PHYSICAL REVIEW E 106, 014613 (2022)

Active responsive colloids coupled to different thermostats
Polina Gaindrik ®,' Upayan Baul,' and Joachim Dzubiella® -2
'Applied Theoretical Physics—Computational Physics, Physikalisches Institut,
Albert-Ludwigs-Universitdt Freiburg, D-79104 Freiburg, Germany
2Cluster of Excellence livMatS @ FIT-Freiburg Center for Interactive Materials and Bioinspired Technologies,
Albert-Ludwigs-Universitdt Freiburg, D-79110 Freiburg, Germany

@ (Received 31 January 2022; accepted 12 July 2022; published 26 July 2022)

We introduce a model of active responsive colloids (ARCs) in which an internal degree of freedom (DoF) of
a single colloidal particle is “activated” by coupling it to a different thermostat than for the translational DoFs.
As for the responsive internal DoF, we consider specifically the size (diameter) of the spherical particles, which
is confined by a harmonic parent potential being either entropic or energetic in nature. The ARCs interact via a
repulsive Hertzian pair potential, appropriate to model hydrogels or elastic colloids, and are studied for various
densities using Brownian dynamics simulations. We tune the internal activity in the nonequilibrium steady
state by scanning through a wide range of internal temperatures, both smaller (“colder”) and larger (“hotter”)
than the translational temperature. The results show a rich and intriguing behavior for the emergent property
distributions, colloidal pair structure, and the diffusive translational dynamics controlled by the internal activity,
substantially depending on whether the internal DoF moves in an entropic or energetic potential. We discuss
theoretical thermal limits and phenomenological models which can explain some of the nonequilibrium trends
qualitatively. Our study indicates that particle dynamical polydispersity as well as the structure and dynamics of
dense macromolecular suspensions can be vastly tuned by internal activity in terms of internal “hot” or “cold”

fluctuating states.
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I. INTRODUCTION

Living materials rely on nonequilibrium processes driven
by internal fueling, e.g., by irreversible ATP or GTP con-
sumption. Based on dynamical self-assembly, sensing, and
collective signaling and feedback, biological systems possess
autonomous and adaptive behavior, not yet achievable with
static man-engineered systems [1,2]. A prominent example
is the bacterial quorum sensing, which is the self-regulation
of internal gene expression rates in response to fluctuations
in overall cell-population density [3] or environmental (e.g.,
antibiotic) stress [4,5]. These fascinating active and collec-
tive nonequilibrium processes are inspiring for the design of
“intelligent” synthetic materials to potentially mimic living
systems for advanced function, such as a programmable time
response and adaptive feedback [2,6,7].

Of high potential for biomimetic material design are
polymer-based responsive systems that change their confor-
mation and function in response to external stimuli. Specific
examples embrace thin polymer films and brushes as well
as stimuli-responsive microgels that have already diverse
application, such as smart coatings, sensors, motile microma-
chines [8], cell capsules in tissue engineering and for drug
delivery [9-11], or colloidal nanoreactors sheltering inter-
nal chemical reactions [12]. The external stimulus can be
achieved with temperature [13], pH [14,15], osmotic pressure
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(crowding) [16], electromagnetic fields, light, or the presence
of certain enzymes or ions [17]. The response is expressed in
reversible or irreversible swelling or collapse, change in shape
and structure, aggregation, and adsorption of the polymeric
aggregates [9,18]. In particular, the colloid-polymer duality
of soft microgel particles [19-21] and their stimuli-triggered
conformational switching [9] open new avenues for creating
active and programmable colloid-based fluids and materials.

In order to build a theoretical framework for active and
responsive colloidal dispersions, recently the model of re-
sponsive colloids (RCs) was presented [22]. There, in addition
to the conventional effective pair potential, a “property” as an
internal degree of freedom (DoF) was introduced as a collec-
tive variable, living on its own parent energy landscape. Using
Brownian dynamics computer simulations, it was shown—
using the colloidal size as the responsive DoF—how such a
dynamical polydispersity affects the structure and dynamics
of RC suspension due to the emerging response and many-
body correlations [23]. Moreover, it was demonstrated by
using a bimodal parent distribution how the populations and
the transition kinetics of the stochastic two-state switching of
a RC is modified collectively by spatial packing and crowd-
ing [24]. Similar models introducing internal DoFs have been
used to study, e.g., compressibility effects in polymer and
microgel systems [25-27], conformational effects in protein
dispersions [28-30], or soft glasses [31,32].

The aim of this work is to move one step forward to-
wards living systems and extend the RC model to include
internal (nonmotile) activity, thereby introducing the active
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RC (ARC) model. As opposed to active Brownian particles
(ABPs) [33,34], where active motility (e.g., swimming by
self-propulsion) is considered, our aim is to activate an inter-
nal DoF of the responsive colloids, such as their size, shape,
dipole, etc. [22] In mind we have a model for “living” colloids,
e.g., bacteria or a colloids with an internal “engine,” provided,
for example, by a chemical reaction, which is driven locally,
such that energy transduction occurs at the particle scale [35]
and internal fluctuations are decoupled from those of the
translational bath. Concrete examples could be nanoreactors
of core-shell or yolk-shell architecture [12] where small metal
nanoparticles in the center of a large (hydrogel) colloid cat-
alyze exothermic chemical reactions and locally produce heat.
Alternatively, the nanoparticles can be heated by external light
sources [36,37]. The heat dissipates away on the colloidal
length scale [38] and internal and external temperature baths
may have significantly different temperatures in the stationary
state. Another example could be complex feedback reactions
in colloids which govern the internal size fluctuations instead
of the external heat bath [39].

As the simplest route to activate the internal DoF, mo-
tivated by recent developments in literature [35,40-47], we
use the internal temperature as the active control parameter.
In other words, we suggest to couple the internal prop-
erty DoF to a different thermostat than the translational
DoFs of the RCs, and we tune the internal DoF between
“cold” and “hot” behavior with respect to the translational
heat bath. The augmented thermal fluctuations then lead
to violations of the fluctuation-dissipation balance in the
system [48], driving it out of equilibrium. We want to fun-
damentally understand the consequences of such an activity
on the structure and dynamics of interacting active colloidal
dispersions.

