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Necessity of feedback control for the quantum Maxwell demon in a finite-time steady feedback cycle

Kenta Koshihara and Kazuya Yuasa
Department of Physics, Waseda University, Tokyo 169-8555, Japan

(Received 11 May 2022; accepted 4 August 2022; published 30 August 2022)

We revisit quantum Maxwell demon in thermodynamic feedback cycle in the steady-state regime. We derive
a generalized version of the Clausius inequality for a finite-time steady feedback cycle with a single heat bath. It
is shown to be tighter than previously known ones, and allows us to clarify that feedback control is necessary to
violate the standard Clausius inequality.
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I. INTRODUCTION

Over the last decades, our understanding on the role
of information in thermodynamics has been greatly ad-
vanced [1–5]. The second law of thermodynamics has been
generalized to incorporate the contribution of the information
acquired by measurement in thermodynamic processes [6–9].
Fluctuation relations for thermodynamic processes involving
measurement and feedback have also been explored [10–16].
These developments have been providing us with solid bases
to discuss feedback-controlled systems in thermodynamics,
including the Maxwell demon [1].

The renewed interests in thermodynamics extend to the
quantum domain [17]. In quantum thermodynamics, various
quantum features, such as quantum coherence, quantum en-
tanglement, and uncertainty principle, can play roles and can
give rise to thermodynamic effects that are absent in the
classical regime [18–20]. Among various features, we wish
to look into the effects of quantum measurement in thermo-
dynamics. Quantum measurement disturbs the state of the
measured system. This effect should be properly taken into
account in quantum thermodynamics. Moreover, by this ef-
fect, quantum measurement can extract (inject) energy from
(to) a quantum working substance [21]. In other words, quan-
tum measurement in a quantum thermodynamic cycle should
be counted as a thermodynamic stroke. An extreme idea in
this direction leads to quantum engines driven by quantum
measurements [22–36], where quantum measurement acts as
a heat bath of a heat engine, fueling energy to its working
substance.

In this paper, we would like to discuss the following
question: Is feedback control really necessary to realize quan-
tum Maxwell demon? If the result obtained in the previous
works [6,8,15] is applied to a feedback cycle with a single heat
bath, a version of generalized second law of thermodynamics

βQ � IQC (1.1)

is obtained for the heat Q extracted from the heat bath at
an inverse temperature β per cycle. The quantity IQC on the
right-hand side is called QC-mutual information, and quanti-
fies the amount of information acquired by the measurement
performed in the feedback cycle. Its definition is found also in

Sec. IV A of this paper. This inequality (1.1) generalizes the
standard Clausius inequality βQ � 0, and reveals that, if one
acquires information IQC > 0 by the measurement, there is a
chance to get a positive heat Q > 0 after a cycle, violating the
standard Clausius inequality βQ � 0. It is said that one can
violate the standard Clausius inequality βQ � 0 by exploiting
the information IQC > 0 by feedback control depending on
the outcome of the measurement. In the quantum case, how-
ever, it is not obvious, since the backaction of the quantum
measurement can supply/dissipate the energy of the work-
ing substance, and might result in an incoming heat Q > 0
from the heat bath after a cycle, even without performing
any feedback. The generalized Clausius inequality (1.1) is not
informative enough to clarify this point.

There is actually an answer to this question in the quantum
case. It is shown in Ref. [12] that the fluctuation relation
derived there reduces to the quantum Jarzynski equality in the
absence of feedback, if the quantum measurement performed
in the cycle is unital (we will be interested in bare [8,37] or
minimally disturbing [38] quantum measurements, which are
unital measurements, for the reason recalled in Sec. III). Then,
using this fact (and closing the cycle by adding an additional
thermalization step to the protocol considered in Ref. [12]),
one can show that the standard Clausius inequality βQ � 0
holds for the cycle without feedback control. Feedback control
is thus necessary to violate the standard Clausius inequality
βQ � 0.

The fluctuation relation derived in Ref. [12], however, re-
quires that the protocol starts with the thermal equilibrium
state ρth at the inverse temperature β. If a cycle starts and
ends with the thermal equilibrium state ρth, the above con-
clusion can be proven in a more direct way, on the basis
of the passivity of the thermal equilibrium state ρth (see the
discussion in Sec. V of this paper; see also Ref. [33] as well
as Refs. [24,34]). The question we wish to ask in this paper
is actually the following one: Is feedback control necessary to
realize quantum Maxwell demon in finite-time steady cycles?
We consider a feedback cycle, which closes with the thermal
contact with a heat bath only for a finite time. As this cycle is
repeated, the evolution of the working substance approaches
a steady cycle. Since the thermal contact for a finite time
does not completely thermalize the working substance, the
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FIG. 1. The thermodynamic cycle studied in this paper. We will analyze thermodynamic quantities in the steady cycle, where ρ∗ is the fixed
point of the map E = ∑

i eLτ ◦ Ui ◦ Mi ◦ U for a finite time τ , satisfying E (ρ∗) = ρ∗. The fixed point ρ∗ generally differs from the thermal
equilibrium state ρth for a finite τ , even though the evolution eLτ describing the heat exchange with the heat bath is assumed to thermalize the
system eLτ (ρ ) → ρth in the long-time limit τ → ∞.

steady cycle starts and ends with a nonthermalized state ρ∗.
The passivity of the initial state is lost, the above passivity
argument does not apply, and there might be a possibility that
the standard Clausius inequality βQ � 0 would be violated
solely by the backaction of the measurement without any
feedback in the finite-time steady cycles.

