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In nonlinear Thomson scattering, a relativistic electron reradiates the photons of a laser pulse, converting
optical light to x rays or beyond. While this extreme frequency conversion offers a promising source for
probing high-energy-density materials and driving uncharted regimes of nonlinear quantum electrodynamics,
conventional nonlinear Thomson scattering has inherent trade-offs in its scaling with laser intensity. Here we
discover that the ponderomotive control afforded by spatiotemporal pulse shaping enables regimes of nonlinear
Thomson scattering that substantially enhance the scaling of the radiated power, emission angle, and frequency
with laser intensity. By appropriately setting the velocity of the intensity peak, a spatiotemporally shaped pulse
can increase the power radiated by orders of magnitude. The enhanced scaling with laser intensity allows for
operation at significantly lower electron energies or intensities.
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Bright sources of high-energy photons lead to advance-
ments in a range of disciplines, including ultrafast biology and
material science, nonlinear quantum electrodynamics, nuclear
spectroscopy, and radiotherapy [1–13]. The brightest sources
currently reside at large accelerator facilities in the form of x-
ray free-electron lasers or synchrotrons [14–16]. Laser-driven
sources [17–39] promise a smaller-scale, widely accessible al-
ternative but face challenges in achieving the required photon
number, energy, and coherence. Of the potential candidates,
nonlinear Thomson scattering (NLTS) can produce extremely
high energy, collimated radiation in a relatively controlled set-
ting [18–20,25,27,30,33,36,37,39]. Like the other candidates,
however, NLTS has inherent constraints that can impede its
realization as a practical light source.

In NLTS, a relativistic electron collides with a laser pulse
traveling in the opposite direction [Fig. 1(a)]. The electron
rapidly oscillates in the fields of the pulse and reradiates the
incident photons. The properties of the radiation depend on
the vector potential a and frequency ω0 of the pulse and the
initial electron energy γ0 (energy and charge are normalized to
mec2 and e throughout). Maximizing the radiated power P, or
the number of photons, requires large vector potentials (P ∝
a2). In these strong fields (a � 1), the ponderomotive force
of the pulse appreciably decelerates the electron and increases
the amplitude of its oscillations along the direction of its
initial motion [17,19]. This redshifts the emitted frequencies
ωn and widens the emission angle θe: ωn ≈ 8nγ 2

0 ω0/a2 and
θe ∼ a/γ0, where n is an integer [19]. This trade-off between
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the power, spectrum [40], and emission angle constrains the
utility of NLTS.

Spatiotemporal pulse shaping provides control over the
ponderomotive force, which can compensate the pondero-
motive deceleration in NLTS [41–48]. As an example, the
chromatic aberration of a diffractive optic and a chirp can be
used to control the location and time at which each temporal
slice within a pulse comes to its focus, respectively [42,43].
By adjusting the chirp, the resulting intensity peak, and there-
fore the ponderomotive force, can travel at any velocity, either
forward or backward with respect to the phase fronts, over
distances much longer than a Rayleigh range [42,43]. Aside
from extending the interaction length, a ponderomotive force
that counterpropagates with respect to the phase fronts can
accelerate an electron in NLTS [49] and can provide unique
insight into the corresponding quantum process, i.e., nonlinear
Compton scattering [50].

Here we describe regimes of nonlinear Thomson scattering
that exploit the ponderomotive control afforded by spatiotem-
poral pulse shaping to substantially enhance the scaling of
power, emission angle, and frequency with laser intensity. For
high-intensity pulses (a2 � 1), these regimes exhibit orders
of magnitude higher radiated powers, better efficiency, and
smaller emission angles than conventional NLTS at the cost
of more laser pulse energy. When compared at the same laser
energy, the improved scalings allow for the use of lower elec-
tron energies or intensities. While the results are generalized
to any ponderomotive velocity βI = vI/c, we focus on two
regimes: “drift-free” NLTS, which preserves spectral proper-
ties independent of the laser pulse shape and intensity, and
“matched” NLTS, which offers a spectrum that can be tuned
independently of the initial electron energy. This approach to
NLTS compliments existing techniques that employ tailored
frequency chirps to mitigate line broadening and compensate
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FIG. 1. (a) A conventional NLTS configuration in which the in-
tensity peak and phase fronts of a laser pulse travel in the opposite
direction as the electron. At the rising edge of the intensity peak,
the ponderomotive force decelerates the electron, redshifting the
emitted frequencies and widening their emission angle (purple cone).
(b) NLTS with ponderomotive control aligns the velocities of the in-
tensity peak and the electron. Here the ponderomotive force increases
or maintains the electron velocity, allowing for higher-frequency
emission into a smaller angle. The electron trajectory in its average
rest frame (figure eight) is depicted to the left of each case.

redshifting in the mildly nonlinear regime of Thomson scat-
tering (a � 1) [51–54].

