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Mechanical response to tension and torque of molecular chains via statistically interacting particles
associated with extension, contraction, twist, and supercoiling
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A methodology for the statistical mechanical analysis of polymeric chains under tension introduced previously
is extended to include torque. The response of individual bonds between monomers or of entire groups of
monomers to a combination of tension and torque involves, in the framework of this method of analysis,
the (thermal or mechanical) activation of a specific mix of statistically interacting particles carrying quanta
of extension or contraction and quanta of twist or supercoiling. The methodology, which is elucidated in
applications of increasing complexity, is capable of describing the conversion between twist chirality and
plectonemic chirality in quasistatic processes. The control variables are force or extension and torque or linkage
(a combination of twist and writhe). The versatility of this approach is demonstrated in two applications
relevant and promising for double-stranded DNA under controlled tension and torque. One application describes
conformational transformations between (native) B-DNA, (underwound) S-DNA, and (overwound) P-DNA in
accord with experimental data. The other application describes how the conversion between a twisted chain and
a supercoiled chain accommodates variations of linkage and excess length in a buckling transition.
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I. INTRODUCTION

This work investigates the statistical mechanics of molec-
ular chains with (internal and external) torsional constraints.
The bonds between monomers are not rotatable, neither freely
nor across periodic energy barriers. In consequence, the
molecular chain responds to torque by a buildup of torsional
elastic energy, which is necessarily coupled to elastic energy
associated with elongation or contraction. Hence torque and
tension both vary, in general, when the molecular chain is
being twisted or stretched. Research on double-stranded (ds)
DNA is the most notable field of applications by far [1–31].

Experimentally, the ends of the chain are mounted to
the measuring device such that the total angle of twist
plus writhe (named linkage) is either held constant or is
controllably changed. In some instances, the application of
torque (or tension) nucleates conformational transformations.
One conformation then grows at the expense of another.
In other instances, a coupled variation of torque and ten-
sion initiates and grows supercoiling, converting twist into
writhe and changing the excess length simultaneously in the
process.

In this setup, it is necessary to consider a mechanical
agent, which simultaneously exerts tension J and torque τ

in some combination. The molecular chain responds with a
combination of extension or contraction length L and twist or
writhe angle φ. The statistical mechanical analysis, therefore,
deals with three pairs of conjugate thermodynamic variables,
(J, L), (τ, φ), and (T, S), where the last pair are temperature
and entropy.

Our method of analysis leads, by default, to a Gibbs
free energy with natural independent variables T, J, τ , from
which the thermal and mechanical responses are inferred
via derivatives. Thermodynamic relations are readily inverted
to produce relations amenable to direct comparisons with
experimental data. This method of analysis was previously
introduced in some detail for applications to molecular chains
under tension without torsional constraints [32].

Recent advances in single-molecule biophysics, specifi-
cally the enormous progress achieved in the experimental
investigation of DNA double helixes subject to controllable
tension and torque, are in need of ever more versatile the-
oretical approaches for the interpretation of new data. This
paper offers a contribution with a demonstration of its merits
to satisfy that need. It comprises the natural extension of a
general methodology known as fractional exclusion statistics
(FES) [33–41].

The approach has already proven its usefulness in nu-
merous quantum and classical applications [42–47], notably
for ds-DNA subjected to torsionally unconstrained stretch-
ing [32]. The results of this approach aligned with experimen-
tal data of the force-extension characteristic across regimes
of entropic elasticity (thermal unbending), enthalpic elasticity
(beyond contour length), and an overstretching transition.

The technical aspects of the statistical mechanical anal-
ysis, which is firmly grounded in quasistatic processes, are
briefly reviewed in Sec. II with emphasis on those aspects
that are in need of elaborations beyond the account given in
Ref. [32]. One elementary application, which illustrates the
coupling between the two pairs (J, L) and (τ, φ) of conjugate
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thermodynamic variables in the context of torsionally con-
strained twisting and stretching, is worked out in Sec. III.

The focus of Sec. IV is on transitions between three
well-established conformations of ds-DNA. We infer from a
single partition function the empirically found phase diagram
with three well-defined boundaries between (native) B-DNA,
(underwound) S-DNA, and (overwound) P-DNA. The coexis-
tence between twisted chain and supercoiled chain described
within the same framework is the topic of Sec. V. The distinc-
tion is made between high-tension supercoils (rope variety)
and low-tension supercoils (garden-hose variety), analyzed in
Secs. VI and VII, respectively. The former is set up for the
demonstration in Sec. VIII of a buckling transition.

II. METHODOLOGY

Quasistatic processes operate within the realm of equilib-
rium statistical mechanics. The response of a thermodynamic
system (here a molecular chain embedded in a fluid) to agents
of change (here sources of tension and torque) is described
by thermodynamic relations derived from a partition function.
The partition function is a sum over microstates of terms
weighted according to energies. Microstates are characterized
by their quasiparticle content. Quasiparticles are (thermally or
mechanically) activated from some reference state.

For a system of statistically interacting particles from
species m = 1, . . . , M, the partition function,

Z =
∑
{Nm}

W ({Nm})e−βE ({Nm}), β
.= 1

kBT
, (1)

depends on the multiplicity of microstates,

W ({Nm}) =
M∏

m=1

(
dm + Nm − 1

Nm

)
, (2a)

dm = Am −
M∑

m′=1

gmm′ (Nm′ − δmm′ ), (2b)

and their energies,

E ({Nm}) = Epv +
M∑

m=1

Nmεm, (3)

where Epv is the energy of the reference state (pseudovacuum)
and the εm are the particle activation energies. Multiplicity W
and energy E are functions of particle content {Nm}. The sta-
tistical interactions between particles are encoded in arrays of
(non-negative, rational) capacity constants Am and (rational)
statistical interaction coefficients gmm′ .

