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Critical dynamics of the superfluid phase transition: Multiloop calculation of the microscopic model
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Results and method of a three-loop renormalization-group calculation in the model of a Bose gas with a
local density-density interaction in the formalism of time-dependent Green functions at finite temperature are
presented. The results provide support to the recent conjecture [J. Honkonen, M. V. Komarova, Y. G. Molotkov,
and M. Y. Nalimov, Nucl. Phys. B 939, 105 (2019); Y. A. Zhavoronkov, M. V. Komarova, Y. G. Molotkov, M. Y.
Nalimov, and J. Honkonen, Theor. Math. Phys. 200, 1237 (2019)] that the dynamics of the superfluid phase
transition is described by a model which belongs to the same universality class as the stochastic model A.
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I. INTRODUCTION

Quantum dynamics of boson gas near the Bose-Einstein
condensation transition has attracted considerable interest re-
cently. While the static critical behavior of the system is
generally believed to belong to the universality class of the
XY model [or O(2) model] with the corresponding critical
exponents, there is no consensus about its dynamic critical
behavior and, in particular, the value of the dynamic crit-
ical exponent z. Due to soft modes (Goldstone modes) in
O(n)-symmetric models (related to the second sound in “He)
the scaling theory has fixed the value of the dynamic criti-
cal exponent to z = d/2 [1,2]. In quantum-statistical models
early calculations with the use of temperature Green functions
produced a positive correction in the & expansion to the un-
renormalized value z = 2 [3], whereas in the 1/n expansion
the correction was negative and led to values close to the
prediction of the scaling theory [4]. These results—as well
as a few other microscopic results—were questioned from
the point of view of consistency of the exponentiation of
logarithmic infrared singularities [2]. Moreover, it is not at
all clear that temperature Green functions defined on a finite
imaginary time interval are the correct tool for analysis of
the long-time asymptotic behavior—after all the correct zero-
temperature (i.e., infinite imaginary time) limit leads to the
usual zero-temperature Green functions on the whole time
axis [5].

The alternative approach based on phenomenological
stochastic models of critical dynamics [6] has been prevail-
ing ever since. Therefore, most of the analyses of boson gas
systems near the phase transition to superfluid state have been
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carried out within the stochastic framework. In this case, an
estimate of the infrared (i.e., large-scale) behavior of systems
is based on the symmetries of the order parameter and the
hydrodynamic conservation laws. Physically, it corresponds
to the properties of the fields that may be essential in the
described asymptotics (e.g., generators of symmetries, the
number of components, and space dimension).

The phenomenological models E and F have long been
the main candidates for describing the critical dynamics of
a Bose gas. According to [6] they contain a set of fields as
variables suitable for description of essential hydrodynamic
flows. Model F seems more representative, but the data on
the experimental and theoretical determination of the critical
index « for the specific heat show [7] that the corresponding
systems probably degenerate to the simpler model E in the
critical region. However, it remained unclear which of the
two nontrivial fixed points of the renormalization-group (RG)
equation for model E determines the real critical behavior of
the boson gas.

A key question not answered by either the E or the F
model is the superfluid properties of the Bose gas, e.g., the
critical viscosity index, which are closely related to the correct
account for dissipation in the corresponding hydrodynamic
equations. Recently, it has been proposed to study the stability
of the E and F models against the influence of the hydrody-
namic velocity field [8—11], and the perturbations by density
waves [12]. The RG equation turned out to be sensitive to
the activation of hydrodynamic modes, which significantly
affect the critical behavior and the exponents. Account of
the compressibility of the medium has led to an unexpected
conclusion: models E and F are unstable to the density waves,
and their IR behavior boils down to that of complex model A,
which has a single nontrivial IR stable fixed point of the RG
equation.

It should be noted here that the analysis of the signifi-
cance of hydrodynamic modes and density waves is not trivial
and cannot be correctly performed at the stage of construct-
ing a model on the basis of the symmetry. The influence

©2022 American Physical Society


https://orcid.org/0000-0002-7897-9277
https://orcid.org/0000-0002-0351-5152
https://orcid.org/0000-0002-9459-2099
https://orcid.org/0000-0002-2885-0491
https://orcid.org/0000-0003-2949-4502
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.106.014126&domain=pdf&date_stamp=2022-07-19
https://doi.org/10.1016/j.nuclphysb.2018.12.015
https://doi.org/10.1134/S0040577919080142
https://doi.org/10.1103/PhysRevE.106.014126

J. HONKONEN et al.

PHYSICAL REVIEW E 106, 014126 (2022)

of the corresponding modes is initially associated with for-
mally IR-irrelevant contributions to the action which should
be discarded in a straightforward calculation of canonical
dimensions. The consistent argument is based on the analysis
of propagators and their behavior in the IR region to determine
the set of fields and parameters relevant to the critical behavior
as well as the combination of physical fields in the order
parameter [12]

In a sense, phenomenological constructions acquire com-
pleteness if they are corroborated by a microscopic analysis.
Indeed, even within a universality class of critical behavior
the number of coupling constants and the stability exponents
o may be different. For instance, in models E and F—
without activated hydrodynamic modes—an analysis of the
time-dependent Green functions at finite temperature (GFFT)
of a microscopic model has shown the presence of contri-
butions characteristic of the F model, and also demonstrated
the mechanism by which high-frequency modes trigger white
noise in the infrared region [13].

Recently, the problem of critical dynamics of a sys-
tem of nonrelativistic scalar bosons with a local repulsive
density-density interaction has been studied with the use of a
combination of a field-theoretic RG analysis of the generating
functional of GFFT on one hand and a scaling analysis of the
effect of density fluctuations in the standard model F on the
other [12,14-16]. The use of the grand canonical ensemble in
construction of the generating functional of GFFT allows one
to avoid problems due to pinch singularities [17]. The remain-
ing singularities characteristics of GFFT were regularized
by introduction of auxiliary attenuation of free propagators.
The nontrivial behavior of the propagators is an important
feature of the problem. On one hand, the regularization of
the propagators made it possible to construct a self-consistent
diagrammatic expansion. On the other hand, analysis of the
Dyson equation of the original model showed that divergences
of individual diagrams generate contributions that correspond
to hydrodynamic dissipation in the phenomenological model.
Discarding the IR-irrelevant part of the action of the regular-
ized model led to an effective multiplicatively renormalizable
large-scale model with three coupling constants [14].

