − β2 cos2 ϑ

θ (ct − r) − θ (cτ − r)

cτ0
,

E rad
r  0. (9)

As expected, these results show, that the far-zone radiation
field is a spherical transverse electromagnetic wave with the
amplitude decreasing ∝ 1/r. And again for explicitness, with
extreme particle bunch shortening cτ0 → 0 the difference be-
tween two θ -functions in Eq. (9) can be replaced by the δ

function, [θ (ct − r) − θ (cτ − r)]/(cτ0) → δ(ct − r), and we
arrive to the formula for the transition radiation field generated
by a point charge [27].

The electromagnetic field temporal profile has a form of
half-cycle pulse (see Fig. 2) with the width defined by the
electron pulse duration, τ0. For the given total electron charge
the field amplitude increases with energy of the electron beam.
For the ultrarelativistic electrons with γ = 1/

√
1 − β2 � 1

the direction of radiated field maximum corresponds to θ 
1/γ . In this direction, separation of the generated electro-
magnetic field into the intrinsic field of the moving charge
and the radiated field is not possible in the near-field zone.
However, this is possible at the large distances, r ≫ cτ0,
where a far-field approximation works and radiation field am-
plitude drops significantly (see insets in Fig. 2). Separation of
the radiation component from the total electromagnetic field
in the direction of its maximum intensity is complicated for
very energetic electrons. The higher their energy the longer
distance is required to measure a true field of radiation. For
example, an optimal angle of radiation of 22 MeV electrons
(v  0.999c) is only ∼2.5◦ and therefore intrinsic field will
have negligible contribution only at the distance longer than
5000 cτ0, i.e., ∼15 cm for τ0 = 100 fs (see Fig. 2). However,
in the transverse direction such separation is possible at much
shorter distances in accordance with Fig. 2, where there is
no visible difference between black dashed and solid curves.
Thus, the finding of the true radiation field energy may require
corresponding recalculating it from the measured total field
energy by taking into account the theoretical space-angular
finding presented above.

The spectral-angular distribution of radiated energy in a
far-field zone is

dW

dodω
= cr2

4π2
|Hω|2 = 4Q2

π2c

β2 sin2 ϑ

(1 − β2 cos2 ϑ )2

∣∣∣∣ sin(ωτ0/2)

ωτ0

∣∣∣∣
2

.

(10)
It demonstrates a classical angular distribution [28] with max-
imum at the angle θ ∼ 1/γ for relativistic limit (see Fig. 3),
radiated energy decrease with frequency, and the spectrum
width at half maximum �ωc  2.8/τ0 (see Fig. 3). The
latter naturally corresponds to the range, where the coher-
ent transition radiation occurs, ω < τ−1

0 . Oscillations in the
high-frequency tail of the spectrum reflect only the model
rectangular shape of the laser pulse, adopted for simplicity
to achieve maximum clarity of the analytical description.
They may not appear in the case of a natural smooth pulse.
For ultrarelativistic electrons with γ � 1 the total radiated
energy is well approximated by following simple expression
W = Q2(4 ln 2γ − 2)/cτ0.

The simplest reproduction of the above analytical result
in the far-field zone and nonrelativistic case, β � 1, can be
easily done in the dipole approximation. In this limits, by
using n⊥ = δ(ρ − ρ ′)/(2πρ) in the density electron current
and H = [Ȧ × n]/c, where n is the unit vector along the
radiation propagation direction and A is given at the retarded
time t ′ = t − r/c one gets

A = 1

cr

∫
jdV = Qv

cr

(∫ ∞

0
n+

z dz −
∫ −∞

0
n−

z dz

)
,

Ȧ = 2Qv
crτ0

[θ (t ′) − θ (t ′ − τ0)]. (11)

Then, Eq. (11) lead to the field components coinciding with
Eq. (9) at β � 1. The key point is that the time change of the
dipole moment occurs not due to the particle velocity change
(nonzero acceleration), but rather due to the bunch charge
change, which increases as the bunch exits into a vacuum
while being zero inside a target of high-conductivity.