To achieve this goal, we modify the previous equilib-
rium RC model [23] with the particle size fluctuating in a
harmonic parent potential, by a two-temperature dynamics
with the translational motion and the internal DoF coupled
to different thermostats in an overdamped Brownian dynam-
ics (BD) framework. We employ a Hertzian pair potential
as a generic form for soft-repulsive colloids, such as mi-
crogels in the swollen state [49-52]. The system is then
investigated using numerical BD simulations for different ra-
tios between the translational and property temperatures. We
study the structural and dynamical properties of two differ-
ent RCs models: an “entropic model” in which the parent
energy landscape scales linearly with internal temperature
(and single-particle size distributions remain unaffected by
internal temperature changes) and an “energetic model” in
which the parent landscape is purely energetic. As results,
we find a rich and intriguing behavior of the structure and
dynamics of the systems, demonstrating the power of control
the internal activity has on collective properties. Previous
works on two-temperature models showed that for simple
symmetric Hamiltonians one can introduce the concept of
an effective temperature to describe stationary distributions
in nonequilibrium [35,40,42-48]. Inspired by these works
we attempt phenomenological interpretations of our observa-
tions which should be useful to establish a complete theory
of ARCs and help guiding experimental synthesis in future
works.

II. METHODS
A. Active responsive colloid (ARC) model

As in our previous work in equilibrium [23], we consider a
system of N RCs with coordinates r" and sizes o in a fixed
volume V, obeying the Hamiltonian

N 1 N
HEY, oY) =y + 5 ) ¢rirjonop), (1)
i i#j

where v (o;) is the single-particle property potential acting
on particle 7, and ¢(r;, rj;0;, 0;) is the pairwise interaction
potential between particles i and j. We define p = N/V as the
number density of our system.

The property potential defines the parent energy landscape
which confines the size o; of each particle within a harmonic
potential with a lower bound, according to

ke (01 — 09)?, if o > 0
00, ifo €0,

Y (o)) = { (@)

where the spring constant k, defines the strength of the po-
tential and oy is the (global) minimum of the potential and
sets our unit length scale. Since o describes the particle size,
we restrict it only to assume positive values. However, k, will
be chosen relatively stiff such that the hard boundary o > 0
affects only a very small part of the Gaussian single-particle
size manifestations. We therefore also safely treat oy as the
mean size of a single particle.

The interaction potential ¢(r;, r;;0;, 0;) is chosen corre-
sponding to the RC model for soft and responsive micro-
gels [49-52]: the pairwise interaction potential depends on
the distance between two particles, r;; = |r; — r}|, and is pre-
sented via the soft-repulsive Hertzian potential:

$(ri;. 017) = e(l - r—’) @(1 - r—f> 3)
G,‘j U[j

where o;; = (0; + 0;)/2 according to the Lorentz combining
rule, ©(1 — r;;/0;;) is the Heaviside step function, and € =
500 kpTy determines the strength of the repulsion in units of
our thermal energy scale kzTj. The Hertzian potential of such
a form and energy shows good agreement with experimental
results for soft-repulsive uncharged colloids in the swollen
state [50-52] and also is applicable for soft microgels at small
deformations and packing fractions up to unity [49]. It might
be also a good model for elastic spherical bacteria for small
deformations [53].

In contrast to our equilibrium work [23], however, we
consider in this work that the property o is in contact with
a hypothetical bath of temperature 7, and the translational
DoFs are in contact with a bath with temperature 7y. Hence,
all cases T, # Tp with nonvanishing 7, are nonequilibrium
situations, and for 7, = Ty we recover the standard NV Ty
canonical ensemble. In our work, we set 7j as reference scale
(unit) and vary 7, in units of Ty from 0.1 to 10, thus scanning
two orders of magnitude of the temperature ratio.
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B. Temperature-dependence of the single-particle property
distribution

Two different versions of the property potential (o) are
of particular interest in this work:

(1) Entropic model: In the entropic model, we consider
that the property potential 1 (o) is directly proportional to
the property temperature 7;;. The parameter k, in the parent
potential Eq. (2) is then defined as k, = kg7 / 83 o T, where
8o is the standard deviation of the corresponding property
distribution, explicitly discussed below. We call it an “entropic
model” because the temperature scales out in the Boltzmann
distribution and the variation of the internal temperature does
not affect the size distributions of a single, isolated particle.

(2) Energetic model: In the energetic model, the property
potential ¥ (o) does not depend on the property temperature
T,. We assume the potential to be proportional to the fixed
reference T temperature: k, = kgTy /83 « Tp. In contrast to
the entropic model, the single-particle size distributions will
substantially (according to the Boltzmann weight) depend on
T;.
With these premises, the property potential v then leads to
the (normalized) property parent distribution for an isolated
particle, p(o) ~ exp [—B, ¥ (0)] with B, = 1/kgT;, that is,
explicitly

) 1 ox |: 1(0 —00)2} @
d NZZToh BN '
In the entropic model, the parent distribution p(c) stays the
same for different 7, with the standard deviation § = §j. In
the energetic model, however, the distribution has a standard
deviation dependent on the o temperature via § = 6(7;) =
VT, /Toso ~ /T,. In words, the distribution peaks become
sharp at o for 7, — 0. For all simulations we use §o = 0.209.
In dense suspensions, interactions will modify the parent
size distributions and we obtain the density-dependent emer-
gent distribution, N(o) [22,23]. (They will be presented in
the Results section as an outcome of the simulations.) In the
low-density limit (LDL, p — 0), we have N(o') — p(o), i.e.,
we recover the parent distributions.

C. Double-thermostatted Brownian dynamics simulations

The evolution of the position coordinates r = {x, y, z} and
the property o of one particle i is determined by Brownian
dynamics equations in the discrete form

(t + At) = 1i(1) + e Ar | HreTodt
r; =r; — 1
& () Gty |

0’,‘([+Al‘)=o’i(l‘)+&At+ Mﬂg, 5
$o 8o

where At is the time step of the simulation; &.(t) = oo (t)/09
and ¢, = ¢y are the friction constants for the position coor-
dinate and property, respectively. We assume Stokes friction
for the translation and that the friction depends dynamically
on the instantaneous particle size [23,24,54]. Hence, only
in the special case o (t) = o0y, the viscous dynamics of the
position and the property of a colloid are set by the same
friction constant. To prevent the appearance of negative o

values, we reject BD moves if the particle size after one
BD step o; (f + A t) is less than 0.050¢ (which are very rare
events) [23].