Coarse graining leading to the renormalizable model is
a process akin to that used in the theory of open quantum
systems: to describe the dynamics of a subsystem of a “total”
equilibrium Hamiltonian system analyzed in the grand canon-
ical ensemble. In the theory of quantum systems the projection
operator technique with assumptions of weakness of corre-
lations between the subsystem and the bath (the rest of the
Hamiltonian system) is used to infer the evolution equation of
the reduced density operator describing the subsystem [18]. It
should also be noted that dissipative Keldysh actions similar
to that in [14] had been obtained earlier as the functional
solution of the master equation of an open boson system in
the Lindblad form with a suitable dissipator [19] as well as

from the solution of the stochastic dissipative Gross-
Pitaevskii equation with a suitably chosen noise [20].

Surprisingly, at the only IR stable fixed point below the
critical dimension 4 of the perturbatively renormalized effec-
tive model [14] the anomalous scaling dimensions—including
that of the dynamic exponent z — turned out to be equal to
those of the standard model A [6,21]. Contrary to the standard
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FIG. 1. Schwinger-Keldysh contour in the complex ¢ plane.

model A, however, in the model [14] there are three correction
exponents to scaling, which were calculated at the leading
nontrivial order in [12,15].

The leading order correction O(e?) of the e =4 — d ex-
pansion, however, is not conclusive about the stability of the
fixed points in the physical dimension d = 3. Therefore, in
this paper we report calculation of the correction exponents of
the effective model to O(e?). We recall the origin and notation
of the model in Sec. II. Section III is devoted to illustration
of advantages of the method first proposed in [22] for calcu-
lation of dynamic exponents of model A at order O(&*). Here
we also quote results of evaluation of renormalization con-
stants. We have calculated 24 two-loop vertex diagrams and
17 three-loop self-energy diagrams; the results are quoted in
the Appendix. The contribution O(&?) to one of the correction
exponents turned out to change the sign of the exponent at
e =1 (d = 3). In such a situation the ¢ expansion cannot be
trusted without a resummation. In Sec. I'V stability of the fixed
points is analyzed with the use of the corresponding Borel
transform of the values of correction exponents. Summary and
conclusions are found in Sec. V.

II. MODEL

In our previous papers [14,15], we proposed a model for
calculation of the dynamic critical exponent z for the A tran-
sition. The model was based on the action (in the unit system
withi = 1)

S, ¥t) = /dxfdt [w+<ia,+i+u>w
c 2mg

- §(w+w>2}, 1)

for quantum boson particles with local repulsive interaction.
Here (¢, x) and ¥+ (¢, X) are complex conjugated fields, mg
denotes the particle mass, u denotes the chemical potential, g
denotes the coupling constant, and A stands for the Laplace
operator. We used the formalism of time-dependent Green
functions at finite temperature. Thus, the evolution parameter
t belongs to the Schwinger-Keldysh contour C (Fig. 1) in the
complex ¢ plane [23,24].

To construct the perturbation expansion the fields of (1)
were replicated on different parts on the contour by intro-
duction of the fields Yg, ¥, ¥a, ¥, ¥r, and ¥}, where the
subscripts R, A, and T refer to the corresponding parts of the
contour with retarded, advanced, and temperature propaga-
tors, respectively.

To regularize the characteristic singularities of this ap-
proach on the whole time axis, an attenuation coefficient
y was introduced. We recall that in quantum statistics the
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imaginary part of the self-energy function gives rise to a small
attenuation coefficient of single-particle excitations [25]. By
definition, at the critical point the imaginary part of the self-
energy vanishes with vanishing wave number and frequency.
Therefore, at the critical point, which we are interested in,
the attenuation coefficient in the large-wave-number limit as-
sumes the form ak? with the small positive parameter o. It
should be noted that y o< k2 at the critical point is a property
of the model. The choice of the coefficient @ is a matter of
convenience.

After this the reference points of the contour were sent
to infinity #p — —oo and f; — oo to enable the use of the
Fourier transform with respect to time. In this limit the con-
tribution of the fields ¥ and ¥, of the temperature part of
the contour decoupled from the rest and therefore model (1)
with attenuation is described in terms of the real-time fields
WR» w;v WA» and K”X

In the grand canonical ensemble all real-time bare prop-
agators of model (1) on the Schwinger-Keldysh contour
contain both retarded and advanced parts. For purposes of
construction of perturbation theory and the subsequent renor-
malization it was found convenient to separate the advanced
and retarded propagators by introduction of new fields &, &+,
n, and n* defined as

R R
V2 V2

1 1
£ = ﬁ(w;: +yh, nt= ﬁw; -¥H. @

These new fields are sometimes called the classical and quan-
tum fields [26].

Upon power counting with canonical dimensions corre-
sponding to the parabolic scaling of frequencies and wave
numbers and subsequent discarding of the two IR-irrelevant
terms of the interaction in (1) an IR effective model was
obtained with the following basic action:

E=—Wr+Ya), n= (Yr — VYa),

S =dnant + nt (6 — icuA — aAE+ET (O, —iauA+alA)n

; 4-D ; 4-D
+ e+ g ©
with the scale-setting parameter . and dimensionless complex
charges g; and g,. Integrals are implied in (3) and henceforth
notation is streamlined compared to (1).