Figure 1 contrasts backscattering configurations for con-
ventional NLTS and NLTS with ponderomotive control
(NPC). Conventional NLTS employs a standard laser pulse
with an intensity peak and phase that counterpropagate at the
vacuum speed of light with respect to a relativistic electron.
NPC employs a spatiotemporally shaped pulse with an in-
tensity peak that counterpropagates with respect to its phase
fronts and copropagates with respect to the electron. In both
cases, as the electron enters the leading edge of the intensity
peak, it begins oscillating in the polarization (transverse) and
propagation (longitudinal) directions. For a linearly polarized
pulse, the motion in a frame moving with the average longi-
tudinal velocity of the electron traces out a figure eight. NPC
provides additional freedom over this motion.

The electron trajectory evolves in response to the vec-
tor potential a = a(z − βI t ) cos(z + t )x̂, where the envelope
a captures the motion of the intensity peak and time and
space have been normalized to ω0 and ω0/c, respectively
(Appendix A). Recognizing that the vector potential changes
slowly with the coordinate ξ = z − βI t and rapidly with η =
z + t , a multiple-timescale analysis reveals the local con-
servation equation γ + uz ≡ h(ξ ), where u is the electron
momentum. This relation indicates that the Hamiltonian h
of the electron in a frame moving with the phase velocity

depends only on the slow coordinate ξ . Using this relation,
one can show that

h(ξ ) = 〈γ 〉(1 + β−1
I ) + γ0(β0 − β−1

I ), (1)

where 〈γ 〉 = γ 2
I γ0(1 − βIβ0) − βIγ

2
I [γ 2

0 (1 − βIβ0)2 − γ −2
I〈γ 2

⊥〉]1/2 is the electron energy averaged over a cycle
of the laser pulse, β0 = (1 − γ −2

0 )1/2 is the initial
longitudinal velocity of the electron, γ 2

I = (1 − β2
I )−1,

and 〈γ 2
⊥〉 = 1 + 1

2 a2. Note that h depends only on the initial
electron energy, the ponderomotive velocity, and the local
value of the vector potential. From here on, the ξ dependence
of all quantities that depend on a is understood.

The Hamiltonian h determines all details of the elec-
tron trajectory and the radiation properties. Specifically, the
radiation results from the time-dependent curvature of the
electron trajectory, which is set by the amplitudes of the
transverse (x0) and longitudinal (z0) oscillations, x0 = a/h and
z0 = a2/8h2, about a drift motion characterized by the lon-
gitudinal velocity, βd = (h2 − 〈γ 2

⊥〉)/(h2 + 〈γ 2
⊥〉) [19]. The

cycle-averaged power, emission angle, harmonic frequency,
and bandwidth ωb all depend on h: 〈P〉 = reh2a2/3, θe � a/h,
ωn = nh2/〈γ 2

⊥〉, and ωb = 3a3h2/4〈γ 2
⊥〉, where re is the clas-

sical electron radius. Conventional NLTS corresponds to the
special case of βI = −1 and h = (1 + β0)γ0 with the radiation
properties found in Table I. Through h, the ponderomotive
velocity βI provides an additional parameter to tune the tra-
jectory and radiation properties.

Figure 2 illustrates the impact of using the ponderomotive
velocity to tune the electron trajectory. For ponderomotive
velocities parallel to the initial electron velocity, the radiated
power can be orders of magnitude larger than in conventional
NLTS 〈PC〉. Further, the enhancement in the radiated power
increases with the vector potential a, favoring high-intensity
laser pulses. Note that here and throughout, the parameters
have been chosen to ensure that NLTS occurs in the classical
regime, i.e., h̄ωb 
 γ0 [55].

To understand how the ponderomotive velocity changes the
radiation properties, consider the longitudinal drift velocity of
the electron βd . The velocity can increase or decrease as the
electron enters the intensity peak, depending on the value of
βI . In conventional NLTS, h is independent of a. As a result,
the increase in 〈γ 2

⊥〉 as the electron enters the pulse necessarily
decreases βd . Said differently, the electron is ponderomotively
decelerated by the countertraveling intensity peak. In NPC,
βI ≈ 1, and h(ξ ) depends on a. Now h(ξ ) and, as a result, βd

increase as the electron enters the intensity peak; that is, the
electron is ponderomotively accelerated by the cotraveling in-
tensity peak. In fact, this acceleration can become so large that
the electron outruns the intensity peak (gray area in Fig. 2).
An increase in βd , and therefore h, enhances the scaling of
the radiation properties (〈P〉, ωn, ωb ∝ h2 and θe ∝ h−1). Two
specific cases illustrate this benefit more clearly.

Drift-free NLTS employs a superluminal intensity peak
to compensate the ponderomotive deceleration of the elec-
tron. When βI = β−1

0 , the ponderomotive force increases the
energy and the longitudinal momentum of the electron in
the right balance to maintain a constant βd throughout the
interaction (Fig. 2, inset). The resulting value of h = (1 +
β0)γ0〈γ 2

⊥〉1/2 provides the radiation properties displayed in
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TABLE I. Cycle-averaged power 〈P〉, emission angle θe, harmonic frequency ωn, and bandwidth ωb for conventional, drift-free, and
matched NLTS. Here θe indicates the angle in the plane of the laser polarization and electron motion (x-z); the angle in the plane perpendicular
to this (y-z) is smaller by ≈1/a. For matched NLTS, it has been assumed that the electron spends most of the interaction at a ≈ a0.