Moreover, Ty and 7, are the temperatures for the position
coordinates and property evolution, respectively; 7, and 71,
are random variables drawn from the Gaussian distribution
with zero mean and unit variance. Translation and property
on their own obey the fluctuation dissipation theorem [55],
and we assume them to be not correlated. All the random
forces in Eqgs. (5) thus represent white noise uncorrelated for
different particles i, j and different times ¢, ¢' (n;(t)n;(t")) =
8;i6(t — ') [56,57]. Our time unit is the Brownian time scale
T, setting the single-particle diffusion of a particle with unit
size og to Dy = 002 /t5. The BD equations (5) together with
Hamiltonian (1) completely define our nonequilibrium two-
temperature ARC model, analogously to previous works on
DoFs coupled to different thermostats [35,42,44].

The force acting on the position coordinates of the ith par-
ticle, 2, is calculated as the gradient of the energy function

r,i >’
and consists of the pairwise interaction term:

P = —ViH ==V, $(rij. o). (6)
J

The force acting on the property DoF, f, ;, describes the
property evolution and consists of contributions from both
single-particle property potential ¢ and pair potential ¢:

oH

single air
foi =5 = [+ (7)
i

where the first term is f;%?gle = —3y(07)/d0; and the second

oneis fr; = —); 9¢(0;)/d0;.

In our simulations, we scan through various property tem-
peratures and ARC number densities p and calculate averages
of distributions of sizes and coordinates. In particular, we cal-
culate the emergent size distributions, N(o; p) [22,23], as well
as conventional radial (pair) distribution functions (RDFs) as
a function of particle pair distances r, g(r; p) [22,23,56]. We
finally also investigate the long-time diffusive behavior of the
colloids. All values of the parameters used in the model and
simulations are presented in Table 1.

III. THERMAL LIMITS AND PHENOMENOLOGICAL
MODEL

A. Thermal limits in the entropic model

It is at this point instructive for our understanding to con-
sider the thermal limits of the internal temperature,

(i) T, > 0 and (i) T, — oo, (8

in the BD equations (5). Recall first that the parent distribu-
tion, p(o ), per definition in the entropic model is not affected
by the variation of 7. Hence, (i) and (ii) do not affect p(c)
for the single particle and should also be of little effect in the
LDL of the suspension. For the interacting case, pair forces
from the surrounding come into play: In the limit (i) both the
fluctuations and the property force f5"€ vanish in the BD
equation for the size . As a consequence, & « f¥*" becomes

dominant, and any two- or many-body repulsive interaction
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TABLE I. List of parameters and their values used in the ARC
model systems in the Brownian dynamics simulations.

Parameter Value
Number of particles N 512
Time step At 10~*15p
Equilibration run Neg 10° steps
Production run Norod 107 steps
Number of saved steps Nsave 10* steps
Unit size o) 1.0
Mean of p(o) 0o 1.0
Reference standard deviation 8o 0.2
Reference friction value o 1.0
Reference temperature Ty 1.0
Energy unit kgTo 1.0
Hertzian energy € 500.0
Property temperature T, 0.1,0.2,0.5, 1.0,
2.0,5.0,10.0
Density oo 0.02, 0.2, 0.6, 0.95,
1.3,1.7,2.0

will easily compress the particle to small sizes. Hence, we
expect to observe distributions with decreasing mean size for
decreasing 7. In sufficiently dense systems where all parti-
cles are within their range of repulsive interactions, the pair
forces lead strictly to 6 < 0, and in the absence of size fluc-
tuations, the system eventually approaches ideal gas behavior
for T, — O.

Conversely in the case of '(ii), T, — oo, the pair forces
become irrelevant and 6 o f5"¥' dominates. As a result, the
translational and property dynamics in Eqgs. (5) decouple.
The system then samples an equilibrium of particles strictly
following their parent distributions, as in conventional (non-
responsive) polydisperse equilibrium systems [23]. Hence,
while not providing rigid mathematical proofs at this stage,
our inspection of the BD equations indicates the remark-
able behavior that the internal temperature 7, in the entropic
model interpolates between two very different equilibrium
systems, the ideal gas and conventional polydisperse behavior
for T, — 0 and T, — oo, respectively. The simulated dis-
tributions presented further below will indeed support these
predictions.

B. Thermal limits in the energetic model

In the energetic model, the single-particle parent distribu-
tion, p(o), changes substantially with 7;; as discussed above
and should be expressed in the dilute suspensions. For colder
systems, the size distribution becomes sharp, for hot systems
broad. According to the BD equations (5), interactions should
modify the distributions in the following ways: In the limit
(1), the sharp distribution shifts to smaller mean values due
to the repulsive pressure from the environment. However, in
contrast to the entropic model where faSlngle — O0forT, — 0,
the interaction with the energetic parent does not vanish and
still counteracts the outside pressure. Hence, a sharp size dis-
tribution with nonvanishing mean for all studied densities will
be established. In the limit (i), the parent distribution strictly
goes to a Dirac § function but should be slaved by the position

fluctuations of the environment. We conclude tentatively that
limit (i) in the energetic model converges to an equilibrium
system with a rather monodisperse size distribution with a
small polydispersity remaining due to the thermal bulk trans-
lational fluctuations.

Conversely, in the limit (ii), 7, — oo, the size o becomes
a highly fluctuating entity ignoring all (internal and external)
forces. Here we thus have a diverging polydispersity and in
addition to the broadening size distributions, RDFs are ex-
pected to flatten out because there is no well-defined spatial
correlation length anymore. However, this is not an ideal gas
limit since all particles are still interacting with their instanta-
neous size. A proper interpretation of this limit is not really
clear and, arguably, may not be realizable in experiments
because of the physicochemical or geometric bounds of a real
system.