The keystone in this scheme is the generalized Pauli prin-
ciple, of which (2b) is an integrated version. It was proposed
and first used by Haldane [33]. The evaluation of (1) was
investigated by Wu [34], Isakov [35], Anghel [36], and oth-
ers [42–44] at various levels of generality. For a macroscopic
system, we can write the partition function in the form,

Z =
M∏

m=1

(
1 + w−1

m

)Am
, (4)

where the (real, positive) wm are solutions of the coupled
nonlinear algebraic equations,

eβεm = (1 + wm)
M∏

m′=1

(
1 + w−1

m′
)−gm′m . (5)

The average numbers 〈Nm〉 of particles from all species are the
solutions, for given {wm}, of the coupled linear equations,

wm〈Nm〉 +
M∑

m′=1

gmm′ 〈Nm′ 〉 = Am. (6)

In this work, all particles carry quanta of length and angle.
Their activation energies, which describe multiple forms of
elasticity, are of the general form,

εm = γm − JLm − τφm. (7)

The quantum of length Lm is positive for extension particles
and negative for contraction particles. Likewise, the quantum
of angle φm can be positive or negative. In DNA applications,
particles with positive φm overwind the double helix and parti-
cles with negative φm underwind it when activated. The angle
φm represents twist in some particle species and writhe in
others. Twist particles and writhe particles typically have quite
different length quanta Lm. The role of the energy constant γm

varies between species and applications. The elastic response
to stretching and torsion encoded in (7) provide the closest
relation between model parameters of our methodology and
molecular parameters in specific applications.

We infer from the partition function (4) the Gibbs free
energy,

G(T, J, τ, N ) = −kBT ln Z, (8)

where the dependence on T comes from β in (5), the de-
pendence on J , τ from (7) via (5) and the dependence on
N (the number of bonds) is hidden in the capacity constant
Am of one or several particle species in a way that guarantees
thermodynamic extensivity of G. The quantities of primary
interest here are entropy, excess length, and linkage, obtained
via partial derivatives,

S = −∂G

∂T
, 〈L〉 = −∂G

∂J
, 〈φ〉 = −∂G

∂τ
. (9)

These thermodynamic functions can also be inferred from
particle population averages via Eqs. (6) [32,35,44]:

S = kB

M∑
m=1

[(〈Nm〉 + Ym) ln(〈Nm〉 + Ym)

− 〈Nm〉 ln〈Nm〉 − Ym ln Ym], (10a)

Ym
.= Am −

M∑
m′=1

gmm′ 〈Nm′ 〉, (10b)

〈L〉 =
M∑

m=1

Lm〈Nm〉, 〈φ〉 =
M∑

m=1

φm〈Nm〉. (11)

In Ref. [32] we explained the different categories of parti-
cles: compact particles, which exist side by side, and nested
particles, which form hierarchical structures. Particles at level
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TABLE I. Capacity constants Am and statistical interaction coef-
ficients gmm′ for the two species of level-1 compacts

m Am gmm′ + −
+ N − 1 + 1 1
− N − 1 − 0 1

1 modify individual bonds and particles at level 2 modify
entire segments of the molecular chain. We also worked out
general solutions for several sets of particles. None of this will
be reiterated here. Instead we will comment on all essentials
in the context of each application with pointers to prior work.

III. TWIST CONTRACTION

The first application pertains to an idealized double-
stranded molecular chain whose reference state is a ladder
with no native helical structure. The applied tension J is
assumed to remain below the threshold of significant contour
elasticity such as discussed in Sec. III of Ref. [32]. If a torque
τ is applied the ladder conformation responds by a combina-
tion of twist and contraction.

We model this response with a system of two species
of particles that carry quanta of twist angle and contraction
length. The combinatorial specifications of these particles are
compiled in Table I. They are level-1 compacts as introduced
in Sec. II E of Ref. [32] along with a general solution. The
particle activation energies have the general form (7), which
we rewrite as

ε± = γt + JLt ∓ τφt. (12)

The three energetic specifications are an elastic energy con-
stant γt > 0, a quantum of contraction length Lt > 0, and
a quantum of twist angle φt > 0. The two particle species
account for the two senses of torque and twist, both of which
are associated with a contraction.

If a positive torque τ is applied at constant tension J , the
activation energy ε+ decreases, whereas ε− increases. The
effect is a positive twist and a contraction. Likewise, a neg-
ative torque favors the activation of particles with activation
energies ε−, which produces a negative twist and a contraction
again. On the other hand, if we increase J at constant (positive
or negative) τ , then both activation energies ε± increase. Twist
particles from both species are gradually frozen out. As the
chain untwists, its contraction diminishes.

The Gibbs free energy per bond of a long chain, Ḡ(T, J, τ ),
inferred from the solution of Eqs. (5),

w+ = eβε+ , w− = eβε− (1 + e−βε+ ) (13)

via (4) and (8), becomes

Ḡ
.= lim

N→∞
G

N
= −kBT ln(1 + e−βε+ + e−βε− ). (14)

The first partial derivatives (9),

S̄
.= lim

N→∞
S

NkB
=

[
ln(1 + e−βε+ + e−βε− )

+ βε+e−βε+ + βε−e−βε−

1 + e−βε+ + e−βε−

]
, (15a)
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FIG. 1. (a) Contraction distance L̂, (b) twist angle φ̂, and (c) en-
tropy Ŝ, all versus tension Ĵ and torque τ̂ at constant temperature
T̂ = 1. The nine contour lines from dark to bright in each panel are
at (a) L̂ = 0.098, . . . , 0.882, (b) φ̂ = −0.76, . . . , 0.76, and (c) Ŝ =
0.097, . . . , 0.873. (d)–(f) show the same quantities plotted versus τ̂

at constant Ĵ = 2.5 and T̂ = 0.5, 1, 2.