For the purposes of application of the renormalization
group, we consider our model in space dimension D = 4 — ¢.
The loop theorem of [14] ensures that there are no additional
counterterms of structures different from those in (3). This
leads to the following form of the renormalized action:

Sk =Zonn™ + 0" (210, — ZLA)E + E1(Z30, — ZyA)n
+ Zsu Pyt ETEE + Zopt PnEETET @)

with complex renormalization constants Zi, ..., Zg, each of
which is defined as the sum of the coefficient of the field
monomial in the basic action (3) and counterterms to it. More-
over, action (3) obeys the symmetry (parameters « and u are

positive)

S(n’ n+7 Ev %-Jr? 81, gZ) = S*(—ﬂ+, -n, $+, S’ g;, g>‘]<)
=S*(n+9 n9_§+7_ga g;7 gT)' (5)

These conditions impose the following restrictions on the
renormalization constants:

=2y, =25, = —Z;,Zs = —Z; (6)

where the change (g1, g2) — (g3, &}) on the right-hand side
of the equalities is implied. Furthermore, it is useful to notice
that action (3) obeys an additional global gauge symmetry:

£ — Es,

Vs g s s, ot st

where ¢ is some constant. Owing to the global symmetry, we
choose the field n to be a real-number function henceforth.
Defining renormalization constants of the fields n and & and
parameters o and u as & = Zg&gr, n = Z,ng, u = Z,ug, and

o = Z,og we obtain the following system of equations:
ZO = 4C{ZWZ,]+, Zl = Zn+Z§,
7y = ZoZyi Zeo + iy 2y Ze Zou,
igl()l

Zs == oZg, Zy+ 23 Ze+ . (7)

This system of equations can be uniquely resolved only in the

hyperspace g; = g5:

Zy =2 Zgr =28 L Zs = 74,

1 ) —1 1 —1
Zo=-WNGZ"). Z)2p = %7,

1 1y
Z, = ETS(ZzZ] Nz,!

o b
i

281

Z, = — azszoz;Z(Z;l)*Z*l. (8)

o

Our main aim is to verify that the IR-stable fixed point,
which was found in [12], is truly stable in higher orders of
the perturbation expansion. To accomplish this task we need
more information about the 8 functions and their derivatives
calculated at the fixed point. To this end, it is convenient to
separate real and imaginary parts of the coupling constants g;
and g,: we rewrite the coupling constants as g; = g, + ig; and
g» = g, — ig; where g, and g; are real numbers. In addition
to the coupling constants g, and g; there is a nonperturbative
charge u. In the minimal subtraction scheme used here the
corresponding 8 functions will have the following form:

0[Z,,]
lBgn = —&8n 1+ €gn Z 8m 8gg ,

m=r,i

a[Z.]
Bu=c¢u Z 8m 9am &)

m=r,i

where n = r, i, u is the nonperturbative charge and [Z] denotes
the residue of the simple pole in the Laurent expansion in ¢ of
the corresponding renormalization constant.
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III. CALCULATION

We will consider model (3) in space dimension 4 — ¢ with
dimensional regularization in the minimal subtraction scheme
MS (for details, see, e.g., [7]). The three-loop contribution will
be calculated using the bare propagators of (3) of the form
[12,14]

(n(t, KE (', —k))o = —0(t" —1)e
(@, K" (', —k))o =0,

—iquk?(t—t")—ak?|t—t'|
s

J

E@ RN, —K))o = (1 — 1/ )e @k a=—akli=r],

2 . , ,
(@ ET (1, —k)y = 5 e 0 (10)
As explicitly stated in (9), in the MS scheme only residues of
simple poles in ¢ of the counterterms contribute to the coef-
ficient functions of the RG equations. Therefore, the relevant
part of renormalization constants (7) can be presented in the

form

7o 1) = 4o — agigMi(u) (=180 (—i)giga Q1 (u)

0l&1, &2, 1= 2 x 16274 16370 16376¢ ’

B EM5u)  g1eMau) (=g 0au) (=g g20s)  (—i)g18506(u)
Z1(g1, &,u) =1+ - ,
16274e 2 x 1627w4e 1637%¢ 1637%¢ 1637%¢
Zo(er. g u) = (1 4+ iy + gle@—iw)  giga(l —iu) (=)g1eQr(w) (=)gigaQsw)  (=)g1852Qs(u)
e 162743 —iu)e 162743 — iu)e 1637%¢ 1637%¢ 1637%¢
igio g2loz g21a 218 ig31a igzlgga iglg%ot

Zs(g1, g0, u) = 2% - - - = , 1

58182 1) = o e e 8x% | snte  bamte 21 T ot 210 T 1ogpap 310 ab

where functions M;(u) of the nonperturbative coupling con-
stant u were calculated in [14]:

A+ 3B — mu — 2uarctan C_

u+1 ’
Mo — (u — i)*>(2iarctan(2Cy) — wi — A — B)
) = 21 1) ,
(u + i)*>(B — 2i arctan(u/3))
M3 == )
(u? 4 1)

A=In*+1), B=

<u2 + 9) u*+3
n| ——|J, Cx+ = .
16 4u

In the present model—like in model A—the leading order
(measured in the expansion parameter ) of fluctuation cor-
rections to B¢, and B,, is given by one-loop vertex graphs,
whereas corrections to B, are inferred from two-loop self-
energy graphs. Here, we are calculating the next-to-leading
corrections, for which it is sufficient to calculate three-
loop self-energy graphs (listed in Tables I and II of the
Appendix) and two-loop vertex graphs (listed in Table III of
the Appendix).

The two- and three-loop coefficient functions Q; can be
calculated with the aid of the sector decomposition method
[27]. However, a more subtle approach will be used here.
Apparently, this approach was first applied in the three-loop
calculation of the dynamic critical exponents of the model A
in [22] and we briefly review the main concept here.

At the third order of the perturbation theory there are three
topological types of diagrams, depicted below:

soox X —00—

It is easily seen that the first type of these diagrams is a product
of two diagrams of the first order. Therefore, these diagrams

(

are totally irrelevant to calculation of the 8 and y functions,
because upon subtraction of contributions brought about by
divergent subgraphs no simple poles in ¢ are left and thus
these graphs do not contribute to the 8 and y functions of
the RG equation [7].