C. Simple phenomenological 2T model for N (o)

To explain the simulation results of the property distri-
butions N(o) at higher densities a bit more qualitative, we
consider a phenomenological model, where interactions be-
tween particles and property are considered in terms of a mean
(osmotic) pressure from the environment Py (with temperature
Ty) acting on the one-particle volume V,, (with temperature
T.,). Since our RCs are compressible, their volume can change
under the action of the environment as exemplified by the
emergent distributions. Hence, we consider that a particle
shrinks in response to the pressure from surrounding particles,
and introduce the influence of the pressure through a potential
Uint = P)V,. We assume that in leading order the external
pressure comes from the ideal translational contributions and
does not depend on the property temperature 7;;. Hence, the
pressure can be written as an ideal-gas-like equation of state
proportional to temperature in form of Py(Ty) = kgTy f (pog),
where we assume f is a function only of density (with f — p
in the LDL), not of temperature 7. The BD equation for the
volume of single particle can be written as

¢V = —ke (Vo — Vi 0) + Ry — Py(Ty), )

where V, o, k, are the parameters of the confining property
potential and Ry is the white noise term. The single-particle
reference volume is V, o = nag /6. For small fluctuations of
the size around the value oy, the volume V,; can be expressed
by a Taylor expansion as V, (o) ~ V, ¢ + %002(0 — 0p). Con-
sidering small deviations from the mean, V, = (7 /2)0%6¢ ~
(m/ 2)050', then the BD equation for the size o follows as

2Py (Tt
2§0T0n0 - O( 20)- (10)
JTUO

Cod = _ka(a —0p) +

Note that this equation is naturally of similar form as the
property dynamics in the BD equations (5), only that the pair
forces enter as average in the collective pressure term. The
stationary probability distribution of (10) for the particle size
o can be immediately written down, via

No(o) = L (ko —op 4 2T0)0
=ZCXP| =577 | % - — 5 )|
W)=z P Tk, T T w0l
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TABLE II. Mean o;/0, and standard deviation 8'/oy of the emergent property distributions N (o) for different values 7, and different

densities pog for the entropic model.

poid = 0.02 poid = 0.20 poi = 0.60 pod = 0.95 pod = 1.30 pod = 1.70 poi = 2.0
/Ty oy/o0 &8Joy og/oe  8/)oy  og/oo  8/oo  og/og  8'/oy  og/og 8 /oy og/og 8 /oy oy/og  8'/og
0.1 0.95 0.20 0.75 0.20 0.56 0.18 0.47 0.16 0.41 0.16 0.36 0.16 0.32 0.16
0.2 0.97 0.20 0.84 0.20 0.66 0.18 0.58 0.17 0.52 0.16 0.47 0.16 0.44 0.15
0.5 0.98 0.20 0.91 0.20 0.78 0.18 0.70 0.18 0.64 0.17 0.59 0.16 0.56 0.16
1.0 0.98 0.20 0.94 0.20 0.84 0.18 0.77 0.18 0.71 0.17 0.66 0.16 0.63 0.16
2.0 0.98 0.20 0.96 0.20 0.89 0.18 0.83 0.18 0.77 0.17 0.72 0.16 0.69 0.16
5.0 0.98 0.20 0.97 0.20 0.93 0.19 0.88 0.18 0.84 0.17 0.79 0.16 0.75 0.15
10.0 0.98 0.20 0.98 0.20 0.95 0.19 0.92 0.18 0.87 0.17 0.83 0.16 0.80 0.16

which is a function of both Ty and 7,. The constant Z is
defined through the normalization condition f Nu(o)do =1

and follows as
A Ll L [— (1 )} (12)
ko
In the LDL, the pressure Py — 0, and we recover the correct
limit for the distribution Ny, (o) — p(o).

For the entropic model, the spring constant was defined
as k, = kgT, /8%. Simple algebra shows that the theoretical
probability distribution function (11) can be presented as a
Gaussian distribution with mean oy that depends on 7, with a
T,-independent standard deviation §’, according to

2R 8
2 kBT(r

wog
Hence, the shift of the mean size of the emergent distribution
is explicitly controlled by the ratio Ty /T, .

For the energetic model, the theoretical probability distri-
bution (11) has the parameter k, = kzTy/82, independent of
T, . The same calculation as in the entropic case shows that the
probability distribution of ¢ in this case is now the Gaussian
distribution with a mean o} that does not depend on 7, while
the standard deviation &’ is varying with property temperature
T, according to the LDL. Hence, we have

2P 1

2Py _ h(To)
b kBTo'

b 0'02 ky

op = 09

«Ty/T,, & =208. (13)

2Py 8
nog kgTy’

o} = o0 8 =8 (14)

T

To compare to the simulations, the values of the mean particle
size from simulations for T, = T; (from Table II) are fitted

with the mean of the theoretical distributions (13) or (14) to
find a single effective fit value of P, for every density.

We note that the second virial coefficient of our RC sys-
tem [22] is B, /ag = 1.77. Hence, the ideal gas assumption
used above should be valid for densities po; < 0.56 above
which packing effects dominate. However, since our approach
is very qualitative, we have not attempted the more elaborate
inclusion of a virial expansion in this paper.

IV. BD SIMULATION RESULTS

A. Emergent distributions in the entropic model

We first discuss the emergent size distributions N(o) of
the entropic model. The distributions for very small densities
pog = 0.02, approximating the LDL, shown in Fig. 1(a), stay
approximately the same for different values of 7. This is
expected for the entropic model in the LDL, where particles
do essentially not interact and we recover the single-particle
limit, N(o) — p(o), recall the discussions around Eq. (4) and
in Sec. [IT A.

For higher densities, for example, ,0(703 = 0.95, as shown
in Fig. 1(b), colloid-colloid interactions lead to substantial
modifications of the curves with 7. In equilibrium, 7, = T,
the distributions are shifted to smaller values, simply from
the increased packing of the (repulsive) colloids, as we dis-
cussed in detail for equilibrium RCs [23]. However, as a
feature for ARCs, the mean size of the particles increases
(decreases) with increasing (decreasing) o -temperature, while
the standard deviation of the distributions remains essentially
constant. This behavior of the size was conjectured already
from the limiting thermal behavior discussed in Sec. IIT A.