L̄
.= lim

N→∞
〈L〉
N

= −Lt
e−βε+ + e−βε−

1 + e−βε+ + e−βε−
, (15b)

φ̄
.= lim

N→∞
〈φ〉
N

= φt
e−βε+ − e−βε−

1 + e−βε+ + e−βε−
, (15c)

represent entropy, (negative) extension length, and twist angle,
respectively.

The contour plots in Fig. 1 visualize (in scaled units) the
dependence of contraction distance L̂

.= |L̄|/Lt , twist angle
φ̂

.= φ̄/φt , and entropy Ŝ
.= S̄/kB on tension Ĵ

.= JLt/γt and
torque τ̂

.= τφt/γt , the two mechanical control variables, all at
constant temperature T̂

.= kBT/γt . The landscape in Fig. 1(a)
describes how the system contracts when the torque increases
at constant tension and how the system expands when the
tension grows at constant torque.

The twist angle responds to a torque of increasing mag-
nitude as shown in Fig. 1(b). The response is antisymmetric
and stronger at low tension than at high tension. If we apply a
torque of significant strength in positive direction, then only
twist particles with activation energies ε+ attain significant
populations.

The entropy landscape of Fig. 1(c) is more complicated.
The entropy is low at strong tension and weak torque because
twist particles are mostly frozen out owing to their high ac-
tivation energies. The entropy is also low at strong torques
and low tension. Here the system is saturated with one or the
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TABLE II. Capacity constants Am and statistical interaction co-
efficients gmm′ for two host/tag pairs of level-2 particles.

m Am gmm′ 1 2 3 4

S host 1 N − 1 1 2 1 1 1
S tag 2 0 2 −1 0 0 0
P host 3 N − 1 3 2 1 2 1
P tag 4 0 4 0 0 −1 0

other species of twist particles, which have negative activation
energies. Elsewhere, the macrostate of the system is more
strongly fluctuating, which enhances the entropy.

Varying the scaled temperature shifts the balance between
the quanta of elastic energy carried by the particles and the
ambient thermal fluctuations. The effects are illustrated in
Figs. 1(d)–1(f). For all three quantities, the slopes characteriz-
ing the landscapes become steeper as T̂ is lowered. Emerging
are two steps for L̂, a terrace with three levels for φ̂, and two
narrow ridges for Ŝ.

IV. FROM B-DNA TO S-DNA AND P-DNA

Here we generalize the previous application to describe
the structural transitions between (native) B-DNA and two
stretched conformations, underwound S-DNA and overwound
P-DNA. The default control variables are tension J and torque
τ . All results are convertible into the functional relations di-
rectly probed by experiments [6,11,16,18,48,49].

At low torque, a gradual increase in tension is known to
trigger a transition from B-DNA to S-DNA. In Sec. V of
Ref. [32] we have already analyzed this transition in the ab-
sence of any torsional constraints. At moderately low tension,
a gradual increase in torque is known to convert B-DNA
into P-DNA. At low tension this scenario is complicated by
the formation of plectonemes, a phenomenon investigated in
Sec. VIII.

A. Nucleation and growth of conformations

In this application we employ two host and/or tag pairs of
level-2 nested particles as introduced in Ref. [32] (Sec. II D
and Appendix C). From the B-DNA reference state, segments
of either S-DNA or P-DNA are nucleated by the activation of
host particles and then grown by the activation of tag particles.
The combinatorial specifications of all four particle species
are summarized in Table II.

The particle activation energies exhibit the standard depen-
dence (7) on tension and torque,

ε1 = γS − JLS − τφS + cS, (16a)

ε2 = γS − JLS − τφS, (16b)

ε3 = γP − JLP − τφP + cP, (16c)

ε4 = γP − JLP − τφP, (16d)

here amended with constants cS or cP in the two host species,
by which the cooperativity of the conformational changes is
being controlled. All specifications used in this application are
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FIG. 2. Fraction of segments in the conformations of (a) S-DNA,
(b) P-DNA, and (c) B-DNA. (d) Scaled entropy. The parameter val-
ues cS = cP = 1 pN nm indicate low cooperativity. The (asymptotic)
phase boundaries (19) are shown as straight lines, meeting in the
triple point (20).

inferred from well-established empirical data such as found in
Refs. [6,11,16,48,49]:

LS = LP
.= Lc = 0.24nm/bp, (17a)

φS = −0.42rad/bp, φP = +1.5rad/bp, (17b)

γS = 16pNnm, γP = 60pNnm. (17c)

The twist angles in this application are relative to the native
chirality of B-DNA. Expressions (16) with the specifica-
tions (17) characterize the elasticity of S-DNA and P-DNA
relative to that of B-DNA at the molecular level.

B. Phase diagram

The statistical mechanical analysis proceeds as in previous
applications. We calculate the particle population densities,
N̄m

.= limN→∞〈Nm〉/N , by solving Eqs. (5) and (6) numeri-
cally and infer the scaled entropy, S̄(T, J, τ ), via Eqs. (10).
From the particle population densities N̄m, m = 1, . . . , 4, we
infer the fraction of ds-DNA in each conformation as follows:

FS = N̄1 + N̄2, FP = N̄3 + N̄4,

FB = 1 − FS − FP. (18)

Contour plots of these fractions are shown in Figs. 2(a)–2(c)
for low cooperativity and in Figs. 3(a)–3(c) for high coopera-
tivity. Three regions of predominant conformation are clearly
identifiable. The crossover regions are broad at low coopera-
tivity. At high cooperativity, they look more like three phase
boundaries ending in one vertex.

