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Space and time correlations for diffusion models with prompt and delayed birth-and-death events
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Understanding the statistical properties of a collection of individuals subject to random displacements and
birth-and-death events is key to several applications in physics and life sciences, encompassing the diagnostic of
nuclear reactors and the analysis of epidemic patterns. Previous investigations of the critical regime, where births
and deaths balance on average, have shown that highly non-Poissonian fluctuations might occur in the population,
leading to spontaneous spatial clustering, and eventually to a “critical catastrophe,” where fluctuations can result
in the extinction of the population. A milder behavior is observed when the population size is kept constant:
the fluctuations asymptotically level off and the critical catastrophe is averted. In this paper, we extend these
results by considering the broader class of models with prompt and delayed birth-and-death events, which
mimic the presence of precursors in nuclear reactor physics or incubation in epidemics. We consider models
with and without population control mechanisms. Analytical or semi-analytical results for the density, the
two-point correlation function, and the mean-squared pair distance will be derived and compared with Monte
Carlo simulations, which will be used as a reference.
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I. INTRODUCTION

Many systems of interest in physics and life sciences can
be modeled in terms of a collection of individuals undergoing
random displacements coupled with birth-and-death events of
the Galton-Watson type [1–9]. Prominent examples concern,
for instance, the spread of epidemics, models of biodiversity,
or the propagation of neutron-induced fission chains in nu-
clear reactors. For epidemics, the displacements are those of
the infected, i.e., the carriers of the pathogen; births are due
to the appearance of new infected individuals due to contacts
of the infected with susceptibles; and deaths are due to the
transitions of the infected to the recovered (or possibly back
to the susceptibles) [2]. Living organisms such as bacteria
explore space to search for food and undergo births due to
(haploid or diploid) reproduction and deaths due to starvation
[4]. For neutrons, displacements result from free flights and
from scattering collisions with the nuclei of the traversed me-
dia, leading to random re-orientations of the flight directions;
births are due to fission events, which split the nuclei and
emit extra neutrons; and deaths are due to collisions leading
to sterile captures, whereupon the neutron life is terminated
[6]. In some models, a fraction of the birth events may occur
with a delay: for epidemics, delayed infections are related to
the incubation time of the pathogen [10], whereas in reactor
physics the appearance of delayed neutrons is due to the
deexcitation of the fission fragments, which may emit extra
neutrons after exponentially distributed decay times [6].
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By virtue of their common ingredients, the mathemati-
cal descriptions of epidemics and fission chains strikingly
share many features [1], although model-specific traits must
be taken into account in realistic applications. The evolu-
tion of populations subject to diffusion, births and deaths
can be described by a variety of frameworks, encompassing
deterministic and stochastic approaches, each having distinct
advantages and shortcomings [11,12]. When births are com-
pensated by deaths, the number of individuals is constant
on average, and the system is said to be critical [1]: this
regime is usually realized in nuclear reactors, where physical
parameters are precisely tuned so that the energy released by
fission is stationary [6]. The critical regime also plays a central
role in epidemics, nontrivially affecting control policies in the
transition between the supercritical and the subcritical phases
[13]. If the number of individuals is large, as in later stages
of epidemics or in nuclear reactor operated at full power, the
average behavior of the population is sufficient to completely
characterize the system. On the contrary, if the number of indi-
viduals is small, which is the case, e.g., for epidemics during
the early outbreak phases and for nuclear reactors operated
at low power, the fluctuations around the average might be
relevant and a stochastic description is required [6,8,14]. In
this case, one either uses deterministic methods to solve the
equations for the statistical moments of the population, or
Monte Carlo methods to sample the random dynamics.

Although mean-field zero-dimensional approaches can
provide a condensed representation of the system dynamics,
stochastic models accounting for the full description of the
spatial behavior of the population are of utmost importance, in
that they are key, e.g., to characterizing the extent of epidemic
outbursts [15–17], spatial patchiness in ecology [18–20] or
to detecting possible malfunctioning or power tilts in nu-
clear reactors [6,9,21]. Modern state-of-the-art Monte Carlo
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simulation codes allow addressing real-world applications
with unprecedented accuracy and have been successfully used
to compute the lower-order moments of the populations,
namely, the average number of individuals E[nV ](t ) in a given
spatial region V at time t and the two-point correlation func-
tion E[nV1 nV2 ](t1, t2) between two regions V1 and V2 at times
t1 and t2 [21–24]. The analysis carried out with highly sophis-
ticated simulation codes can be effectively complemented by
the investigation of simplified mathematical models that avoid
unnecessary complication and yet retain the key physical in-
gredients, possibly leading to semiquantitative predictions. In
the context of reactor physics, explicit expressions for the
average number of individuals and the two-point correlation
function of the population have been recently derived, for
one such model combining a Galton-Watson process with
Brownian diffusion in bounded domains [25–27]. Inspection
of the resulting solutions of the moment equations shows
that, in the critical regime, the birth-and-death events will
induce strongly non-Poissonian fluctuations in the number of
individuals being present at each spatial site, which lead to
a wild spatial patchiness (clustering) instead of the expected
uniform density. Eventually, the population will face a “criti-
cal catastrophe,” where fluctuations can result in an extinction
event. Furthermore, it has been shown that the interplay
between prompt and delayed birth-and-death events affects
the timescales of clustering and of the critical catastrophe
[26,27]. Although these investigations were mainly motivated
by applications pertaining to nuclear reactor physics, the main
findings would carry over to the spatial behavior of epidemics,
with minimal modifications. For instance, it is known that
around criticality all realistic epidemiological models display
large fluctuations that dominate the dynamical behavior of
the system, regardless of the specific details of the infec-
tion process [13]. Similarly, colonies of bacteria may display
strong spatial patchiness stemming from the competition of
birth-and-death mechanisms and diffusion [18].

In the basic formulation of these models, the size of the
population is free to evolve according to the stochastic rules of
the process, without any constraint. In practice, epidemics are
subject to health policies and restrictions, and nuclear reactors
are similarly endowed with intrinsic (physics-based) and ex-
ternal control mechanisms to prevent power drifts. A simple,
yet effective way of mimicking some form of feedback acting
against variations in the number of individuals consists in
enforcing the population size to be exactly constant. Such
control mechanisms have been shown to have a dramatic
impact on the evolution of the fluctuations, compared with the
free case. In constrained models, clustering is still present at
the local scale, but the spatial fluctuations at the global scale
asymptotically level off and the critical catastrophe is averted
[27,28]. For the sake of simplicity, so far such models with
population control have only addressed prompt birth-and-
death events. Within the framework of a simplified nuclear
reactor model, in this paper we will extend these findings by
introducing a generalized approach to the enforcement of pop-
ulation control, where the hypothesis of constant population
size is relaxed and delayed birth events are explicitly consid-
ered. Analytical or semi-analytical formulas for the neutron
spatial density, the two-point correlation function, and the
mean-squared pair distance between particles will be derived

FIG. 1. Schematic illustration of the evolution of neutrons and
precursors in the simplest model (anarchic model). At time t = 0,
four neutrons and one precursor are present. Neutrons (red solid
lines) diffuse and undergo fission and capture; precursors (dashed
black lines) do not diffuse. When they decay, they are replaced by a
neutron at the same position. Because of the birth-death process, the
total number of neutrons and the total number of precursors fluctuate.

and compared with Monte Carlo simulations, which will be
used as a reference.

This work is organized as follows: in Sec. II we present
the stochastic model that will be used throughout this paper,
detail the underlying hypotheses, and introduce relevant ob-
servables. In Sec. III we derive the key results for the evolution
of individuals without population control. In Sec. IV we derive
the key results for a collection of individuals under different
sorts of population control. Conclusions will be finally drawn
in Sec. V. To improve readability, cumbersome calculations
will be relegated to the Appendix.

II. A SIMPLE STOCHASTIC MODEL FOR NUCLEAR
REACTOR PHYSICS

To fix the ideas and the vocabulary, in the following we
choose to work with a nuclear reactor model, but most of the
results presented in this paper would apply also to epidemics.

In the simplest incarnation of our nuclear reactor model
[26], we represent the random movement of neutrons as
Brownian motion with a diffusion coefficient D, and we
use a Galton-Watson birth-death process to describe fission
and absorption. Each neutron undergoes sterile capture at
a rate γ and fission events at a rate β. Captured neutrons
are simply killed. When fission occurs, a random number
of new neutrons are emitted at the position of the incident
neutron, which is killed [6]. Part of the fission neutrons are
emitted instantaneously and are known as prompt neutrons:
the probability to emit k prompt neutrons is denoted as pk .
Delayed neutrons may further appear at the spatial site of a
fission event after a random, exponentially distributed time
with rate λ, corresponding to the nuclear decay of certain ex-
cited fission fragments, known as delayed neutron precursors
[6]. We denote by qk the probability that k delayed neutron
precursors are created at a fission event. For illustration, some
representative neutron and precursor histories are shown in
Fig. 1. In nuclear reactors, the average precursor decay time
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TABLE I. Different sets of parameters used in this work. Here N
is the initial (average) number of neutrons, M is the initial (average)
number of precursors, L is the box half-size, D is the diffusion
coefficient, β is the fission rate, γ is the capture rate, λ is the decay
rate of precursors, νp,l and νd,l are the lth falling factorial moments
of the number of neutrons and precursors produced from fission,
respectively, and θ = λ/(βνd,1).

θ = 1 θ = 10−1 θ = 10−3

N 102 102 102

M 102 103 105

L 1 1 1
D 10−2 10−2 10−2

β 0.2 0.2 0.2
γ 0.3 0.3 0.3
λ 10−1 10−2 10−4

νp,1 2 2 2
νd,1 0.5 0.5 0.5
νp,2 2 2 2
νd,2 0 0 0

1/λ is typically much larger than the average neutron life-
time 1/(γ + β ). Furthermore, denoting respectively by νp,1 =∑

k kpk and νd,1 =∑k kqk the average number of prompt and
delayed neutrons resulting from fission, we typically have
νp,1 � νd,1 [6]. For reasons that will become clear in the
following, we are using the notation νp,l and νd,l to indicate
the lth falling factorial moments of the number of neutrons
and precursors produced from fission, respectively, with

νp,l =
∞∑

k=0

k(k − 1) · · · (k − l + 1)pk, (1)

and

νd,l =
∞∑

k=0

k(k − 1) · · · (k − l + 1)qk . (2)

For the sake of simplicity, our model neglects the energy
dependence of the neutron-matter interaction rates. Further-
more, the spatial structure of the reactor core will be simplified
by assuming that all the material properties (diffusion coef-
ficient, fission, and capture rates) are homogeneous. All the
physical parameters are taken to be uniform in space and
constant in time. Contrary to Ref. [26], which considered
unbounded systems, here the reactor will be modeled as a
finite-size box with reflection (Neumann) boundary condi-
tions, mimicking the fact that, in nuclear reactors, neutron
leakage from the core is deliberately kept small. To simplify
matters even further, we focus on one-dimensional systems,
which are more easily amenable to analytical solutions: in
what follows, we thus consider a one-dimensional reactor of
half-size L, i.e., the [−L, L] segment. This model captures the
key physical mechanisms that are responsible for the fluctua-
tions of the fission chains.

We use the parameter values given in Table I throughout
this work.