A. Method of calculation

Let us describe the method of calculation in more detail.
The origin of the approach lies in the possibility to perform in
a closed form the Fourier transform of the function

0(r — 1)

T—h)y exp[—p*(t — t2)ci]

both with respect to p to arrive at a function of (x — x,) and
with respect to ¢ to obtain a function of w. Comparison of
these results leads to the following explicit expression for the
Fourier transform from variables (¢, X) to (w, p). For Rec; >
0 the result for arbitrary A, a, and Re b1 > 0 is

9(l — ) ox (x=x)" Xz)2
t—tz)“ P t—t
Fourler (Z)D 1 — Cl)
b p 7-H a’
p0 =0 _ﬂb
(tp — t)? P h—t !
rier % r D 11—
Fou A(%) LErIZa)
(5 + i)

where D is the dimension of space. Propagator lines similar
to those in (12) will be called “standard form™ lines. The loop
diagrams with lines in the form of the right-hand side of (12)
can be simply calculated. After the inverse Fourier transform
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of all lines into the (¢, x) presentation expressions in the form
of the left-hand side of (12) must be multiplied. It is essential
that the result is of the standard form of the left-hand side
of (12) with the product of A-type factors and sum of a-type
and b-type arguments. It can be readily transformed to the
(w, p) representation by the procedure (12), which leads to
the standard form as well.

B. Convolution of lines

With the use of (12) propagator lines are cast into the (w, p)
representation in which the convolution of two arbitrary lines
of standard form is transformed to a simple product of the
form

or

J

depending on arguments of the 6 functions in propagators.
The Feynman identity

1 I"(a—i—al)/' / 8z 4z — Dzl
BB{'  T'(@)l(a1) Bz+Blzl]“+“l
produces
AAT(a +a)) (1 —z) 'z
1 ara
F(@T(a)) Jo [ 1=z +Z1_ — o] a

in the first case or
AAT(a+ay)
F@ra) Jo

(Z)a—l(] _ Z)al—]
— 0L +io(l - 22)

[ i—z 4+ (1 ]a+a1
in the second.

The first expression is of the standard form. To transform
to the standard form the second expression the integral over z
is split in a sum of two, the first one over 0 < z < 1/2 and the
second over 1/2 < z < 1. These parts contribute to different
step functions in the (¢, X) representation. It is convenient to
scale the z variables to obtain integrals in new variables z; in
the limits 0 < z; < 1.

After the inverse Fourier transform the convolution integrals over (1, X;) may be expressed as

o —1t) (x — x1)? ) 0t — 1)
dx,dt;A — b | A ——
/ X dt 1( v xp( P 1 2(t1 PR

(x1 —x)?
_SL Ty
P( H—1 2

D

Dl
T 2 D_g4 D_ 21
_AA( )/dz‘l— 7o ZL
Ay ; 2z (I—z1) by +
0@t —t —x1)?
/dx]d,lAluexp —Mbl A
(t =)™ r—1n

1
A1Ay ToN\Z ar+a—5 -2
= 5.\ dziz,
22 tlma—a \biby/ Jo

x—x)(1—z7
by by

X exp <—211 P
5 —

01 — 1)

0ty — 1)
2
(2 — )™

[(1 —z)i +a>’3_m(

T+z\"! Ita 1-a)
i 1) )+(1+zl>2 “‘(1—Z>2”2< 1+—1>

1_Z1>_2 0@t —1t) ( (x_x2)2( I—ZI)_1>
> exp _ —+ R
by (t — p)nte—z-1 t—t \b by

( (x1 —x)? )
exp| ——=b,
h—n

13)

0, —t)

( — )yt

l—z 14z °
+
b, by

b
2

b by

x —————exp | -2z
(t — py)nte—z-1 p( t—1

b

22+1 a;—ap b1b2

O(t, —t)

(x—xz)2<1+zl

Lo 14

+ by ) (14)
0(nh —1) (x —x1)* 0(t — 1)

[ ananar e (<50 g e (-

AlA b a+a 1 1—z\ 2
= (- )/ dzigy [(1+m>2’—“1<1—zn’z"”(—“l+ “)
2Hl-a1-a 0 b by

RY)
(x1 —x2) b2>
h—n

D

X W exp (—ZZI

h—t

0@ — 1)

(x — x2)? (

" I—Zl+1+Z1 -3
by by

(t — pp)ne=3!

T4z 1—u\™" D_ b_
1 — 2741 2 R
b b ) >+( 21)27 (1 +z1)
(x—x)* 1=z  14z\"
-2 , 15
exP( T e T h (15)
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e (-

(x1 —x2)?
h —1n

)

0, —t)

s

(x — x2)? 1 -z

0t —t —x1)? Oty —t
/dxldtlAl (t )exp (e —x) by) A, (ty — 1)
(t — 1) t—t (t, — )=
TNE [, 2 o oz 1—z
= AAy(—— dzizi (1 -z L
1 2<b1b2> /0 2z (I —zp) <b1 + b

It is essential that the expressions obtained have the standard
form or are the sum of the standard form lines. Therefore,
these expressions can be used in the subsequent steps in the
method described here.

C. Example

Here, we demonstrate the method of calculation by evalu-
ating a diagram of the second type:

kq (16)

P-k

To start calculation all propagators (10) must be presented
in the standard form. Three of them have already the nec-
essary form. The remaining one should be transformed.
To deal with the modulus we should separate positive and
negative values of ¢ with the aid of the Heaviside step
function:

Zefiotukz(tft’)fakzltft’l

(€@, RET(, —k))o

k2
2efiomk2(tft’)70tk2(tft’)
= 2 0@t —1t)
Ze—iaukz(t—t/)-‘rakz(t—t/)
+ = O —1t).

A7)

The next step is to transform both terms. They have com-
mon structure, therefore we will describe transformation only
for one of them; the other can be obtained in a similar
way:

2efiutuk2t7ak21

—29([) =

o0
p / ds20(t)e K1t Dy (ju + 1)
1

ld s
N kra(iut1)
/ 5200
o §

20(t) U ds
Q2m)P Jo sz’%

1-2 . \1-2
xa 2(14+iu) 2.