The generalized second law (1.1), which is also originally
derived for a protocol starting with the thermal equilibrium
state ρth [6,8,15], can be generalized to such finite-time steady
cycles, but it remains uninformative to answer the question.
On the other hand, in this paper, we are going to derive an
improved Clausius inequality valid for a finite-time steady
cycle, which is tighter than the inequality (1.1), and give
the answer to the question: Feedback control is necessary to
realize quantum Maxwell demon even in finite-time steady
feedback cycles.

The paper is organized as follows. We start by presenting
the thermodynamic feedback cycle considered in this work
in Sec. II. Since the structure of quantum measurement is
important for our discussion, we recall it in Sec. III. We then
introduce the relevant thermodynamic quantities and derive
the first and second laws of thermodynamics for the steady
feedback cycle in Sec. IV A. In particular, we present an
improved generalized Clausius inequality, which holds for
finite-time steady cycles, is tighter than previously known
bounds, and allows us to draw the answer to the above ques-
tion in Sec. IV B. The performance of the steady feedback
cycle is numerically demonstrated with a two-level work-
ing substance in Sec. V, and we conclude the paper in
Sec. VI. The derivation of the improved Clausius inequality
is presented in Appendix A, and a proof of the passivity of
the thermal equilibrium state against unital measurements is
provided in Appendix B.

II. THERMODYNAMIC FEEDBACK CYCLE

We consider the following thermodynamic feedback cycle.
Consider a quantum system S, whose initial Hamiltonian is
given by HS , and a heat bath B at a temperature T . Then, the
protocol proceeds as follows.

(i) We first apply a unitary control U on S, and the state of
S is transformed from ρini to ρU = U (ρini ).

(ii) We perform measurement on S and get a measurement
outcome i with probability pi. The state of S is changed from
ρU to ρ (i)

ms = Mi(ρU )/pi.
(iii) We apply a unitary feedback Ui on S depending on

the outcome i of the measurement. The state of S becomes
ρ

(i)
fb = Ui(ρ (i)

ms).

(iv) Finally, we put S in contact with the heat bath B for
time τ , to bring S towards the thermal equilibrium state at
the temperature T . We describe this process by a Markovian
generator L, and S evolves to ρ

(i)
fin = eLτ (ρ (i)

fb ).
We repeat this cycle many times, and analyze the behaviors

of thermodynamic quantities in steady cycles. See Fig. 1.
The unitary control in step (i) is represented by U (ρini ) =

UρiniU † with a unitary operator U . It is realized by driving the
Hamiltonian of S.

The measurement process in step (ii) is described by a
set of completely positive (CP) linear maps {Mi}, which
is called CP instrument [39]. The probability of obtaining
measurement outcome i is given by the normalization fac-
tor pi = Tr Mi(ρU ), and the sum over all possible outcomes
M = ∑

i Mi is a completely positive and trace-preserving
(CPTP) map. The structure of the maps {Mi} is important in
the following discussion, and is recapitulated in Sec. III.

The feedback controls in step (iii) are represented by
Ui(ρ (i)

ms) = Uiρ
(i)
msU

†
i with unitary operators Ui. They are re-

alized by driving the Hamiltonian of S depending on the
outcome i of the measurement. We assume that the Hamil-
tonian is back to the initial one HS at the end of this driving
and is kept during step (iv), so that the cycle is completed after
step (iv).

The thermalization process in step (iv) is assumed to be
described by a Markovian master equation, with a generator
L of the Gorini-Kossakowski-Lindblad-Sudarshan (GKLS)
form [40,41]. Its explicit form is not important, but it has to
admit the thermal equilibrium state ρth = e−βHS /ZS with ZS =
Tr e−βHS as its unique stationary state, satisfying L(ρth ) = 0,
where β = (kBT )−1 is the inverse temperature of the heat
bath B with kB the Boltzmann constant. One can think of
a standard amplitude-damping channel obeying the detailed
balance condition, such as the one considered in Sec. V.

The outcome i of the measurement appears just probabilis-
tically, with probability pi, and the state ρ

(i)
fin after a cycle

depends on the outcome of the measurement. We consider
the average state ρfin = ∑

i piρ
(i)
fin over all possible outcomes

of the measurement. The average evolution of S by the cycle
is given by the CPTP map E = ∑

i eLτ ◦ Ui ◦ Mi ◦ U . If this
map E is mixing, i.e., if EN (ρ) → ρ∗ as N → ∞, converging
to a unique fixed point ρ∗ for any input state ρ [42,43],
the evolution of S approaches a limit cycle. We are going
to discuss thermodynamics in such steady cycles with finite
τ [9], in which ρini = ρfin = ρ∗. Note that for τ → ∞ system
S completely thermalizes to ρth after every cycle, and we
have ρ∗ = ρth. If τ is finite, on the other hand, system S does
not completely thermalize to ρth after a cycle, but returns to
a nontrivial ρ∗ in the steady cycle. With a finite τ , we are
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allowed to discuss powers of the thermodynamic cycle such
as the heat flow and the work extraction per unit time [44–49].