B. The case of arbitrary longitudinal and transverse
widths of the bunch

Let now turn to the general case described by Eqs. (4), (5),
and (6). Standardly generated electromagnetic field (4) has
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FIG. 3. Angular distribution of radiated energy (a) for v = 0.99c [red (gray)], v = 0.95c [green (light gray)], v = 0.8c (black) and v =
0.999c [dashed blue (dashed gray) in inset]. Spectra of radiated energy (b) for v = 0.99c [red (gray)] and v = 0.9c (black).

two contributions, (1) the intrinsic field of a moving charge
and of its image and (2) the radiation field. Such field structure
is illustrated by Fig. 4, where the intrinsic field of the moving
charge is shown in blue (black) and the radiation field in red
(gray). Formation of the spherical wave is clearly seen as
well as the unipolar pulse of the radiation field (see insets in
Fig. 4). The wave temporal profiles for the inserts in Figs. 4(a)
and 4(b) are presented for different propagation directions,
that results in a different relation between the intrinsic and
radiation fields in these inserts. For the case v = 0.5 c the
temporal pulse was detected in the direction along a target-
vacuum interface far enough from the electron bunch, while
for the case v = 0.95 c the field impulse was registered at
small (20o) angular deviation from the bunch propagation di-
rection. It is clearly seen that presented in Fig. 4 theoretically
derived field structures qualitatively correspond to the numer-
ical simulation results on THz emission in forward direction
from irradiated foil [12].

With the broadening of the electron beam diameter, the
profile of the generated pulse is smoothed out as soon as
the transverse size of the beam approaches the longitudinal
one. For w0 ∼ cτ0 the temporal field pulse profile takes on
a Gaussian temporal shape relevant to the spatial Gaussian
distribution of the electron beam (see inset in Fig. 5). For a
given electron bunch charge (given laser power, see below) the
higher the ration cτ0/w0, the higher the electromagnetic pulse

amplitude (see Fig. 5). If w0 � cτ0, then the radiated pulse
temporal shape follows the electron bunch temporal profile,
e.g., rectangular one discussed above (see insets in Fig. 2).
For a given τ0 the maximum filed decreases as ∼1/w0 as
illustrated in Fig. 5(a).

For relatively low bunch velocity v ∼ 0.5c the radiation
propagates predominantly along the target surface. In the case
of the ultra-relativistic electrons a radiation pulse collimates
along electron bunch propagation direction slightly shifting
from it in accordance with a classical theory of transition
radiation [28,29]. The higher velocity the smaller this shift is.

A radiation spectrum is defined by the electron bunch
spatial-temporal shape. The half-cycle THz field profile is
clearly illustrated by well pronounced low-frequency spec-
trum domain, where a cutoff of the spectrum may appear
in the case b ∼ 1 due to the diffraction radiation contribu-
tion. Super-broadband emission [Fig. 3(b)] is characterized
by the spectral bandwidth �ω  c/(cτ0 + w0) in agreement
with far-field approach [29]. Note, there is a clear depen-
dence of the spectrum width on the focal spot size (electron
bunch radius). Spectrum shrinks with increasing hot spot
size. Correspondingly, total emitted energy decreases with this
size. In the case of γ τ0/(cw0) � 1 the total radiated energy
can be estimated as WR = Q2/(πcτ0)[3 ln(Eeτ0/(mcw0)) −
1] [29], where Ee = mc2γ is the energy of the laser-heated
electron.

FIG. 4. Magnetic component Hφ of the generated electromagnetic field propagating in a vacuum for v = 0.5 c (a) and for v = 0.95 c (b) at
the instant t = 10τ0. Electron bunch with the sizes cτ0 = w0 is shown in black. The blue (black) corresponding to the levels 0.05 Q/w2

0 (a) and
0.1 Q/w2

0 (b) show the intrinsic field, while the red (gray) ones for the levels 0.02 Q/w2
0 (a) and 0.04 Q/w2

0 (b), illustrate a radiated field. The
insets show the magnetic pulse time shape (black curve—total field; blue dashed (dashed) curve—intrinsic field; red (gray) curve—radiation
field) at the distance of 10w0 along the direction of maximum radiated field.
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FIG. 5. The radiated magnetic field maximum vs ratio w0/cτ0 and spectra of radiated energy for w0 = 0.5cτ0 (black curves), w0 = cτ0

[red (gray) curves] and w0 = 2cτ0 [green (light gray) curves] for β = 0.95. Dashed curve corresponds to limiting case of cτ0 � w0 [Eq. (10)].
The insets show the magnetic pulse time shape at the distance of 2000cτ0 along the direction of maximum radiated field.