Fourier

ta(iut+1) —

x2s D

_ D 1_D
e Fauihgr 2t 2

X

(18)

Applying the Fourier transform to other propagators in (10)
we arrive at a set of standard form propagators in the (¢, X)
representation. Diagram (16) contributes to the renormaliza-
tion constant Zs. To calculate this contribution we put the
momentum and frequency of the external line in the upper

G )

right corner equal to zero. Then we have to calculate

v

(

(tr — t)ar‘razf%fl h—t by

kq (19)

P-k

First, we multiply in the (¢, x) presentation the lines in the
right loop marked by ¢, k — ¢ in (19). The result is in the
standard form, so that using (15) we calculate its convolution
with the upper (§n7)¢ line marked by k. The result of the
convolution is a sum of lines in the standard form. Every one
of these lines is simply multiplied by the lower line (§77 )
marked by p — k.

After the transform to the (w, p) representation with the use
of (12) we obtain the result in the form of integrals over two
variables similar to that over s in (18) and over z in (15). The
I" function due to Fourier transform contains the leading pole
in &. The second pole in ¢ can be simply extracted from the
integral over z. The remaining integrals are readily calculated
analytically or numerically.

This technique allows us to extract a residue of correspond-
ing expressions almost directly for all the above-mentioned
types of diagrams. Moreover, in some cases this approach can
be used to obtain closed-form expressions for the diagrams.

D. Results of calculations

At the IR stable fixed point found in [12] the nonper-
turbative coupling constant u is equal to zero. To prove the
stability of this point in the next perturbation order only values
of functions Q;(u) and their derivatives with respect to u at
u = 0 are required. The result of calculation of the first three
functions is

01(0) = —log (g) —3,05(0) = —7 + 18coth™'(7),

05(0) = 3 — 14 coth™1(7),

90 () _i(72coth™"(7) — 25)
du N 6 '
u=0
90, (1) _ 2i(2+9coth™!(7))
du N 3 ’
u=0
. _ —1
003(u) _ i(11 — 114 coth (7)). 20)
du 0 3

Expressions for Q4, ..., Qjp are more complicated and in-
clude the dilogarithm Liy(1/9) (also known as Spence’s
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function). We calculated them with the use of the method
described in Sec. III with the result

040y = — 207 4B —8(1 (‘-‘) 261 2(2))
w=T 3 °¢\3 ©8

+ ;—llog(3)(49 log(3) — 1601og(2)),

Bz 87‘[2 4
05(0) = 3 + = "3 log(2)(23 + 83 1og(2))
+ %(54 +2961og(2) — 7910g(3)) log(3),

B3 357'[2
0)=——
06(0) 3 13

n glog(Z)(163 log(2) — 58)

1
+ 3 log(3)(66 — 34410g(2) + 9710g(3)),

32Lir (1) 64Lir(L) 2 16m?
9
64108%(2) 64
_ 84log’@) | 040 (3)coth=1(7),
3 3
1672 5 4
05(0) = — + 641log*(2) — 5 log(2)(83 + 144 1og(3))

+ %(34 + 74 41og(3)(33 + 3210g(3))),

0o(0) = %(—1 + 1672 — 810g(2)(73 + 48 coth ™1 (5)))

1 (1 (1
+ 5 (—192L12<Z) - 96L12<§) + 35610g(3)>,

010(0) = — 011(0) = 20;2 _ 160L312(%) N ?mg (%‘)

x (=6 +261log(2) — 211og(3)), 1)
where
By = —4Lix(1/16) + 6Lix(1/9) — 4Lis(1/6)

+ 34Li5(1/4) + 12Li>(3/8) + 8Li>(4/9) + 4Lir(2/3),

4(4Lip(1/16) — Lix(1/9) + 4Li>(1/6)

— 33Li(1/4) — 12Liy(3/8) — 8Li»(4/9)+ 9Li»(2/3)),

By = — 8Liy(1/16) + 12Liy(1/9) — 8Li>(1/6)
+29Liy(1/4) + 8(Li2(1/3) + 3Li2(3/8) 4 2Lix(4/9)),

By =32Lis () + 160Lis(3). (22)

B,

The derivatives of Q; with respect to u at u = 0 were evalu-
ated in a similar way and their closed-form expressions also
include dilogarithms:

304w ,_, = — %i(36810g(2) — 89log(3)) log(3)
— 2i(log(2)(4910g(2) — 12) + log(729))
+ 3i(=3C) + 197% — 18),

3.05w)| _, = 5i(C2 + 7 = 87(log*(3) + log(9)))

— 4ilog(2)(—83 + 66 log(2) — 87 log(3)),

3.Q6()| _, = 2i(31910g(3) + (576 log(2) — 299) log(4))
— §i(Cs + 46> 4 21(136log(2)
—471og(3))1og(3)),

— §i(Cy + 87° +29)

0. Q7(w)| _,
— 3ilog(2)(—101431210g(2)—28810g(3)).
3.Qs(u)| _, = — 5i(Cs + 810g(3)(17 + 10g(729))) + i
x (34247°+161og(2)(41 + 63 coth~(5))),
0uQo(w)|,_y = %i(Co + 727> + 195) + Zilog(2)
x (—665 + 1944 1og(2) — 172810g(3)),
(23)
where
C; = — 10Liy(1/9) + 32Liy(2/3) + 28Liy(3/4),
C, =84Liy(—2) — 18Liy(1/9) + 114Li,(1/4),
C3 = — 6(5Liy(1/9) — 44Liy(1/4)
+94Li>(2/3) + Lix(3/4) + 10),
Cy =48Liy(1/4) — 96Li»(2/3)
+ 1011og(9) + 12010g(3) log(9),
Cs =72Liy(—1/3) 4 72Li5(2/3) 4 36Li,(3/4),
Cs =432Liy(1/4) — 864Liy(2/3)
+ (697 + 64810g(3)) log(9).

With the use of these expressions, the RG functions B, ,
Be,» and B, can be directly evaluated. However, their closed-
form expressions are too lengthy to include here and we
therefore quote them in numerical form:

B, (gr, gi» 0) =0.004 33538g7g, — 0.0759909g;g,
— g, +0.000271762g>,

Be(gr» 8i» 0) = — 0.00133672g;8> — eg; + 0.0027269g;
—0.0633257¢7 +0.012665 1%,

Bu(gr, g, 0) = — 0.000077 646g;g, + 2.767327 16
x 1070¢%¢, + 1.80092145 x 10773, (24)

The nonperturbative coupling constant u has been set equal to
zero in (24), because at the only nontrivial perturbative fixed
point it assumes the value u, = 0 [12].