Conventional Drift free Matched

〈P〉 re
3 (1 + β0)2γ 2

0 a2 re
3 (1 + β0)2γ 2

0

(
1 + 1

2 a2
)
a2 re

3 (1 + βI )2γ 2
I

(
1 + 1

2 a2
0

)
a2

0

θe
a

(1 + β0 )γ0

a

(1 + β0)γ0

(
1 + 1

2 a2
)1/2

a0

(1 + βI )γI

(
1 + 1

2 a2
0

)1/2

ωn
n(1 + β0 )2γ 2

0

1 + 1
2 a2

n(1 + β0)2γ 2
0 n(1 + βI )2γ 2

I

ωb
3(1 + β0)2γ 2

0 a3

4
(
1 + 1

2 a2
) 3

4 (1 + β0)2γ 2
0 a3 3

4 (1 + βI )2γ 2
I a3

0

Table I. Each property has an improved scaling with laser
intensity a2 when compared to conventional NLTS. Aside
from the enhanced power (Fig. 2), the radiation in drift-free
NLTS is emitted into a much smaller angle when a � 1 (see
Fig. 3). Further, regardless of the time-dependent vector po-
tential experienced by the electron, the harmonic frequencies
remain fixed (Table I).

Matched NLTS uses a subluminal intensity peak to pon-
deromotively accelerate the electron. Here the intensity peak
intercepts the electron from behind and gradually accelerates
it to an asymptotic velocity βd = βI . This allows the electron
to experience a near-constant vector potential for an extended
distance (Fig. 2, inset). Setting the ponderomotive velocity
to satisfy (βI − β0)γIγ0 = a0/

√
2 ensures that the electron

cotravels with the intensity peak near the maximum vector
potential a0. With this condition met, h = (1 + βI )γI〈γ 2

⊥〉1/2,
yielding the radiation properties found in Table I.

FIG. 2. Cycle-averaged radiated power as a function of the pon-
deromotive velocity βI and the vector potential a normalized to
power radiated in conventional NLTS 〈PC〉. Here γ0 = 5, and for
the purpose of calculating 〈PC〉, βI = −1. The dashed lines indicate
the matched and drift-free conditions. Within the gray region, the
ponderomotive force accelerates the electron to a velocity greater
than βI , and the electron outruns the intensity peak [49]. The insets
depict the cycle-averaged electron trajectories (black lines) relative
to the motion of the intensity peak (contours).

Matched NLTS represents the optimal case of NPC. With
a smaller ponderomotive velocity, the electron would outrun
the intensity peak; with a larger, but still subluminal, pon-
deromotive velocity, the intensity peak would overtake and
outrun the electron, limiting the interaction length [49,56].
For large vector potentials (a0 � 1), the optimal scalings (Ta-
ble I) result in a radiated power far greater and an emission
cone far narrower than either drift-free or conventional NLTS
(Figs. 2 and 3). In this limit, γI � √

2a0γ0, such that 〈P〉 ∝ a6
0,

θe ∝ a−1
0 , ωn ∝ a2

0, and ωb ∝ a5
0.

Copropagation of the electron and intensity peak in NPC
extends the maximum interaction length L and duration of
the radiation [tr ∼ (1 − βd )L] beyond that of conventional
NLTS, which increases the total radiated energy (Ur ∼ LP).
For an intensity peak of duration τ (FWHM), LC ∼ τ/2 and
LD ∼ γ 2

0 τ in conventional and drift-free NLTS, respectively.
Matched NLTS requires an initial distance LM ∼ a2

0γ
2
0 τ for

the intensity peak to accelerate the electron to its asymptotic
velocity. In principle, once this velocity is reached, the inter-
action length is unbounded.

FIG. 3. Left: Power radiated per steradian as a function of the
angle with respect to the initial electron velocity θ and the angle
coplanar with the laser polarization φ for γ0 = 5 and a0 = 3. Right:
The projection of the radiated power on a plane located a distance
r0 from the source. Each plot has been normalized to its maximum
value: 0.016, 0.50, 204 MeV sr−1 ps−1 for conventional, drift-free,
and matched NLTS, respectively.
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Despite the enhanced scalings in NPC, the rate of photon
emission Ṅ is identical to that in conventional NLTS. For
a � 1, Ṅ ∼ 〈P〉/h̄ωb = 2rea/9 (or, more exactly, 3.5 × 1014

photons/s per electron for each case in Fig. 3). This indicates
that the enhanced power in NPC results from the emitted
photons having higher frequencies—not the emission of more
photons. Even with the same rate of photon emission, NPC
can produce more total photons because of the longer in-
teraction lengths (N ∼ La). For conventional, drift-free, and
matched NLTS, NC ∼ τa0, ND ∼ τγ 2

0 a0, and NM ∼ τγ 2
0 a3

0.
The extended interaction lengths in NPC do, however,

come with a caveat: for the same intensity, a spatiotemporally
shaped pulse must have more energy than a conventional pulse
to sustain its intensity over the interaction distance. This is be-
cause the energy is spread longitudinally over the interaction
distance [42,43]. Specifically, the pulse energies for conven-
tional and shaped pulses are given by UpC = τw2