III. THE FDTD SIMULATIONS

To study effect of high but finite target conductivity on
terahertz pulse generation we performed the 3D simulations
with finite-difference time-domain (FDTD) method based on
numerical solution of the Maxwell’s equations in a medium
with a given dielectric susceptibility. We applied this simu-
lation to a metal target, where the dielectric permittivity is a
complex function (ε′ + iε′′) but still |ε| � 1. To describe a
dielectric permittivity we used the standard Drude model ε =
1 + 4πσ (ω)/ω with the conductivity σ = σ0/(1 − iω/ν),
where σ0 = 1018 s−1 and ν = 1013 s−1. The target occupied
a half-space z < 0 μm in the simulation box −300 μm <

x < 300 μm, −300 μm < y < 300 μm, and −200 μm < z <

400 μm. The grid cell size was 1 μm and the time step was
1 fs. The distributed charge has the Gaussian profiles in both
transverse directions, z and ρ =

√
x2 + y2, with the same hot

spot size as above to compare with the theory developed,
cτ0 = w0 = 20 μm. The bunch starts to move from the target
surface along the normal, along the Z axis, with a given
velocity v = 0.5c or v = 0.95c.

Like the analytical theory, the performed simulations
demonstrate formation and propagation of the half-cycle ter-

ahertz pulse. The field distribution is in a good agreement
for its parameters with the theoretical model of Sec. II B as
clearly can be seen from the comparison of the density plots
for Hϕ presented in Figs. 6 and 7. As it should be, somewhat
smoother magnetic field distribution along z direction from
the simulation results is due to the use of the Gaussian tempo-
ral charge beam profile instead of the rectangular one used in
the theoretical model.

We also verified that the unipolarity of the THz pulse is
conserved if the electrons of the radiating bunch have a given
energy distribution, so that the faster electrons can overtake
the slower ones [see Fig. 8(a)]. We have simplistically chosen
groups of escaping electrons with v = 0.7 c and v = 0.99 c
distributed in accordance with the Boltzmann distribution, ∝
e−Ee/�Tf and �Tf = 4 MeV that corresponds to the effective
velocity spread �v̂  0.76 c.

Since generation of the THz radiation by electrons mov-
ing in a certain angle range looks more realistic, we also
performed corresponding simulation. The results presented in
Fig. 8(b) for the three groups of electrons escaping inside
a cone with the open angle of 15◦. The electrons with the
slowest velocity, v = 0.95 c had a Gaussian spatial distri-
bution with characteristic scale w0 and uniform distribution

FIG. 6. Magnetic field Hφ distribution (in the plane passing through the Z axis) from the FDTD simulation (a) in comparison with the
theoretical result (b) for v = 0.5c at the instant, t = 10τ0.
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FIG. 7. The same as in Fig. 6, but for v = 0.95 c. Both panels (a) and (b) contain two contour plots for the magnetic field at two instants
t = 2.7τ (at the bottom) and t = 9.1τ (at the top). The inset in panel (a) shows the magnetic field temporal profile at the distance of 10w0

along the direction in which a radiated field is maximum.

over the angles, θ , ranged from θ = 0◦ to θ = 15◦. Other,
more energetic electrons (v = 0.99c and v = 0.999c) had
the same spatial distribution but escaped under zero angle.
All three groups of electrons were distributed according to
the Boltzmann distribution with �Tf = 4 MeV. The simula-
tion has been performed in the box −100 μm < x < 100 μm,
−100 μm < y < 100 μm, −67 μm < z < 133 μm, where a
target is placed at z < 0. The electron bunch had the sizes
cτ0 = 5 μm and w0 = 10 μm. As for the previously con-
sidered models of the electron source, generation of the
half-cycle terahertz pulse is also clearly seen in Fig. 8(b).

