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Modeling fluid polyamorphism through a maximum-valence approach
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We suggest a simple model to describe polyamorphism in single-component fluids using a maximum-valence
approach. The model contains three types of interactions: (i) Atoms attract each other by van der Waals forces
that generate a liquid-gas transition at low pressures, (ii) atoms may form covalent bonds that induce association,
and (iii) atoms with maximal valence attract or repel each other stronger than other atoms, thus generating liquid-
liquid separation. As an example, we qualitatively compare this model with the behavior of liquid sulfur and show
that condition (iii) generates a liquid-liquid phase transition in addition to the liquid-gas phase transition.
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I. INTRODUCTION

The existence of two alternative liquid phases in a single-
component substance is known as liquid polyamorphism
[1–3]. A substance may be found to be polyamorphic by
experimentally or computationally detecting a liquid-liquid
phase transition (LLPT), which could be terminated at a
liquid-liquid critical point (LLCP) [4,5]. Liquid polyamor-
phism has been observed in a variety of substances including
hydrogen [6–10], helium [11,12], sulfur [13], phosphorous
[14,15], and liquid carbon [16], while being proposed to exist
in selenium and tellurium [17,18] and in various oxides [3],
e.g., silica [19–21]. It has also been hypothesized in super-
cooled silicon [5,22] and in metastable deeply supercooled
water below the temperature of spontaneous ice nucleation
[1–3,23–31].

The phenomenon of liquid polyamorphism could be
understood through the interconversion of the two alternative
molecular or supramolecular states via a reversible reaction
[2,32,33]. While for some polyamorphic systems, like
supercooled water, this approach is still being debated,
there are substances (such as hydrogen, sulfur, phosphorous,
and liquid carbon) where liquid-liquid phase separation
is indeed induced by a chemical reaction. For example,
it was recently discovered that high-density sulfur, well
above the liquid-gas critical pressure (in the range from 0.5
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to 2.0 GPa), exhibits a LLPT indicated by a discontinuity
in density from a low-density-liquid (LDL) monomer-rich
phase to a high-density-liquid (HDL) polymer-rich phase
[13]. This liquid-liquid transition is found in a polymerized
state of sulfur (observed above 160 ◦C at ambient pressure
[34–38]). However, with a further increase of temperature,
as the system approaches the liquid-gas phase transition
(LGPT), the polymer chains gradually dissociate. Another
liquid-liquid transition accompanied by a chemical reaction
has been predicted in hydrogen at extremely high-pressures
[39–43], and although the first-order phase transition is still a
subject of debate in the literature [44–46], two liquid phases
of hydrogen have been observed, in which liquid-molecular
hydrogen (dimers) dissociates into atomistic-metallic
hydrogen [6–10].

In this work, motivated by the recent discoveries of the
LLPT in sulfur [13] and hydrogen [6–10], we propose a sim-
ple model to describe liquid polyamorphism in a variety of
chemically reacting fluids. The model combines the ideas of
two-state thermodynamics [2,28] with the maximum-valence
approach [47–49], in which atoms may form covalent bonds
via a reversible reaction, changing their state according to
their bond number. By mimicking the valence structure and
maximum bond number z, our model predicts the LLPT
in systems with dimerization (z = 1), polymerization (z =
2), and gelation (z > 2). As an example, we compare the
molecular-dynamics (MD) simulations with the phase behav-
ior of sulfur. In particular, we show that when the bonded
atoms are more strongly attracted to each other than to the
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FIG. 1. Reactions and interactions in the maximum-valence model. (a) The three types of covalent bond-forming reversible chemical
reactions that may occur in the system. If two atoms without bonds (S0) collide with each other, they may form a bond and become S1 atoms.
If an S0 atom and an S1 atom collide, they may form a bond and become S1 and S2 atoms, respectively. If two S1 atoms collide with each other,
they form an additional bond and become S2 atoms. (b)–(d) The three major interactions between atoms in which each atom is composed of a
core and shell, both with a radius σ and mass m. Here U (r) is the pair potential energy and r is the distance from the center of an atom. (b) The
cores of each atom interact with an attractive square well of depth ε = 1 and width w = 0.4. (c) The shells may react to form covalent bonds
that consist of a narrow well with depth εb = 1 and width wb = 0.02. (d) Phase segregation is coupled to polymerization via the additional
attractive interactions between atoms in state S2, described by a square well of depth ε22 = 0.5 and width w22 = 0.3.