TABLE III. Mean o;/0y and standard deviation 8’/oy of the emergent property distributions N (o) for different values 7;, and different

densities pog for the energetic model.

pog = 0.02 pog = 0.20 pog = 0.60 pog = 0.95 pog = 1.30 pog = 1.70 pog =2.0
T,/Ty  og/og  &'Joo  og/og  &'Joo  og/og  8'Joo  og/oo  8'/oo  og/oo  8'Jog  og/oo  8'/oy  og/oo /oo
0.1 0.98 0.07 0.95 0.07 0.86 0.08 0.79 0.08 0.73 0.08 0.68 0.08 0.65 0.08
0.2 0.98 0.09 0.95 0.09 0.86 0.10 0.79 0.10 0.73 0.10 0.68 0.09 0.65 0.09
0.5 0.98 0.14 0.94 0.14 0.85 0.14 0.78 0.13 0.72 0.13 0.67 0.12 0.64 0.12
1.0 0.98 0.20 0.94 0.20 0.84 0.18 0.77 0.18 0.71 0.17 0.66 0.16 0.63 0.16
2.0 0.98 0.28 0.93 0.27 0.83 0.25 0.75 0.24 0.69 0.23 0.64 0.22 0.61 0.21
5.0 0.98 0.44 0.92 0.42 0.77 0.38 0.70 0.35 0.64 0.33 0.59 0.31 0.56 0.30
10.0 0.99 0.62 0.90 0.57 0.74 0.49 0.65 0.44 0.59 0.41 0.54 0.39 0.51 0.37

014613-5



GAINDRIK, BAUL, AND DZUBIELLA

PHYSICAL REVIEW E 106, 014613 (2022)

951 (a) poi =0.02

SSESSSESS

5 o 2o oo
S oo o Wi =

=]

S
3
2

0.0 .
0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
ooy
3 p
25 (¢) pog = 0.02 === T7,=01
——=T,=02
2.0 7 \ ——= T,=05
I I N
= 79 A T, =20
= X, W 5
% 1.0 / X —-—— T, =50
/'/’9 W\ === T,=100
5 N e
0.5 P \— - (o)
y s S
0.0 e L 0.0 e B we—— S et m e S
0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 0.00 0.25 0.50 0.75 1.00 1.25 1.50
0'/0'[] 0/0()

FIG. 1. Property distributions of the “entropic model”: emergent distributions N (o ) obtained from simulations for two densities [(a) ,oo'(;2 =
0.02 and (b) ,0003 = 0.95] fitted with Gaussian distributions (solid lines) compared with the theoretical distributions Ny, according to the
phenomenological model (11) [(c) and (d), dashed lines]. The effective (fit) pressures for the theoretical model are shown in Table IV. The
equilibrium parent property distribution p*i(o) = p(o; T, = Ty) is presented with a thick gray dashed line as a reference.

The calculated mean and standard deviations for all studied
densities are summarized in Table II.

We now describe the trends by our phenomenological
model as presented in Sec. I[II C. The values of the mean par-
ticle size from simulations for 7, = Ty (from Table II) were
fitted with the mean of the theoretical distribution (13) to find
a single effective fit value of Py, summarized for every density
in Table IV. The theoretical trends of Ny (o) for variation
of the property temperature 7, are plotted in Fig. 1(c) and
Fig. 1(d) to compare with the simulation results. As we see,
the simulation trends can be reproduced by the phenomeno-
logical model qualitatively, in particular the substantial shift
of the distributions towards larger sizes for increasing 7., for
the high density in Fig. 1(d) are captured very well. We can
interpret the results in a way such that the internal temper-
ature 7, controls the resistance of the internal elasticity to
the outside pressure. A “cold” property is squeezed to small
values by the external “warmer” pressure more easily, while
a “hot” property resists more (like a hot gas) and is expected
to approach the single-particle parent distribution, p(o) for
T, — oo.

The behavior of the emergent size distributions with
internal temperature also has interesting consequences on
the emergent packing fraction, which we define as n(p) =
(r/6)(03) p [23], where (-) denote averages in the simulations
and (77 /6)(c %) is the emergent particle volume. The emergent

TABLE IV. Values of the effective pressure parameter P, fitted
for different densities pog for the entropic model in the phenomeno-
logical model; cf. Sec. III C. Py has units of ﬂag.

003 0.02 0.2 0.6 0.95 1.3 1.7 2.0
P 0.2 1.1 2.0 25 2.8 3.1 33

packing as function of system density, n(p), is presented in
Fig. 2. For very low densities, the emergent packing fraction
naturally coincides with the nonresponsive expectation linear
in density, no(p) = ( /6)03,0 o p (dashed black line). For
higher densities, (o) increases sublinear because of the elas-
tic compression of the particle volume, (63)(p), and at some
point the curves experience plateau regimes for intermediate
values of Ty, in particular for the cold internal temperatures.
As predicted qualitatively by our phenomenological model
and the trends discussed for the thermal limits, the value of
the packing fraction increases with the o temperature 7, due
to the larger mean particle sizes for a hot property.

We now turn to the colloidal pair structure in the
entropic model: the obtained RDFs are presented in

Cd
— T,=01 T, = 2.0 PAd
081 —— 7,=02 —— T,=50 id
— T,=05 —— T,=100_¢
061 — T,=10 == n(p), 7
=
=044
0.2 . ©
0.04¢ , , , , , , , ,
0.00 025 050 075 100 125 150 175  2.00
3
PTy

FIG. 2. Dependence of the effective packing fraction n =
p%((ﬁ) on the density of the system /0003 for different values of
the property temperature 7, for the entropic model (symbols). Lines
are guide to the eye. The (nonresponsive) intrinsic packing fraction,

no(p) = p%ag, is shown as linear (dashed) gray line.
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/00

FIG. 3. Radial distribution function (RDF) g(r) of
the entropic model varying with property temperature T,
for densities (a) pog =0.02 and (b) po; =095 The
theoretical solution in the LDL in equilibrium g}, (r) =
fda fda’po(o)po(a’)exp[—d)(r,a,a’)/kBTo] [22] is shown
in (a) as a gray dashed line.

Fig. 3. For very low densities [see Fig. 3(a) for po; =
0.02] the RDFs are close to the expected theoretical
LDL in equilibrium (ie., 7, = Tp), defined as g}, (r) =
[ do [ do'po(@)po(o”)exp[—¢(r. 0, o) /ksTo] [22]. How-
ever, there is a noticeable variation with property temperature
T, ; in systems with smaller property temperature T, the distri-
butions are noticeably shifted to smaller distances than for the
higher T,. This effect is nontrivial and interesting because the
emergent distributions [see Fig. 1(a) again] are hardly affected
by T.,. We suspect this to be a consequence of a two-particle
interaction with a high mechanical imbalance, as already im-
plicated by ¢ = fF™", when we discussed the thermal limiting
behavior 7, — 0 in Sec. IIl A. The system thus behaves very
volatile for low internal temperatures, highly sensitive to even
small perturbations from the environment.

