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One-to-one correspondence between thermal structure factors and coupling
constants of general bilinear Hamiltonians
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A theorem that establishes a one-to-one relation between zero-temperature static spin-spin correlators and
coupling constants for a general class of quantum spin Hamiltonians bilinear in the spin operators has been
recently established by Quintanilla, using an argument in the spirit of the Hohenberg-Kohn theorem in density
functional theory. Quintanilla’s theorem gives a firm theoretical foundation to quantum spin Hamiltonian
learning using spin structure factors as input data. Here we extend the validity of the theorem in two directions.

First, following the same approach as Mermin, the proof is extended to the case of finite-temperature spin
structure factors, thus ensuring that the application of this theorem to experimental data is sound. Second, we
note that this theorem applies to all types of Hamiltonians expressed as sums of bilinear operators, so that it can
also relate the density-density correlators to the Coulomb matrix elements for interacting electrons in the lowest

Landau level.
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Understanding the wonders and complexities of the micro-
scopic world requires tackling the notoriously hard quantum
many-body problem. Given the ubiquity of approximate meth-
ods in the state-of-the-art research on quantum many-body
phenomena, the existence of general theorems [1-4] is es-
sential for setting such approximations on firm theoretical
ground.

The present Letter follows a recent work by Quintanilla
[5], which establishes a theorem valid for a general class of
bilinear quantum spin Hamiltonians,

s o,B da B
A=Y Jfsest, (1)
ij.a.p

where S‘f‘ is the o = x,y,z component of a spin operator
acting on site 7 in an arbitrary lattice, and Jl“jﬁ are the spin
coupling constants. The general Hamiltonian stated in Eq. (1)
encompasses most physically relevant types of interactions,
notably Heisenberg [6], dipolar, Ising [7], Dzyaloshinskii-
Moriya [8,9] and Kitaev [10] interactions. As a result, a
wide class of canonical quantum spin models (e.g., Ising [7],
Heisenberg [6], XXZ [11], Majumdar-Ghosh [12], Shastry-
Sutherland [13], Haldane [14], Kitaev [10]) are particular
cases of Eq. (1). It should be noted, however, that this class of
Hamiltonians does not cover important quantum spin models
such as the toric code [15] or the bilinear-biquadratic Heisen-
berg model (including the AKLT model [16]), which is known
to describe some physical systems [17].

The theorem proven by Quintanilla [5S] for this class
of bilinear spin Hamiltonians asserts that there exists a
one-to-one correspondence between the exchange constants
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Jl.‘f‘]’.ﬂ and the zero-temperature correlators

P (T = 0) = (D)7 8| @) 2)
for a physical system represented by the wave function | ),
which corresponds to the nondegenerate [18] ground state of
a Hamiltonian of the form given in Eq. (1). The proof of
Quintanilla’s theorem runs parallel to that of the Hohenberg-
Kohn theorem [1] for density functional theory. Interestingly,
Mermin generalized [2] the Hohenberg-Kohn theorem to
finite temperature, which motivates us to look for a finite-
temperature generalization of Quintanilla’s theorem as well.

In addition to the aforementioned theorem on the bijection
between the exchange constants Jfll’3 and the zero-temperature
spin-spin correlators pz’}ﬂ (T = 0), Quintanilla also proved [5]
a second theorem that establishes a one-to-one relation be-
tween pff}ﬂ (T = 0) and the ground state wave function |®).
This Letter will focus mainly on the first theorem, given
its potential relevance within the context of the Hamiltonian
learning problem for both the study of complex quantum
condensed-matter systems and the verification of quantum
technologies (cf. [19] and references therein). In any case, we
will also briefly discuss the extension of this second theorem
to finite temperature below.