0a2
0/16re

and UpS = Lw2
0a2

0/4re, where w0 is the focal spot size and
the shaped pulse includes the energy required for transverse
shaping (Appendix B). Setting the duration of the conven-
tional pulse equal to twice the Rayleigh range to maximize
efficiency and noting that the intensity peak duration of the
shaped pulse is given by τ = 2w2

0 [48,57] provide the re-
quired energies: UpC = τ 2a2

0/16re, UpD = τ 2γ 2
0 a2

0/8re, and
UpM > τ 2γ 2

0 a4
0/8re. At fixed intensity and electron energy,

UpD/UpC = 2γ 2
0 , and UpM/UpC > 2γ 2

0 a2
0. Despite the larger

energy requirement, the shaped pulses can have higher effi-
ciencies (ε = Ur/Up): εC = 32r2

e γ
2
0 /3τ , εD = 16r2

e γ
2
0 a2

0/3τ ,
and εM = 32r2

e γ
2
0 a4

0/3τ .
Instead of operating at the same laser intensity and electron

energy, one can compare conventional NLTS and NPC for
fixed laser energy and electron energy. Setting UpC = UpS

provides a0D = √
2γ0(LC/LD)a0C and 1 = √

2γ0(LC/LM )a0C

for drift-free and matched NLTS, respectively. For a desired
bandwidth with a2

0 � 1, a3
0D = 2a0C , and a5

0M = a0C , pro-
viding UrD/UrC = √

2γ0 and UrM/UrC = √
2γ0a1/5

0C . At fixed
laser pulse energy, NPC produces more radiated energy than
conventional NLTS.

The advantage of NPC occurs for high-energy laser pulses.
As an example, consider a λ0 = 1.054 μm wavelength pulse
with Up = 580 J and a 2.5 MeV (γ0 = 5) electron. A spa-
tiotemporally shaped pulse designed for drift-free NLTS
(Appendix B) with a0D = 3 and LD = 8 mm (τ = 1 ps and
P = 9 TW) has the same energy as a conventional pulse with
a0C = 13.5 and LC = 250 μm (τ = 1.7 ps). In this case, drift-
free NLTS radiates ∼7 times more energy than conventional
NLTS into an ∼10 times smaller emission angle.

A similar comparison can be made for matched NLTS at a
larger pulse energy. For a Up = 4.5 kJ pulse and a 2.5 MeV
electron, a pulse designed for matched NLTS with a0M = 3
and LM = 7 cm (τ = 1 ps and P = 9.5 TW) has the same en-
ergy as a conventional pulse with a0C = 240 and LC = 40 μm
(τ = 270 fs). In this case, matched NLTS radiates ∼20 times
more energy than conventional NLTS.

The plane wave model presented above accurately de-
scribes the electron motion and radiation properties when the
transverse excursion of the electron is much smaller than the
laser spot [see Appendix C for three-dimensional (3D) consid-
erations]. To further verify this model and explore the effects
of finite energy spread on NPC, OSIRIS simulations [58] were

FIG. 4. Spectrum of emitted radiation from a collection of
electrons with γ0 = 5 and a0 = 3. Left: No energy spread; right:
�γ/γ0 = 5% all in the longitudinal momentum. The quantity Ur has
units of energy, and each plot is normalized to its maximum value.
For matched NLTS, the horizontal axis is scaled to 4γ 2

I ω0, not 4γ 2
0 ω0,

and therefore extends to much higher frequencies.

conducted using the RADIO package [38] (Appendix D). In
both conventional NLTS and NPC, a single electron radiates
a coherent spectrum with well-defined peaks (Fig. 4). While
an energy spread of �γ/γ0 = 1% had little effect on the
spectrum, �γ/γ0 = 5% was sufficient to blur each spectral
peak (Fig. 4). For conventional NLTS, the proximity of the
harmonics combined with the blurring (�ωn ∼ 2ωn�γ/γ0)
created a near-continuous spectrum. For drift-free NLTS, the
larger separation between the harmonics mitigated this effect.
Matched NLTS also produces harmonics with a larger sepa-
ration. However, electrons with different momenta experience
different vector potentials along their trajectories, which con-
tributes additional blurring.

The divergence of the electron bunch can also modify the
radiation properties. In particular the bunch divergence will
dominant the angular emission properties when the diver-
gence angle, θD = atan(u⊥/uz ), exceeds the single electron
emission angle θe. While a large bunch divergence would
eliminate the advantage of the smaller emission angle in NPC,
the examples above would still result in greater total energies
and brilliances than conventional NLTS.
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NLTS has the potential to provide an alternative to light
sources based on conventional accelerators with far-reaching
benefits in medicine and basic science. NPC can produce
high-energy photons with a spectrum that can be tuned
through the initial electron energy, the laser amplitude, and,
now, the ponderomotive velocity. This added flexibility miti-
gates trade-offs inherent in conventional NLTS. Specifically,
the intensity peak of a laser pulse in conventional NLTS
counterpropagates with respect to the electron, causing a
ponderomotive deceleration that redshifts the radiation and
widens the emission angle—an effect exacerbated by large
laser intensities. By reversing the propagation direction of
the intensity peak with respect to the phase fronts, a spa-
tiotemporally shaped pulse can ponderomotively accelerate
the electron. For drift-free NLTS, this removes the intensity
dependence of the harmonic frequencies and emission angle
while enhancing the intensity scaling of the bandwidth and
power. For matched NLTS, this enhances the intensity scaling
of all radiation properties.
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APPENDIX A: FLYING FOCUS FOUR-POTENTIAL