unbonded atoms, phase separation is coupled to polymeriza-
tion generating the LLPT in sulfur.

II. MAXIMUM-VALENCE MODEL

We model the polymerization of a sulfurlike system (z =
2) by characterizing each atom by its coordination number, the
number of bonds it has with other atoms. Depending on the
coordination number, each atom is assigned to distinguished
states S0 (with zero bonds), S1 (with one bond), and S2 (with
two bonds). Atoms cannot form more than two bonds and
consequently will polymerize into a linear polymer. All of
the atoms in the system may change their state by forming or
breaking a covalent bond via a reversible reaction. Figure 1(a)
depicts the three types of reversible reactions that may occur
in the system. In this work we demonstrate that the minimum
ingredients required to produce a LLPT are the following:
(i) the van der Waals interactions between atoms, which
produce a LGPT; (ii) covalent bonds between atoms, which
induce polymerization; and (iii), as we hypothesize, additional
van der Waals interactions between atoms with maximum
valency (having two bonds), which couple phase segregation
to polymerization. These three ingredients are illustrated by
square-well potentials in Figs. 1(b)–1(d).

Physically, the additional attraction between atoms in
neighboring chains may stem from the fact that in real
polymers the covalent bond is shorter than the diameter of
the unbonded (free) atoms such that the attractive wells of
bonded atoms in neighboring chains overlap with each other
[4,50–54]. This effectively creates an additional zone of at-
traction between polymer chains, which is a common attribute

that produces LLPTs in soft-core potentials [4,52]. In these
models, the atoms which penetrate the soft core can be re-
garded as bonded, which generates an additional effective
attractive well due to the fact that such bonded atoms have
more neighbors in their attractive range [55]. However, the ex-
plicit shortening of the covalent bonds between atoms would
require the development of a microscopic Hamiltonian for
this phenomenon, which would be most desirable for a future
study. Therefore, in this work, for simplicity, instead of short-
ening the length of the covalent bonds, this effect is accounted
for in the model through the additional effective square-well
attraction (iii). Without this potential, with characteristic en-
ergy ε22, no LLPT will occur. We note that this simplification
is in the spirit of common semiphenomenological models of
nonideal binary mixtures, such as the Flory-Huggins theory of
polymer solutions [56–59] or a regular-solution model [60].

To verify our hypothesis, we implement these three
ingredients of interactions via an event-driven MD tech-
nique [61,62]; in particular, we use a discrete MD package
that only includes particles interacting through spherically
symmetric stepwise potentials, which may form bonds via
reversible reactions [63]. We simulate an NV T ensemble of
N = 1000 atoms in a cubic box with periodic boundaries at
various constant densities and temperatures. The temperature
is controlled by a Berendsen thermostat [64]. The van der
Waals and covalent-bonding interactions are implemented by
separating each atom into two overlapping hard spheres (a
core and a shell), with the same diameter σ and mass m [see
Figs. 1(b)–1(d)]. The connection between the core and its shell
is represented by an infinite square-well potential of width
d � σ . All reported simulations were made for d = 0.1, but
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we observe only minor changes in the results for d → 0.
The cores and shells of different atoms do not interact with
each other. The core represents the atom without its valence
electrons. It interacts with other cores via a wide potential
well with depth ε and width w = 0.4σ [the parameters are
chosen as an example; see Fig. 1(b)], which models the van
der Waals interactions in the system. Meanwhile, the shell
represents the outer valence electron cloud. It interacts with
other shells via a narrow potential well with depth εb = ε