As a consistency check we have added Figs. 2(d) and 3(d),
which show a contour plot of the scaled entropy, S̄/kB. The
level of disorder is significantly higher in regions where two
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FIG. 3. Fraction of segments in the conformations of (a) S-DNA,
(b) P-DNA, and (c) B-DNA. (d) Scaled entropy. The parameter
values cS = 16 pN nm, cP = 15 pN nm indicate high cooperativity.
The (asymptotic) phase boundaries (19) are shown as straight lines,
meeting in the triple point (20).

conformations mix and even higher where all three conforma-
tions are present. The regions of mixed conformation become
narrow when cooperativity is high. Here the lines of enhanced
entropy turn into accurate markers of the three emergent phase
boundaries already identified. At the P-S border, which is
realized at high tension, little entropy is produced. However,
this does not reduce the accuracy of the entropy as a phase-
boundary locator.

The B-S phase boundary at zero torque and the B-P
phase boundary at very low tension, both well defined at
high cooperativity, are consistent with experimental bench-
marks [6,11,16,48,49]. The former is also in quantitative
agreement with one relevant landmark in a different compar-
ison of experimental data with results from our methodology,
namely in the context of torsion-free stretching [15,32].

The positive slope of the B-S phase boundary is attributable
to the fact that S-DNA is underwound. Stretching at higher
torque delays the B-S transition. The negative slope of the
B-P phase boundary is explained by the fact that P-DNA
is overwound. Stretching at higher torque enhances the B-
P transition. The emergent vertex at τ � 23 pN nm and
J � 110 pN, which is identifiable in Fig. 3(d) with fair pre-
cision, is well established experimentally in the form of a
secondary force-extension plateau found in torsionally con-
strained DNA [3,50].

C. Transition asymptotics

Here we present the analytical form for the emergent
phase boundaries, derived from the partition function (4),
which essentially informs all results in every application. This
extraction is somewhat technical, carried out for room temper-

ature in a high-cooperativity limit. The analysis yields three
phase boundaries in the form of straight line segments in the
(J, τ ) plane meeting in one vertex:

τBS(J ) = JLc − γS

|φS| :
γS

Lc
� J � JT, (19a)

τBP(J ) = γP − JLc

φP
: 0 � J � JT, (19b)

τSP(J ) = τT : J � JT, (19c)

JT = γSφP − γPφS

Lc(φP − φS)
= 106.8pN, (20a)

τT = γP − γS

φP − φS
= 22.9pNnm. (20b)

These phase boundaries, in accord with experimental data, are
included in Figs. 2 and 3.

The conformational fractions are primarily governed by the
activation energies of the S tags and P tags of Table II. This
is evident in the following leading-order asymptotic expres-
sions. In the S phase, where ε2 < 0 and ε4 > 0, we have

FS � 1

2

(
1 − sinh(βε2/2)√

sinh2(βε2/2) + e−βcS

)
, (21a)

FP = O(e−βε3 ), (21b)

FB � 1

2

(
1 + sinh(βε2/2)√

sinh2(βε2/2) + e−βcS

)
. (21c)

In the P phase, we have ε2 > 0, ε4 < 0, yielding

FS = O(e−βε1 ) (22a)

FP � 1

2

(
1 − sinh(βε4/2)√

sinh2(βε4/2) + e−βcP

)
, (22b)

FB � 1

2

(
1 + sinh(βε4/2)√

sinh2(βε4/2) + e−βcP

)
. (22c)

Positive activation energies, ε2 > 0 and ε4 > 0, suppress S
tags and P tags in the B phase:

FS � e−βε2 e−βcS , (23a)

FP � e−βε4 e−βcP , (23b)

FB � 1 − e−βε2 e−βcS − e−βε4 e−βcP . (23c)

The results (21b) and (22a) mean that those fractions are expo-
nentially suppressed throughout that particular phase. These
functional forms in combination with specifications (17) are
testable predictions.

V. SUPERCOILS

We begin our analysis of supercoils by returning to the
idealized molecular chain with a ladderlike reference state
introduced in Sec. III. We now consider the possibility of
two different responses to torque: the twisting of bonds or
monomers and the formation of supercoils. We distinguish
two scenarios, one pertaining to high tension and the other
to low tension.

The first scenario (Sec. VI) describes a system with low
torsional stiffness. When a torque of increasing strength is
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3 & 4 &4

1 & 5 1 & 2 & 5 1 & 5 & 6

3 & 7 3 & 4 & 7 3 & 7 & 8

vac.

1 1 & 2 1 & 2 & 2

3 3 & 4

FIG. 4. Four species of level-2 twist particles (hosts 1, 3 and tags
2, 4) and four species of supercoil particles (hybrids 5, 7 and tags 6,
8) constituting two nested structures (one for each sense of chirality).
Positive (negative) torque lowers the activation energies of particles
1, 2, 5, 6 (3, 4, 7, 8).

applied under significant (constant) tension, the system first
responds via twist contraction as described in Sec. III. When
the twist response approaches saturation, the system is in need
of a new way to respond to yet stronger torque. That mode
involves the formation of supercoils, which in this case are
loops of highly twisted chain (as in a rope).

The second scenario (Sec. VII) describes a system with
high torsional stiffness. At low (constant) tension, the primary
response to an applied torque of increasing strength is the
formation of supercoils, which in this case are loops of largely
untwisted chain (as in a garden hose). When we increase the
tension under torsional constraint, supercoiled chain is grad-
ually converted into twisted chain. With some modifications,
either scenario is adaptable to DNA applications. One realiza-
tion of a buckling transition is demonstrated in Sec. VIII.

The modeling of supercoil conformations employs level-2
nested particles as introduced in Appendix C of Ref. [32].
Chain segments of left-handed or right-handed twist are
activated by twist particles and segments of left-handed
or right-handed writhe by supercoil particles. We use four
species (a host, a hybrid, and two tags) for each sense of
chirality. Symbolic representations of the eight species of
particles are shown in Fig. 4.