A number of experiments have used spatiotemporal pulse
shaping to create laser pulses with an intensity peak that
moves with a controllable velocity, either forward or back-
ward, over distances much greater than a Rayleigh range
[41–43]. Over the region in which the intensity peak persists,
each of these realizations can be modeled as a propagation
invariant pulse. In vacuum, the four-potential in the Lorenz
gauge [Aμ = (, A)] satisfies the wave equation

(∇2 − c−2∂2
t )Aμ(x, t ) = 0. (A1)

Upon transforming to the coordinates η = z + ct and ξ = z −
vI t , Eq. (A1) becomes

[∇2
⊥ + (1 − β2

I )∂2
ξ + 2(1 + βI )∂η∂ξ ]Aμ(x⊥, η, ξ ) = 0,

(A2)
where βI = vI/c. When βI ≈ 1, which is the situation consid-
ered here, or in the paraxial limit, the ∂2

ξ term can be neglected.
Expressing the four-potential as a rapidly varying carrier wave
modulating an envelope, i.e., Aμ = 1

2 Aμ(x⊥, ξ )e−ik0η + c.c.,

with k0 = ω0/c, and substituting into Eq. (A2) provide

[∇2
⊥ − 2iω0(1 + βI )∂ξ ]Aμ(x⊥, ξ ) = 0. (A3)

Solutions to Eq. (A3) can be written as superpositions of
Laguerre-Gaussian modes. For a laser pulse composed of a
single mode and polarized in the x direction, the envelope of
the transverse potential has the explicit form

Ax(r, θ, ξ ) = A0
w0

w(ξ )

[ √
2r

w(ξ )

]�

L�
n

[
2r2

w2(ξ )

]

× exp

[
−

(
1 + i

ξ

ξ0

) r2

w2(ξ )

− i�θ + i(2n + � + 1)arctan
ξ

ξ0

]
, (A4)

where L�
n is a Laguerre polynomial, n is the radial quantum

number, � is the orbital angular momentum quantum num-

ber, w(ξ ) = w0

√
1 + ξ 2/ξ 2

0 , w0 is the spot size at focus, and

ξ0 = k0(1 + βI )w2
0/2 (note ξ0 = τ/2, where τ is the FWHM

duration of the intensity peak). With the transverse vector po-
tential specified, Az and  are exactly determined through the
Lorenz gauge conditions  = Az/βI and ik0(1 + β−1

I )Az =
−∂xAx. These exact expressions for Ax, , and Az facilitate
calculations of the electron trajectories.

The solution limits to Ax = A(z − vI t )cos[k0(z + ct )] as
r → 0 and for ξ ≈ 0, i.e., near the peak of the trans-
verse potential. Here the axial potential Az vanishes, and
arctan(ξ/ξ0) ≈ 0. Simulations that evolved electron trajecto-
ries in the full, 3D four-potentials were conducted to test the
validity of using the simplified form of the vector potential,
i.e., Ax = A(z − vI t )cos[k0(z + ct )]. For electrons initialized
close to the optical axis (defined as r = 0), there was no sig-
nificant difference in the trajectories or radiation properties.
The dynamics were dominated by the leading order terms in
the transverse electric and magnetic fields, which result from
Ax alone.

When using only the lowest-order Gaussian mode
(n = � = 0), the transverse ponderomotive force (Fp ∝
−γ −1∇⊥|A|2) can expel low-energy electrons from the
laser pulse before they undergo significant axial acceler-
ation and have a chance to radiate. This expulsion can
be completely eliminated by using orthogonally polarized
Laguerre-Gaussian modes to create a transverse ponderomo-
tive potential well. For instance, with appropriate amplitude
weighting, an n = � = 0 mode polarized in the x direction and
an n = 0, � = 1 mode polarized in the y direction can produce
a ponderomotive potential well that confines electrons to the
optical axis [59,60]. Simulations of electron trajectories in
the full, 3D potentials prescribed in an manner analogous to
that above indicate that the transverse oscillations in this well
do not significantly alter the described dynamics or relevant
radiation properties. The use of an orthogonally polarized
mode does, however, increase the total laser energy needed
for NPC by a factor of ≈2.
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APPENDIX B: PRACTICAL FLYING FOCUS EXAMPLE