and width wb = 0.02σ [Fig. 1(c)], which models the break-
ing and forming of covalent bonds. In the absence of the
shell, this system has a liquid-gas critical point (LGCP) at
ρLG

c = N/V = 0.35 ± 0.05, T LG
c = 1.04 ± 0.01, and PLG

c =
0.094 ± 0.005 [54], well above the equilibrium crystallization
line, which we force to be at low temperature by selecting the
appropriate width w of the potential. We note that all physical
parameters are normalized by the appropriate combination of
mass m, length σ , and energy ε units, as used in Ref. [54].
When the shell interactions are included and the system may
form covalent bonds, the location of the LGCP changes, but
not significantly. In addition to the wide and narrow wells, we
introduce an additional attractive potential well [with depth
ε22 = 0.5ε and width w22 = 0.3σ ; see Fig. 1(d)] for the van
der Waals interaction between the shells of the atoms with two
bonds (both in the state S2), which are not chemically bonded
to each other.

We note that during either the formation or breaking of
a bond, the new state of the reacting particles may modify
the potential energy of the interactions with their nonbonded
neighboring particles [63]. In our model, this occurs when
particles in the state S1 convert to the state S2 (or vice
versa). To maintain the conservation of energy, we calcu-
late the change of the total potential energy �U due to the
change of the state of the reacting particles and subtract it from
the kinetic energy of the reacting pair. As a consequence, the
equations for computing the new velocities [63] may not have
real solutions. In this case, the bond will not form or break
and the reacting particles will conserve their states through an
elastic collision.

In this work we obtain a detailed phase diagram of the
model using the values of the square-well depths and widths
illustrated in Figs. 1(b)–1(d). In addition, we investigate the
effect of εb and ε22 on the position of the liquid-liquid (LL)
and liquid-gas (LG) critical points.

III. RESULTS: LIQUID-LIQUID PHASE TRANSITION

Figure 2(a) illustrates isotherms on a pressure-density
(P-ρ) plane, which exhibit two sets of van der Waals loops.
The loops correspond to the LGCP, located at low density
and pressure, and the LLCP, located at a higher density and
pressure. Figure 2(b) illustrates the LG and LL coexistence
on a P-T plane along with the critical isochores. At the
triple point, the gaseous, LDL, and HDL phases coexist. In
contrast to the ST2 model for water [27], but in agreement
with spherically symmetric models [4,65], the P-T line of
the LL coexistence has a positive slope. Simulation snapshots
depicted in Fig. 3 show the segregation of polymer-rich, HDL,
and polymer-poor, LDL, phases.

FIG. 2. Phase diagrams for the maximum-valence model (with
ε22 = 0.5 and εb = 1.0) obtained in an NV T ensemble after t = 106

time units. (a) The isotherms in the P-ρ plane are T = 0.96–1.20 (red
to purple) in steps �T = 0.02. (b) The liquid-gas and liquid-liquid
critical isochores in the P-T plane are ρLG

c = 0.35 and ρLL
c = 0.81

as indicated by the lower and upper dashed lines, respectively. In
both figures, the liquid-gas and liquid-liquid coexistence curves are
calculated via the Maxwell construction and indicated by the solid
curves. The liquid-gas (T LG

c = 1.023, PLG
c = 0.0922, and ρLG

c =
0.35) and liquid-liquid (T LL

c = 1.187, PLL
c = 2.28, and ρLL

c = 0.81)
critical points are indicated by the red open circles, while the triple
point (PTP = 0.0738 and T TP = 0.995) is indicated by the black open
circle.