Hosts 1 and 3 nucleate segments of twisted chain with
opposite chirality out of the untwisted ladder reference state.
Tags 2 and 4 contribute to the growth of twisted-chain seg-
ments. Hybrids 5 and 7 nucleate segments of supercoil. The
growth of supercoil segments is governed by tags 6 and 8. In
the first scenario (Sec. VI), the supercoil segments grow out
of twisted chain (e.g., by tags 6 replacing tags 2), whereas
in the second scenario (Sec. VII) they grow out of untwisted

TABLE III. Statistical interaction coefficients gmm′ of the four
species of twist (tw) particles and the four species of supercoil (sc)
particles. The capacity constants are A1 = A3 = N − 2 and Am = 0,
m = 2, 4, 5, 6, 7, 8.

gmm′ m\m′ 1 2 3 4 5 6 7 8

tw host 1 2 1 2 1 2 1 2 1
tw tag 2 −1 0 0 0 −1 0 0 0
tw host 3 1 1 2 1 2 1 2 1
tw tag 4 0 0 −1 0 0 0 −1 0
sc hybrid 5 −1 0 0 0 0 0 0 0
sc tag 6 0 0 0 0 −1 0 0 0
sc hybrid 7 0 0 −1 0 0 0 0 0
sc tag 8 0 0 0 0 0 0 −1 0

chain (e.g., by tags 6 replacing elements of reference state).
The level-2 particles used here offer two key advantages over
the level-1 particles used in Sec. III. They provide a parameter,
which controls the cooperativity of twisted chain segments
and they facilitate the model extension to include supercoils.

The combinatorial analysis as previously described in dif-
ferent contexts [38–41,47] yields the specifications compiled
in Table III. The dependence on tension and torque of the
particle activation energies has the standard form (7), here
again rewritten with a change of sign for convenience:

εm = γm + JLm − τφm. (24)

The two kinds of nucleation and growth processes are
controlled by the parameters γm, Lm, φm. We set

γm > 0, Lm > 0 : m = 1, . . . , 8,

φm > 0 : m = 1, 2, 5, 6,

φm < 0 : m = 3, 4, 7, 8. (25)

Symmetry considerations require the following relations be-
tween parameters:

γ1 = γ3, γ2 = γ4, γ5 = γ7, γ6 = γ8,

L1 = L3, L2 = L4, L5 = L7, L6 = L8,

φ1 = −φ3, φ2 = −φ4, φ5 = −φ7, φ6 = −φ8. (26)

In applications to chains with intrinsic chirality these rela-
tions need to be modified as will be explored in a separate
study [51].

VI. SUPERCOILS AT HIGH TENSION

This first scenario is designed (by parameter setting) to
produce supercoil segments made of highly twisted chain.
Under increasing torque, supercoil particles crowd out twist
particles. The former thus incorporate two kinds of contrac-
tion lengths and two kinds of angles, namely twist and writhe.
This is accommodated by specifications, which satisfy the
inequalities,

L5 > L1, L7 > L3, L6 > L2, L8 > L4, (27a)

φ5 > φ1, |φ7| > |φ3|, φ6 > φ2, |φ8| > |φ4|. (27b)
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The additional inequalities,

γ5 > γ1, γ7 > γ2, γ6 > γ2, γ8 > γ4, (27c)

facilitate the empirical requirement that supercoiling is a phe-
nomenon realized in a highly twisted chain.

A. Low torque: Twisted chain

With the parameter setting satisfying the constraints (27),
there exists a regime of low torque where only twist particles
are activated in significant numbers. Here supercoil particles
have high activation energies and are effectively frozen out.

In the statistical mechanical analysis, the limit of infinitely
high activation energies for supercoil particles implies that

wm → ∞ : m = 5, . . . , 8, (28)

which, in turn, has the consequence that the linear Eqs. (6)
yield vanishing population densities for supercoil particles:

N̄m
.= 〈Nm〉

N
→ 0 : m = 5, . . . , 8. (29)

The polynomial Eqs. (5) for the remaining variables, wm,
m = 1, . . . , 4, are then of lower order, cubic in this case. The
(unique) physical solution determines the population densities
of twist particles via Eqs. (6) for m = 1, . . . , 4 and the Gibbs
free energy Ḡ(T, J, τ ) via (8). The contraction length L̄, the
entropy S̄, and the twist angle φ̄ are calculated from Ḡ(T, J, τ )
via derivatives as in (9) or via population densities via (10)
and (11) properly rescaled.

In Fig. 5 we present some explicit results. The specifica-
tions in use are

L1 = L2 = L3
.= Lt,

φ1 = φ2 = −φ3 = −φ4
.= φt,

γ2 = γ4
.= γt, γ1 = γ3 = γt + 	γt. (30)

For the graphical presentation we adopt the following rescal-
ing conventions:

L̂
.= |L̄|

Lt
, φ̂

.= φ̄

φt
, Ŝ

.= S̄

kB
,

Ĵ
.= JLt

γt
, τ̂

.= τφt

γt
, T̂

.= kBT

γt
. (31)

In Figs. 5(a) and 5(b) we show the population densities of
hosts 1, 3 and tags 2, 4 versus torque and tension for the case
of zero cooperativity and fixed temperature. Figures 5(c)–5(g)
show the same population densities plus the thermodynamic
functions L̂, φ̂, Ŝ, all versus torque at fixed tension, temper-
ature (one value each), and cooperativity (three values). The
dependence of contraction length on twist angle is shown in
Fig. 5(h).