There are minor differences among the protocols consid-
ered in the previous works. For instance, the protocols studied
in Refs. [6,8,24,26,28,31,33,34,36] consist basically of the
same steps as the one considered here, but they are assumed
to start and end with the thermal equilibrium state. In ad-
dition, in Ref. [6], the driven Hamiltonian need not return
to the initial one at the end of the protocol. In the protocol
considered here, on the other hand, the driven Hamiltonian
gets back to the initial one HS after step (iii) so that the cycle
is closed after step (iv), and the cycle is repeated with a finite
time τ without waiting for the thermalization of the working
substance S in step (iv). Reference [9] studies a finite-time
steady cycle, but the protocol does not have step (i) [i.e.,
U = 1, or it is absorbed in step (ii)], and the exchange of
heat with a heat bath occurs during the feedback control.
Heat exchange is allowed also during other steps in the pro-
tocol of Ref. [6]. In our protocol, the feedback process in
step (iii) and the thermal contact in step (iv) are separated.
The protocol considered in Ref. [12] to develop fluctuation
relations starts with the thermal equilibrium state and ends
without the last thermalization process, but some of the results
obtained there can be compared with the present work by
adding the thermalization step to close the cycle. Finally, we
assume that the thermal contact is described by a Markovian
generator, while it is described by a unitary process acting on
the coupled system S + B in Refs. [6,9]. In other words, we
assume weak interaction between system S and heat bath B in
step (iv) of the protocol considered here. It is also the case in
Refs. [8,24,26,28,31,33,34,36], where system S is assumed to
be thermalized with negligible correlations with heat bath B
after thermalization.

III. PURE QUANTUM MEASUREMENT

Before starting to discuss thermodynamics in the cycle
introduced in Sec. II, let us recall how to describe gen-
eral quantum measurements. We stress that general quantum
measurements implicitly include feedback controls in their
structure [37]. It is important to identify which part of the
effect of a general quantum measurement is considered to be
purely due to measurement and which part should be counted
as feedback control. Such classification between measure-
ments and feedback controls allows us to clarify the essential
roles of quantum measurements and feedback controls in the
thermodynamic cycle.

The statistics of the outcomes {i} of a general quan-
tum measurement is characterized by a positive operator-
valued measure (POVM) {�i} with �i � 0 and

∑
i �i = 1

[37–39,50]. The probability of getting outcome i by the mea-
surement in a state ρ is given by pi = Tr(�iρ). On the other
hand, the disturbance on the system by the measurement is de-
scribed by a set of CP maps {Mi}, called CP instrument [39].
When outcome i is obtained by the measurement, the state of
the measured system is changed as ρ → Mi(ρ) apart from
the normalization. The normalization gives the probability
of obtaining the outcome i, i.e., pi = Tr Mi(ρ) = Tr(�iρ),
and the sum over all possible outcomes of the measurement
M = ∑

i Mi is CPTP. The CP instrument of a general quan-

tum measurement reads [37–39]

Mi(ρ) =
∑

α

K (α)
i ρK (α)†

i . (3.1)

In this case, the POVM element for the outcome i of the mea-
surement is given by �i = ∑

α K (α)†
i K (α)

i in terms of the mea-
surement operators {K (α)

i } satisfying
∑

i

∑
α K (α)†

i K (α)
i = 1.

Note that the measurement described by a CP map Mi

of the form (3.1) can be interpreted as a coarse-grained
measurement, or an inefficient measurement [8,15,37,38,51].
Indeed, consider a measurement yielding pairs of measure-
ment outcomes (i, α), but discard the outcomes α, keeping
only outcomes i. This is a nonselective measurement regard-
ing α, and this feature is represented by the summation over
α in (3.1). In contrast, if each element Mi of a CP instrument
consists only of a single measurement operator Ki as

ME
i (ρ) = KiρK†

i , (3.2)

it would be considered as an efficient measurement, in
the sense that no coarse graining is involved. In this case,
the corresponding POVM element reads �i = K†

i Ki, and∑
i K†

i Ki = 1.
Those measurements, however, would not be simply con-

sidered as measurements, but could be regarded as quantum
operations involving feedback controls. To see this, consider
the polar decomposition of each measurement operator Ki of
the efficient measurement (3.2),

Ki = ViMi, Mi � 0, (3.3)

where Mi is a positive-semidefinite operator and Vi is a uni-
tary [37–39,50,52]. This unitary Vi can be considered as an
operation applied depending on the outcome i of the measure-
ment represented by the measurement operators {Mi} [37].
The measurement process (3.2) is indistinguishable with the
sequence of operations where first the measurement with {Mi}
is performed and then the feedback control is applied with
{Vi}. The measurement

MB
i (ρ) = MiρMi, Mi � 0, (3.4)

with the unitaries {Vi} removed from the measurement op-
erators, is called bare measurement [8,37] or minimally
disturbing measurement [38], and can be regarded as pure
quantum measurement. Note that the set of operators {Mi}
extracted by the polar decomposition in (3.3) satisfies the
condition for a CP instrument,

∑
i M2

i = ∑
i K†

i Ki = 1. In this
case, the POVM elements are given by �i = M2

i . Note that
this bare quantum measurement {MB

i } is a kind of unital
quantum measurement {MU

i } whose map MU = ∑
i MU

i is
unital, satisfying MU(1) = 1.