FIG. 3. Simulation snapshots of the system exhibiting phase seg-
regation at T = 1.00 and ρ = 0.75 in the LL coexistence region for
(a) N = 1000 and (b) N = 8000 (in which the image size is reduced
by a factor of 2). Red, green, and blue spheres indicate atom states
S0, S1, and S2, respectively.
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FIG. 4. (a) T -ρ phase diagram for the maximum-valence model (with ε22 = 0.5 and εb = 1.0) obtained in an NV T ensemble after t = 106

time units. Also shown is the temperature dependence of (b) the fraction of atoms with two bonds φ2 and (c) the average chain length 〈n〉 in
two coexisting liquid phases. The simulation data in (b) are fit to a second-order polynomial, while in (c) the curve is provided as a guide.

Figure 4(a) presents the LG and LL coexistence curves
on a T -ρ phase diagram. Although there is a distribution of
polymer chains with varying lengths, a simple way to char-
acterize the degree of polymerization is to find the fractions
φ0, φ1, and φ2 of atoms in states S0, S1, and S2. Due to
the conservation of the number of atoms, φ0 + φ1 + φ2 = 1.
The fraction φ2 is computed based on the asymmetric LL
coexistence curve [Fig. 4(a)]. Remarkably, φ2 is found to
be symmetric and centered around φ2 = 0.5, as shown in
Fig. 4(b). Consequently, the sum φ0 + φ1 = 1 − φ2 has the
same symmetry. This feature suggests that 1 − φ2 may be
viewed as the appropriate order parameter for the LLPT cou-
pled with polymerization. In contrast, the density ρ − ρLG

c is
the order parameter for the LGPT, as commonly accepted. The
symmetric nature of φ2, as well as the fact that S1 atoms are
the intermediate states in the formation of polymer chains,
enables a two-state thermodynamic approach [2] by reducing
this model to two alternative states, with fractions φ2 and
φ0 + φ1.

The LLPT coexistence curve is on the T -〈n〉 plane
[Fig. 4(c)], where 〈n〉 is the average length of a polymer chain
among those containing at least one atom in state S2, namely,
trimers or longer polymer chains. The strong temperature
dependence of 〈n〉 in the phase segregation region proves
that the LLPT is associated with polymerization. Neither φ2

nor 〈n〉 shows any discontinuity as a function of density and
temperature, although 〈n〉 shows a strong asymmetry toward
the HDL phase.

IV. LOCATION OF CRITICAL POINTS

With the values of parameters considered in the previous
sections, the system acquires a LLPT terminating at a sec-
ond critical point located at T LL

c = 1.187, PLL
c = 2.28, and

ρLL
c = 0.81. We have investigated the dependence of the lo-

cation of the LLCP and LGCP on the three key parameters
of the model: the range of van der Waals interactions w, the
bond strength εb, and the interaction energy between bonded
and unbonded atoms, ε22, presented in Fig. 5. Each of the
parameter sets produces a LLCP at much higher pressures
than the LGCP, which practically remains the same as the
square-well model without bonds [66]. We observe that the
reduction of the interaction energy ε22 proportionally reduces
T LL

c and PLL
c [see Figs. 5(a) and 5(b)]. This indicates that

the attraction between atoms in state S2 is crucial for the

existence of the LLPT, since decreasing the interaction energy
further decreases PLL

c to negative pressures and eventually
to a point in the metastable region below the liquid-gas co-
existence curve, where the LLCP effectively disappears. We
find that for all simulations with ε22 > 0.55ε, the LGCP
moves into the metastable region of the LLCP and effectively
disappears, while for ε22 < 0.35ε, the interactions between
polymer chains are too weak to produce the LLCP.