A. The critical regime

Nuclear reactors are operated at the critical regime, where
the equilibrium between births by fission and deaths by
capture allows the neutron population and hence the heat
production to be stationary on average [6]. In our model,
criticality is imposed by requiring that

β(νp,1 + νd,1 − 1) = γ , (3)

which is equivalent to equating the production and disappear-
ance rates. The criticality condition does not depend on the
number of neutrons present in the system: indeed, nuclear
reactors can be operated at steady-state at virtually any power
level, the power being proportional to the average number of
neutrons in the core. Due to its inherently stochastic nature,
the neutron population density at a spatial site will display
fluctuations (often dubbed “neutron noise” [6]) because of
random displacements in and out the spatial cell and because
of random changes in the number of particles following fission
and capture events within the cell.

B. Observables of interest

Fluctuations are characterized by the statistical moments of
the neutron population as a function of position and time. Let
V1 and V2 be two nonoverlapping detectors located within the
reactor. We are interested in computing the average number of
neutrons E[ni](ti ) and precursors E[mi](ti ) present at time ti
in detector i ∈ {1, 2}, and the two-point correlations between
particles detected in V1 at time t1 and particles detected in V2

at time t2, which stem from the cross-moments E[n1n2](t1, t2),
E[n1m2](t1, t2), and E[m1m2](t1, t2). Often, it is preferable to
work with continuous observables: we therefore define the
neutron and precursor densities by taking the limits:

n(xi, ti ) = lim
Vi→0

E[ni](ti )

Vi
, (4)

m(xi, ti ) = lim
Vi→0

E[mi](ti )

Vi
, (5)

where xi is the center of the detector location, i ∈ {1, 2}. The
average population sizes are then obtained by integrating the
particle densities over the entire system:

n(t ) =
∫

n(x, t )dx, (6)

m(t ) =
∫

m(x, t )dx. (7)

Similarly, we define the pair correlation functions by taking
the limits

u(x1, t1, x2, t2) = lim
V1,V2→0

E[n1n2](t1, t2)

V1V2
, (8a)

v(x1, t1, x2, t2) = lim
V1,V2→0

E[n1m2](t1, t2)

V1V2
, (8b)

w(x1, t1, x2, t2) = lim
V1,V2→0

E[m1m2](t1, t2)

V1V2
. (8c)

The function u(x1, t1, x2, t2) fully characterizes the behavior
of fluctuations and correlations of the neutron population, and
in this respect is key to the investigation of neutron noise.
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Similarly as for the case of the average densities, integral
quantities can be obtained by integrating the previous equa-
tions over the whole spatial domain: for the two-point neutron
correlation function, e.g., we would have

u(t1, t2) =
∫∫

u(x, t1, y, t2)dxdy. (9)

The information content of the two-point correlation function
can be conveniently condensed in the mean-squared neutron
pair distance 〈r2〉(t ), which is defined as

〈r2〉(t ) =
∫∫

(x1 − x2)2u(x1, t, x2, t )dx1dx2

u(t, t )
, (10)

which is also helpful in assessing the behavior of neutron
noise [28,29]. In the following we will characterize the behav-
ior of these moments under different assumptions concerning
the constraints imposed to the particle population.

III. ANARCHIC MODEL

In the simplest incarnation of our model, we assume that
the neutron and precursor populations are free to evolve
according to the stochastic rules described in Sec. III, with-
out any constraint. We will call this system the anarchic
model (for illustration, see Fig. 1). The equations for the
particle density and for the two-point correlation functions
can be conveniently established using the backward master-
equation approach proposed by Pál and Bell (which is
special case of Feynman-Kac backward formalism) [6,9].
The idea is to first derive the equations for the moments
n′

i(x0, t0) = n(xi, ti|x0, t0), with i ∈ {1, 2}, and u′
1,2(x0, t0) =

u(x1, t1, x2, t2|x0, t0) conditioned to having a single initial neu-
tron starting from position x0 at time t0, treating x1, x2, t1,
and t2 as parameters, and x0 and t0 as variables. The neutron
density n′

i(x0, t0) is found to satisfy

L†n′
i(x0, t0) = 0, (11)

where we have introduced the adjoint linear operator

L† f (x0, t0) = ∂ f

∂t0
+ D∇2

x0
f + αp f

+ βνd,1λ

∫ ∞

t0

f (x0, t ′)e−λ(t ′−t0 )dt ′, (12)

with the shorthand

αp = β(νp,1 − 1) − γ . (13)

As for the one-particle pair correlation function, we have

L†u′
1,2(x0, t0)

= −βνp,2n′
1(x0, t0)n′

2(x0, t0)

− βνp,1νd,1λn1(x0, t0)
∫ t2

t0

e−λ(t ′−t0 )n′
2(x0, t ′)dt ′

− βνp,1νd,1λn2(x0, t0)
∫ t1

t0

e−λ(t ′−t0 )n′
1(x0, t ′)dt ′

− βνd,2λ
2
∫ t1

t0

∫ t2

t0

e−λ(t ′+t ′′−2t0 )n′
1(x0, t ′)n′

2(x0, t ′′)dt ′dt ′′.

(14)

Equations (11) and (14) are linear and can be both solved in
terms of the Green’s function G(x, t |x0, t0) associated with
L†. By separation of variables, the Green’s function can be
expressed as

G(x, t, x0, t0) =
+∞∑
k=0

ϕk (x)ϕ†
k (x0)Tk (t |t0), (15)

where the time-eigenfunctions Tk (t |t0) read

Tk (t |t0) = (ω+
k − ω−

k )−1[eω+
k (t−t0 )(ω+

k + λ)

− eω−
k (t−t0 )(ω−

k + λ)], (16)

with two associated families of eigenvalues

ω±
k =

αk + αp − λ ±
√

(αk + αp + λ)2 + 4λβνd,1

2
. (17)

The quantities αk are the eigenvalues associated with operator
D∇2

x , with the corresponding eigenfunctions ϕk (x). For reflec-
tion boundary conditions, we have αk = −D(kπ/2L)2 and

ϕk (x) = cos

(
kπx

2L

)
(18)

for k � 0. The functions ϕ
†
k (x0) are obtained from the

orthonormality condition of the eigenfunctions, and for reflec-
tion boundary conditions read

ϕ
†
k (x0) =

{ 1
2L if k = 0

1
L cos

( kπx0
2L

)
if k � 1.

(19)

In nuclear reactors, the two families ω±
k are widely separated

because of the typical values of λ, αp, and βνd,1. Loosely
speaking, the ω+

k family is associated with the dynamics of
precursors, while ω−

k describes prompt dynamics.
Once the single-particle moments are known, it is then

straightforward to generalize the framework to describe a
collection of N independent and identically distributed in-
dividuals. The details of the calculations can be found in
Appendix A. In particular, if we denote the single-particle
source distribution as Q(x0, t0), the density n(x, t ) reads

n(x, t ) = N
∫∫ t

−∞
Q(x0, t0)G(x, t |x0, t0)dx0dt0, (20)

which expresses a linear superposition principle. The pair
correlation function can be also explicitly computed based on
the Green’s function, and reads

u(x1, t1, x2, t2)

= N − 1

N n(xa, ta)n(xb, tb) + G(xb, tb|xa, ta)n(xa, ta)

+ βνp,2

∫ ta

0

∫
G(xa, ta|x, t )G(xb, tb|x, t )n(x, t )dxdt

+ βνp,1νd,1

∫ ta

0

∫
G(xa, ta|x, t )c(xb, tb|x, t )n(x, t )dxdt

+ βνp,1νd,1

∫ ta

0

∫
G(xb, tb|x, t )c(xa, ta|x, t )n(x, t )dxdt

+ βνd,2

∫ ta

0

∫
c(xa, ta|x, t )c(xb, tb|x, t )n(x, t )dxdt, (21)
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where ta = min{t1, t2}, tb = max{t1, t2},

xa =
{

x1 if ta = t1

x2 if ta = t2,
(22)

and

xb =
{

x1 if tb = t1

x2 if tb = t2.
(23)

The quantity

c(xa, ta|x, t ) = λ

∫ ta

t
G(xa, ta|x, t ′)e−λ(t ′−ta )dt ′ (24)

represents the expected number of neutrons detected at (xa, ta)
produced by a precursor at (x, t ), with ta > t .

The terms appearing in the correlation function in Eq. (21)
can be given a physical interpretation. The first term de-
scribes the contribution of the detection of uncorrelated
particles, i.e., particles that do not share any common
ancestor. The second term describes self-correlations, i.e.
the detection of the same particle history at (xa, ta) and
later at (xb, tb). The four remaining terms represent the
possible contributions due to fission events: the first one
corresponds to the correlations induced by detection at
(xa, ta) and (xb, tb) of neutrons stemming from different
prompt neutrons produced by a common fission event
at (x, t ); the following two terms are symmetrical and cor-
respond to correlations induced by detection at (xa, ta) and
(xb, tb) of neutrons stemming from a prompt neutron and a
precursor produced by a common fission event at (x, t ); fi-
nally, the remaining term corresponds to correlations induced
by detection at (xa, ta) and (xb, tb) of neutrons stemming from
different precursors produced by a common fission event at
(x, t ).

The reactor is assumed to be in the critical regime. It is
then possible to choose the single-particle source Q(x0, t0) so
that the average neutron density n(x, t ) is stationary at any
time t > 0: this is for instance achieved by taking Q(x0, t0) =
Qc(x0, t0), with

Qc(x0, t0) = 1

2L

[
θ

1 + θ
δ(t0) + 1

1 + θ
λ exp (−λt0)

]
, (25)

where θ = λ/(βνd,1). Typically, for nuclear reactors, θ ≈
10−4 to 10−5. This particular choice of Q(x0, t0) will be called
the critical source. The first term in Eq. (25) corresponds
to neutrons appearing at t0 = 0 with probability θ/(1 + θ ),
while the second term corresponds to delayed neutrons ap-
pearing at exponentially distributed times from the decay of
the precursors initially present at t0 = 0, with complementary
probability 1/(1 + θ ). For our simple homogeneous one-
dimensional reactor with reflection boundary conditions, the
spatial distribution 1/(2L) is flat over the domain [Eq. (18)].

A. Analysis of the pair correlation function

Inspection of Eq. (20) shows that the average neutron den-
sity in a critical reactor starting from the critical source in
Eq. (25) is trivially constant, as expected, and reads n(x, t ) =
N/(2L). This value depends on the number N of neutrons
emitted from the source and on the reactor size 2L. Corre-
spondingly, the average total number of neutrons n(t ) will be

FIG. 2. Pair correlation function for a critical population start-
ing with, on average, N = 100 prompt neutrons and M = 103

precursors, for a deterministic total population size N = N + M.
Parameters are taken as in Table I for θ = 10−1. On the graph we
plot u(x1, t1, x2, t ) for x1 = x2 = 0 and t1 = T/2. The bottom graph
shows u(x1, t1, x, t2) the spatial shape when t1 = t2 = T/2 and x1 =
0. Blue solid line: analytical results from Eq. (21). Black circles:
Monte Carlo simulations result with 106 replicas.

constant and equal to N , and it can be shown that the average
total number of precursors m(t ) will be also constant and
equal to M = N/θ .