The general quantum measurement {Mi} in (3.1) is also
regarded as quantum operation consisting of bare quantum
measurement and feedback control. The polar decomposition
K (α)

i = V (α)
i M (α)

i with M (α)
i positive semidefinite and V (α)

i uni-
tary allows us to interpret the process represented by the CP
map (3.1) as the process where first efficient bare measure-
ment with {M (α)

i } is performed and then feedback control is
applied with {V (α)

i } depending on the outcome (i, α) of the
bare measurement. In this way, the general quantum measure-
ment {Mi} in (3.1) is endowed with the feedback structure.
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FIG. 2. The quantities Ims and Ifb appearing in the inequality (4.2) can be interpreted as the correlations after the quantum measurement and
after the feedback control, respectively, between system S and memory M recording the outcome of the measurement. Suppose that memory
M is initially prepared in a state, say |0〉M〈0|, and after the quantum measurement the outcome i of the measurement is recorded in a state
|i〉M〈i| of a complete set of orthonormal basis states of memory M. A feedback control Ui is then applied depending on the outcome i of
the measurement. In this scenario, the state, averaged over all possible outcomes i, of the composite system S + M after the measurement
(feedback) is given by ρ

(ms(fb))
SM = ∑

i piρ
(i)
ms(fb) ⊗ |i〉M〈i|. The quantum mutual information between S and M in this state gives I (ρ (ms(fb))

SM ) =
Ims(fb) appearing in the inequality (4.2), where the quantum mutual information is defined by I (ρSM ) = D(ρSM‖ρS ⊗ ρM ) = S(ρS ) + S(ρM ) −
S(ρSM ) with ρS = TrM ρSM and ρM = TrS ρSM , and quantifies the correlation between S and M [4,5,39,50,54]. Here, D(ρ‖σ ) = Tr[ρ(log ρ −
log σ )] is the quantum relative entropy and S(ρ ) = − Tr(ρ log ρ ) is the von Neumann entropy. Note that the quantum mutual information is
non-negative I (ρSM ) � 0, since the quantum relative entropy is non-negative D(ρ‖σ ) � 0 for any density operators ρ and σ .

The separation of feedback control and bare measurement
helps us identify the effects that are purely due to mea-
surements and those that can be considered due to feedback
controls in the thermodynamic cycle.

IV. THERMODYNAMICS

Let us now discuss thermodynamics in the feedback cycle
introduced in Sec. II.

A. First and second laws

The unitary operation in step (i) of the cycle changes the
energy of system S by WU = Tr(HSρU ) − Tr(HSρini ), which
is considered as work done on S [53]. The quantum mea-
surement performed in step (ii) disturbs the state of S, and
the energy of S is changed again. The amount of the change
in the energy of S by the quantum measurement is given
by Ems = ∑

i pi Tr(HSρ
(i)
ms) − Tr(HSρU ). The change in the

energy of S by the feedback control in step (iii) is con-
sidered as additional work done on S, which reads Wfb =∑

i pi Tr(HSρ
(i)
fb ) − ∑

i pi Tr(HSρ
(i)
ms). The energy transferred

from heat bath B to system S in step (iv) is heat. Under the
assumption of the Markovianity of the thermalization process
(with weak interactions with the heat bath), it is estimated by
Q = ∑

i pi Tr(HSρ
(i)
fin ) − ∑

i pi Tr(HSρ
(i)
fb ). In the steady cycle,

where ρini = ρfin = ρ∗, we get

WU + Ems + Wfb + Q = 0. (4.1)

This is the first law of thermodynamics in the protocol consid-
ered here.

As a second law of thermodynamics, we here present the
following generalized version of Clausius inequality for the
steady cycle:

βQ � −(�Sms + �Ifb). (4.2)

This is the key formula of the present paper. Note that this
holds for the finite-time steady cycle. This simply follows
from the monotonicity of the relative entropy under the action
of any CPTP map [4,5,39,54] (under the action of eLτ in the
present case). See Appendix A for the derivation of (4.2). In
this inequality, �Sms = S(

∑
i piρ

(i)
ms) − S(ρU ) represents the

increase in the von Neumann entropy S(ρ) = − Tr(ρ log ρ) of

system S by the quantum measurement performed in step (ii)
of the steady cycle. The other quantity �Ifb = Ifb − Ims is de-
fined in terms of Ims(fb) = S(

∑
i piρ

(i)
ms(fb) ) − ∑

i piS(ρ (i)
ms(fb)),

which can be interpreted as the correlation after the measure-
ment (feedback) between system S and memory M storing the
outcome i of the measurement, and is non-negative Ims(fb) � 0,
see Fig. 2. The quantity �Ifb represents the change in the
correlation by the feedback control.