Appendix A described a theoretical model for the vector
potential of a flying focus pulse. This Appendix provides a
practical example. In the near field (i.e., the optics plane), a
flying focus pulse is created by applying a time-dependent
focal length. Said differently, the optical assembly imparts a
different wave front curvature to each temporal slice within
the pulse. The time at which each temporal slice reaches its
focus t f consists of two contributions: its time within the pulse
η/c and its focal length f divided by the group velocity vg.
Differentiating the resulting expression, t f = ( f /vg) + (η/c),
with respect to f and rearranging terms provide df

dη
≡ u =

vgvI/c(vg − vI ), where vI is the desired velocity of the focal
point. Upon integrating with respect to η, one finds the re-
quired time-dependent focal length f (η) = f0 + uη, where f0

is the nominal focal length. The moving focal point creates
an intensity peak that travels a distance L determined by
the pulse duration: L = |u|(ηmax − ηmin). The duration of this
intensity peak τ corresponds to the time that it takes adjacent
temporal slices within the pulse to come in and out of fo-
cus, i.e., τ = 2ZR/c|u| = k0w

2
0/c|u|, where ZR is the Rayleigh

range, w0 = 4k−1
0 FN , and FN is the f number of the nominal

lens.
The laser pulse starts in the near field (z > f0) and prop-

agates from right to left, i.e., in the negative z direction,
to the far field (z ≈ 0). The transverse electric field of the
pulse at the entrance to the optical assembly can be expressed
as a rapidly oscillating carrier modulating an envelope: E =
1
2 e−ik0ηE(x⊥, η) + c.c. For nonlinear Thomson scattering with
ponderomotive control, the intensity peak of a flying fo-
cus pulse must travel across the interaction length L with
a near-constant maximum intensity (∝ a2

0) and with a flat
or bowl-shaped transverse profile. A near-constant maximum
intensity requires an initial laser pulse with a flat-top tem-
poral profile. Here a super-Gaussian of order 8 is used:
�(η) = exp[−(2η/cT )8]. As discussed in Appendix A, a flat
or bowl-shaped transverse profile can be achieved by using
orthogonally polarized Laguerre-Gaussian modes with n =
� = 0 and n = 0, � = 1. Combining these conditions provides
the components of the envelope at the entrance to the optical
assembly:

Ex = El�(η)exp
(
− r2

w2
l

)
, (B1)

Ey = αEl�(η)

√
2r

wl
exp

(
− r2

w2
l

− iθ
)
, (B2)

where wl and El are the initial spot size and amplitude, re-
spectively, and α � 1 is used to adjust the transverse shape of
the ponderomotive force.

The optical assembly applies the time-dependent focal
length. The frequency-domain envelope at the exit of the
optical assembly (i.e., at z = f0) is given by

Ẽx = El�̃(�)exp

[
−

( 1

w2
l

+ iω

2c f0

)
r2

]
, (B3)

Ẽy = αEl�̃(�)

√
2r

wl
exp

[
−

( 1

w2
l

+ iω

2c f0

)
r2 − iθ

]
, (B4)

where a tilde denotes a frequency-domain quantity and � =
ω − ω0 − k0ur2/2 f 2

0 . The wave front curvature applied by
the nominal focusing lens appears as the radially varying
phase in the exponent. The time-dependent focusing appears
as a radially dependent frequency shift, or spatial chirp, i.e.,
the argument of �̃. Thus, this type of flying focus pulse
can be created by applying a frequency shift, i.e., ω → ω −
ω0ur2/2c f 2

0 , at each radius. This shift supplies the bandwidth
needed to support the effective duration of the intensity peak,
i.e., τ = k0w

2
0/c|u|, in the far field. In all cases of interest,

|u|w2
l /2 f 2

0 
 1, such that the frequency shift contributes only
a small broadening to the emitted harmonics in NLTS.

As an example, consider drift-free nonlinear Thomson
scattering using a λ0 = 1.054 μm wavelength pulse with
Up = 580 J of energy and a 2.5 MeV (γ0 = 5) electron. Once
the peak intensity and α are specified, all other parameters
are determined. Consistent with the parameters used in the
main text, a peak intensity of I = 1.1 × 1019 W/cm2 (a0 = 3)
and α = 1.2 will be used. This value of α ensures that the
transverse ponderomotive force gently focuses electrons.

For the intensity peak to overtake the electron, it must
travel a distance L = γ 2

0 cτ = 2γ 2
0 k0w

2
0, where |u| ≈ 1

2 has
been used (vI ≈ c and vg = −c). Using this expression for L
in the pulse energy,

Up = π (1 + α2)w2
0LI/c, (B5)

determines the focal spot size w0 = 5 μm, which, in turn,
determines the focal range L = 7.5 mm and f number FN = 7.
From the focal range, one can find the pulse duration T =
κL/|u| = 60 ps, where κ = 1.2 is a numerical factor associ-
ated with the functional form chosen for �(η). In terms of
Eqs. (B3) and (B4), this design requires a maximum frequency
shift of ω0ur2/2c f 2

0 ∼ 4 × 1012 rad/s.
Figure 5 shows the results of propagation simulations

that demonstrate the flying focus for these parameters using
Eqs. (B3) and (B4) as initial conditions. As designed, the in-
tensity peak moves through the pulse at a velocity vI = c2/v0

over a distance of ∼8 mm and with an effective duration
of τ = 1 ps. The orthogonally polarized Laguerre Gaussian
modes form a bowl-shaped intensity profile with a width of
≈4 μm. The nearly propagation invariant Lorentzian temporal
profile with respect to the coordinate ξ = z − vI t , effective
duration, and transverse shape are all consistent with the ana-
lytical model presented in the Appendix A.