Discussion. Before proceeding to the extension of Quin-
tanilla’s first theorem to the case of finite temperature, we
begin by introducing some relevant concepts and notations.
The thermal spin correlators at temperature 7" are defined as

o W) = Tr(WE28T), (3)
where W =3, "’7;5" |®,)(®,| is the density operator, Z =
Y, e PEn is the partition function, {E,} and {|®,)} are the
eigenenergies and eigenstates of a Hamiltonian A of the form
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given in Eq. (1), and B~! = k3T. Expanding Eq. (3) in the
Hamiltonian eigenbasis gives

Pl W) = Ze—ﬂEﬂ (@587 1®,). )
Setting T = 0, or 8 — 00, in Eq. (4) results in Eq. (2), as ex-
pected. Spin-spin correlators can be measured experimentally
using neutron diffraction [20,21].

In the following we show that the mapping between the
coupling constants J;; # and the finite-temperature correlators
[cf. Eq. (4)] is bljectlve We restrict ourselves to finite temper-
atures, since for T — oo all but local (Sfo) correlators vanish
(cf. Appendix).

The proof follows in a similar vein to the zero-temperature
one by Quintanilla [5], but the Rayleigh-Ritz variational prin-
ciple is replaced by the Gibbs-Bogoliubov inequality [2,22]
for the Helmholtz free energy. Let a system described by a
Hamiltonian H be in contact with a thermal bath at tempera-
ture T. The Helmholtz free energy of such system is

FW) = —kgT InZ = (H)y; — TS[W], (5)

where (O)y = Tr(WO) = 1 3 e PE(®,|0|D,) is the ex-
pectation value of some operator O at finite temperature

J

and S[W]= —kBTr(W an) is the von Neumann entropy.
The Gibbs-Bogoliubov inequality sets an upper bound on the
Helmbholtz free energy,

FW) < (H)y — TSIW'], (©6)

for any positive semidefinite operator W’ of appropriate di-
mensionality. The equality in Eq. (6) only occurs either when
W =W or T — oco. A proof of the Gibbs-Bogoliubov in-
equality can be found in [2].

The proof of Quintanilla’s first theorem at finite temper-
ature proceeds by reductio ad absurdum. We consider two
different Hamiltonians of the form given in Eq (1), H and H'.
Their corresponding coupling constants, J andJ | cannot
therefore be all equal in pairs. Since the couphng constants
determine the energies and eigenstates, they determine W and
W’ as well, the equilibrium density operators for A and A’, re-
spectively. We then assume that both W and W are associated
with the same finite-temperature spin-spin correlators,

P Wl = o W], ()

forall i, j, o, B. We can use the Gibbs-Bogoliubov inequality
to write the following expression for the Helmoltz free energy
of the unprimed system:

FOW)y= Y I3 W = TSIW1 < ) a5l ol P I = TS0 =
ij.a.p i.j.a.p
= D T =IE)el W+ F O, ®)
i.j.a.p

We can now exchange the roles of W and W’ to obtain an identical expression for the primed system:

RV < X
ij,o. B

Summing Eqs. (8) and (9) yields
FIW]+FIW'] <

X -

i,j.a,B

Using Eq. (7) turns Eq. (10) into F[W]+ F[W'] < F[W]+
F[W’]. The equality holds only in the two trivial limits of
infinite temperature or H = H'. For finite temperature and
H +# H’, we can replace the symbol < by a strict inequality,
thus arriving at a contradiction: F W1+ FIW'] < FIW] +
F[W']. 1t follows, then, that the initial assumption stated in
Eq. (7) must be false, in which case we can conclude that
the finite-temperature correlators are single-valued functions
Jos y . [W] of the equilibrium density operator W, which is, in

turn, uniquely determined by the coupling constants {Jf; ) of
the model, so that p;; y .p (J“ P ) is injective.

Proving the injectivity of o} # O ) suffices to show it
is bijective (i.e., a one-to-one mappmg) since p; Jﬂ (Jo‘ b ) is
surjective by construction, assuming, of course, that the phys-
ical system under study can be described by a Hamiltonian
of the form given in Eq. (1). Indeed, given a model defined
by a set of coupling parameters {Jlf';.’ﬂ }, we can always deter-

) (orsf W —

— 5PV WY+ F (W), ©)

PP I + FIW] + FW'). (10)

(

mine, at least in principle, the respective equilibrium density
operator W, which can then be used to compute the finite-
temperature spin-spin correlators { ,Of‘j’ﬂ } per Eq. (4). This is
entirely analogous to the trivial surjectivity of the mapping
of the ground state wave functions onto the set of number
densities in the proof of the Hohenberg-Kohn theorem [23]:
every number density must be associated with a given wave
function. Interestingly, the one-to-one relation between the
ground state wave function and the external potential in spin-
density-functional theory is not guaranteed to hold [24].