If the right-hand side of the inequality (4.2) is vanishing (or
negative), we have βQ � 0, which is the standard Clausius
inequality. However, due to the backaction of the quantum
measurement �Sms and the effect of the feedback control
�Ifb, the right-hand side of the inequality (4.2) can be positive,
and the heat Q can actually become positive, leading to the
violation of the standard Clausius inequality (see the example
studied in Sec. V).

If we apply the inequality obtained in the previous
works [6,8,15] to the present scenario, we get the inequal-
ity (1.1), i.e.,

βQ � IQC, (4.3)

where IQC = S(ρU ) − ∑
i piS(ρ (i)

ms) is the QC-mutual informa-
tion, which quantifies the amount of information acquired by
the quantum measurement. The inequality (4.2) derived here
is tighter than this inequality (4.3). Indeed, the inequality (4.2)
is bounded by

βQ � −(�Sms + �Ifb) = IQC − Ifb � IQC, (4.4)

since Ifb � 0 as mentioned above. This also shows that the
inequality (4.3) holds also for the finite-time steady cycle,
while it was originally derived in Refs. [6,8,15] for a protocol,
which starts with the thermal equilibrium state ρth.

If we apply the formalism developed in Ref. [9] to the
present scenario, a different inequality is obtained,

βQ � �SM , (4.5)

where �SM = S(ρ (ms)
M ) − S(ρM ) represents the change in the

von Neumann entropy of the state of memory M by the
measurement process. Note that the memory scheme con-
sidered in Ref. [9] is different from the one considered in
Fig. 2. In Ref. [9], the measurement process is described by
a unitary transformation Ums acting on the composite system
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S + M, and the feedback control is represented by a uni-
tary gate Ufb on S + M controlled by the state of memory
M. The state of S + M after the measurement is given by
ρ

(ms)
SM = Ums(ρU ⊗ ρM )U †

ms, and it is further transformed to
ρ

(fb)
SM = UfbUms(ρU ⊗ ρM )U †

msU
†
fb by the feedback control. The

state of memory M after these processes is given by ρ
(ms)
M =

TrS ρ
(ms)
SM = TrS ρ

(fb)
SM . The inequality (4.2) derived here is also

tighter than the inequality (4.5). Indeed, the inequality (4.2) is
bounded by

βQ � −(�Sms + �Ifb) = �SM − I
(
ρ

(fb)
SM

)
� �SM, (4.6)

where I (ρ (fb)
SM ) is the quantum mutual information between

S and M in the state ρ
(fb)
SM , which is for sure non-negative

I (ρ (fb)
SM ) � 0. See the caption of Fig. 2 for the definition of the

quantum mutual information I (ρSM ).
The inequalities in (4.4) and (4.6) are valid for the steady

cycle with any time τ for the thermal contact in step (iv). The
inequality (4.2) is tighter than the previously known inequal-
ities (4.3) and (4.5) even in the standard scenario where the
working substance S is completely thermalized with τ → ∞
in step (iv) and the cycle starts with the thermal equilibrium
state ρth.

B. Measurement backaction and necessity of feedback
control for quantum Maxwell demon

The inequalities (4.3) and (4.5) show that the acquisition
of information by measurement, i.e., positive IQC > 0 in (4.3)
and positive �SM > 0 in (4.5), would allow us to achieve
Q > 0 and to go beyond the standard Clausius inequality
βQ � 0. The acquired information can be exploited via feed-
back control. In the quantum case, however, the necessity of
the feedback control to violate the standard Clausius inequal-
ity is not immediately obvious. The backaction of quantum
measurement might already lead to the violation of the
standard Clausius inequality without feedback control. The
inequality (4.2) helps us clarify this point: feedback structure
is indeed necessary to violate the standard Clausius inequality.

We first point out that the entropy change by a bare
quantum measurement {MB

i } of the type (3.4) is always
non-negative

�Sms � 0, (4.7)

due to the unitality of the bare quantum measurement
{MB

i } [5,54]. Now, if we do not apply any feedback Ui = 1
after the bare measurement MB

i , or if we simply apply some
control Ui = U0 irrespective of the outcome i of the bare mea-
surement MB

i , we have �Ifb = 0, due to the unitary invariance
of the von Neumann entropy S(U0ρU †

0 ) = S(ρ). In this case,
the inequality (4.2) is reduced to βQ � −�Sms � 0. This
means that the standard Clausius inequality βQ � 0 cannot
be violated solely by the bare quantum measurement without
feedback control. In other words, feedback control Ui depend-
ing on the outcome i of the measurement MB

i is necessary to
violate the standard Clausius inequality βQ � 0, by inducing
a negative enough �Ifb < 0.

A bare quantum measurement {MB
i } also yields a non-

negative QC-mutual information IQC � 0, since it falls into
the category of efficient quantum measurement (3.2) [55].