IV. BOREL TRANSFORM

Let us briefly recall the results of the RG analysis at the
leading order of the & expansion [12,16]: Contrary to the
case of stochastic models E and F, there are only three fixed
points for the set of the three equations B, (g, g, u) =0,
Be.(gr, i, u) = 0, and B, (g, g, u) = 0. Apart from the trivial
fixed point g, = g;x = 0 with arbitrary u, (IR unstable at
d < 4), there is the saddle point g; = —272e, 1/u = 0 with
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arbitrary g,, and the only IR stable (at d < 4) fixed point
g =0, gix = —87%€/5, u, =0, the stability of which is
further explored in the present analysis.

The connection between the critical behavior of the present
model and model A can be illustrated as follows. Let us define
new two-component variables ¢ (real) and ¢’ (imaginary)
asgr=n" —n, ¢, =it +n), ¢ =ET+£)/2,and ¢y =
i(§T — &)/2. Then the action (3) at the only IR-stable fixed
point (with imaginary charge g = ig;,) becomes

S, =g’ + ¢>/[ — 3¢+ a(A¢ + ‘%&)]. (25)

This expression coincides with the De Dominicis—Janssen
action [28,29] of the stochastic two-component model A [7]
up to notation. Moreover, the sign of g;, in (25) matches that
in model A [7].

It was shown in [12] that the coupling constants g, and u
are equal to zero at the IR stable fixed point. Therefore,
to obtain the fixed point in the next-to-leading-order equa-
tion B, (0, gi, 0) = 0 should be solved. As a result, the fixed
point has the following form:

8m2e  136m2e?

+ —
5 125
The character of the fixed point is determined by the eigen-
values of the w matrix consisting of derivatives of the
functions with respect to coupling constants calculated at the
fixed point. At an IR stable fixed point all eigenvalues of the
matrix

8ix = — (26)

Ber o 0By

08, 0gi ou

— 3By 3By 3By
w= g agi ou (27)

By B BBu

g, agi ou

are strictly positive. Evaluation of the eigenvalues of the w
matrix leads to the following answers:

&+ 0.68¢2,
0.2¢ + 0.245739¢2,
0.023014 65% — 0.025 833 6¢°. (28)

The coefficient of & of the leading-order contribution to the
third eigenvalue in (28) is a small number, therefore at the
physical value of the expansion parameter ¢ = 1 it is highly
sensitive to corrections of higher order. The present next-to-
leading-order calculation was undertaken in order to verify the
conclusion about stability of the fixed point at hand. It is easy
to see that in three dimensions (¢ = 1) the third eigenvalue
in (28) has a negative sign. Moreover, for this eigenvalue
the next-to-leading order is larger then the leading one. In
such a situation it is difficult to use directly the perturbation
expansion. Usually in the quantum-field perturbation series
values a few first terms decrease. In that case the sum of the
leading terms can be considered as a correct estimate of the
number inferred from the asymptotic series.

In the present case a series resummation is necessary.
Usually the quantum field perturbation series resummation is
based on known high-order asymptotes (HOAs) of the series.
In the GFFT formalism used here the HOA has not been

investigated yet. For our purposes, however, it is not needed in
the full size. Here, we calculate the w exponents at the fixed
point only. All calculations were performed for g, = u = 0.
Therefore, we need in fact to analyze some Green functions in
the dynamical model A. The HOAs of the perturbation series
in this model are known [30,31]. These results may be used
for the resummation of the present w exponents.

According to [30,31] the fixed point coordinates and w
exponents of g, = u = 0 behavior are of the form

q= Z qNsN 29)
N>0
with the HOA
gy = C;N!(—=a)"N"(1 + O(1/N)). (30)

The right side of relation (30) is an asymptotic estimate of
the coefficient in the Nth order of perturbation theory, the
parameters of which are

a=3, by, =4, by, =b,, =5. (31)
Let us recall the main features of the Borel resummation
[32,33]. For g (29) with HOA (30) the Borel transform is

defined by the formulas

+00
q(e) = / dttPe™'B(et), B(x) = Zkak,
0 k=0
_ qk
Tk+b+1)
where b is an arbitrary parameter.

The related conformal mapping has usually the form
[32,33]

By (32)

 TTa- e
v(x) = m < .X(U) = m (33)

The integration contour here belongs to a convergence circle,
the point x = —1/a is mapped to v = —1, and the infinity
point goes to v = 1. Small values of x in (33) correspond to
small v. Therefore, the series (32) can be rewritten in terms of
the v variable:

Bx)=) x"B, — Bw=)Y v"V,

n=0 n=0

where

Vo=Bo, Vi=) Bu(4/a)"Cn

n+m—1°

n>1. (34
m=1

Correspondingly conformal-Borel transform of the Q function

has the form

+00
q(e) = Vi / dr te™" (v(et)). (35)
0

k=0

In [32] the parameter b was chosen in accordance with the
condition b > b, + 1.5. Such a choice allows one to “weaken”
the singularity of the Borel image (32) at the point x = —1/a.
Using conformal-Borel transform in our case with b = b, +
1.5 we obtain (¢ = 1)

w; = 0.211669753 1,
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wy = 1.078 902 843,
w3 = 0.003 120033 385. (36)

Numerical results of resummation weakly depend on the
scheme used. According to [34], conformal-Borel transform
yields the most accurate figures. Taking into account two or-
ders of the perturbation expansion it is not plausible to ensure
high accuracy of the result obtained. However, here only the
signs of the w exponents are essential. All three eigenvalues
are strictly positive now. It is worthwhile to note that the next
perturbation order must increase this result due to the sign
alternation of the series. This confirms that in the third order
of the perturbation theory the fixed point investigated is IR
stable.

V. CONCLUSION

With the use of three-loop calculation in the model of
a Bose gas with a local density-density interaction in the
formalism of the time-dependent Green functions at finite
temperature we have corroborated our previous conjecture
[12,14] that the dynamics of the superfluid phase transition
is described by a model which belongs to the same class of
universality as the stochastic model A. This is a main physical
result of the paper.