The final step amounts to recognizing that bijectivity is
a sufficient condition for a function to be invertible. Hence,
the coupling constants {J #} are themselves single-valued
functions of the finite- tempemture correlators { p *.p }, which
concludes the generalization of Quintanilla’s first theorem to
the case of finite temperature. Importantly, this result involves
not only the ground state manifold (regardless of its degener-
acy) but excited states as well.
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As in the case of the Hohenberg-Kohn theorem, the present
theorem does not give a systematic method to obtain the
functional that relates the coupling constants J # to the
correlators p‘j *# Hence, Quintanilla’s first theorem does not
produce a practical short-term advantage to tackle quantum
spin Hamiltonians. Nevertheless, this theorem does provide
a solid theoretical basis for a novel approach to the important
problem of determining the parent Hamiltonian of experimen-
tal systems.

Artificial intelligence methods have been used to infer spin
couplings out of experimentally determined spin correlators
in spin-ice compounds [25]. The process includes the training
of an artificial neural network (ANN) based on classical spin
model simulations. In a similar vein, ANNSs have been trained
to infer spin couplings out of specific heat measurements [26].
We note that our finite-temperature theorem provides not only
a firm foundation but also a practical advantage to infer spin
couplings out of spin correlators, as it opens the possibility of
training an ANN with simulations of quantum spin models.
As noted by Yu et al. [26], this process is actually simplified
at large temperatures. The computational resources needed to
carry out exact diagonalizations of spin Hamiltonians scale
exponentially with the system size. At high temperatures,
however, the spatial range of spin correlators is expected to
be shorter, which provides a natural cut-off for the size of
the simulation cells [26]. We also note that the training could
be supported by digital quantum simulations of quantum spin
models [27] on noisy intermediate-scale quantum computers
[28] using hybrid variational algorithms [29]. This approach
may be used to accurately determine the spin Hamiltonian
of Kitaev materials, such as RuCl; [30,31]. Likewise, it may
assist in the characterization of state-of-the-art quantum tech-
nologies [19,32-35].

For the sake of completeness, we also discuss the extension
of Quintanilla’s second theorem to nonzero temperature. The
original version at 7 = O states that the ground state wave
function |®y) is uniquely determined by the spin-spin corre-
lators p; jﬂ (T = 0). We note that this second theorem is not a
mere corollary of the first, as the search for the ground state
wave function, given the spin-spin correlators, is carried out
in a Hilbert space encompassing all spin states of appropriate
dimensionality, including those that are not eigenstates of a
bilinear Hamiltonian of the form stated in Eq. (1).

At T 5 0, the relevant physical description of the system
is in terms of the density operator W =", eféE" |D,) (D).
Following the argument of the proof at 7 = 0, we consider
a given Hamiltonian of the form defined in Eq. (1), the equi-
librium state of which is determined by the density operator
W at some temperature 7. By hypothesis, we assume there
is some other density operator W’ % W such that both are
associated with the same spin-spin correlators, as in Eq. (7).
The Helmholtz free energy of the system considered can be
expressed as

= Y TP pt W] — TSIW] <
i,j.a,p
W= > JSPpl W —TSwl, D
i,j.a.p

where the Gibbs-Bogoliubov inequality was used in the sec-
ond step. As discussed above, a strict inequality can be
assumed if one ignores the trivial case of T = co. Using
Eq. (7) to simplify the inequality above gives TS[W] >
TS[W']. Setting T = 0, we retrieve the result previously de-
rived by Quintanilla [5], since we arrive at a contradiction
(0> 0).