The correlation function in Eq. (21), on the contrary, is
not stationary for a critical system. While Eq. (21) is exact,
the evaluation of G requires the numerical computation of an
infinite series. In the following, the semi-analytical solution is
henceforth obtained using Eqs. (B1)–(B11) by summing the
series up to order k = 1000. The resulting correlation function
has been carefully verified against Monte Carlo simulations,
as shown in Figs. 2 and 3. It is more convenient to plot
the corrected pair correlation function ũ(x1, t1, x2, t2) =
u(x1, t1, x2, t2) − δ(x1 − x2)n(x1, t1), which is equivalent

FIG. 3. Same as Fig. 2, except that the top graph gives the time
dependency for x1 = 0 and x2 = −0.02. The bottom graph shows
spatial correlations with t1 = T/2 = 500 and t2 = 490.
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to ignoring the singular term δ(x1 − x2) due to the self-
correlations occurring in the system at t1 = t2. Note that this
does not remove all of the self-correlation contributions be-
cause self-correlations also include contributions from points
x1 �= x2. By abuse of language, and when it does not impede
understanding, in the following we shall call ũ the “pair
correlation function” nonetheless. Since the function has four
independent variables, for the sake of simplicity we present
one-dimensional cuts for fixed values of the other variables.

Figure 2 shows the time shape of the correlation function
when particles are detected at the same spatial position x1 =
x2 (top panel), and the spatial shape when the detection times
t1 = t2 are the same (bottom panel). The detection positions
chosen for Fig. 2 are far from the boundaries of the reactor.
Figure 3 illustrates the time shape of the correlation function
for two different detection positions (top), and its spatial shape
for two different detection times (bottom).

Figures 2 (top panel) and 3 (top panel) show that, after an
initial transient, t � 50, the time profile of the pair correlation
function exhibits a linear build-up. For t1 > t2, correlations
saturate. Indeed, the linear build-up describes fissions happen-
ing at time t1 that may contribute to further fissions occurring
at a fixed t2, meaning that obviously fissions occurring at
t1 > t2 cannot contribute.

The analysis of u(x1, t1, x2, t2) shows that the correlation
function displays several typical timescales. First, the spatial
boundedness of the system introduces timescales that are re-
lated to diffusion. In the absence of delayed neutrons, the
relaxation of the space profile of the correlation function is
characterized by several timescales. The prompt timescales
accumulate around and are asymptotically dominated by the
mixing time, which is related to the time a neutron needs
in order to explore the whole physical space [25]. With the
introduction of precursors, additional remarkable timescales
appear. As shown in Eq. (21), the two-point, two-time cor-
relation function involves products of the Green’s function
(15), which has the structure of an infinite sum of exponential
modes with characteristic time constants ω+

k and ω−
k . The

correlation function can then be expressed as an infinite sum
of exponential modes with characteristic time constants 2ω+

k ,
2ω−

k , ω+
k + ω−

k , and ω+
k − ω−

k (see Appendix B for details).
If we restrict our attention to the one-time, two-point correla-
tion function, u(x1, x2, t ) = u(x1, t, x2, t ), then the ω+

k − ω−
k

modes disappear. The first few characteristic time constants
for each family are represented in Fig. 4. We can identify four
different interesting timescales:

(i) The separation of the first two characteristic time con-
stants of the ω+

k + ω−
k family is given by (ω+

0 + ω−
0 ) − (ω+

1 +
ω−

1 ) = −α1 = 4L2/Dπ2 = τ−1
D . This is exactly the inverse of

the mixing time for a system without delayed neutrons, as
studied in Ref. [25]. For the parameter values of Figs. 2 and 3,
the prompt mixing time would be τD � 41.

(ii) On a timescale of the order of τ2 = |ω+
0 + ω−

0 |−1 =
(βνd,1 + λ)−1, the correlation function reaches a quasistation-
ary regime, after prompt dynamics has stabilized but before
delayed dynamics comes into play. Note that the expression of
τ2 is independent of the spatial characteristics of the system,
such as its spatial extent or the diffusion coefficient. There-
fore, this timescale corresponds to a collective behavior. For
times of the order of a few τ2, the prompt modes contribute

FIG. 4. Scatter plot of the characteristic time constants of the
Green’s function (top) and of the one-time, two-point correlation
function (bottom), for the anarchic system, up to order k = 5. (top)
Blue right-pointing triangles represent |ω+

k |; red left-pointing trian-
gles represent |ω−

k |. (bottom) Blue right-pointing triangles represent
|2ω+

k |; black down-pointing triangles represent |ω+
k + ω−

k |; red left-
pointing triangles represent |2ω−

k |. Note that ω−
0 = 0 and 2ω−

0 = 0
cannot be represented in either plot (the system is critical). The
dominant mode for each family (k = 0) is the leftmost mode. The
parameter values are the same as in Fig. 2.

a time-independent term to the correlation function. The
delayed modes, on the other hand, have timescales that
are much longer than τ2; therefore, the remaining exponen-
tials terms exp(2ω+

k t ) can be replaced with their first-order
Maclaurin development, yielding a linear dependency on
time. This explains the presence of linear build-up regimes
in Figs. 2 and 3. For the parameters of these figures, we have
τ2 � 9.

(iii) On a timescale of the order of τ1 = |2ω+
1 |−1, the cor-

relation function acquires its asymptotic spatial shape. In this
sense, this timescale is analogous to the mixing time of prompt
systems; however, given the expression of Eq. (17), it involves
the precursor decay constant λ and is therefore generally much
longer than the prompt mixing time, which is given by τD. For
the parameter values of Figs. 2 and 3, we have τ1 � 269.

(iv) For times much longer than τ1, all the exponential
terms in the correlation function have died out. The spatial
shape of the correlation function is frozen, but the overall scale
factor increases linearly with t . It has been previously shown
by Houchmandzadeh et al. [26] (and our calculations confirm
this) that the slope of this eventual linear regime is τ−1

E , where

τE = N (1 + θ )2

βν2θ2
, (26)

where

ν2 = νp,2 + 2νd,1νp,1 + νd,2,

and N = N θ/(1 + θ ) is the average number of neutrons in the
system. After a time of the order of τE , the standard deviation
of the total population size becomes equal to the mean popula-
tion size. This is the regime of the critical catastrophe: because
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of the unbounded fluctuations, the population will almost
surely go eventually extinct, despite the fact that the average
population size is constant [6,9]. This apparently paradoxical
behavior is a well-known characteristic of critical birth-and-
death processes. The quantity τE thus physically represents
the typical extinction time of the system. For the parameter
values of Figs. 2 and 3, the extinction time is τE � 1.5 × 104;
therefore, this regime is not observable in the figures above.

The space profile of the correlation function, shown in
Fig. 2 (bottom panel), has the tent-like shape that is typical of
clustering behavior. Despite the fact that the mean population
density is uniform and constant, specific histories can exhibit
strong patchiness (clusters) where pairs of particles will tend
to be located at short distances from each other. This is co-
herent with previous findings for a reactor model neglecting
delayed neutrons [25,27,30]. Figure 3 (bottom) suggests a
relaxation toward a flat distribution for t1 and t2 sufficiently
far from each another. Further analyses (not shown here for
conciseness) confirm this conjecture.

It is tempting to characterize the importance of neutron
clustering by defining a dimensionless parameter η = τ1/τE ,
i.e., the ratio of the two longest timescales in the system.
When η � 1, clustering will relax slowly over a time of the
order of the extinction time, and therefore it will be observ-
able over the whole lifetime of the system. It is interesting
to consider how the dimensionless parameter η scales with
θ for small θ , which is the regime of interest for nuclear
reactors. By replacing λ = θβνd,1 in Eq. (17) and developing
in Maclaurin series in θ , we obtain

ω+
1 � θ

α−1
1 + α−1

p

. (27)

Hence,

τ1 � α−1
1 + α−1

p

2θ
. (28)

This should be contrasted with the mixing time for a system
without delayed neutrons, which is τD = 1/α1. Even in the
regime where diffusion dominates (α1 
 αp), we can see that
the presence of delayed neutrons slows down mixing by a fac-
tor of 1/θ . Unsurprisingly, this is the factor that is introduced
by delayed neutrons in the characteristic response times of the
mean reactor populations around criticality [26]. Thus, mixing
is essentially a phenomenon that characterizes the behavior of
the average neutron and precursor densities.

When Eq. (28) is replaced in the definition of the clustering
parameter η, we find

η = τ1

τE
� α−1

1 + α−1
p

2N
βν2θ. (29)

This goes to show that the presence of delayed neutrons sup-
presses clustering because of the different scaling of τ1 and
τE with θ . It is worth remarking in passing that the fact that
the extinction time scales as θ−2 for small values of θ is not
a coincidence, but it is due to the fact that τE is a purely
stochastic quantity, which can only be defined in terms of the
second-order moments of the populations.

FIG. 5. Mean-squared pair distance in a one-dimensional box
[−L, L] for critical populations using two sets of parameters taken
from Table I. Blue (gray) circles for Monte Carlo simulation
with θ = 10−2; blue (gray) solid line for analytical integration of
Eq. (21); black triangles for Monte Carlo simulation with θ = 1;
black pointed-line for the analytical integration of Eq. (10). Error
bars are shown but are barely visible.

B. Analysis of the mean-squared pair distance

The quantity 〈r2〉(t ) yields the average square distance
between pairs of particles (observed at the same time), and
in this respect provides information on their tendency toward
clustering [28,29]. At time t0 = 0, we have

〈r2〉(0) = 〈r2〉iid = 2L2

3
, (30)

since the neutrons are independently and uniformly dis-
tributed within the reactor. At later times, neutrons exhibit
correlations induced by fission events and correspondingly
〈r2〉(t ) < 〈r2〉iid, which is a signature of the spatial clustering
regime. For the anarchic model, we can obtain semi-analytical
formulas for 〈r2〉(t ) in the form of a series, whose expression
can be found in Eq. (B13), generalizing previous findings for
the model without delayed neutrons [28].

Figure 5 shows the time evolution of the mean-squared pair
distance for a choice of model parameters. The formula from
Eq. (B13) is compared with the result of the Monte Carlo
simulation. The pair distance in Monte Carlo is estimated
by taking the ensemble average of the squared distances of
all the neutron pairs present in the system at a given time,
normalized by the ensemble average of the square of the
number of particles at a given time. For times of the order of
the extinction time, the quantity 〈r2〉(t ) asymptotically reverts
to the uncorrelated value 〈r2〉iid, with a convergence speed that
depends on the model parameters. This is explained by the
fact that for t � τE the population in a critical regime almost
certainly dies out and correlations become spatially flat over
the entire reactor. This result is again coherent with previous
findings for the case where precursors were neglected [28].

IV. MODELS WITH POPULATION CONTROL

So far, we have considered the case of freely evolving
particle populations. In nuclear reactors, various feedback
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mechanisms act against the excursions of the neutron pop-
ulation. An example of utmost importance is provided by
the Doppler effect. The probability of neutron-matter inter-
action depends on the temperature of the medium; in nominal
conditions, the probability of sterile capture increases with in-
creasing temperature [12]. Since the temperature of the reactor
is driven by the number of neutrons in the system, the overall
result of the Doppler effect is that deviations from the mean
in the number of neutrons in the reactor tend to be quenched.
The typical timescale of the Doppler effect is much shorter
than the neutron lifetime, so that the feedback acts almost
instantaneously on the behavior of the fission chains [12].