In fact, similar observations were reported in previous
works on coupled two-temperature-models [35,42,44], where
steady-state energy fluxes between the DoFs coupled to
different thermostats were reported. Interestingly, an effec-
tive temperature T = T (T, T, )—its details being specific to
the particular system—could describe stationary Boltzmann-
like distributions of the nonequilibrium system. Inspired
by this, and in the absence of a full microscopic theory
yet, we plot a hypothetical stationary distribution g py (r) =
[do [do’po(o)po(c’)exp[—¢(r,o,0')/kgT], where we
phenomenologically try the effective temperatures T = (T +

05 06 07 08 09 10 11 12

/00

FIG. 4. RDFs for the entropic model obtained in the simulation
for ,oag = 0.02 and selected internal temperatures (solid lines, see
legend) compared with the theoretical curves in the LDL g p (r) =
Jdo [do’'py(o)po(c’)exp[—¢(r, o, 0')/kgT] (dashed lines) for
different effective translational temperatures (a) T = (T + T,)/2
and ()T =T,.

T,)/2 as determined for a symmetric two-particle system
previously [35] and simply T = T, in Figs. 4(a) and 4(b),
respectively. While both choices display the correct qualitative
behavior, the second choice T = T, performs quantitatively
better indicating an effective temperature, if definable, closer
to the internal temperature.

For higher densities [see Fig. 3(b)] the packing between the
particles leads to spatial correlations in the RDFs, however,
which are substantially tuneable by the internal temperature
T, . In the case of decreasing 7, the RDFs become flat with a
decreasing excluded volume hole. As discussed in Sec. IIT A,
we expect the system to approach ideal-gas-like behavior
for T, — 0 and indeed see the signatures here. In the case
of higher T, the “hot” size leads to enhanced packing cor-
relations. As discussed in Sec. IIT A, for increasing 7, the
emergent distributions [cf. Fig. 1(b)] return to their parent
distributions and feature a much larger mean size. The RDFs
thus represent in very good agreement those of an equilibrium
conventional polydisperse system [23].

B. Emergent distributions in the energetic model

We now discuss the results for the emergent distribu-
tions in the energetic model. For the lowest studied density
[cf. Fig. 5(a)] the mean value of the property distribu-
tion does not change, while the standard deviation increases
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FIG. 5. Property distributions of the “energetic model”: emergent distributions N (o) obtained from simulations for two densities
[(a) ,003 =0.02 and (b) ,0003 = 0.95] fitted with Gaussian distributions (solid lines) compared with with Ny, calculated according to the
theoretical model (11) [(c) and (d), dashed lines]. The effective (fit) pressures for the theoretical model are shown in Table V. The equilibrium
parent property distribution in (a) py'(o) = po(0; T, = Tp) is presented with a thick gray dashed line as a reference.

substantially with property temperature 7, : as discussed for
the single-particle Boltzmann distributions in Eq. (4), varying
the property temperature leads to a variation of the standard
deviation according to the law 8" = /T, /Tydy. Hence, for
large T, the (parent) distribution becomes very broad and soft.
Interestingly, the qualitative behavior of the standard devia-
tions for both the entropic and energetic models in dependence
of T, seems not altered by increasing density and interactions;
in the energetic model, however, the standard deviations is
increasing less strongly with 7, for dense systems as for the
dilute systems.

For higher densities, as exemplified in Fig. 5(b), the pair-
wise interactions lead to a decreasing mean size, which
is dominantly a compression effect as discussed before.
Moreover, the standard deviation of the emergent property
distribution, N (o), changes in an interesting manner with p.
For the low property temperatures (7, = 0.1 and 0.2) it can
be read off in Table III that it is approximately constant for
different densities. On the other hand, for higher values of
T,, the size distributions is broader for dilute systems and
becomes narrower for the denser cases. In other words, the
resistance of hot properties to the external stress seems more
than counterbalanced by the increasing softness of the distri-
bution, and, in contrast to the entropic case hotter properties
do not shift back the distributions to the parent distribution.

Our phenomenological theoretical model with external
pressure P can be also applied to explain the effect of varying
T, on the emergent property distributions in the energetic
model. We determine again the parameter Py by fitting for
every density, summarized in Table V, and plot the theoretical
predictions for the T, behavior in Fig. 5(c) and Fig. 5(d)
for the low density p = 0.02003 as well as for the high den-

sity p = 0.95003, respectively. The theoretical curves describe
qualitatively well the simulation distributions at high density.
In particular, the mean size does hardly depend on the internal
temperature.

The corresponding packing fraction values for the ener-
getic model are presented in Fig. 6. In contrast to the entropic
model, for small densities and hot properties the emergent
packing fraction is higher than the intrinsic value based on
the single-particle mean size, due to the broad size distribu-
tion [cf. Fig. 5(a)]. For higher densities a plateau region is
observed (similar as in the entropic model), where 1 increases
apparently linearly with 7;;. However, in the energetic model
the packing fraction of the hot particles is not as high as in
the entropic model because of the discussed emergent size
behavior featuring very broad distributions at high 7,.

The RDFs, g(r), for the energetic model are presented in
Fig. 7. For very low densities, Fig. 7(a), we recover the theo-
retical LDL limit in equilibrium for 7,, = Tj. In contrast to the
entropic model, however, the g(r)s have a strong dependence
on T; because the emergent distributions significantly change
with internal temperature in the energetic model. Thus, in
strong contrast to the entropic model, in the energetic model
the nonequilibrium structure in the LDL is mostly dominated
by the parent size distributions and the asymmetrical thermal

TABLE V. Values of the effective pressure P fitted for different
densities pog for the energetic model. Py has units of Bog.