For T > 0, however, the entropic term does not vanish.
Hence, a contradiction can be avoided if the von Neumann
entropy of W' is lower than that of W . The translation of Quin-
tanilla’s second theorem to finite temperature is therefore a
weaker version of the zero-temperature counterpart: It merely
asserts that, having obtained a density operator estimate W
from a machine-learning model that fits the experimentally—
obtained finite-temperature two-point correlators ,ol , there
is no other density operator W' of equal or greater entropy
that fits the data as well as W. In other words, the system is
only guaranteed not to be more disordered than the current
prediction.

Returning to the first theorem, we note that, in all of the
above we never make use of the fact that 3‘;" are spin operators.
Hence, the theorem applies to any Hamiltonian that can be
expressed as a bilinear sum of operators,

A=Y"1.,0.0, (12)
a,b

where J, ;, describe couplings between operators O, and Oy,
with a and b general labels. For example, Hamiltonian (12)
includes the relevant case of interacting electrons that occupy
a flat band or a single Landau level, with O being the elec-
tronic density operator and J, , being the Coulomb interaction
projected onto the lowest Landau level [36].

The first theorem stated and proven above can be rephrased
as follows. The couplings J, ; are a single-valued functional of
the thermal correlators:

1 A A
_— _/SEn
Pab =~ En e " (@0 Op| Py). (13)

Thus, the theorem establishes a one-to-one correspondence
between the finite-temperature density-density correlations
and the representation of the Coulomb matrix elements in the
lowest Landau level. Experimentally, the scattering of charged
particles is a natural probe of density-density correlation func-
tions [37], but in practice it is problematic in the presence of
strong magnetic fields. Still, density-density correlators can
be probed in the case of atomic quantum gases, for which
synthetic magnetic fields can be created [38]. We note that,
most certainly, the functional relation between density-density
correlators and Coulomb matrix elements will include an
explicit dependence on the number of electrons in the system,
as it is well known that the electronic properties of the two-
dimensional electron gas in the lowest Landau level depend
strongly on the filling factor [39].

The Hohenberg-Kohn theorem [1], and Mermin’s finite-
temperature extension [2], became extremely useful when
approximate versions of the density functional, such as the
Kohm-Sham local density approximation [40], were devel-
oped. We hope that this paper will inspire the quest for such
approximate functionals within the context of quantum spin
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Hamiltonian learning based on spin structure factors. We also
note the existence of a theorem relating the ground state en-
ergy to the magnetization density in Heisenberg models [41];
its connection with our work remains to be explored.

Conclusion. We have demonstrated a theorem that estab-
lishes a one-to-one relation between interaction couplings
and finite-temperature correlators in a general class of bi-
linear Hamiltonians. Our work generalizes a recent result of
Quintanilla [5] in two ways. First, our theorem establishes
the validity of Quintanilla’s result for arbitrary temperatures.
Second, we note that the theorem is applicable beyond the
realm of spin systems. Our theorem puts the recent work that
uses artificial intelligence to determine spin couplings [25] on
firm theoretical footing and may provide a route to settle dis-
putes about the nature of spin couplings in quantum materials,
such as Kitaev materials, and to characterize state-of-the-art
quantum technologies.
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APPENDIX: INFINITE-TEMPERATURE SPIN-SPIN
CORRELATORS

The spin-spin correlators pf‘jﬂ (W) at a nonzero temperature
T are given by Eq. (4). Setting T — oo, or § — 0, gives
e PEr = 1 for all eigenenergies {E,}, in which case

o 1 oo b 1 da &
Pif(T — 00) = =3 (@,I8787|0,) = _Tr(S757).

n

Being a scalar, pf‘iﬂ (T — o0) is invariant under a change of

basis. Since the density operator W now only contributes a
constant prefactor 1, we can replace the Hamiltonian eigen-
basis {|®,)} with the product basis {); |S;)}, where we define
the quantization axis such that S'flSi) = §;|S;) at every site i,
with §; € {(-§,-S+1,...,—-1,0,1,...,§ — 1,8} for a local
spin-S. Computing the trace in this product basis gives