For the model without delayed neutrons, these effects have
been investigated by introducing an idealized control mech-
anism that acts as follows: whenever a neutron is created by
fission, another neutron is randomly chosen and eliminated
[27,28]. This model was introduced based on heuristic argu-
ments following previous works in the context of theoretical
ecology [29,31]: it preserves exactly the total number of indi-
viduals in the system and has a deep impact on the behavior
of the correlations. In particular, it has been shown to induce
an upper bound on the amplitude of neutron noise and thus
prevent the occurrence of the critical catastrophe [27,28].

As a stepping stone towards a precise understanding of the
effect of a physical feedback on the time and space shape of
the correlation function, in the following we introduce several
simplified population control models that extend previous at-
tempts by including precursors.

The rigorous derivation of the equations for the models
with population control is provided in Appendix C. The en-
forcement of control mechanisms, which correlate birth and
death events, breaks the independence of particle histories, so
that the backward formalism can hardly be used [32]. We will
resort to a forward master-equation approach instead. For the
sake of simplicity, we focus exclusively on the case of binary
fission and on the production of at most one delayed neutron
precursor, although our findings can be straightforwardly ex-
tended to general pk and qk distributions at the expense of
more cumbersome formulas. For the same reason, we take
t1 = t2 = t , i.e., we consider spatial correlations with both
particles observed at the same time.

A. Control of neutrons in a system of neutrons and precursors

Let us consider a population of neutrons and precursors,
evolving based on the stochastic rules described in Sec. III.
Since only neutrons are affected by physical feedback mecha-
nisms (and are ultimately responsible for the physical changes
occurring in the reactor), it would be natural to enforce pop-
ulation control on neutrons alone, which can be achieved as
follows:

Each neutron induces fission with a rate of β; the fission
event produces exactly two prompt neutrons (with probabil-
ity p2 = 1). Additionally, fission events produce a precursor
with probability q1, and no precursor with the complemen-
tary probability q0 = 1 − q1. Upon decay, with rate λ, the
precursor yields a delayed neutron. In this specific case, we
have q1 = νd,1, which is not true in general. To ensure a
constant number N of neutrons in the system, whenever a
neutron is produced, either from fission or from a decaying

FIG. 6. A typical history for a system of four neutrons and one
precursor in the N-control model. Neutrons diffuse (in red line) until
they branch or are destroyed by another neutron being produced in
the system (these correlated event are shown in vertical blue dashed
lines), and precursor lifetime is shown by horizontal black dashed
lines.

precursor, another neutron is randomly chosen and eliminated
(for illustration, see Fig. 6). Observe that the total number of
precursors is left free to fluctuate. We will call this scheme the
N-control algorithm.

We begin our analysis by addressing the behavior of the
population sizes. First we denote by N and M the (arbitrary)
initial number of neutrons and precursors, which we assume
to be uniformly distributed in space. From the forward master
equation (see Appendix C for details), we deduce the equa-
tions for the average neutron and precursor population sizes,
which read

∂

∂t
n(t ) = 0, (31a)

∂

∂t
m(t ) = βνd,1N − λm(t ). (31b)

These equations can be readily solved, together with the
initial conditions, and yield

n(t ) = N,

m(t ) = βνd,1

λ
N (1 − e−λt ) + Me−λt .

For the N-control model, the average total precursor number
m(t ) exponentially relaxes to the same equilibrium solution
as for the anarchic model, i.e., m∞ = Nβνd,1/λ = N/θ . If
the initial condition is chosen as N = Mθ , we simply obtain
m(t ) = M for any t . The equations for the second-order mo-
ments of the total population can be also derived and read

∂

∂t
u(t ) = 0, (32a)

∂

∂t
v(t ) = βνd,1u(t ) − λv(t ), (32b)

∂

∂t
w(t ) = βνd,1N[2m(t ) + 1] − λ[2w(t ) − m(t )]. (32c)
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The solutions to these equations are

u(t ) = N2, (33)

v(t ) = Nm(t ), (34)

w(t ) = m(t )2 + m(t ) − Me−2λt . (35)

In the N-control model, the variance of the neutron population
size is zero, as expected, which means in particular that the
critical catastrophe is averted. The variance of the precursor
population size converges exponentially to m∞. It is actually
easy to show that the distribution of the precursor population
size is asymptotically Poissonian, but we omit this proof for
the sake of conciseness.

Starting from a fully spatially discretized master equa-
tion (see Appendix C), we can then obtain the equations for
the spatial moments of the populations. The equations for the
first moments read

∂

∂t
n(x, t ) = D∇2

x n(x, t ) + λ

(
m(x, t ) − 1

N
Hn(x, t )

)
, (36a)

∂

∂t
m(x, t ) = βνd,1n(x, t ) − λm(x, t ), (36b)

where we have defined the cross-moment

Hn(x, t ) = lim
Vi→0

1

Vi
E[ni(t )m(t )], (37)

with Vi centered around x. A somewhat surprising fact is that
the term Hn(x, t ) appearing in the equation for the average
is actually a second-order moment: this means that, unfor-
tunately, the hierarchy of the spatial moment equations is
not closed and analytical solutions are therefore out of reach
for this model. This is to be contrasted with the case of the
moments of the integral quantities, Eqs. (31) and (32), which
are closed. On the other hand, Monte Carlo simulations show
that, taking M = N/θ and a uniform spatial distribution, then
the first moments behave like in the anarchic case and verify

n(x, t ) = N

2L
, (38)

m(x, t ) = M

2L
. (39)

Similarly, the equations for the pair correlation functions

ũ(x, y, t ) = u(x, t, y, t ) − n(x, t )δ(x − y),

v(x, y, t ) = v(x, t, y, t ),

w̃(x, y, t ) = w(x, t, y, t ) − m(x, t )δ(x − y),

involve third-order moments:

∂

∂t
ũ(x, y, t ) = D

(∇2
x + ∇2

y

)
ũ(x, y, t ) − 2β

N − 1
ũ(x, y, t ) + λCN [v(x, y, t ) + v(y, x, t )]

− 2λ

N
Hnn(x, y, t ) + δ(x − y)

(
2βn(x, t ) + 2λ

N
Hn(x, t )

)
, (40a)

∂

∂t
v(x, y, t ) = D∇2

x v(x, y, t ) − λCNv(x, y, t ) − λ

N
Hnm(x, y, t ) + βνd,1CN−1ũ(x, y, t ) + λw̃(x, y, t ) + δ(x − y)

βνd,1N

N − 1
n(x, t ),

(40b)
∂

∂t
w̃(x, y, t ) = βνd,1[v(x, y, t ) + v(y, x, t )] − 2λw̃(x, y, t ). (40c)

For the sake of brevity, we have defined the two third-order
cross-moments:

Hnn(x, y, t ) = lim
Vi,Vj→0

1

ViVj
E[ni(t )n j (t )m(t )],

Hnm(x, y, t ) = lim
Vi,Vj→0

1

ViVj
E[ni(t )mj (t )m(t )].

and the shorthand CN = (N − 1)/N . The detection volumes
Vi and Vj are assumed to be centered around x and y, re-
spectively. It is interesting to notice that we can recognize
in Eq. (40a) the renewal time (or, equivalently, the fixation
time [33]) τR,0 = (N − 1)/(2β ) for a population of prompt
neutrons under population control without precursors [29].
In the absence of delayed neutrons, the renewal time is the
typical time it takes for all surviving neutrons in the system
to share the same common ancestor. Although this definition
can be extended to a population of neutrons and precursors,
we obviously expect the associated renewal time to differ
from τR,0.

On a side note, Monte Carlo simulations of the N-control
model for θ 
 1 seem to show that the relative spatial de-
pendence of the pair correlation function is almost exactly the
same as in the anarchic model for t1 = t2. This is illustrated
in Fig. 7, where we plot the shape of the correlation function
for both models, for a fixed value of y = −0.5 and relative to
its value in x = −L = −1. This remark does not hold true for
θ ≈ 1.

Note that, although the hierarchy of the moment equa-
tions is not closed, the underlying stochastic process can
be straightforwardly simulated by using the Monte Carlo
method. In the following, we shall make extensive use of
this fact to compare the N-control model, which plays the
role of a reference for population control, with other models
enforcing similar constraints on the population. Indeed, the
occurrence of Hnn(x, y, t ) and Hnm(x, y, t ) suggests that the
lack of closure originates from the fact that the N-control
model correlates the size of the precursor population with the
local neutron and precursor densities. It is tempting to suggest

064105-9



BONNET, MANCUSI, AND ZOIA PHYSICAL REVIEW E 105, 064105 (2022)

FIG. 7. Spatial dependence of the difference between the pair
correlation function evaluated in (x, y = −0.5) and (x = −L =
−1, y = −0.5). Black circles show the Monte Carlo simulation of
the N-control scheme; blue solid line shows the analytical solution
of the anarchic model. Here, θ = 10−3. Parameters are taken from
Table I.

the use of the approximation

Hn(x, t ) � n(x, t )m(t ) (41)

in order to close Eqs. (36), and of similar approximations
for Hnn(x, y, t ) and Hnm(x, y, t ). Doing so in the general case
yields equations with time-dependent coefficients in the mo-
ment equations. However, we do not know how to construct a
Monte Carlo game associated with these approximate moment
equations. This effectively prevents us from comparing the
analytical results that we would eventually obtain with the
corresponding simulation results.

Another way to close the hierarchy of moment equations is
to apply population control to both populations, so that the
size of the precursor population is not a random variable.
By doing so, we sacrifice some of the physical relevance
of the N-control model, but we gain the ability to derive
analytical solutions while keeping an exact associated Monte
Carlo game. We henceforth propose two alternative models
and we discuss under which conditions they may satisfyingly
approximate the N-control model.

B. Control of neutrons and precursors

Let us now consider a process in which the total number
N of neutrons and the total number M of precursors are kept
under constraint. Conservation of N is enforced as previously
described. Conservation of M is enforced as follows: when a
neutron undergoes fission and produces a precursor, another
randomly chosen precursor is destroyed. When a precursor
emits a delayed neutron, the precursor is not destroyed. In this
way, we ensure that N and M are kept constant at any time
(see Fig. 8). We call this algorithm the NM-control scheme.