TABLE I. Effects of quantum measurements. Any unital quan-
tum measurement {MU

i }, therefore any bare quantum measurement
{MB

i }, results in a non-negative �Sms � 0 [5,54]. Any efficient quan-
tum measurement {ME

i }, therefore any bare quantum measurement
{MB

i }, yields a non-negative IQC � 0 [55]. In the other cases, these
quantities can take both positive and negative values, which is indi-
cated by indefinite. In particular, IQC can be negative by a general
quantum measurement [15,56].

backaction information
�Sms IQC

general measurement Mi indefinite indefinite

efficient measurement ME
i indefinite � 0

bare measurement MB
i � 0 � 0

See Table I. Then, the inequality (4.3) tells us that there
is a possibility of violating the standard Clausius inequality
βQ � 0. This, however, does not imply that feedback control
is necessary for the violation of the standard Clausius inequal-
ity βQ � 0. The inequality (4.3) is not informative enough
to exclude the possibility of violating the standard Clausius
inequality βQ � 0 by the backaction of a bare quantum mea-
surement without feedback control (irrespective of whether
the cycle starts with the thermal equilibrium state ρth or with
the fixed point ρ∗ of the finite-time steady cycle).

If a measurement gives rise to a negative �Sms < 0, the
right-hand side of the inequality (4.2) is positive even without
feedback �Ifb = 0. This appears to open the possibility of
violating the standard Clausius inequality βQ � 0 without
feedback control. This, however, should be understood in the
following way. If �Sms < 0, this implies that the measurement
is not a bare one. Then, as argued in Sec. III, the polar decom-
positions of the measurement operators of the measurement
reveal that feedback mechanism is implicitly embedded in
the measurement. In other words, such a measurement pro-
cess is indistinguishable with a bare measurement followed
by feedback control. Feedback control is hidden there. The
inequality (4.2) clarifies that such feedback structure is neces-
sary to violate the standard Clausius inequality βQ � 0. This
is the main message of the present paper.

In previous works [15,56], it is pointed out that a general
quantum measurement (3.1) can yield a negative QC-mutual
information IQC < 0, due to its coarse-graining character.
Then, according to the inequality (4.3), the standard Clausius
inequality βQ � 0 cannot be violated by such a general quan-
tum measurement, even if some additional feedback control
is applied after it. Since the inequality (4.2) is tighter than
the inequality (4.3) as shown in (4.4), the right-hand side of
the inequality (4.2) is also negative for a general quantum
measurement yielding IQC < 0. Note that, since

IQC = Ims − �Sms � −�Sms, (4.8)

a general quantum measurement yielding IQC < 0 gives rise
to �Sms > 0. The bound βQ � −(�Sms + �Ifb) � IQC < 0
shown in (4.4) implies that this positive �Sms > 0 cannot be
compensated by any feedback control, and the right-hand side
of the inequality (4.2) is bounded to be negative if IQC < 0.
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V. EXAMPLE: TWO-LEVEL SYSTEM

Let us look at an example. We consider a two-level system
S, which has two energy levels {|0〉, |1〉} with an energy gap
ε. Its Hamiltonian is given by HS = ε|1〉〈1|.

We consider quantum measurements with two outcomes
for step (ii) of the protocol. Since any quantum measurement
process is equivalent to a bare measurement {MB

i } followed
by feedback control {Ui}, we restrict the measurement in
step (ii) to bare measurements {MB

i }, without loss of gen-
erality. Feedback control {Ui} is applied after it in step (iii).
We parametrize the measurement operators {Mi} of the bare
measurement {MB

i }, which should be positive-semidefinite
M0, M1 � 0 and satisfy the normalization condition M2

0 +
M2

1 = 1, as

M0 = V

(√
r 0

0
√

s

)
V †,

M1 = V

(√
1 − r 0
0

√
1 − s

)
V †, (5.1)

and generate r and s randomly and uniformly over the range
r, s ∈ [0, 1], and a unitary V according to the Haar measure.
The unitaries U and {Ui} in steps (i) and (iii) are also randomly
sampled according to the Haar measures.

The thermalization process eLτ in step (iv) is modeled by
the following generator L of the GKLS form:

L(ρ) =− i

h̄
[HS, ρ]

− 1

2
γ (1 + nB)(L†

−L−ρ+ ρL†
−L−− 2L−ρL†

−)

− 1

2
γ nB(L†

+L+ρ + ρL†
+L+ − 2L+ρL†

+), (5.2)

where L− = |0〉〈1| and L+ = |1〉〈0| are jump operators, γ is
a decay rate, and nB = (eβε − 1)−1 is the Bose distribution
function. This thermalizes S as eLτ (ρ) → ρth = e−βHS /ZS in
the long-time limit τ → ∞ for any state ρ, but we apply this
map for a finite time τ .