We have also demonstrated the usefulness of the slightly
developed method of calculation of dynamical diagrams in
the (¢, x) representation proposed in [22]. Using this approach
we have obtained analytical results for two- and three-loop
graphs. The propagators in our model are similar to those in
the stochastic model F which is more general and difficult
than the widely investigated model E. The renormalization
group calculations in model E at the same order in loop as
in the present paper were performed in [35-37] with differ-
ent results. The definite result was obtained only recently in
[38]. The (¢, x) approach can simplify essentially multiloop
calculations in an arbitrary dynamic model.

In addition to the dynamics near the A point description
in the GFFT formalism a stochastic model was put forward in
[12,16] which produces similar results in the description of the
critical behavior. The stochastic model is a model of classical
fields, however, and it includes quantities like velocity and
viscosity as classical variables. Using stochastic equations of
this model it is possible to calculate the critical dimension
of the viscosity and show how viscosity tends to zero in the
superfluid phase transition. We hope to publish the results of
the investigation soon.
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APPENDIX: FEYNMAN DIAGRAMS

In this Appendix we present the results of calculation of
two- and three-loop diagrams. Unfortunately, we have not
obtained analytic results for diagrams for arbitrary u, and the

expressions from numerical calculations of graphs with u 7% 0
are too large. Therefore, we present here expressions at u = 0
for graphs and their derivatives with respect to u. These results
can be useful for investigations of other models with similar
actions.

In Tables I-III vy; = vy; = v3; = Vo; = V11, Ugi = Us; =
ve; and vy; = vg; = vy for i = ¢, p, with the notations

Yo = 8Liz<§> — 2 +log (‘3-‘)(6 —261og(2)4211log(3)),
vy =3 (—4 <L12 (%) +Li, <%)) —310g(3)(2+ log(243))
+ 410g(2)(3 + 28 cothl(S))> + 12,

4
v, =1+2log (§>(—5 + 241log(2) — 1210g(3)),

32Li ! + 12Li 2
2\ g 2\ 3

— 5410g(3) + 410g(2)(23 — 71og(2) + log(81)),

U4

1
V4p — 96Li, <Z) + 96L12<3> +5+384 log )

+ 41og(3)(89+4241og(3)) — 8log(2)(734-481log(3)),

TABLE I. Diagrams contributing to Z,. The diagrams are de-
picted in the second column. In the third column the symmetry
coefficients (s.c) are quoted. In the fourth column values of the pole
parts of the diagrams are quoted in the normalization of propagators
and vertices corresponding to the basic action.

No. Diagram s.C Zo

T
— 153650 ig3 g2

2 1 io3asez19193
3 % ﬁﬂglgg
4 1 _153?2255@.9%92
5 % 153?27#3 igig2
6 1 15?£?rg€ig§g1
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TABLE II. Diagrams contributing to Z; and Z,. The diagrams
are depicted in the second column. In the third column the symmetry
coefficients (s.c) are quoted. In the fourth column values of the pole
parts of the diagrams are quoted in the normalization of propagators
and vertices corresponding to the basic action. In the fifth column
the pole parts of diagram derivatives with respect to u at u = 0 are
presented.

TABLE III. Diagrams contributing to Zs. The diagrams are de-
picted in the second column. In the third column the symmetry
coefficients (s.c) are quoted. In the fourth column values of the pole
parts of the diagrams are quoted in the normalization of propagators
and vertices corresponding to the basic action. In the fifth column
the pole parts of diagram derivatives with respect to u at u = 0 are
presented.

No. Diagram s.c Z,-, 0uZi(u=0)
. . X1t <
1 Zy 9210_(» “]1 9216762 91
1 U] X1 3
. »
Zy: — Tepmaess it~ Tiososee i
9 1 2 _36364%6‘5 igig2 — 1&135&659192
. Y2p P02 X2p 2
22 11335619192 ~ 531154762 9192
Z . v3t N 2
| L m“fﬂb Tersz 9195
3 - xep
Z2: 154527—‘) i9193 276437,05!11!12
7 . _var ;3 xat 3
1 21 ¢ raes 91 921670z 91
. vap .3 Xap
! 22 35apa707 191 zznazmbcql
L Ust _in?0, X5t 2
° , 4 1843276 Y9192~ Tga3270: 9192
2 . v 2 X5p 2
Za 3686470z 9192 T 1105027029192
: _ X6t 2.
6 1 4 18432702 9192
7. X6p a2 X6p 2
22~ 35R64n5z 19192~ 531184702 9192
VTt o3 X1t 3
1 21+ a1 5216702 91
T+ —— Y0 4 __ X7p 3
’ Z2: 308647‘%“11 22118470291
. U8t 102 . X8t 2
1 7 T813270¢ 19192 9216765 9192
. vep ;2 X8p 2
8 22 ¢ 35564a62 19192 31117629192
71— V9t i(z_ pEy
1~ 3egetnts 9192 —gateres! 9192
1
g . _vop .02 Xop
Y 22t 153356209192~ 531184707 9392
. vi0t 10t
1 Z : Jbgb_irbp[/qqu 418-1&271-70 qz(]l
10 2 o V1i0p X10p
22 — 35364002 ig391 110592762 B
. w11t ;3 X11t 3
1 21 G316m02 191 9216706291
11

S Vilp X11p
221 = {53000z ig?