Reference [48] describes an optical system for spatiotem-
poral pulse shaping that can create a time-dependent focal
length and the electric field profiles displayed in Eqs. (B3)
and (B4). The “flying focus X” uses a “stencil” pulse to
spatiotemporally structure the flying focus pulse through
cross-phase modulation in a shaped Kerr lens. This partic-
ular optical system is limited to peak focal intensities of
∼1017 W/cm2. Designing an optical system that can produce
the same properties at higher intensity is an active field of
research.

The simulations solve for the evolution of the pulse in
two steps. The first step uses a frequency domain Fresnel
integral, as described in the Appendix of Ref. [61], to prop-
agate the envelope of the pulse from the near field to the far
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FIG. 5. Example of a practical flying focus design for drift-free NLTS. (a)–(c) Evolution of the propagation invariant intensity profile
across the interaction region L. The flying focus pulse travels from right to left, while its intensity peak travels from left to right. The intensity
peak counterpropagates with respect to the phase fronts and maintains a stationary profile in the frame ξ = z − vI t . (d) The bowl-shaped
transverse intensity profile formed by the orthogonally polarized Laguerre-Gaussian modes. (e) The on-axis (r = 0) temporal profile of the
intensity peak. (f) On-axis intensity as a function of z and η. The dashed line illustrates the slope of the expected trajectory. Note that the
abscissa is η/c = t + z/c and that a laboratory frame trajectory z = vI t is equivalent to z = vgvIη/c(vg − vI ).

field:

Ẽ(x⊥, z, ω) = kω

2π i( f0 − z)

∫
exp

[ ikω

2( f0 − z)
(x⊥ − x′

⊥)2
]

× Ẽ(x′
⊥, f0, ω)dx′

⊥, (B6)

where kω = ω/c. This allows for separate spatial resolution
in the near and far fields, which greatly reduces the number
of grid points compared to numerically solving the wave
equation over the entire propagation distance [61]. The second
step uses the modified paraxial wave equation to propagate the
pulse through the far field,

[2(ik0 − ∂η )∂z − ∇2
⊥]E(x⊥, z, η) = 0. (B7)

The results shown in Fig. 5 were obtained from this second
step. The mixed space-time derivative in Eq. (B7) ensures
that effects such as radial group delay and angular dispersion
are modeled correctly. The simulations used a nominal focal
length of f0 = 0.51 m and an initial spot size wl = 3.6 mm.

APPENDIX C: RADIATION PROPERTIES

The radiation emitted in NLTS results from the accelera-
tion of an electron in the fields of an intense laser pulse. These
fields were modeled using a vector potential A that captures
the salient features of a spatiotemporally shaped pulse: a =
a(z − βI t ) cos(z + t )x̂, where a = eA/mec, a(z − βI t ) repre-
sents an envelope traveling at the ponderomotive velocity βI ,
and time and space have been normalized to ω0 and ω0/c,
respectively. In response to the fields of the laser pulse, the

electron momentum u and energy γ evolve according to the
equations of motion:

du
dt

= ∂a
∂t

− u
γ

× (∇ × a), (C1)

dγ

dt
= − u

γ
· ∂a

∂t
, (C2)

where momentum and energy have been normalized to mec
and mec2, respectively. For an electron initially outside of the
pulse envelope with no transverse momentum, the transverse
component of Eq. (C1) provides ux = a, where a = x̂ · a.

The coordinate transformations η = z + t and ξ = z − βI t
facilitate analysis of the longitudinal momentum and energy.
In terms of these coordinates, a = a(ξ ) cos(η)x̂, and
[

∂

∂η
+

(
βz − βI

1 + βz

)
∂

∂ξ

]
uz = − 1

2(1 + βz )γ

(
∂

∂η
+ ∂

∂ξ

)
a2,

(C3)
[

∂

∂η
+

(
βz − βI

1 + βz

)
∂

∂ξ

]
γ = − 1

2(1 + βz )γ

(
∂

∂η
− βI

∂

∂ξ

)
a2,

(C4)

where βz = uz/γ . For a typical spatiotemporally shaped
pulse, the duration of the intensity peak is much longer than
the optical period, i.e., |∂ηa| � |∂ξ a|. Further, the electron
travels at a relativistic velocity (βz � 1) that is antiparallel
to the phase velocity of the pulse. Together, these allow for
an approximate solution to Eqs. (C4) and (C2) based on a
multiple-timescale approach, i.e., using |∂η| � |∂ξ |.
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To lowest order, one finds the local conservation equa-
tion ∂η(γ + uz ) = 0. Integrating this equation provides the
local Hamiltonian h of the electron in a frame moving with the
phase velocity, γ + uz = h(ξ ), or, equivalently, 〈γ 〉 + 〈uz〉 =
h(ξ ), where 〈·〉 denotes an average over the rapidly varying
phase of the laser pulse. To next order, one finds the slowly
varying conservation equation ∂ξ (γ − βI uz ) = 0, which, upon
phase averaging, becomes ∂ξ (〈γ 〉 − βI〈uz〉) = 0 [49,62]. For
an electron with an initial momentum u0 = |β0|γ0ẑ, 〈γ 〉 −
βI〈uz〉 = γ0(1 − βIβ0). Using this to eliminate 〈uz〉 in h yields
Eq. (1).