S
D (Sil8r 18 (S;18718)),
1.S=—S

Sazaﬁz

ap _
piy (T = 00) = @S+ 1)
where the Kronecker deltas follow from the fact that the only
spin component with nonzero entries along the diagonal is 87,
so for any choice other than («, 8) = (z, z) the correlator van-
ishes. The prefactor results from the fact that the trivial sums
over the remaining N — 2 spins-S give a factor (25 + 1)¥=2,
which cancels with the partition function Z = (25 + 1)V.
Considering, for the moment, the nonlocal case i # j, we
realize that for every configuration where (Silgf [S:) (S j|3’§ 1S;)
takes a value c, there is another one taking the symmetric
value —c. In other words, any term (S|S’f|S) (S’|S‘j|S’> is can-
celed out by another term (—S|$‘f| — S)(S’|$‘§|S/). Hence, all
nonlocal spin-spin correlators vanish at infinite temperature:

S

D (SIHSEIS)-

Si=—S

8;i0uz0

aff ijOaz0Bz
T — o0) = —=
'O”( ) 28 +1

The remaining sum can be computed explicitly: Z;: s Si2 =

w. Replacing in the expression above yields

S5 +1)
Sal)

Of course, this result is valid for any Hamiltonian, since nei-
ther the eigenspectrum nor the eigenstates appear in any step
of this calculation at infinite temperature.

P (T — 00) = 8ij8u:bp:

[1] P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).
[2] N. D. Mermin, Phys. Rev. 137, A1441 (1965).
[3] N. D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133 (1966).
[4] E. H. Lieb, Phys. Rev. Lett. 62, 1201 (1989).
[5] J. Quintanilla, arXiv:2202.02434.
[6] W. Heisenberg, Z. Phys. 49, 619 (1928).
[7] E. Ising, Z. Phys. 31, 253 (1925).
[8] L. Dzyaloshinsky, J. Phys. Chem. Solids 4, 241 (1958).
[9] T. Moriya, Phys. Rev. 120, 91 (1960).
[10] A. Kitaev, Ann. Phys. 321, 2 (20006).
[11] R. Orbach, Phys. Rev. 112, 309 (1958).
[12] C. K. Majumdar and D. K. Ghosh, J. Math. Phys. 10, 1388
(1969).
[13] B.S. Shastry and B. Sutherland, Phys. Rev. Lett. 47,964 (1981).
[14] E. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
[15] A. Kitaev, Ann. Phys. 303, 2 (2003).
[16] 1. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, Phys. Rev.
Lett. 59, 799 (1987).
[17] S. Mishra, G. Catarina, F. Wu, R. Ortiz, D. Jacob, K. Eimre,
J. Ma, C. A. Pignedoli, X. Feng, P. Ruffieux, J. Fernandez-
Rossier, and R. Fasel, Nature (London) 598, 287 (2021).

[18] The proof of Quintanilla’s theorem assumes the ground
states of the two different bilinear spin Hamiltonians are
both non-degenerate, but a follow-up discussion relaxes this
assumption.

[19] A. Anshu, S. Arunachalam, T. Kuwahara, and M. Soleimanifar,
Nat. Phys. 17, 931 (2021).

[20] C. G. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949).

[21] W. Marshall and R. Lowde, Rep. Prog. Phys. 31, 705
(1968).

[22] J. W. Gibbs, Elementary Principles in Statistical Mechanics:
Developed with Especial Reference to the Rational Foundation
of Thermodynamics, Cambridge Library Collection - Mathe-
matics (Cambridge University Press, Cambridge, 2010), pp.
129-138.

[23] R. M. Dreizler and E. K. Gross, Density Functional Theory:
An Approach to the Quantum Many-Body Problem (Springer,
Berlin, Heidelberg, 1990), pp. 4-24.

[24] K. Capelle and G. Vignale, Phys. Rev. Lett. 86, 5546
(2001).

[25] A. Samarakoon, D. A. Tennant, F. Ye, Q. Zhang, and S. Grigera,
arXiv:2110.15817.