At fixed tension and with positive torque of increasing
strength, twisted segments are being nucleated through the
activation of hosts 1. Twisted segments grow in length through
the activation of tags 2. Adjacent segments of twisted chain
merge as hosts are crowded out by tags. Negative torque
favors the activation and growth of hosts 3 and tags 4. Any
increase in the cooperativity is controlled by raising the nucle-
ation threshold 	γt from zero. Fewer extended segments are
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FIG. 5. Population densities of (a) host particles and (b) tag
particles, both versus tension Ĵ and torque τ̂ at constant tempera-
ture T̂ = 1 and zero cooperativity, 	γt = 0. The nine contour lines
from dark to bright in each panel are at (a) 0.025, . . . , 0.225, and
(b) 0.096, . . . , 0.864. (c)–(g) show the same two quantities plus con-
traction length L̂, twist φ̂, and entropy Ŝ plotted versus τ̂ at constant
tension Ĵ = 1 and temperature T̂ = 1 for cooperativity with strength
increasing from zero: 	γt/γt = 0, 2, 4. (h) shows contraction length
versus twist angle.

being nucleated. However, once they are nucleated, they grow
more rapidly with torque of increasing strength. The changes
in contraction length and twist angle take place more abruptly.
The entropy is lower overall. It peaks when the torque crosses
the nucleation threshold.

Note the similarities and differences between the tem-
perature effects in Figs. 1(d)–1(f) and Figs. 5(e)–5(g). For
the quantitative analysis of transformations between con-
formations in DNA under tension and torque, effects of
cooperativity are important. It takes nested particles to model
cooperativity in a natural way. The dependence of contraction
length L̂ on φ̂ as depicted in Fig. 5(h) is a key quantity,
directly accessible to experiments on DNA. Here we see what
twist alone produces. This simple, near linear dependence
will be modified by the presence of supercoiling in some
settings.
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FIG. 6. Population densities of twist particles 1, 3 (hosts), 2,
4 (tags), and supercoil particles 5, 7 (hybrids), 6, 8 (tags) versus
torque τ̂ at constant tension Ĵ and temperature T̂ with specifica-
tions (32), (33). The inset shows the activation energies βεm versus
torque τ̂ .

B. High torque: Twisted and supercoiled chain

At sufficiently strong (positive) torque, the activation ener-
gies of supercoil particles 5, 6 descend below those of twist
particles 1, 2 as illustrated in the inset to Fig. 6 for one
representative case with the following specifications:

γ1 = γ3
.= γt + 	γt, γ2 = γ4

.= γt,

γ5 = γ7
.= γs + 	γs, γ6 = γ8

.= γs,

L1 = L2 = L3 = L4
.= Lt, L5 = L6 = L7 = L8

.= Ls,

φ1 = φ2 = −φ3 = −φ4
.= φt,

φ5 = φ6 = −φ7 = −φ8
.= φs, (32)

βγt = 1, γs/γt = 2.5, 	γt/γt = 0.3, 	γs/γt = 0.3,

JLt/γt = 0.3, JLs/γt = 0.45, φs/φt = 1.5. (33)

At constant tension, the εm vary linearly with torque. Positive
(negative) torque lowers εm for m = 1, 2, 5, 6 (m = 3, 4, 7, 8).
By design, the slope is steeper and the intercept higher for
supercoil particles, m = 5, 6, 7, 8, than for twist particles,
m = 1, 2, 3, 4. Cooperativity for twist (supercoil) particles
displaces the line for hosts 1,3 (hybrids 5,7) upward relative
to the line for tags 2,4 (6,8).

The statistical mechanical analysis of the general case with
all eight particles in play now requires that we solve the
nonlinear Eqs. (5) and the linear Eqs. (6) for all eight species.
The former reduce to a fifth-order polynomial equation with a
unique physical solution. In the main plot of Fig. 6 we show
the population density N̄m for each particle species versus
torque at fixed tension and temperature. It pertains to a tension
of moderate strength and a response of moderate coopera-
tivity for both twist and supercoil particles. The temperature
selected is also of intermediate value.

At zero torque only hosts 1 and 3 have significant popu-
lations. They represent very short segments of twisted chain,
activated by thermal fluctuations with no bias in orientation.
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FIG. 7. (a) Contraction distance L̂, (b) linkage φ̂, and (c) entropy
Ŝ, all versus torque τ̂ at constant tension Ĵ and temperature T̂ .
(d) shows L̂ versus φ̂. The three curves in (c) are for T̂ = 1, 0.5, 0.25.
Data for intermediate T̂ are not shown in (a) and (b). The remaining
specifications are from (32), (33).

A weak positive torque enhances such fluctuations of one
orientation (hosts 1) at the expense of the other (hosts 3). With
increasing (positive) torque the twist segments nucleated by
hosts 1 grow in size through the activation of an increasing
number of tags 2. As the segments of twisted chain grow in
size they begin to merge, which reduces their number. This
process is reflected in a decrease of the density of hosts, N̄1,
as the density of tags, N̄2, continues to increase.

The threshold for the appearance of supercoil particles is
reached when their activation energies descend below those of
the twist particles (see inset). The sharpness of this threshold
depends on cooperativity. At this threshold, supercoil seg-
ments begin to nucleate. The mechanism of this nucleation is
the activation of hybrids 5 and the mechanism for the growth
of supercoil segments is the activation of tags 6. Under yet
stronger torque the supercoil particles begin to crowd out
twist particles, which means that the fraction of supercoiled
chain increases at the expense of merely twisted chain. As
the supercoil segments grow, they begin to merge just as the
twisted segments did at weaker torque. This is reflected in the
decrease of N̄5 (hybrids) and increase of N̄6 (tags). At very
strong torque, the system is in the conformation of a single
supercoil segment, composed of one host 1, one hybrid 5, and
a macroscopic number of tags 6.