For the total population statistics, NM-control trivially
yields one possible state, given by the initial condition (N, M ),
with vanishing variance. It appears, however, that the spatial
behavior is nontrivial. Additionally, direct calculation con-

FIG. 8. A typical history for a system of two neutrons and one
precursor in the NM-control model. Neutrons diffuse (in red solid
lines) until they branch or are destroyed by another neutron being
produced in the system (these correlated event are shown in vertical
blue dashed lines), and precursor lifetime is shown by horizontal
black dashed lines.

firms that the constraint of fixed (N, M ) indeed sidesteps the
closure issues of the N-control model. The equations for the
first-order moments are now closed and read:

∂

∂t
n(x, t ) = D∇2

x n(x, t ) + λ

(
m(x, t ) − n(x, t )

M

N

)
, (42a)

∂

∂t
m(x, t ) = βνd,1

(
n(x, t ) − m(x, t )

N

M

)
. (42b)

If N and M are in the equilibrium ratio N/M = θ =
λ/(βνd,1), then Eqs. (42) reduce to the usual forward equa-
tions for the first moments of freely evolving populations of
neutrons and precursors [26]. This has two consequences:
First, we can conclude that the mixing time for the NM-
control model is the same as for the anarchic model, τ1.
Second, Eqs. (42) admit uniform and constant asymptotic
solutions

n(x, t ) → n∞(x) = N

2L
, (43a)

m(x, t ) → m∞(x) = M

2L
. (43b)

For the second-order moments we obtain once again a
closed system of equations:

∂

∂t
ũ(x, y, t ) = D

(∇2
x + ∇2

y

)
ũ(x, y, t ) − τ−1

n ũ(x, y, t )

+ λCN [v(x, y, t ) + v(y, x, t )]

+2βδ(x − y)n(x, t ), (44a)

∂

∂t
v(x, y, t ) = D∇2

x v(x, y, t ) − τ−1
c v(x, y, t )

+βνd,1CN−1ũ(x, y, t ) + λw̃(x, y, t )

+ δ(x − y)[2βνd,1n(x, t ) + λm(x, t )], (44b)

∂

∂t
w̃(x, y, t ) = βνd,1CM[v(x, y, t ) + v(y, x, t )]

− τ−1
p w̃(x, y, t ), (44c)
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with CM = (M − 1)/M and where we defined the time con-
stants

τn =
(

2β

N − 1
+ 2λM

N

)−1

, (45a)

τc =
(

βνd,1N

M
+ λ

M

N

)−1

, (45b)

τp = M

2βνd,1N
. (45c)

Equations (44) are a linear system of equations for
(ũ, v, w̃). Following the heuristic arguments of Zhang et al.
[31], we should expect the renewal time for our system to be
determined by the dominant time constant of the correlation
functions. In the NM-control model, the collective modes of
the correlation functions are associated with the eigenvalues
of the matrix of the coefficients of (ũ, v, w̃) in Eqs. (44),
which reads

R =
⎛
⎝ −τ−1

n 2λCN 0
βνd,1CN−1 −τ−1

c λ

0 2βνd,1CM −τ−1
p

⎞
⎠. (46)

Assuming that N and M are chosen in the equilibrium ratio
N = θM and that N is large, we can extract the scaling behav-
ior of the eigenvalues of R with respect to θ , for small θ . The
eigenvalues {r1, r2, r3} read

r1 � −2βνd,1, (47)

r2 � −βνd,1, (48)

r3 � −2βθ2(1 + 3νd,1)

N (1 + θ )2 , (49)

with r1 < r2 < r3. The time constant associated with the dom-
inant eigenvalue, r3, is the renewal time for the NM-control
model and reads

τNM
R � N (1 + θ )2

2βθ2(1 + 3νd,1)
. (50)

This expression is very similar to the extinction time for the
anarchic scheme, Eq. (26). However, the renewal time τNM

R is
not related to the extinction time for the system, because no
critical catastrophe is possible in the NM-control model.

As we did for the anarchic scheme, we can then define a
dimensionless clustering parameter ηNM = τ1/τ

NM
R . However,

given that the mixing time of the NM-control scheme is the
same as the mixing time of the anarchic scheme, and that
the renewal time τNM

R is very similar to the extinction time
of the anarchic scheme, the clustering parameter also results
in a 1/θ scaling for small θ , and the remarks made about the
anarchic scheme apply verbatim to the NM-control scheme.

The full solution for Eqs. (44) is cumbersome. However,
we can obtain asymptotic solutions in the form of a Fourier
series. Let ũ∞(x, y), v∞(x, y), and w̃∞(x, y) be the asymptotic
shapes of the correlation functions for long times:

ũ∞(x, y) = lim
t→∞ ũ(x, y, t ),

v∞(x, y) = lim
t→∞ v(x, y, t ),

w̃∞(x, y) = lim
t→∞ w̃(x, y, t ).

FIG. 9. Asymptotic pair correlation function for θ = 10−3 and
y = 0. The parameters are taken from Table I. Blue solid line
shows the analytical solution of the NM-control scheme, Eqs. (44).
Black triangles show the Monte Carlo simulations for the N-control
scheme. Blue circles show the Monte Carlo simulations of the NM-
control scheme, both with 106 replicas.

We use the following Fourier decomposition:

f (x, y) =
+∞∑

kx,ky=−∞
fkx,ky exp (iκkx x) exp

(
iκky y

)
. (51)

Here κk = kπ/(2L) are the characteristic wave numbers for
reflection boundary conditions and f (x, y) stands for any of
ũ∞(x, y), v∞(x, y), or w̃∞(x, y). The coefficients satisfy the
relation

fkx,ky = 1

2π

∫∫
exp (−iκkx x) exp

(−iκky y
)

f (x, y)dxdy.

(52)
The linear system of equations solved by the Fourier
coefficients can be obtained from Eqs. (44) by set-
ting the time derivative terms to zero, multiplying by
exp(−iκkx ) exp(−iκky y)/(2π ), integrating over dxdy and us-
ing Eqs. (52) and (42). The analytical expressions of the
coefficients are given in Eqs. (D3).

The asymptotic two-point neutron-neutron correlation
function for the NM-control model was numerically com-
puted by truncating the Fourier series after 1000 terms. It is
compared with Monte Carlo simulations for the N-control and
the NM-control scheme, for two sets of physical parameters,
in Figs. 9 and 10.

For θ = 0.001 (Fig. 9), the NM-control scheme provides
a good approximation of the N-control scheme, and all the
curves representing neutron correlations are very similar. This
means that, when θ 
 1, which is the case in nuclear reactors,
a system where neutrons and precursors are both kept under
control has similar correlation functions as a system where
population control acts on neutrons alone. On the other hand,
when θ = 1 (Fig. 10), the N-control and NM-control mod-
els yield similar, but different correlation functions. Indeed,
we observe that the NM-control scheme results in stronger
spatial short-range correlations compared with the N-control
scheme, while long-range correlations are weaker in the
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FIG. 10. Same color code as used in Fig. 9 but the parameters are
taken from Table I for θ = 1.

NM-control scheme. This can be easily explained: in the
N-control scheme, when a precursor decays, it is destroyed
and replaced by a neutron that immediately starts diffusing.
This mechanism can be seen as a kind of delayed diffu-
sion; when a neutron induces a fission event and produces a
precursor, it effectively suspends diffusion for a time of the
order of 1/λ. On the other hand, in the NM-control model,
a precursor does not die when it decays, and thus plays the
role of a source at a fixed position until it is replaced by
another precursor. The precursor density can then undergo
significant local fluctuations favoring short-range correlations
by inducing overproduction of neutrons in a small volume, at
the expense of long-range correlations.

Some insight about the similarity between the N-control
and NM-control schemes for θ 
 1 can be gained by com-
paring Eqs. (40) with Eqs. (44). Indeed, remember that θ 
 1
means that the number of precursors is much larger than the
number of neutrons. If m(t ) is sufficiently large, which is the
case here, its fluctuations will be negligible compared with its
mean value. This allows us to consider m(t ) as a deterministic
observable. If we then assume that

E[ni(t )n j (t )m(t )] � E[ni(t )n j (t )]E[m(t )],

then Eq. (40a) reduces to Eq. (44a). Thus, in this limit,
neutron-neutron correlations follow the same dynamics in
both schemes. It is worth remarking, however, that, under
the same approximation, the equations for v and w̃ in the N-
control model do not reduce to the corresponding equations in
the NM-control model.

C. Immigration model

We have observed that the precursor population only ex-
hibits weak fluctuations in the θ 
 1 limit. This suggests an
alternative model where precursors are modeled as a fixed
external source, with the aim of obtaining a time-dependent
solution that, in this limit, successfully approximates the N-
control model. Thus, we model the system as a collection
of neutrons under population control, with an external, time-
independent source term modeling precursor decay. Formally,

FIG. 11. A typical history for a system with three neutrons at
t = 0, in the immigration model. Neutrons diffuse (in red) until they
branch or are killed by another neutron branching somewhere else
(vertical blue dashed lines show these correlated events). They can
also be produced by the source, thus killing another randomly chosen
neutron.

this model is equivalent to an immigration model with a time-
independent, Poissonian immigration source describing the
asymptotic precursor decay density, given by

QI (x) = λm∞(x) = λ

θ
n∞(x), (53)

where θ is the parameter of the equivalent NM-control
scheme. Population control is enforced by requiring that each
time a new neutron enters the system, whether by fission or
from the external source, we destroy another randomly chosen
neutron, as illustrated in Fig. 11.

Following the usual derivation method, we obtain the equa-
tion for the average neutron density, namely,

∂

∂t
n(x, t ) = D∇2n(x, t ) − λ

θ
n(x, t ) + QI (x). (54)

Taking QI (x) as given by Eq. (53), the last two terms asymp-
totically cancel out and the dynamics of the average is driven
only by diffusion, similarly to what happens in the anarchic
model when the system is critical.

The equation for the pair correlation function reads

∂

∂t
ũ(x, y, t ) = D

(∇2
x + ∇2

y

)
ũ(x, y, t ) − τ−1

n ũ(x, y, t )

+ CN [n(x, t )QI (y) + n(y, t )QI (x)]

+ 2βδ(x − y)n(x, t ), (55)

where we recognize τn from Eq. (45a). Thus, in this model,
neutron pair correlations relax with a time constant governed
by τn.

Equations (54) and (55) have the same form as Eqs. (42a)
and (44a), provided that one replaces QI (x) by its expression,
Eq. (53). These equations can be solved analytically. In par-
ticular, taking a uniform initial condition for n(x, t ), we obtain

n(x, t ) = N

2L
(56)

for the average neutron density, and

ũ(x, y, t ) = N (N − 1)

4L2
exp

(
− t

τn

)

+ 2τnλM(N − 1)

4L2

[
1 − exp

(
− t

τn

)]
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FIG. 12. Asymptotic pair correlation function for θ = 0.001 and
y = 0. Parameters are the same as in Fig. 9. Red solid line shows the
analytical solution of the immigration model. Red squares show the
Monte Carlo simulations of the immigration model. For reference,
the results of the N-control scheme are plotted in black triangles.

+ 2βN

2L

∫
dx′
∫ t

0
dt ′G ′(x, t |x′, t ′)G ′(y, t |x′, t ′)

× exp

(
− t − t ′

τn

)
(57)

for the pair correlation function, where G ′ is the Green’s
function associated with Eq. (54). As a side note, taking the
λ → 0 limit in this equation we recover the pair correlation
function for a system of prompt neutrons under population
control [25,27,29].

Comparison with Monte Carlo simulations (see Fig. 12)
shows that, for systems where θ 
 1, the immigration model
closely matches the N-control model; the remarks made about
Fig. 7 also apply to the immigration model. Figure 13 pro-
vides the same comparison for a larger value of θ . Comparing
Fig. 13 and 10, it is clear that the N-control model is better ap-
proximated by the NM-control model than by the immigration

FIG. 13. Same color code used in Fig. 12, with parameters cor-
responding to θ = 1 in Table I.

model. This is unsurprising, in view of the crudeness of the
treatment of neutron-precursor correlations in the immigration
model.