1 (1 (1
U7t :4(—2L12<E> + 3L12<§> — 2L12<8)
+siin( L) 4eLin(2) + 4L (2 +3Lin( 2
12 ] 12 3 12 9 12 3

1472

11059276e 91

+ 1161og?(2) — 410g(2)(17 + 3210g(3))

+log(3)(42 + 4710g(3)),

(1 (2 ,
X1 = — | 24Li, Z — 84Li, § —6+4+7n

—57610g%(2) + 201og(2)(8 4 331og(3))

—1og(3)(80 + 207 10g(3))>,

No. Diagram s.c Zs OuZs(u = 0)
1 L _sbles(d) oftes(d)
2 T 64anie T T 16nde

. 3 64
| iod(log(52)-1) gf(=1+14108(2)=Tl0g(3))
2567%e 25674

1 igl (log( )71)

2567%e

o8 (los(32) 1)

12871-45

| iotlos($) 1) sH8+1410p)Thon(®)

4 256mde 25674
5 L _istos(d)  of(1-61o(4))
64nde 1927de
igf(1+1oe(3)) _ of (1+los( %55 ))
2567%e 384nde
- 1 _igi(i+lee(5)) g7 (1+los(3))
2 2567de 2567%e

1 ig7 (log(92)—1) ¢3(—1+1410g(2)—7log(3))
256mde 25674

igy (log( )—1) g:{'(—3+1410g(2)—710g(3))
2 25674e 25674e

-

ig193 (log($2)—1) g192(1—1410g(2)+7 l0g(3))

10 25674e 25674e

2§2§2§2§2§ é,égéééég
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TABLE IIl. (Continued.) TABLE IIl. (Continued.)
No. Diagram s.c Zs OuZs(u=0) No. Diagram s.c Zs OuZs(u=0)
11 >@ 1 i\(]l_(/g(ng)(iE;f)fl) 7{]1_115(11(,);‘8(7(%)7]) 921 % % 79%922(;(:35(%)) _9592(5221(7%)71)
% b -l mACE ><} o)) st
>@ 1 (3] daledd)-) ><© ;i) :
. ><} N : ><Q Gl G
15 1 igiga(log(§3)-1) gig2(los( ) -1)
h 2 2567de 2567de |
X = — (12Li2(—2) + 6Li2<Z> — 6472 —18010g?(2)
16 1 Bigiealog(3) 0 +(26 + 961og(3)) log(4) — (13 + 2410g(3)) 10g(9)),
2 64nde
(1 (1 2
vy = — 192L1, Z + 96Li, g +5—16n
17 1 S'L'g%gg log(%) 0 + 4 10g(3)(24 10g(3) - 79)
+ 2410g(2)(21 — 8log(3) + log(256)),
1 2
X3 = — (13n2 - 2(-33L12<Z) + 78Liz<§> +6
£(2r2 log % — {252 log % -
18 1 A (25;545 )=1) oo (128£45) ) +27010g(2) — 41og(2)(25 + 87 log(3))
+(25 + 631og(3)) log(9))),
. 34 2 1024 1 1 2
' ><j T et = (i) 0w (5) 4154 0w
+972 10g2(2) +log(3)(113 + 162 10g(3))
( ig2g2(log(82)~1)  g7g2(log(18)—1) —21og(2)(113 + 43210g(3))),
20 1 - 25674e B 12874 ! i
= — | —30Li,| = 30Li [ =
o ( 12(9) i ‘2(3>

3
—63L12(Z> +3 4 577 — 3661og*(2) + 97 log(4)

= (216Liz<1) 3 432Li2(%) 469 4 3672 +1og(3)(—113 — 181og(3) + 120 log(4))),
P 4 3

(1
+41log(2)(—221 4 972 log(2) — 864 1og(3)) Xap = (—864L12(Z> — 3+ 487 4 28810g>(3)

+22110g(9) + 324 1og(3) 10g(9)>, +165110g(9) — 41og(2)(1331 + 864 coth™ (5))),
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(1 At (2 A .2 1172
X5t = — (—18L12<§> + 6L12<Z> - 60L12(§) —12 X7t = (—117L12 <Z> + 6Li, <§) +3+ >

+77% — 67210g*(2) + 41og(2)(37 + 183 1og(3)) —9010g2(2) + (103 — 3610g(3)) log(3)
—log(3)(82 + 213 log(3))>’ +610g(2)(1410g(3) — 29) ),
_ 1 . (3 (1 . (2
Xsp= — (—9(32]_,12 (—5) 4+ 64]_,12(1) + 1> Xip = — <_3<_384L12(Z>+192L12(§>+9+10g(729)>
+4872 — 6912 log?(2) + 20 log(2)(173+288 log(3)) +1210g(2)(455 4 16log <ﬁ)) _ 335210g(3))
27 ’
—210g(3)(1025 + 504 10g(3))), ) )
Xop = <144L12<Z> — 288Liz<§> + 57 + 2472
(1 (1 2
Xor = = (‘126“2 <Z> — 36Li; (5) 6+ Tm +259210g2(2) + 43210g2(3) + 322log(3)
+27610g?(2) + 36 log>(3) + 302 log(3) _4log(2)(161 + 576 10g(3))>
—410g(2)(119 + 69 log(3))>, | >
Xo = — (87Liz<z> - 18Liz<§) +3
. 1 . (3 2
Xop = ( —1152Lia  —5 ) — 1440Li ( 7 ) + 189 + 967 502 8
- (161 + 121og <§>> log(3)

—1324810g%(2) — 210g(3)(2381 + 72010g(3))

+410g(2)(1933 + 2592 10g(3))>, +61log(2)(43 + 10g(512))),

1 1
I 2 _ (=1 Z 576 (L
Xop = <144L12<Z) - 288Liz<§> +57 + 2472 Xep (3 (960“2( 2) 576L‘2( 3)

(2 )
12592 10g2(2) + 43210g%(3) + 322 log(3) _384L12(§> + 89) + 1927
+12(521 — 16810g(2)) log(2)

+<288 log <§) — 2011> 10g(9)>,
= 6( 5SLi ! 10Li 2 Li 3 2 ’
N TE T o
X9 = 12 I 12 3

16
+67% + 36<log (3) — 11) log(2) +272—72 10g2(2) —log(3)(13 + 361og(3))

—41og(2)(161 + 576 1og(3))>,

+log(2)(26 + 9610g(3))>,
+7(34 — 31og(3)) log(3)>,

(1 /2 )
Xiop = (75 — 852 log(2) + 490 log(3)), Xip == (72L12<Z> - 144L12(§) 3412

1 1 +410g(2)(—65 + 324 1og(2) — 28810g(3
i = — (—6L12(Z>—36L12(§> + 643724108 log*(3) g@)( &) g3)

+6510g(9) + 108 log(3) log(9)).
+3710g(9) — 41log(2)(37 + 234 coth1(5))),
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