2.0
15.4

0.2
2.6

0.6
7.0

0.95 1.3 1.7
9.9 12.2 14.2

s 0.02
Py 0.7
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TABLE VI. Ratios of the diffusion coefficients Ds/D, and Gaussian relaxation times t;/1; between 10% of the smallest particles (D, ;)
and 10% of the largest particles (D), 7)) of the system for entropic model. The times 7; are calculated from autocorrelations of o () [23].

pog = 0.02 pog = 0.20 pag = 0.60 pog = 0.95 pog = 1.30 pog = 1.70 pog =2.0
T; Ds/Dl Ts/fl Ds/Dl rs/":l Ds/Dl fs/Tl Ds/Dl Ts/Tl Ds/Dl Ts/Tl Ds/Dl Ts/fl Ds/Dl Ts/rl

0.1 2.15 1.04 2.60 1.00 3.29 0.80 3.70 0.81 4.51 0.67 5.82 0.41 6.50 0.26
0.2 2.10 1.13 2.40 0.96 2.83 0.93 3.05 0.98 3.36 0.85 3.52 0.87 3.86 0.82
0.5 2.09 1.07 2.19 1.13 2.39 1.11 2.50 1.17 2.63 1.06 2.67 1.12 2.8 1.14
1.0 2.09 1.05 2.12 1.14 2.24 1.15 2.30 1.17 2.45 1.19 2.47 1.27 2.57 1.31
2.0 2.09 1.04 2.05 1.12 2.07 1.18 2.16 1.29 2.27 1.31 2.28 1.42 2.29 1.32
5.0 2.09 1.03 2.09 1.14 2.07 1.25 2.05 1.41 2.13 1.42 2.13 1.53 2.18 1.61
10.0 2.09 1.03 2.09 1.10 2.03 1.32 2.01 1.41 2.00 1.49 2.07 1.47 2.01 1.67

couplings between size and position DoFs are secondary. As the hotter the internal property, the slower it becomes trans-
a consequence, for the higher density p = 0.950; [Fig. 7(b)] lationally. However, diffusion increases with density for cold
the structure behaves very differently, almost oppositely, than ~ properties while the opposite is observed for hot properties.
in the entropic model. While for smaller 7;, the RDFs exhibit The reason can be understood relatively easily from the emer-
more structure, for higher values of T, the RDF shape is gent, density- and T;-dependent distributions [see Fig. 1(b)
smoother and the rise of g(r) starts at smaller distances r and Table II]. The compression of the size for higher densi-

between particles. The behavior of the RDFs can be again ex- ties and cold properties leads to a highly diminished Stokes
plained by the emergent property distributions and the thermal friction according to & = oo (¢)/09, hence significantly in-
limits discussed in Sec. IIIB. In the cold property systems, creased diffusion is observed when compared to the isolated

the sizes of the particles are distributed in a very narrow range  particle. However, for hot properties the large particle size
which leads to a steep increase of g(r). Conversely, in the hot leads to a higher Stokes friction and larger packing fractions
property systems, ¢ distributes in a wide range and the RDF (cf. Fig. 6). Hence, strong crowding leading to slow diffusion
rises less steep due to the high polydispersity of particles. This is observed. Remarkable is the strong influence of varying 7.,
effect is more dominant than the high internal resistance as on the density dependence of the diffusion when compared to
observed for hot properties in the entropic model. equilibrium, T, = Ty, where all curves for different densities
mostly collapse due to cancellation of size compression and
packing effects [23].
C. Translational diffusion The diffusion in the energetic model behaves very differ-
ently. The common trend for every density including the LDL
is that the diffusion coefficient rises with property temper-
ature. For low densities (pog = 0.02) there are hardly any
particle-particle interactions and the increase of the diffusion
coefficient with 75 is only due to the widening of the emergent
property distribution. For comparison we calculate a theoreti-
cal mean diffusion value in the LDL by

We finally discuss the emerging translational diffusion be-
havior of the ARCs. We calculate the long-time self-diffusion
constant by standard positional mean-square displacements.
We find them to be normal diffusive and thus employ the Ein-
stein relation as in our previous work [23]. Tables VI and VII
show that the spread of diffusion (as well as internal relaxation
times) between the 10% smallest and 10% largest particles can
be tuned over one order of magnitude by varying the internal _ kgTy o0 .
temperature. Strikingly, we find that the dependence of the dif- D= 0 ;PO(G Ydo = Dyoo(o ™) p, (15)
fusion coefficients on the property temperature, D(T;, ), shows 0
very different qualitative behavior for the entropic model [see ~ plotted as black dashed line in Fig. 8(b). As we see, the

Fig. 8(a)] and the energetic model [see Fig. 8(b)]. theoretical mean diffusion describes the trend in the LDL very
In the entropic model, the diffusion constant is a mono- well. In contrast to the entropic model [cf. black dashed line in
tonically decreasing function of 7, for every density. Thus, Fig. 8(a)], hence, the consequence of the property distribution

TABLE VII. Same as Table VI for the energetic model.

pog = 0.02 poi = 0.20 poi = 0.60 pag = 0.95 pag = 1.30 pag = 1.70 pop =2.0
Ta Ds/Dl Ts/fl Ds/Dl rs/":l Ds/Dl Ts/Tl Ds/Dl 1—s/Tl Ds/Dl Ts/rl Ds/Dl Ts/fl Ds/Dl Ts/rl

0.1 1.26 1.53 1.33 1.74 1.39 1.60 1.42 1.60 1.46 1.39 1.50 1.17 1.53 1.15
0.2 1.38 1.33 1.45 1.32 1.51 1.28 1.52 1.15 1.57 1.06 1.60 1.32 1.57 1.11
0.5 1.65 1.20 1.70 1.02 1.79 1.05 1.86 1.14 1.86 1.27 1.94 1.19 1.94 1.06
1.0 2.09 1.05 2.13 1.14 2.24 1.15 2.30 1.17 2.45 1.19 247 1.27 2.57 1.31
2.0 2.93 1.03 3.12 1.01 3.15 1.10 3.34 1.12 3.59 0.98 3.70 1.00 3.93 0.96
5.0 5.87 0.42 5.94 0.45 6.55 0.39 6.55 0.39 6.72 0.36 7.08 0.33 7.58 0.26
10.0 9.38 0.17 9.31 0.17 10.42 0.14 10.45 0.13 9.71 0.15 10.23 0.13 9.69 0.13
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FIG. 6. Dependence of the packing fraction n = p % (%) on the
density of the system po; for different values of the property temper-
ature 7T, for the energetic model (symbols). Lines serve as guide to
the eye. The intrinsic (nonresponsive) packing fraction ng = p%ag
has a linear dependence (dashed line).