Once the measurement operators {Mi} and the unitaries U
and {Ui} are sampled, we numerically find the fixed point ρ∗
of the thermodynamic cycle E = ∑

i=0,1 eLτ ◦ Ui ◦ MB
i ◦ U ,

and evaluate the relevant thermodynamic quantities in the
steady cycle. The heat Q absorbed by the two-level system S
from the heat bath B and its upper bound −kBT (�Sms + �Ifb)
given by the generalized second law (4.2) are evaluated for
sampled protocols and shown in Fig. 3(a). The dots in the
shaded region are the samples with Q > 0. There are actually
cycles that violate the standard Clausius inequality βQ �
0. The energy gain Ems by the measurement and the work
W = WU + Wfb done on S by the unitary operation in step (i)
and the feedback control in step (iii) are shown in Fig. 3(b).
The dots in the shaded region are the samples with Q =
−(WU + Ems + Wfb) > 0, violating the standard Clausius in-
equality βQ � 0. The measurement backaction can induce
both Ems > 0 and Ems < 0. In particular, there are cycles
yielding Ems < 0, W = WU + Wfb > 0, and Q > 0. In this
case, work is not extracted by the controls (W = WU +
Wfb > 0), and the absorbed heat (Q > 0) completely dissi-
pates by the backaction of the measurement (Ems < 0). This

FIG. 3. Thermodynamic quantities in steady cycles for the two-
level system S. (a) The heat Q absorbed by S from heat bath B and its
upper bound −kBT (�Sms + �Ifb ) given by the generalized second
law (4.2). The region below the solid line is the region allowed
by the generalized second law (4.2). (b) The work W = WU + Wfb

done on S by the unitary operation in step (i) and the feedback
control in step (iii) vs the energy gain Ems by the backaction of the
measurement. The measurement operators {M0, M1} and the unitaries
U and {U0,U1} are randomly sampled, as explained in the text.
The parameters are chosen to be kBT = β−1 = ε, γ = 0.1ε/h̄, and
τ = 2h̄/ε. In both (a) and (b), the dots in the shaded regions are the
samples with Q = −(WU + Ems + Wfb ) > 0, violating the standard
Clausius inequality βQ � 0.

never happens in classical thermodynamic cycles, and this
is a characteristic feature in quantum thermodynamics. In
Fig. 4, the data obtained by the sampling under the con-
straint U0 = U1 (with no feedback) are shown. In this case,
there is no cycle that violates the standard Clausius inequal-
ity βQ � 0. Feedback control is necessary to violate the
standard Clausius inequality βQ � 0. On the other hand,
there are cycles in which work is extracted (W = WU +
Wfb < 0) by the controls, even though heat is not supplied
(Q < 0) by heat bath B. This work extracted by the con-
trols, W = WU + Wfb < 0, is supplied by the measurement,
Ems > 0. This is also due to the backaction of the measure-
ment. This regime (Ems > 0, Q < 0, and W < 0 with U0 =
U1) is explored in Refs. [24,26,28,33,34] as a measurement-
based heat engine, but with the thermal state ρ∗ = ρth in the
limit τ → ∞.

One can also see from Figs. 3(b) and 4(b) that en-
ergy dissipation Ems < 0 by measurement can easily happen
(the positivity of Ems > 0 is often argued in the context of
measurement-based heat engine [24,26,28,33,34]). It remains
the case (Ems < 0 can happen) even when each cycle starts
with the thermal state ρ∗ = ρth in the limit τ → ∞, because
the unitary operation performed in step (i) breaks the passivity

FIG. 4. The same as Fig. 3, but with the feedback unitary after
the measurement is randomly sampled under the constraint U0 = U1

(no feedback).
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FIG. 5. Thermodynamic quantities per unit time, Q/τcycle,
W/τcycle = (WU + Wfb )/τcycle, and Ems/τcycle, in the steady cycle with
period τcycle, for the two-level system S. Here, the time spent for
W = WU + Wfb and Ems is assumed to be negligible compared to the
time τ spent for the thermal contact, and hence, τcycle � τ . The time τ

for the thermal contact is set at τ = 0.02h̄/ε for (a) and (b), τ = 2h̄/ε

for (c) and (d), and τ = 20h̄/ε for (e) and (f). The other parameters
are kBT = β−1 = ε and γ = 0.1ε/h̄.

of the thermal state ρth. On the other hand, even in this case,
with each cycle starting with the thermal state ρ∗ = ρth in the
limit τ → ∞, we are sure about the positivity WU + Ems �
0, since the combined operation {MB

i ◦ U} in steps (i)–(ii)
can be regarded as a unital measurement. See Appendix B
for a proof of the passivity of thermal state against unital
measurement (see also Ref. [33]). If no feedback is applied
in step (iii), namely, if we apply a common unitary in step
(iii) irrespective of the outcome i of the measurement, we get
WU + Ems + Wfb � 0, since in this case the combined opera-
tion {Ui ◦ MB

i ◦ U} in steps (i)–(iii) as a whole can also be
regarded as a unital measurement. Recalling the first law (4.1),
this also proves that the standard Clausius inequality βQ � 0
holds when the cycle starts and ends with the thermal state
ρth with no feedback applied in the cycle. In the case of the
finite-time steady cycle with a finite τ , on the other hand,
the proof strategy employed in Appendix B is not useful to
get the conclusion that βQ � 0 holds in the absence of the
feedback, due to the presence of the negative last term in (B1)
of Appendix B.