To summarize the results of this section, we have modeled
feedback as an idealized mechanism enforcing strict conserva-
tion of the total number of neutrons. We showed that doing so
raises a problem of nonclosure of the associated hierarchy of
moment equations. Enforcing population control on neutrons
and precursors solves the closure problem, but results in a less
physically realistic model, especially if the condition θ 
 1
does not hold. We also showed that it is possible to model
precursors as a fixed source term related to the asymptotic
precursor density, which also results in a satisfactory approx-
imation of the neutron-precursor model for θ 
 1.

D. Mean-squared pair distance functions

We now discuss the mean-squared pair distance for our
population control models and compare it with the case of an
anarchic population.

For the N-control scheme, we do not have access to an ana-
lytical expression for the mean-squared pair distance, because
the moment equations (40) are not closed. However, we do
have an asymptotic correlation function for the NM-control
scheme, given by Eqs. (D3), from which we can deduce an
asymptotic mean-squared pair distance. For reflection bound-
ary conditions, it is given by

〈
r2

NM

〉 = 8L4ũ0,0

3N2
−
(

16L2

π2N

)2 +∞∑
k=1

ũk,k

k4
, (58)

where ũk,k is the Fourier coefficient for the neutron-neutron
correlations asymptotic solution of Eq. (44a). On physi-
cal grounds, we expect the asymptotic pair distance in the
NM-control scheme to be always smaller than the uncorre-
lated value, Eq. (30).

As for the immigration model, an analytical expression
for the mean-squared pair distance can be obtained by apply-
ing the definition of the mean-squared pair distance function
(10) to the solution (57). For reflection boundary conditions,
straightforward calculations hence yield

〈
r2

I

〉
(t ) = CN

2L2

3
− 128L2β

N

+∞∑
k=1

1 − e−(τ−1
n −2αk )t

(kπ )4
(
τ−1

n − 2αk
) . (59)

The sum can be computed analytically in the asymptotic limit
and reads

〈
r2

I

〉
∞ = CN

2L2

3
+ 16βτn

N

[(
Dτn

L

)2

− 2Dτn

3

− 4L2

45
−

√
2(Dτn)

3
2

L
cot

√
2τn

D
L

]
. (60)

If we take the mean-squared pair distance as an indicator of
clustering, Fig. 14 clearly illustrates that the three models
have very similar clustering behavior for θ 
 1, even for
very long times. For θ ≈ 1, on the other hand, the models
behave differently, as shown in Fig. 15. In particular, we note
that the immigration model yields the largest mean-squared
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FIG. 14. Mean-squared pair distance for the same parameters as
Fig. 9 (θ = 0.001). Blue dashed line shows the NM-control model
analytical asymptotic value; blue squares show the Monte Carlo re-
sult; red solid line shows the immigration model analytical solution;
red circles show the immigration model Monte Carlo result; black
triangles show the N-control model Monte Carlo result. All simula-
tion results are obtained with 106 replicas. Error bars are plotted but
barely visible.

pair distance of all the considered control schemes. This is
easily explained by the fact that the “decay source” of the
immigration model is assumed to be uniformly distributed
in space and completely uncorrelated with the neutrons, an
assumption that is bound to reduce clustering. The NM-
control scheme yields a smaller mean-squared pair distance
than the N-control scheme, indicating that clustering is more
prominent in the former. This behavior can be explained
by observing that a precursor may in fact produce several
neutrons at the same position before being destroyed, which
tends to increase clustering. It is interesting to note that for
all control models the squared pair distance asymptotically
converges to 〈r2〉∞ < 〈r2〉iid, because the critical catastrophe
is avoided, contrary to what happens in the anarchic case.

FIG. 15. Mean-squared pair distance with the same parameters
as in Fig. 10 (θ = 1) and with the color code of Fig. 14.

However, Eqs. (58) and (60) show that 〈r2〉∞ tends to the
uncorrelated value as N tends to infinity.

V. CONCLUSIONS

We considered a simplified one-dimensional model of a
nuclear reactor including neutrons and precursors. We de-
rived moment equations characterizing the spatial correlations
of our system. Our main tool was the two-point, two-time
neutron-neutron second-order moment (hereafter named pair
correlation function), which characterizes the joint observa-
tion of neutrons at (x1, t1) and at (x2, t2). By using the Pál
and Bell backward formalism, we derived the pair correlation
function for the anarchic model, where all the populations
are left free to evolve. We identified two typical timescales,
namely the time τ2 necessary for the prompt correlation dy-
namics to relax, and the time τ1 necessary for correlations to
achieve their asymptotic spatial shape. The latter generalizes
the concept of mixing time to a system with delayed neutrons;
however, for typical values of the physical parameters, τ1

is actually much longer than the mixing time of a critical
system without delayed neutrons. The system is furthermore
characterized by its extinction time τE , which represents
the typical time required to observe catastrophic fluctuations
of the total population size. Similarly to the mixing time,
the extinction time for a system with delayed neutrons is
much longer than the extinction time for a critical system
without delayed neutrons, for typical values of the physical
parameters.

In an attempt to take into account feedback effects, we
introduced several idealized population control mechanisms.
These models break the statistical independence of the neu-
tron fission chains, which forced us to abandon the Pál and
Bell backward formalism in favor of the forward formalism.
We derived the master equations for three different population
control models:

(i) In the N-control model, the neutron population is kept
constant, but no constraint is applied to the precursor popu-
lation. This model yields a nonclosed hierarchy of moment
equations;

(ii) In the NM-control model, both the neutron and pre-
cursor populations are controlled. This model yields a closed
hierarchy of moment equations. We identified the dominant
timescales of the model and presented asymptotic solutions
for the first two moment orders.

(iii) In the immigration model, precursors are modeled as
a uniform Poisson neutron source whose intensity is equal to
the asymptotic precursor decay rate at equilibrium.

For each model, we obtained two-point, one-time pair
correlation functions by Monte Carlo simulations, and by ana-
lytical means when possible. Comparisons between analytical
solutions and Monte Carlo simulations showed that all the
models yield very close results when θ 
 1, which is the main
regime of interest for nuclear reactors. We also showed that
the introduction of population control prevents the occurrence
of the critical catastrophe and thus quenches clustering.

As a prospect for future work, it is of course interesting
to consider the possibility of lifting the simplifying assump-
tions of our current model, e.g., by introducing energy- and
space-dependent neutron interaction rates, and by replacing
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the diffusion approximation (Brownian motion) with transport
(jump processes with random redistribution of directions).
These refinements, however, would probably bring the models
out of reach of an analytical treatment. More interestingly,
population control acts as a global mechanism in our model,
whereas in reality feedback effects are local. This suggests
the study of spatially dependent versions of the population
control mechanisms considered here. Finally, the extension of
the present work to noncritical regimes is relevant to reactors
in power excursions (e.g., during start-up and shut-down), and
is also particularly interesting for ecological, epidemiological
and biological models.

APPENDIX A: BACKWARD FORMALISM
FOR THE ANARCHIC MODEL

Consider the branching Brownian motion whose stochastic
rules are given in Sec. III and assume that no constraint is
enforced on the total population. Let V1 and V2 be two finite-
size nonoverlapping detectors and let P (n1, t1, n2, t2|x0, t0) be
the probability to find n1 particles at time t1 in detector V1

and n2 particles at time t2 in detector V2, for a single particle
starting in x0 at time t0, with t2 > t1; the results for t2 < t1
are recovered by arguments of symmetry. Pál and Bell have
independently derived a backward formalism yielding the (ad-
joint) master equation for P . The manipulation of the resulting
equation is rather cumbersome, and in most cases neutron
noise can be characterized using the lowest-order moments
of n1 and n2. We will be in particular interested in the average
number of neutrons in detector V1 at time t1, namely,

E[n1](t1|x0, t0) =
∑
n1,n2

n1P (n1, t1, n2, t2|x0, t0), (A1)

and in the two-point correlation function between particles
detected in V1 at time t1 and particles detected in V2 at time
t2, namely,

E[n1n2](t1, t2|x0, t0) =
∑
n1,n2

n1n2P (n1, t1, n2, t2|x0, t0). (A2)

By virtue of these considerations, it is therefore more
convenient to introduce the probability-generating function
associated with P , namely,

W (z1, z2, x0, t0) =
∑

n1

∑
n2

zn1
1 zn2

2 P(n1, n2, t1, t2|x0, t0), (A3)

where zi is the conjugate variable of ni, i ∈ {1, 2}, and hence
derive the equations for the (falling factorial) moments, which
follow from

E[n1(n1 − 1) · · · (n1 − k + 1)n2(n2 − 1) · · · (n2 − l + 1)]

× (t1, t2|x0, t0) = ∂k+l

∂zk
1∂zl

2

W (z1, z2, x0, t0)|z1=1,z2=1, (A4)

with k, l � 0 and the normalization W (1, 1, x0, t0) = 1. It can
be shown that W (z1, z2, x0, t0) satisfies the nonlinear back-
ward evolution equation

− ∂

∂t0
W = D∇2

x0
W − (γ + β )W + βGp(W )Gd (Wd ) + γ ,

(A5)
where Gp(z) =∑k zk pk is the probability-generating function
associated with the prompt-fission probability distribution pk

and Gd (z) =∑k zkqk is the probability-generating function
for the precursor probability distribution qk . The quantity Wd

in Eq. (A5) is the probability-generating function associated
with the creation of a precursor at (x0, t0), namely,

Wd (z1, z2|x0, t0) = λ

∫ ∞

t0

e−λ(t ′−t0 )W (z1, z2|x0, t ′)dt ′. (A6)

Taking the derivative of Eq. (A5) once with respect to z1

and using the definition in Eq. (A4), we obtain the evolution
equation for the average neutron number in V1, for a single
starting particle in (x0, t0):

L†E[n1](t1|x0, t0) = 0, (A7)

where L† is the backward linear operator defined in Eq. (12).
Equation (A7) [which coincides with Eq. (11) in the main text]
is to be solved with the final condition

E[n1](t1|x0, t0 = t1) =
{

1 if x0 ∈ V1

0 otherwise.
(A8)

Letting G(x, t, x0, t0) be the Green’s function associated with
the operator L†, the solution to Eq. (A7) reads

E[n1](t1|x0, t0) =
∫

dx′χV1 (x′)G(x′, t1, x0, t0), (A9)

where χV (x) is the characteristic function of a domain V .
Taking the mixed derivative of Eq. (A5) with respect to z1

and z2, and using again the definition in Eq. (A4), we obtain
the evolution equation for the two-point correlation function,
for a single starting particle in (x0, t0):

L†E[n1n2](t1, t2|x0, t0) = − fcorr(t1, t2|x0, t0), (A10)

where we have defined

fcorr(t1, t2|x0, t0) = βνp,2E[n1]E[n2] + βνp,1νd,1E[n1]λ
∫ t2

t0

e−λ(t ′−t0 )E[n2](t ′)dt ′ + βνp,1νd,1E[n2]λ
∫ t1

t0

e−λ(t ′−t0 )E[n1](t ′)dt ′

+ βνd,2λ
2
∫ t1

t0

e−λ(t ′−t0 )E[n1](t ′)dt ′
∫ t2

t0

e−λ(t ′−t0 )E[n2](t ′)dt ′, (A11)

with the shorthand notation E[ni] = E[ni](t1|x0, t0), i ∈ {1, 2}. Equation (A10) is to be solved with the final condition