FIG. 5. Effect of different interaction parameters on the critical
point locations in the maximum-valence model for (a)–(c) w = 0.4σ

for increasing the bond energy εb with interaction energy between
bonded atoms: ε22 = 0.55ε (purple), ε22 = 0.50ε (red), ε22 = 0.45ε

(green), ε22 = 0.4ε (orange), and ε22 = 0.35ε (blue). In (a) the ra-
tio of the critical pressures exponentially decreases as PLL

c /PLG
c ∼

460(ε22ε) exp[−εb/(0.55ε)], while in (b) the ratio of the critical
temperatures decreases linearly as T LL

c /T LG
c ∼ −1.27εbε22/ε

2 and in
(c) the ratio of critical densities shows a general decreasing trend
indicated by the second-order polynomial guidelines (dashed lines).
In (d) the ratio of the critical temperatures is inversely related to the
width of the van der Waals interaction well, T LL

c /T LG
c = 0.54σ/w,

for ε22 = 0.5ε and εb = 0.5ε.
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In contrast, increasing the bond strength εb does not indi-
cate that the LLCP is going to disappear. Increasing the bond
energy produces a slight increase in T LL

c and ρLL
c while pro-

ducing a significant decrease in PLL
c as shown in Figs. 5(a)–

5(c). We note that when the bond energy becomes larger
than the van der Waals interaction energy εb > ε, the LLCP
drops to negative pressures (or in some cases drops below
the crystallization line) and may disappear. This indicates that
increasing the strength of polymer bonds is not crucial for the
existence of the LLPT. In addition, we find that by increasing
the width of the van der Waals interaction potential attraction
between cores w causes T LL

c to increase slightly while pro-
ducing a greater increase in T LG

c [see Fig. 5(d)]. Meanwhile,
increasing w causes the inverse effect in PLL

c and PLG
c while

leaving ρLL
c essentially unaffected, while ρLG

c reduces as in
[54]. We note that the maximum-valence model produces
a LLCP even when the bond energy is zero [as shown in
Figs. 5(a)–5(c) for w = 0.4σ ]. This indicates that the inter-
play between the van der Waals interaction and the attraction
between bonded atoms is crucial to generate the LLPT, while
the strength of the bond is secondary to this effect.

To compare the critical point behavior in the maximum-
valence model with sulfur, we consider the ratio of the LLCP
and LGCP parameters. For sulfur, these ratios are PLL

c /PLG
c =

104, T LL
c /T LG

c = 0.78, and ρLL
c /ρLG

c = 3.4 [13,67]. Figure 5
depicts the behavior of the critical-point parameters for the
maximum valence model. As illustrated in Fig. 5(a), we find
that the ratio of critical pressures scales linearly with ε22

and exponentially with εb as PLL
c /PLG

c ∼ 460(ε22/ε)e−εb/0.55ε .
We also find that the ratio of critical temperatures is lin-
early related to εb and ε22 as T LL

c /T LG
c ∼ −1.27εbε22/ε

2 [see
Fig. 5(b)] while also being inversely proportional to w as
the ratio T LL

c /T LG
c ≈ 0.54σ/w [see Fig. 5(d)]. Meanwhile, as

illustrated in Fig. 5(c), the critical density shows a general
decreasing trend with an increase of εb. From the general
trends presented in Fig. 5, we find that the best parameter sets
in the maximum-valence model that produce ratios that match
with sulfur exist for large van der Waals interaction width w

and small bond energies εb � ε at large interaction potentials
between bonded atoms ε22. The values w = 0.7σ , ε22 = 0.5ε,
and εb = 0.0ε produce PLL

c /PLG
c = 69.5, T LL

c /T LG
c = 0.78,

and ρLL
c /ρLG

c = 3.30, values which are close to the ratio in
sulfur [13,67].