The effects of supercoil formation on length contraction,
linkage angle, and entropy are shown in Fig. 7. The char-
acteristic features associated with supercoils stand out in a
comparison of data at two or three different temperatures.
These features are especially prominent when Figs. 7(a)–7(c)
are compared with Figs. 5(e)–5(g), where the supercoil re-
sponse is suppressed. From Fig. 6 we know that the activation
of supercoils sets in at τ̂ � 3.5. The signature of supercoil
formation is an enhancement in linkage at the cost of an
augmented contraction. Both effects are barely visible at the
highest T̂ but very clearly at the lowest T̂ .

The entropy curve at the highest T̂ has a broad maxi-
mum for intermediate torque. This reflects strong fluctuations
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involving competing conformations. All of them are repre-
sented by particles with activation energies near zero. Only at
high torque does the supercoil conformation become predom-
inant and particles 6 crowd out all others, which is reflected in
a pronounced entropy drop. At the intermediate temperature,
the signature of supercoil formation becomes discernible in
the entropy data as a shoulderlike feature at τ̂ � 3.5. The
sharpened maximum (at τ̂ � 1.5) marks the torque threshold
for the activation of twisted segments. The features associ-
ated with twisted chain are similar to what we have already
described in the context of Fig. 5. The appearance of super-
coils manifests itself by way of sharp increases in contraction
length and linkage as well as by a sharp spike in the entropy.

C. Showcase for particle nesting

In conclusion of Sec. VI with focus on high-tension super-
coils and in anticipation of Sec. VII, where our focus will shift
to low-tension supercoils, we are well positioned to highlight
the role of particle nesting within the framework of statisti-
cally interacting particles. Particle nesting is the key feature
in the statistical mechanical analysis of this rather complex
behavioral trait manifest in stretched and twisted polymeric
chains.

The same set of eight particle species, introduced in Sec. V
and consisting of two hierarchies, one for each sense of
chirality, can be used to describe, in flexible polymers, the
appearance of supercoils out of highly twisted chains and,
with different parameter settings for stiff polymers, the for-
mation of supercoils out of largely untwisted chains. The
nesting structure, which is determined by the combinatorial
specifications given in Table III, is identical for low-tension
and high-tension supercoils even though some particle species
take on very different roles in the two applications. The spe-
cific role is determined by energetic parameters.

The same two hierarchies thus describe, in one parameter
setting, how a twisted chain converts into a supercoiled chain
under increasing torque at fixed tension (shown earlier in
Sec. VI) and, in a different parameter setting, how supercoiled
chain gives way to twisted chain when torque is increased
at fixed tension (to be demonstrated in Sec. VII). With some
modifications this model has applications for ds-DNA, which
we plan to explore in a continuation of this project [51].

VII. SUPERCOILS AT LOW TENSION

In molecular chains of strong torsional stiffness, supercoils
tend to form out of segments that are weakly twisted at most,
within a regime of low tension and not too high torque. It then
suffices that we reverse the inequalities (27b) and (27c) into

φ5 < φ1, |φ7| < |φ3|, φ6 < φ2, |φ8| < |φ4|,
γ5 < γ1, γ7 < γ2, γ6 < γ2, γ8 < γ4, (34)

while leaving inequalities (27a) intact. In consequence, the
dependence on torque of the activation energies for twist par-
ticles and supercoil particles is interchanged (compare insets
to Figs. 8 and 6). We change four of the six scaling conven-
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FIG. 8. Population densities of twist particles 1, 3 (hosts), 2, 4
(tags), and supercoil particles 5, 7 (hybrids), 6, 8 (tags) versus torque
τ̂ at constant tension Ĵ and temperature T̂ . The inset shows the
activation energies βεm versus torque τ̂ for the case with specifica-
tions (36).

tions (31) for this section as follows:

φ̂
.= φ̄

φs
, Ĵ

.= JLt

γs
, τ̂

.= τφt

γs
, T̂

.= kBT

γs
. (35)

The energetic specifications for the case analyzed in the fol-
lowing are (32) and

βγs = 1, γt/γs = 3.0, 	γt/γs = 0.3, 	γs/γs =0.3,

JLt/γs = 0.1, JLs/γs = 0.15, φt/φs = 1.5. (36)

At zero torque, hosts 1 and 3, which nucleate segments
of twisted chain, still have the highest populations of all
particles, now greatly reduced. The next highest population
densities pertain to hybrids 5 and 7. Unlike in Sec. VI, weak
positive (negative) torque does not grow twisted segments
by activating tags 2 (tags 4). Instead it nucleates supercoil
segments via the activation of hybrids 5 (hybrids 7) and grows
with tags 6 (tags 8).

As the torque continues to gain strength, the supercoiled
segments begin to merge. The signature of that effect is a
decrease in the populations of hybrids 5, (hybrids 7) combined
with an increase in the populations of tags 6 (tags 8). Only
at yet stronger torque is the torsional stiffness of the chain
overcome. Supercoiled segments now convert into segments
of twisted chain of increasing size. The population of tags 6
(tags 8) collapses while the population of tags 2 (tags 4) shoots
up.

The effects on length contraction, linkage, and entropy
of the formation of low-tension supercoils at weak torque
and their conversion into twisted chain at stronger torque are
shown in Fig. 9. Some of the contrasts to the corresponding
plots in Fig. 7 are striking. In each panel we can discern the
following three major processes: the nucleation of supercoil
segments at |τ̂ | � 1, the merging of supercoil segments at 2 �
|τ̂ | � 3.5, and their conversion into long twisted segments at
|τ̂ | � 4.
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FIG. 9. (a) Contraction distance L̂, (b) linkage φ̂, and (c) entropy
Ŝ, all versus torque τ̂ at constant tension Ĵ and temperature T̂ .
(d) shows L̂ versus φ̂. The three curves in (c) are for T̂ = 1, 0.5, 0.25.
Data for the intermediate temperature are not shown in (a), (b), and
(d). The remaining specifications are from (32), (36).