E[n1n2](t0 = t1) =
{
E[n2](t2|x0, t0 = t1) if x0 ∈ V1

0 otherwise.
(A12)
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Using the Green’s function associated with the operator L†, the solution to Eq. (A10) can be expressed as

E[n1n2](t1, t2|x0, t0) =
∫

dx′χV1 (x′)E[n2](t2|x′, t1)G(x′, t1, x0, t0) +
∫ t1

t0

dt ′
∫

dx′ fcorr(t1, t2|x′, t ′)G(x′, t ′, x0, t0). (A13)

Finally, the case of a collection of N independent particles whose initial coordinates are distributed according to a given source
Q(x0, t0) can be dealt with by observing that the resulting probability-generating function WQ(z1, z2) is related to the one-particle
probability-generating function W (z1, z2, , x0, t0) by

WQN (z1, z2) =
[∫ t1

−∞
dt0

∫
dx0W (z1, z2, x0, t0)Q(x0, t0)

]N
. (A14)

Then, by taking the derivative of Eq. (A14) once with respect to z1 we obtain the average number of particles in V1 for a collection
of N source particles:

E[n1](t1|QN ) = N
∫ t1

−∞
dt0

∫
dx0E[n1](t1|x0, t0)Q(x0, t0). (A15)

Similarly, by taking the mixed derivative of Eq. (A14) with respect to z1 and z2 we obtain the pair correlation between detector
V1 and V2 for a collection of N source particles:

E[n1n2](t1, t2|QN ) = N (N − 1)E[n1](t1|QN )E[n2](t2|QN ) + N
∫ t1

−∞
dt0

∫
dx0E[n1n2](t1, t2|x0, t0)Q(x0, t0). (A16)

The continuous version of Eqs. (A15) and (A16) can be obtained by centering the detector regions V1 and V2 around x1 and x2,
respectively, defining

n(x1, t1) = lim
V1→0

E[n1](t1|QN )

V1
, u(x1, t1, x2, t2) = lim

V1,V2→0

E[n1n2](t1, t2|QN )

V1V2
,

and letting the detector sizes shrink to zero, from which we recover Eqs. (20) and (21), respectively. Similarly, if we were to start
our system with a collection of N neutrons, each having a source distribution Qn(x0, t0), and M precursors, each having a source
distribution Qm(x0, t0), then Eq. (A14) would be replaced by

WQn+m (z1, z2) =
[∫ t1

−∞
dt0

∫
dx0W (z1, z2, x0, t0)Qn(x0, t0)

]N[∫ t1

−∞
dt0

∫
dx0W (z1, z2, x0, t0)Qm(x0, t0)

]M

. (A17)

Correspondingly, setting N = N + M and denoting

Qn+m(x0, t0) = N

N + M
Qn(x0, t0) + M

N + M
Qm(x0, t0) (A18)

for the average number of particles, we would have

E[n1](t1|Qn+m) = N
∫ t1

−∞
dt0

∫
dx0E[n1](t1|x0, t0)Qn+m(x0, t0), (A19)

and for the pair correlation we would have

E[n1n2](t1, t2|Qn+m) = N 2E[n1](t1|Qn+m)E[n2](t2|Qn+m) − NE[n1](t1|Qn)E[n2](t2|Qn) − ME[n1](t1|Qm)E[n2](t2|Qm)

+ N
∫ t1

−∞
dt0

∫
dx0E[n1n2](t1, t2|x0, t0)Qn+m(x0, t0). (A20)

The Pál and Bell backward formalism can be easily extended to include more general detectors [for instance, an array V =
(V1, . . . ,VK ) of K nonoverlapping regions], and to more general sources (for instance, N and M can be themselves random
variables with Poisson distributions).

APPENDIX B: SOLUTIONS FOR THE ANARCHIC MODEL

For the critical anarchic model with a critical source, the solution of the pair correlation function in Eq. (A10) can be derived
explicitly and is provided in this section for reference. For t1 < t2, the pair correlation function u(x1, t1, x2, t2) can be decomposed
as follows:

u(x1, t1, x2, t2) = N (N − 1)θ2

4L2(1 + θ )2 + N θ

2L(1 + θ )
G(x2, t2, x1, t1) + N θ

2L(1 + θ )

× [upp(x1, t1, x2, t2) + upd (x1, t1, x2, t2) + ud p(x1, t1, x2, t2) + udd (x1, t1, x2, t2)]. (B1)
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Each component is defined in terms of the respective eigenmode expansion, namely,

upp =
∑

k

ϕk (x1)ϕ†
k (x2)uk

pp, (B2)

upd =
∑

k

ϕk (x1)ϕ†
k (x2)uk

pd , (B3)

ud p =
∑

k

ϕk (x1)ϕ†
k (x2)uk

d p, (B4)

udd =
∑

k

ϕk (x1)ϕ†
k (x2)uk

dd . (B5)

For the prompt-prompt component uk
pp we have

u0
pp(t1, t2) = βνp,2

(1 + θ )2

[
θ2t1 + θ

(
eωd t1 − 1

ωd
+ eωd t2 − eωd (t2−t1 )

ωd

)
+ eωd (t1+t2 ) − eωd (t2−t1 )

2ωd

]
, (B6)

where we have introduced ωd = −τ−1
2 = −βνd,1 − λ, and

uk
pp(t1, t2) = βνp,2

(ω+
k − ω−

k )2

{
(ω+

k + λ)2

2ω+
k

(eω+
k (t1+t2 ) − eω+

k (t2−t1 ) ) + (ω−
k + λ)2

2ω−
k

(eω−
k (t1+t2 ) − eω−

k (t2−t1 ) )

+ (ω+
k + λ)(ω−

k + λ)

ω+
k + ω−

k

[eω+
k (t2−t1 ) + eω−

k (t2−t1 ) − (eω+
k t1+ω−

k t2 + eω+
k t2+ω−

k t1 )]

}

for k � 1. For the prompt-delayed component uk
pd we have

u0
pd (t1, t2) = βνd,1νp,1θ

(1 + θ )2

[
θt1 + eωd t1 − 1

ωd
+ θ (eωd (t2−t1 ) − eωd t2 )

ωd
+ eωd (t2−t1 ) − eωd (t1+t2 )

2ωd

]
, (B7)

and

uk
pd (t1, t2) = βλνd,1νp,1

(ω+
k − ω−

k )2

[
(ω+

k + λ)

(
eω+

k (t1+t2 ) − eω+
k (t2−t1 )

2ω+
k

+ eω−
k (t2−t1 ) − eω+

k t1+ω−
k t2

ω+
k + ω−

k

)

+ (ω−
k + λ)

(
eω+

k (t2−t1 ) − eω+
k t2+ω−

k t1

ω+
k + ω−

k

+ eω−
k (t1+t2 ) − eω−

k (t2−t1 )

2ω−
k

)]
(B8)

for k � 1. For the delayed-prompt component uk
d p we have

u0
d p(t1, t2) = βνd,1νp,1θ

(1 + θ )2

[
θt1 + θ

(
1 − eωd t1

ωd

)
+ eωd t2 − eωd (t2−t1 )

ωd
+ eωd (t1−t2 ) − eωd (t2+t1 )

2ωd

]
(B9)

and

uk
d p(t1, t2) = βλνd,1νp,1

(ω+
k − ω−

k )2

[
(ω+

k + λ)

(
eω+

k (t1+t2 ) − eω+
k (t2−t1 )

2ω+
k

+ eω+
k (t2−t1 ) − eω+

k t2+ω−
k t1

ω+
k + ω−

k

)

+ (ω−
k + λ)

(
eω−

k (t2−t1 ) − eω+
k t1+ω−

k t2

ω+
k + ω−

k

+ eω−
k (t1+t2 ) − eω−

k (t2−t1 )

2ω−
k

)]
(B10)

for k � 1. Finally, for the delayed-delayed component uk
dd we have

u0
dd (t1, t2) = βνd,2θ

2

(1 + θ )2

[
t1 + 1 + eωd (t1−t2 ) − eωd t1 − eωd t2

ωd
+ eωd (t1+t2 ) − eωd (t2−t1 )

2ωd

]
(B11)

and

uk
dd (t1, t2) = βλ2νd,2

(ω+
k − ω−

k )2

[
eω+

k (t1+t2 ) − eω+
k (t2−t1 )

2ω+
k

+ eω−
k (t1+t2 ) − eω−

k (t2−t1 )

2ω−
k

+ eω+
k (t2−t1 ) + eω−

k (t2−t1 ) − eω+
k t1+ω−

k t2 − eω−
k t1+ω+

k t2

ω+
k + ω−

k

]
(B12)

for k � 1. Note that Eq. (21) of the main text, which is applicable to generic values of t1 and t2, is recovered by operating the
substitutions t1 → min{t1, t2} and t2 → max{t1, t2} in Eq. (B1).
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Taking t1 = t2 = t , we can obtain an expression for the mean-squared pair distance 〈r2〉(t ). For our case (reflection boundary
conditions, νd,2 = 0), the expression reads

〈r2〉(t ) =
∫∫

(x − y)2u(x, y, t )dxdy

u(t, t )

= 2L2

3

(
1 − 1

N + upp
0 (t ) + ud p

0 (t ) + u0
pd (t )

)
− 64L2

N + u0
pp(t ) + u0

d p(t ) + u0
pd (t )

+∞∑
k=1

xsk odd

uk
pp(t ) + uk

d p(t ) + uk
pd (t )

(kπ )4 . (B13)

APPENDIX C: FORWARD FORMALISM FOR THE MODELS WITH POPULATION CONTROL

When population control is enforced, particle histories are no longer independent and we have to resort to the forward
formalism. Using the strategy proposed in Ref. [26], we partition the viable reactor space into a set of K equal segments of length
δx = 2L/K , which we denote as Vk , with k ∈ {1, . . . , K}. Correspondingly, we write n = (n1, . . . , nK ), m = (m1, . . . , mK ), and
we denote by P (n, m, t ) the joint probability of observing nk neutrons and mk precursors in each of the K detectors at time t ,
for 1 � k � K , given an initial condition with N neutrons and M precursors at time t0 = 0 uniformly distributed in space. The
stochastic rules and the associated transition rates are those defined in Sec. IV. The evolution equations for P (n, m, t ) can be
written more concisely introducing the annihilation ak and creation a†

k operators, whose action on a state vector v = (v1, . . . , vK )
is defined by

akv = (. . . , vk−1, vk − 1, vk+1, . . . ), (C1)

a†
kv = (. . . , vk−1, vk + 1, vk+1, . . . ). (C2)

1. Master equations

For the N-control model described in Sec. IV A, where exactly two neutrons and at most one precursor are produced in each
fission event, and population control is enforced on neutrons alone, probability balance yields the master equation

∂

∂t
P (n, m, t ) =

∑
i

[ξ (ni+1 + 1)P (a†
i+1ain, m, t ) + ξ (ni−1 + 1)P (a†

i−1ain, m, t ) − 2ξniP (n, m, t )]

+ β(1 − νd,1)N
∑
i, j �=i

[
ni + 1

N

nj − 1

N − 1
P (a†

i a jn, m, t ) − ni

N

nj

N − 1
P (n, m, t )