Let us also look at the powers of the feedback cycle consid-
ered here, i.e., the heat power Q/τcycle induced by the contact

with heat bath B in step (iv), the work power W/τcycle =
(WU + Wfb)/τcycle by the unitary controls U and {Ui} in steps
(i) and (iii), and the power Ems/τcycle by the measurement
{Mi} in step (ii), in the steady cycle with its period denoted
by τcycle. Note that, if S is fully thermalized with τ → ∞ in
step (iv), these powers vanish. Finite powers are obtained with
a finite cycle period τcycle. We here focus on the regime where
the time spent for the controls U , {Ui}, and the measurement
{Mi} is negligible compared to the time τ spent for the ther-
mal contact, and hence, τcycle � τ . See Fig. 5. The maximum
powers are enhanced as the time τ for the thermal contact is
reduced. Higher powers are available by faster cycles, within
the regime considered here.

VI. CONCLUSIONS

We discussed the quantum Maxwell demon in a thermody-
namic feedback cycle in the steady-state regime. We derived
a generalized version of the Clausius inequality (4.2) valid for
a finite-time steady feedback cycle. This allowed us to answer
the question raised in Sec. I: Feedback control is necessary to
violate the standard Clausius inequality even in the finite-time
steady cycle. The backaction of a pure quantum measurement
just disturbs the working substance and increases its entropy.
This should be compensated by a feedback control, exploiting
the information acquired by the measurement, to violate the
standard Clausius inequality.

In this work, we have just considered a simple feedback
cycle with a single heat bath. Generalization to feedback cy-
cles involving multiple heat baths would be worth exploring.
This would allow us to cover more interesting nonequilibrium
situations [9,29,57–60].
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APPENDIX A: PROOF OF THE GENERALIZED
SECOND LAW (4.2)

The generalized second law (4.2) is derived solely from the
monotonicity of a quantum relative entropy under the ther-
malization process in step (iv) of the steady cycle. Recall that
the quantum relative entropy D(ρ‖σ ) = Tr[ρ(log ρ − log σ )]
monotonically decreases as D(E (ρ)‖E (σ )) � D(ρ‖σ ) under
the action of any CPTP map E [4,5,39,54]. Applying this
monotonicity to ρ = ρfb = ∑

i piρ
(i)
fb , σ = ρth, and E = eLτ ,

we get

0 � D(ρfb‖ρth ) − D(eLτ (ρfb)‖eLτ (ρth ))

= D(ρfb‖ρth ) − D(ρfin‖ρth )

= −S(ρfb) + β Tr(HSρfb) + S(ρfin) − β Tr(HSρfin)

= −[S(ρfb) − S(ρ∗)] − β[Tr(HSρ∗) − Tr(HSρfb)]

= −(�Ifb + �Sms) − βQ, (A1)
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where we have used the stationarity L(ρth ) = 0 of the thermal
state ρth = e−βHS /ZS , the cyclicity condition ρfin = ρini = ρ∗,
and

S(ρfb) − S(ρ∗) = S

(∑
i

piρ
(i)
fb

)
−

∑
i

piS
(
ρ

(i)
fb

)

+
∑

i

piS(ρ (i)
ms) − S

(∑
i

piρ
(i)
ms

)

+ S

(∑
i

piρ
(i)
ms

)
− S(ρU )

= �Ifb + �Sms, (A2)

noting S(ρ (i)
fb ) = S(Uiρ

(i)
msU

†
i ) = S(ρ (i)

ms) and S(ρU ) =
S(Uρ∗U †) = S(ρ∗). This proves the generalized second
law (4.2).

APPENDIX B: ENERGY GAIN BY UNITAL QUANTUM
MEASUREMENT ON THE THERMAL STATE

The energy gain EU
ms by the backaction of a unital quantum

measurement {MU
i } performed in the thermal state ρth is al-

ways non-negative EU
ms � 0. Let us prove it in this Appendix.

If a general quantum measurement {Mi} is performed in a
general state ρ, not necessarily thermal, we have

Ems = kBT [�Sms + D(ρms‖ρth ) − D(ρ‖ρth )], (B1)

where ρms = M(ρ) is the average state after the measure-
ment, Ems = Tr(HSρms) − Tr(HSρ) and �Sms = S(ρms) −
S(ρ) are the energy gain and the entropy change by the
measurement, respectively, and ρth = e−βHS /ZS is a reference
thermal state at an inverse temperature β = (kBT )−1. If the
measurement is a unital one {MU

i } and if it is performed
in the thermal state ρ = ρth, the energy gain by the unital
measurement {MU

i } can be bounded by

EU
ms = kBT

[
�SU

ms + D
(
ρU

ms

∥∥ρth
)]

� kBT �SU
ms � 0, (B2)

since D(ρU
ms‖ρth ) � 0, and �SU

ms � 0 by any unial measure-
ment [5,54] (superscripts “U” have been put to the quantities to
emphasize that the quantities are specialized to the case with
the unital measurement).

This shows that no energy dissipation EU
ms < 0 can be

induced by a unital quantum measurement {MU
i } performed

in the Gibbs state ρth. This is due to the passivity of the
Gibbs state ρth: no energy can be extracted by cyclic unitary
operation [61,62]. Note that MU = ∑

i MU
i is a unital map,

and any unital evolution can be expressed as a mixture of
unitary processes with the unitaries depending on the input
state [63]. The passivity against the backaction by unital quan-
tum measurement is also discussed in Ref. [33].
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