widening is the increase of the mean particle diffusion D with
property temperature, because small sizes in the wider distri-
bution dominate the transport process. Increasing the density
appears to enhance this effect for large 7, > T, because the
distributions [cf. again Fig. 5(c)] are shifted to smaller sizes.
For small 7, < Tj the trend with density is not so clear; here

1.0< .......................................
3
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0.8 — T, =01
e [ = (0.2
—~ 0.61 e [ = 0.5
& —
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FIG. 7. The RDFs, g(r), of the energetic model with property
temperature 7, for densities (a) pog = 0.02 and (b) poi = 0.95. In
(a) we compare with the theoretical LDL solution in equilibrium,
8eq(r) = [ do [ do'po(o)po(c’)exp[—$(r, 0, 0")/ksTy]  (gray
dashed line).

10t
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P90 : PIh :
pog =02 — pog =17
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Q
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FIG. 8. The dependence of the long-time translational self-
diffusion coefficient D(7,) on the property temperature 7, for
different densities ,0003 for (a) the entropic model and (b) the en-
ergetic model (symbols). Solid lines are guide to the eye. The
theoretical mean diffusion for the low-density (single-particle) limit,
defined as in Eq. (15), is depicted by the black dashed lines.

the size distributions are stiffer and the fluid more structured.
Hence, we believe local packing might have some subtle
effects on the diffusion, absent in the much smoother “hot”
internal system. The smoothing of the energy landscape and
the rising diffusion for increasingly dense systems for hot
internal temperatures is a very remarkable finding from our
point of view.

Finally, it is instructive for our size-fluctuating models to
test the validity of the Stokes-Einstein relation, that is, we
ask if diffusion is proportional to inverse size of the particles.
Since we need to average over a reasonable long-time window
for the determination of diffusion we need to average the size.
Here, the question appears, if we should average over a mean
size or over the mean of inverse size, which are in general
different [23]. In Fig. 9 we plot the diffusion constant versus
either (0p/o) or oy/{o) for both the entropic and energetic
models. Stokes-Einstein naively suggests that the diffusion
should be proportional to o/ (o), while one could also suspect
a mean diffusion proportional (o(/c) to be applicable, as we
have shown in Fig. 8(b) for the energetic model in the dilute
density limit. As we see below, a Stokes scaling is not strictly
applying, especially not for the energetic model where the
emergent distributions can become very broad and are more
temperature- and density-dependent as for the entropic model.
Here, as mentioned above, in the dilute limit the concept of
a mean diffusion seems to apply. For higher densities, non-
Stokesian interaction effects also come into play [56]. Hence,
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FIG. 9. Test of the Stokes-Einstein relation. Plotted are the diffusion constants vs (oy/0) and oy/{c’) for the entropic [(a) and (b)] and

energetic model [(c) and (d)], respectively.

the trends cannot be clearly categorized as Stokesian. Recall
also that we are dealing here with a nonequilibrium system,
so even free volume concepts may not be as applicable as in
simple liquids in equilibrium. In [23] we found indications
that also the timescale of the internal fluctuations may play a
role in diffusion, i.e., if the particles changes size quickly or
not when diffusing over their own size.

V. CONCLUDING REMARKS

To summarize, we introduced in this work a model for
active responsive colloids (ARCs) to move one step forward
into modeling nonequilibrium colloid dispersions with in-
ternal activity and “living” properties, such as adaptive and
autonomous functional behavior. In here, we found a rich
behavior for the structure and dynamics of dispersions of the
ARC:s controlled by the internal activity (“coldness” or “hot-
ness” of the internal DoF). The results depend substantially
on whether the internal DoF is energetic or entropic, i.e., if
parent property distributions are affected by the internal “heat
engine” or not, respectively. It will be intriguing to find out in
future how this relates to specific synthetic active systems and
what are then the consequences for material synthesis.

We believe that the findings are quite general in terms
of the interaction potential and should hold at least for all
simple repulsive pair potentials, including the hard sphere
limit. (Note that, of course, the isolated, single-particle size
distributions are not affected by the choice of pair potential.)
As a support, in Ref. [24] (see Fig. 6 there), we showed using
perturbation theory that qualitative trends of the emerging
distributions are preserved for softer and harder repulsive pair
potentials, including the hard sphere limit.

It is interesting to speculate about possible experimen-
tal realizations of entropic versus energetic internal energy

landscapes. Since many relevant systems are based on poly-
mer architectures (see [12,36,37,39]), the crucial point is
the solution behavior of the polymers. Here we can distin-
guish between UCST (upper critical solution temperature)
and LCST responsive polymers (lower CST) [9], former
having a more energetic nature while the latter respond
more entropically. In other words, UCST polymers swell
with increasing temperature and LCST polymer collapse
with increasing temperature. In practice, it is difficult to
synthesize purely energetic and entropic polymers in ex-
periments and thus their nature will be always mixed and
details dependent on conditions. However, we are elucidat-
ing both extremes and give thus meaningful insight about
the respective behaviors. Experimental trends tuned by in-
ternal activity (e.g., heat of exothermic reaction or by laser
light) will thus benefit from the interpretation within our
framework.

Our work offers various future applications and exten-
sions and possible questions to address. For example, internal
activity in polymodal parent landscapes [24] may give rise
to spatiotemporal heterogeneities on different scales and in-
teresting phase behavior due to active switching between
conformational states of particles [28,29,58-60]. Moreover,
the coupling to external fields (acting on both translation
and property) [22] could be interesting with the possibility
of localizing active action in space. Furthermore, internal
activity may not only be modeled by varying the internal
temperature but generally by different forms and types of
noise [33]. Fundamentally always the questions arise what
are the nonequilibrium thermodynamics, heat and fluxes in
such an active system where fluctuation-dissipation theo-
rems hold only in certain limits [35,43,61]. Finally, to move
more towards living systems, the missing ingredients in the
ARC model are physical descriptions of other biotypical
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mechanisms, e.g., such as sensing, communication, and feed-
back [1-3].
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