L062101-4


https://doi.org/10.1103/PhysRev.136.B864
https://doi.org/10.1103/PhysRev.137.A1441
https://doi.org/10.1103/PhysRevLett.17.1133
https://doi.org/10.1103/PhysRevLett.62.1201
http://arxiv.org/abs/arXiv:2202.02434
https://doi.org/10.1007/BF01328601
https://doi.org/10.1007/BF02980577
https://doi.org/10.1016/0022-3697(58)90076-3
https://doi.org/10.1103/PhysRev.120.91
https://doi.org/10.1016/j.aop.2005.10.005
https://doi.org/10.1103/PhysRev.112.309
https://doi.org/10.1063/1.1664978
https://doi.org/10.1103/PhysRevLett.47.964
https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1103/PhysRevLett.59.799
https://doi.org/10.1038/s41586-021-03842-3
https://doi.org/10.1038/s41567-021-01232-0
https://doi.org/10.1103/PhysRev.76.1256.2
https://doi.org/10.1088/0034-4885/31/2/305
https://doi.org/10.1103/PhysRevLett.86.5546
http://arxiv.org/abs/arXiv:2110.15817

ONE-TO-ONE CORRESPONDENCE BETWEEN THERMAL ...

PHYSICAL REVIEW E 105, L062101 (2022)

[26] S. Yu, Y. Gao, B.-B. Chen, and W. Li, Chin. Phys. Lett. 38,
097502 (2021).

[27] A. Kandala, A. Mezzacapo, K. Temme, M. Takita, M. Brink,
J. M. Chow, and J. M. Gambetta, Nature (London) 549, 242
(2017).

[28] J. Preskill, Quantum 2, 79 (2018).

[29] K. Bharti, A. Cervera-Lierta, T. H. Kyaw, T. Haug, S. Alperin-
Lea, A. Anand, M. Degroote, H. Heimonen, J. S. Kottmann, T.
Menke, W.-K. Mok, S. Sim, L.-C. Kwek, and A. Aspuru-Guzik,
Rev. Mod. Phys. 94, 015004 (2022).

[30] S. Trebst, arXiv:1701.07056.

[31] S. M. Winter, A. A. Tsirlin, M. Daghofer, J. van den Brink, Y.
Singh, P. Gegenwart, and R. Valent, J. Phys.: Condens. Matter
29, 493002 (2017).

[32] N. Wiebe, C. Granade, C. Ferrie, and D. G. Cory, Phys. Rev.
Lett. 112, 190501 (2014).

[33] J. Wang, S. Paesani, R. Santagati, S. Knauer, A. A. Gentile, N.
Wiebe, M. Petruzzella, J. L. O’Brien, J. G. Rarity, A. Laing, and
M. G. Thompson, Nat. Phys. 13, 551 (2017).

[34] W. Yu, J. Sun, Z. Han, and X. Yuan, arXiv:2201.00190.

[35] A. Valenti, G. Jin, J. Léonard, S. D. Huber, and E. Greplova,
Phys. Rev. A 105, 023302 (2022).

[36] R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).

[37] P. Nozieres and D. Pines, Theory Of Quantum Liquids: Normal
Fermi Liquids, Vol. 1 (CRC Press, Boca Raton, FL, 2018), pp.
202-269.

[38] C.-L. Hung, X. Zhang, L.-C. Ha, S.-K. Tung, N. Gemelke, and
C. Chin, New J. Phys. 13, 075019 (2011).

[39] H. L. Stormer, D. C. Tsui, and A. C. Gossard, Rev. Mod. Phys.
71, S298 (1999).

[40] W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).

[41] V. L. Libero and K. Capelle, Phys. Rev. B 68, 024423 (2003).

L062101-5


https://doi.org/10.1088/0256-307X/38/9/097502
https://doi.org/10.1038/nature23879
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.1103/RevModPhys.94.015004
http://arxiv.org/abs/arXiv:1701.07056
https://doi.org/10.1088/1361-648X/aa8cf5
https://doi.org/10.1103/PhysRevLett.112.190501
https://doi.org/10.1038/nphys4074
http://arxiv.org/abs/arXiv:2201.00190
https://doi.org/10.1103/PhysRevA.105.023302
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1088/1367-2630/13/7/075019
https://doi.org/10.1103/RevModPhys.71.S298
https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1103/PhysRevB.68.024423