The nucleation of supercoil segments is gradual at the high-
est temperature and becomes rather precipitous at the lowest
temperature, graphically represented, respectively, by soft and
sharp increases in length contraction, linkage, and entropy.
The merging of supercoil segments is associated with small
increases in length contraction and linkage, but a marked
decrease in entropy, especially at the lower temperatures. The
conversion of supercoiled chain into twisted chain combines
an increase in linkage with a decrease in contraction length,
which is gradual at the highest T and abrupt at the lowest T .
The effect on entropy is a spike, which is small but prominent
at low T . With increasing T , this signal gets more and more
washed out by thermal fluctuations into a shoulderlike feature.

VIII. BUCKLING TRANSITION

One intensively investigated phenomenon in single-
molecule experiments on ds-DNA under tension and torque
is the buckling transition, specifically the rather abrupt
formation of plectonemes when the twist angle is gradu-
ally advanced under constant low tension [3,5,6,8–10,12–
15,17,19,21–24,30,31]. Here we demonstrate that the system
of eight species of statistically interacting particles portrayed
in Secs. VI does indeed include a parameter regime that fea-
tures a buckling transition.

We return to the scaling convention (31) with a single
modification,

L̂
.= |L̄|

Ls
. (37)

We leave the specifications (32) unchanged and modify the
specifications (33) to

βγt = 1, γs/γt = 2.5, 	γt/γt = 0.3, 	γs/γt = 0.3,

JLt/γt = 0.03, JLs/γt = 0.3, φs/φt = 1.5. (38)

These modifications have little impact on the population den-
sities found for the case analyzed in Sec. VI B and shown in
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FIG. 10. (a) Contraction distance L̂, (b) twist angle φ̂, and (c) en-
tropy Ŝ, all versus torque τ̂ at constant tension Ĵ and temperature T̂ .
(d) shows L̂ versus φ̂, demonstrating the buckling transition. The two
curves in each panel are for T̂ = 1, 0.5. The remaining specifications
are from (32), (33).

Fig. 6. The largest difference (not shown) is an enhancement
in the population of twist tags 2 and 4.

In our methodology, particles from the same species with
similar activation densities (implying similar population den-
sities) can describe very different physical phenomena. The
differences are encoded in the specifications (38) and visually
enhanced in the modified scaling convention (37). The new
physics, illustrated in Fig. 10, includes the buckling transition,
of which there is no hint in Fig. 7.

All it took was that we assigned a smaller contraction
length to twist particles. This change is conspicuous in
Figs. 7(a) and 7(b) of the two graphs, less so in Fig. 7(c).
The buckling transition is manifest in Fig. 7(d) in the form
of a sharp increase in the rate of contraction. As is typical of
phase behavior in one-dimensional systems, what looks like
real transitions are, in fact, crossovers whose width varies with
scaled temperature.

The energetics of the relevant particles in the case under
scrutiny here is such that fluctuations are sufficiently strong at
T̂ = 1.0 to remove any sign of a transition. Yet, at T̂ = 0.5,
the abrupt initiation of supercoiling is clearly visible in the
sharply edged curve of contraction length versus twist angle.
Keep in mind that a change in T̂ does not have to mean a
change in temperature.

We should like to emphasize that this scenario is not meant
to be a model for the buckling transition as observed in
ds-DNA. Nor is it meant to claim predictive power of our
methodology in regard to this phenomenon. What will be nec-
essary to achieve these goals is to fix model parameters with
empirical evidence drawn from experimental data unrelated
to the buckling transition and then test the supercoil mod-
eling introduced here, appropriately generalized to include
native chirality, for its predictive power regarding the buckling
transition.

This strategy worked well in Sec. V of Ref. [32] for the
force extension characteristics of torsionally unconstrained
DNA stretching. It will be adapted in the continuation of
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this project [51] to interpret the ubiquitous hat curves found
experimentally in evidence of overwound and underwound
DNA buckling [3,5,6,8–10,12–15,17,19,21–24,30,31]. In the
process, we expect to establish closer contact between pa-
rameters of statistical modeling and molecular parameters for
these situations.

IX. CONCLUSION AND OUTLOOK

In this work we have extended a method of statistical
mechanical analysis based on statistically interacting quasi-
particles [33–44], previously adapted to molecular chains
under tension [32]. The extension includes torsional con-
straints and adds torque to tension as a second mechanical
control variable. All thermodynamic relations describing qua-
sistatic processes involving combinations of stretching or
contracting, twisting, and supercoiling are derived from a
single partition function.

We have introduced the extended method of analysis in ap-
plications to idealized ladder systems and then demonstrated

its usefulness for two applications to DNA: (i) the conversion
of (native) B-DNA into (underwound) S-DNA or (overwound)
P-DNA when subjected to controlled variations of tension
and torque; (ii) the conversion between twist chirality and
plectonemic chirality when the molecular chain is subjected
to controlled variations of linkage and extension. An arena for
applications to the buckling of overwound and underwound
ds-DNA has thus been opened up and is one natural extension
of this project, which we intend to explore [51].

A second projected extension has its focus on the inclusion
of interactions between molecular chains and molecules of the
embedding fluid (beyond its role as a heat bath). This exten-
sion addresses the effects of intercalation on force-extension
characteristics, the role of melting bubbles, and the observed
manifestations of hysteresis [52–68]. Some of these effects
can be described within the same framework of statistical
mechanical analysis as anticipated in Sec. I of Ref. [32].
However, an extension of this methodology to include kinet-
ics will be necessary and promises to significantly widen its
scope [51].
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