]

+ βνd,1N
∑
i, j �=i

[
ni + 1

N

nj − 1

N − 1
P (a†

i a jn, a jm, t ) − ni

N

nj

N − 1
P (n, m, t )

]

+ βνd,1N
∑

i

[
ni

N

ni − 1

N − 1
P (n, a jm, t ) − ni

N

ni − 1

N − 1
P (n, m, t )

]

+ λm
∑
i, j �=i

[
mi + 1

m

nj + 1

N
P (aia

†
j n, a†

i m, t ) − mi

m

nj

N
P (n, m, t )

]

+ λm
∑

i

[
mi + 1

m

ni

N
P (n, a†

i m, t ) − mi

m

ni

N
P (n, m, t )

]
. (C3)

where ξ is the diffusion rate of a neutron from one site to a neighboring one, m =∑i mi is the total number of precursors, and
the total number of neutrons is n =∑i ni = N because of population control. As a special case, when precursors are neglected
(λ = 0, νd,1 = 0), Eq. (C3) degenerates into

∂

∂t
P (n, t ) =

∑
i

{
ξ (ni+1 + 1)P (a†

i+1ain, t ) + ξ (ni−1 + 1)P (a†
i−1ain, t ) − 2ξniP (n, t )

+
∑
j �=i

[
βN

ni + 1

N

nj − 1

N − 1
P (a†

i a jn, t ) − βN
ni

N

nj

N − 1
P (n, t )

]}
,

which corresponds to the population control model proposed in Ref. [29] and revisited in Ref. [28]. From Eq. (C3) the master
equation for the total population sizes is easily derived, and, because of strict population control on N , it is an equation on m
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only, namely,

∂

∂t
P (m, t ) = βNνd,1P (m − 1, t ) − βNνd,1P (m, t ) + (m + 1)λP (m + 1, t ) − mλP (m, t ). (C4)

By taking the moments of Eq. (C4), one derives Eqs. (31) and (32) of the main text.
For the NM-control model described in Sec. IV B, where population control is enforced on neutrons and precursors,

probability balance yields the master equation

∂

∂t
P (n, m, t ) =

∑
i

{
ξ (ni+1 + 1)P (a†

i+1ain, m, t ) + ξ (ni−1 + 1)P (a†
i−1ain, m, t ) − 2ξniP (n, m, t )

+
∑
j �=i

[
β(1 − νd,1)

N − 1
(ni + 1)(n j − 1)P (a†

i a jn, m, t ) − β(1 − νd,1)

N − 1
nin jP (n, m, t )

]}

+ βνd,1

(N − 1)M

⎧⎪⎪⎨
⎪⎪⎩
∑
i, j,k

i �= j �=k

[(ni + 1)(n j − 1)(mk + 1)P (a†
i a jn, a ja

†
km, t ) − nin jmkP (n, m, t )]

×
∑
i,k
i �=k

[ni(ni − 1)(mk + 1)P
(
n, aia

†
km, t

)− ni(ni − 1)mkP (n, m, t )]

×
∑
i, j
i �= j

[(ni + 1)(n j − 1)(mi + 1)P (a†
i a jn, a†

i a jm, t ) − nin jmiP (n, m, t )]

×
∑
i, j
i �= j

[(ni + 1)(n j − 1)mjP (a†
i a jn, m, t ) − nin jmjP (n, m, t )]

⎫⎪⎪⎬
⎪⎪⎭

+ λ

N

∑
i, j
i �= j

[mi(n j + 1)P (aia
†
j n, m, t ) − min jP (n, m, t )], (C5)

with n = N and m = M at all times. Finally, for the immigration model described in Sec. IV C, probability balance yields the
master equation

∂

∂t
P (n, t ) =

∑
i

{
ξ (ni+1 + 1)P (a†

i+1ain, t ) + ξ (ni−1 + 1)P (a†
i−1ain, t ) − 2ξniP (n, t )

+ β

N − 1

∑
j �=i

[
(ni + 1)(n j − 1)P (a†

i a jn, t ) − nin jP (n, t )
]

+λM

N

∑
j �=i

Q j[(ni + 1)P (a†
i a jn, t ) − niP (n, t )]

}
.

2. Moment equations

Once the master equations for the probability P (n, m, t ) have been established, the moments of the population are derived
by summation: for the average densities we have

E[ni](t ) =
∑
n,m

niP (n, m, t ), (C6a)

E[mi](t ) =
∑
n,m

miP (n, m, t ), (C6b)

for i ∈ {1, . . . , K}. The two-point correlations between particles detected in Vi and particles detected in Vj at time t are similarly
obtained from

E[nin j](t ) =
∑
n,m

nin jP (n, m, t ), (C7a)
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E[nimj](t ) =
∑
n,m

nimjP (n, m, t ), (C7b)

E[mimj](t ) =
∑
n,m

mimjP (n, m, t ), (C7c)

for i, j ∈ {1, . . . , K}. For the N-control model, the discrete moment equations obtained directly from Eq. (C3) read

∂

∂t
E[ni](t ) = ξ�E[ni](t ) + λ

(
E[mi](t ) − E[nim](t )

N

)
, (C8a)

∂

∂t
E[mi](t ) = βνd,1E[ni](t ) − λE[mi](t ), (C8b)

for the first spatial moment, and

∂

∂t
E[nin j](t ) = ξ{E[ni�n j](t ) + E[n j�ni](t )} − 2β

N0 − 1
E[nin j](t ) + λCN {E[nimj](t ) + E[min j](t )}

− 2λ

N
E[nin jm](t ) + 2β

N0 − 1
δi, jN0E[ni](t ) + λδi, j

(
E[mi](t ) + E[nim](t )

N

)

+ δi, jξ{E[ni+1](t ) + E[ni−1](t ) + 2E[ni](t )} − δi+1, jξ{E[ni+1](t ) + E[ni](t )}
− δi−1, jξ{E[ni](t ) + E[ni−1](t )}, (C9)

∂

∂t
E[nimj](t ) = ξE[mj�ni](t ) − λ

N − 1

N
E[nimj](t ) − λ

E[nimjm](t )

N
+ βνd,1CN−1E[nin j](t ) + λE[mimj](t )

+ δi, j

(
βνd,1N

N − 1
E[ni](t ) − λE[mi](t )

)
, (C10)

∂

∂t
E[mimj](t ) = βνd,1{E[min j](t ) + E[nimj](t )} − 2λE[mimj](t ) + δi, j{βνd,1E[ni](t ) + λE[mi](t )} (C11)

for the second spatial moment, where we define � fi = fi+1 − 2 fi + fi+1.
For the NM-control model, we similarly obtain equations for the first spatial moments, namely,

∂

∂t
E[ni](t ) = ξ�E[ni](t ) + λ

(
E[mi](t ) − E[ni](t )

M

N

)
, (C12)

∂

∂t
E[mi](t ) = βνd,1

(
E[ni](t ) − E[mi](t )

N

M

)
. (C13)

The equations for the second spatial moment read

∂

∂t
E[nin j](t ) = ξ{E[ni�n j](t ) + E[n j�ni](t )} −

(
2β

N − 1
+ 2λM

N

)
E[nin j](t ) + λCN {E[min j](t ) + E[nimj](t )}

+ 2Nβ

N − 1
δi, jE[ni](t ) + λδi, j

(
E[mi](t ) + E[ni](t )

M

N

)
+ δi, jξ{E[ni+1](t ) + E[ni−1](t ) + 2E[ni](t )} − δi+1, jξ{E[ni+1](t ) + E[ni](t )}
− δi−1, jξ{E[ni](t ) + E[ni−1](t ))}, (C14)

∂

∂t
E[nimj](t ) = ξE[mj�ni](t ) −

(
βνd,1N

M
+ λ

M

N

)
E[nimj](t ) + βνd,1

N − 2

N − 1
E[nin j](t )

+ λE[mimj](t ) + βνd,1N

(N − 1)
δi, jE[ni](t ),

∂

∂t
E[mimj](t ) = βνd,1CM{E[min j](t ) + E[nimj](t )} − 2βνd,1N

M
E[mimj](t ) + βνd,1δi, j

(
E[ni](t ) + E[mi](t )

N

M

)
. (C15)

Finally, for the immigration model, the first spatial moment satisfies

∂

∂t
E[ni](t ) = ξ�E[ni](t ) − λM

N
E[ni](t ) + λMQi, (C16)
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where Qi is the intensity of the source in the ith detector region. The equation for the second spatial moment reads

∂

∂t
E[nin j](t ) = ξ{E[ni�n j](t ) + E[�nin j](t )} −

(
2β

N − 1
+ 2λM

N

)
E[nin j](t ) + δi, j

2Nβ

N − 1
E[ni](t )

+ λMδi, j

(
Qi + E[ni](t )

N

)
+ λM

N − 1

N
{Q jE[ni](t ) + QiE[n j](t )} + δi, jξ{E[ni+1](t ) + E[ni−1](t )

+ 2E[ni](t )} − δi+1, jξ{E[ni+1](t ) + E[ni](t )} − δi−1, jξ{E[ni](t ) + E[ni−1](t )}. (C17)

Often, it is preferable to work with continuous observables: we therefore define the neutron and precursor densities by taking
the limit

n(x, t |x0, t0) = lim
δx→0

E[ni](t |x0, t0)

δx
, (C18)

m(x, t |x0, t0) = lim
δx→0

E[ni](t |x0, t0)

δx
. (C19)

Similarly, we define the pair correlation functions by taking the limits

u(x, y, t |x0, t0) = lim
δx→0

E[nin j](t |x0, t0)

δx2
, (C20a)

v(x, y, t |x0, t0) = lim
δx→0

E[nimj](t |x0, t0)

δx2
, (C20b)

w(x, y, t |x0, t0) = lim
δx→0

E[mimj](t |x0, t0)

δx2
, (C20c)

which describe the correlations at time t between a particle found at x and a particle found at y. The ith ( jth) detector is defined
to be the one containing x (y). We also define the diffusion coefficient to be

D = lim
δx→0

(ξδx2).

APPENDIX D: SOLUTIONS OF THE NM-CONTROL MODEL

We can obtain solutions to Eqs. (44) by using a Fourier decomposition which, for reflection boundary conditions, reduces to

f∞ =
+∞∑

k=−∞
fk,k cos

(
kπ

2L
(L − x)

)
cos

(
kπ

2L
(L − y)

)
.

Indeed, in this case all the coefficients with k1 �= k2 are zero. The terms fk,k thus read

ũk,k = m(N − 1)λ2 + nβ[N (α1 + k̃2D) + 2(N − 1)νd,1λ]

LN (α1 + k̃2D)(τn + 2k̃2D) − 2L(N − 2)βνd,1λ
, (D1)

vk,k = 2nNβ[(N − 1)τn + (N − 2)β + 2k̃2(N − 1)D]νd,1 + m(N − 1)N (τn + 2k̃2D)λ

2L(N − 1)[N (α1 + k̃2D)(τn + 2k̃2D) − 2(N − 2)βνd,1λ]
, (D2)

w̃k,k = M − 1

N
ṽk,−k, (D3)

where τn, τc are given by Eqs. (45), and n, m and k̃ are respectively given by

n = N

2L
, m = M

2L
, k̃ = kπ

2L
.
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