V. FURTHER COMPARISONS WITH THE BEHAVIOR
OF SULFUR

Qualitatively, the phase diagram of sulfur matches that of
the maximum-valence model with a specific set of interac-
tion parameters. In sulfur, the LGCP is located at T LG

c =
1314 K, PLG

c = 20.7 MPa, and ρLG
c = 563 kg/m3 [67], while

the LLCP is located at T LL
c = 1035 K, PLL

c = 2.15 GPa, and
ρLL

c ≈ 2000 kg/m3 [13] such that the ratio of the LL to LG
critical parameters qualitatively matches the predictions of the
maximum-valence model. We note that the behavior of sulfur
is more complicated away from the LLPT since liquid sulfur
contains octamers that (above the λ transition [34–38]) are to
be broken down upon heating before polymerization can occur
[37]. Since in the considered formulation of the maximum-
valence model we consider atoms that form linear polymers,

FIG. 6. (a) Density correlation function g(r) and (b) structure
factor S(q) across the liquid-liquid transition at T = 1.00 for den-
sities of ρ = 0.65 (blue), ρ = 0.70 (orange), ρ = 0.75 (green), ρ =
0.80 (red), ρ = 0.85 (purple), and ρ = 0.90 (black). In (a) the sharp
peak, around r = 1 (in units of σ ), corresponds to the length of the
covalent bond, which increases upon increasing density. Simultane-
ously, in (b) the maximum of the structure factor (the first peak) shifts
to larger wave numbers upon increasing density, while the second
peak acquires a characteristic bump, similar to what was recently
observed in sulfur [13]. The divergence of the structure factor at
q = 0 indicates the divergence of the isothermal compressibility in
the vicinity of the LLCP. The insets (dashed boxes) highlight the
behavior of the maximum of the correlation function and second peak
of the structure factor.

this mimics the valence structure and bond formation of sulfur
in the vicinity of the LLPT.

Also, the computed structure factor contains qualitative
similarities to the LLPT in sulfur. In Fig. 6 we depict the struc-
tural differences between the LDL and HDL phases through
the density correlation function g(r) and the structure factor
S(q) for several densities at constant temperature near the
liquid-liquid coexistence (computed for the atom cores). In
Fig. 6(a) the g(r) shows a sharp peak corresponding to the
covalent bond length r = 1.02σ , in the HDL phase. Corre-
spondingly, the structure factor shows a shift in the first peak
to a larger wave number q, while the second peak changes
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due to polymerization. This change is similar to what was
observed in a recent experiment on sulfur [13]. In addition,
S(q) shows a dramatic increase as q → 0 for the points
corresponding to the equilibrium between two liquid phases
[see Fig. 6(b)], which is indicative of the divergence of the
isothermal compressibility. We note that in this work, we find
a gas-LDL-HDL triple point, while in the recent experimental
work on sulfur [13], the solid-LDL-HDL triple point is ob-
served. In principle, this triple point may be reproduced in
the maximum-valence model by fine-tuning the parameters,
which requires further investigation.

VI. CONCLUSION

The maximum-valence model describes liquid polyamor-
phism in a variety of chemically reacting fluids. By tuning
the maximum valence z (maximum coordination number) of
the model, the liquid-liquid phase transitions in these systems
could be investigated. We show that when the atoms with
maximal valence attract each other more strongly than other
atoms or when atoms with maximal valence repel from each
other and other atoms the LLPT is generated by the coupling
between phase separation and the chemical reaction. In this
work we compared the model with z = 2 to the behavior of
liquid sulfur. Our results show that the LLPT predicted by the
model qualitatively reproduces the LLPT in sulfur at a high
pressure and temperature.

The model could also be used to study the LLPTs in
systems with other maximum valence numbers. For instance,
when z = 1, the LLPT is induced by dimerization (e.g., hydro-
gen at extremely high pressures [6–10]). For z � 3, the LLPT
could be induced either by gelation or by molecular network
formation [47]. For example, it could be used to model the
phase behavior of liquid phosphorous with z = 3 [14,15] as
well as silicon [5], silica [20,21], or supercooled water with
z > 3 [24,49]. In a future study, the two-state thermodynamics
of liquid polyamorphism [2,32,33] could be applied to these
systems to develop the equation of state, which would deter-
mine the anomalies of the physical properties in this system,
especially near the critical points.
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