With an expression for h, one can follow the derivation
presented by Esarey et al. [19] for the electron trajectory and
radiation properties; however, unlike in the work by Esarey
et al., these properties are dynamic, varying with ξ through
the dependence of h on a(ξ ). For brevity of notation, refer-
ence to the explicit ξ dependence of slowly varying quantities
will now be dropped. From γ + uz = h and ux = a, one can
find the transverse and longitudinal velocities: βx = a/γ and
βz = (h2 − 1 − a2)/(h2 + 1 + a2). The electron coordinates
then evolve according to ẋ = a/h and ż = 1

2 (1 − h−2 − a2),
where an overdot represents differentiation with respect to η

and dη = (1 + βz )dt has been used. Upon integrating,

x(η) = x0 sin(η), (C5)

z(η) = 1

2

(
1 − 〈γ 2

⊥〉
h2

)
η − z0 sin(2η) (C6)

to lowest order in the timescale expansion, where x0 = a/h,
z0 = a2/8h2, and 〈γ 2

⊥〉 = 1 + 1
2 a2. The oscillating terms trace

out a figure eight—a general feature of electron motion in
NLTS. The amplitude of these oscillations (x0, z0) depends
on the local values of a and h. Substituting η = z + t into
Eq. (C6), rearranging terms, and differentiating with re-
spect to t provide the longitudinal drift velocity, βd = (h2 −
〈γ 2

⊥〉)/(h2 + 〈γ 2
⊥〉).

The local values of a and h determine all properties of the
emitted radiation. Acting like a nonlinear, relativistic moving
mirror, the electron emits harmonics of the twice-Doppler
upshifted frequency of the laser pulse:

ωn = n
1 + βd

1 − βd
= n

h2

〈γ 2
⊥〉 . (C7)

The harmonics range over a bandwidth characterized by the
invariant critical integer nc = 3

4 a3, such that ωb = 3
4 a3ω1. The

radiation is spread over an angle θe determined by the bounds
of the oscillations: θe ∼ |z0/x0| = 1

8 ah−1. Finally, the phase-
averaged radiated power 〈P〉 is calculated using the relativistic
Larmor formula, which yields 〈P〉 = re

3 h2a2, where re is the

classical electron radius. For an alternative derivation of the
radiation properties, one can compute the curvature of the
electron trajectory from Eqs. (C5) and (C6) and use the gen-
eral expressions found in Ref. [63].

For Figs. 2 and 3, the radiation properties were calcu-
lated using the peak vector potential a0. To calculate the
angular distribution of the radiated power (Fig. 3), Eq. (36)
in Ref. [19] was integrated over frequency. The resulting
expression, a summation over an infinite number of harmon-
ics, is proportional to the duration of the interaction. This
duration was divided out, providing an expression for the
power instead of the energy. The summation was performed
numerically by truncating at nmax = 4nc = 3a3

0. Additional
summations performed with larger values of nmax confirmed
that harmonics beyond 4nc have a negligible effect on the
result. When integrated over the solid angle �, the resulting
power was in excellent agreement with independent calcula-
tions that used the relativistic Larmor formula. Further, the
angular distribution was compared to calculations that used
electron trajectories directly in the Liénard-Wiechert poten-
tial. The electron motion was evolved in the model vector
potential using the algorithm detailed in Ref. [64], while the
Liénard-Wiechert potential was calculated using the algo-
rithm described in Ref. [65]. At different angles, the resulting
spectrum was integrated over frequency and divided by the
duration of the interaction confirming the distributions dis-
played in Fig. 3.

APPENDIX D: OSIRIS SIMULATIONS

The two-dimensional OSIRIS [58] simulations were per-
formed in a moving frame using a nonevolving laser pulse.
Specifically, the transverse vector potential was given by a =
a(z − βI t ) cos(z + t )x̂. The shape function a had a constant
flat-top region where a = a0 surrounded by symmetric rising
and falling edges defined by a smooth fifth order ramping
polynomial. For simulations of NPC, the rise and fall times of
the pulse were 5, and the total length was 40 (length and time
are in units of cω−1

0 or ω−1
0 ). For conventional NLTS, a longer

pulse was used to ensure a comparable interaction length;
the rise and fall times were 100 with a total length of 2340.
The simulation box size was 120 × 60 in the longitudinal (z)
and transverse (x) directions, respectively, with cell sizes of
�z = 0.125 and �x = 0.25. A small time step, �t = 0.0055,
was required to resolve the electron motion and ensure suf-
ficient data to populate the RADIO diagnostic [38]. The total
number of spatial cells was 230 400 with one particle per cell.
For the radiation diagnostic RADIO, the temporal step size was
�tR = 0.00153, while the angular step was 0.00078 rad.
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