IV. DISCUSSION AND SUMMARY

The THz wave field amplitude is proportional to the to-
tal charge, Q, of escaping high-energy electrons, making
up only a small fraction of entire laser-heated electrons.
These electrons must have enough energy to overcome the
potential barrier, �m, to leave the target. The character-
istic value of this potential barrier at the target-vacuum

interface is e�m = −2Th ln[w0/(λDe

√
2)], where Th is the

temperature of hot electrons with the density nh. Cor-
respondingly, the escaping electron density, n f , can be
estimated as n f  nh exp (e�m/Th), i.e., the total charge reads
Q = en f cτ0πw2

0 = Thcτ0/(2e). The hot electron tempera-
ture standardly follows to the ponderomotive scaling, Th 
mc2(

√
1 + a2

0/2 − 1), that leads to Th ≈ 0.7 × mc2a0 for rel-
ativistically intense laser pulse, where a0 is the dimensionless
laser field amplitude, a0 = 0.85

√
I[1018W/cm2]/λ0[μm] (I

is the laser pulse intensity and λ0 is the laser wavelength).
Finally, the total charge of the escaping electrons depends
only on the amplitude and duration of the laser pulse, Q =
0.35 × ea0cτ0/re, where re = e2/mc2 is the classical electron
radius.

The total bunch charge roughly estimates the total radi-
ated THz energy, ER, as ER ∼ Q2/cτ0 ∼ 0.1 × mc2a2

0cτ0/re,
as well as the conversion efficiency, η, of the laser pulse
energy EL = mc2a2

0cτ0w
2
0π/(2λ2re) into the radiation energy,

η = ER/EL ∼ 0.08λ2/w2
0. Here w0 is the laser focal spot

FIG. 8. (a) Magnetic field (Hφ) distribution from the FDTD simulation at t = 9τ0 for the case of the electrons distributed over velocities
and escaping in the normal direction. (b) Magnetic field distribution from the FDTD simulation at the instant t = 5.6τ0 for the case of the
electrons escaping with different velocities inside a cone with the open angle of 15◦. The insets show the magnetic pulse spatial profiles along
the direction corresponding to the angle of 45◦.
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radius, which may differ from the electron emitting spot ra-
dius, w0 < w0. For the given laser energy a tight focusing is
favorable for THz radiation production. For example, when
focusing a laser beam into a 4λ spot the conversion efficiency
reaches 2%. A 10 joule laser pulse of the 100 fs duration (100
TW) focused into (2–3) λ0 focal spot produces broadband
(up to 10 THz) ∼100 mJ unipolar THz pulse with the field
amplitude ∼1010 V/m at the distance of 1 mm from a target,
that is close to the record value published to date [1,5]. A
significant increase in the intensity of the terahertz pulse can
be expected when the femtosecond laser pulse is focused into
the diffraction limit.

The presented theory analytically describes production of
unique half-cycle THz pulses from a back side of laser ir-
radiated foil target. This requires the target to be thin, of
micron size thickness, and have large transverse size, �1 cm,
to suppress contribution of the diffraction radiation [15,16].
A controlled preplasma on the irradiated side of the target
could make it possible to achieve the maximum current of the
electron current emitted from behind and, hence, to maximize
the yield of THz radiation.

Unlike the previous ones, the developed theory describes
the structure of the generated THz fields in the entire vac-
uum region, from the near to the far zone. As has been
demonstrated, for ultrarelativistic electrons the far-zone ap-
proximation is applicable at very long distances, where the
emitted pulse is already depleted. The analytical theory and
the long scale FDTD simulations open the way to planning
an experiment to detect superstrong terahertz fields near the

target surface, e.g., using laser-produced charged particles as
an invaluable tool for the probing of the electric and magnetic
fields [21].

When this paper was already written we were aware
of experiments on THz pulses generated when femtosec-
ond laser pulse irradiates thin foil with specially designed
preplasma [30]. The results presented there indicate quasi-
half-cycle nature of the measured pulses.

In summary, the results reported clearly demonstrate that
strong THz emission generated through the transition radi-
ation by laser-produced high-energy electrons from a solid
target occurs in the form of unique half-cycle pulses. It is
highly probable that, taking into account the developed the-
ory and the performed simulations, the terahertz radiation
observed in a number of experiments, e.g., Refs. [1], should
be interpreted as generation of the unipolar THz pulses. Direct
experimental confirmation of such novel view on the nature of
laser triggered terahertz emission would be of great interest.
A possible approach could be the using of electron or proton
radiography. As a final note, we emphasize that the theory
proposed could be also applied to the quantitative description
of the transient surface fields, since it may advance the previ-
ously considered 2D approach [31].
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