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Long-lived mode (LLM) in rotating plasmas is studied by using a alternative dispersion relation. This work
offers a theoretical interpretation of LLM observed in experiments [Heidbrink, Phys. Rev. Lett. 57, 835 (1986);
Chapman, Nucl. Fusion 50, 045007 (2010)]. It is found that in rotating plasmas, LLM can transform from the
fishbone mode. The real frequency of LLM, independent of the characteristic frequency of energetic ions (Els), is
proportional to the on-axis rotation frequency of bulk plasma. The key conditions to cause transition between the
fishbone mode and LLM are weak magnetic shear (for both monotonic and nonmonotonic safety factor profile)
and plasma rotation. The fishbone mode can evolve into LLM only when rotating speed is bigger than a critical
value in low shear plasmas. The critical beta of Els to induce LLM is very low. LLM is nonresonantly excited
by Els, and the driving sources mainly come from plasma inertia.
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I. INTRODUCTION

The fishbone (FB) mode, energetic particles (EPs) exci-
tation of internal kink mode with mode number n = 1 via
resonance, was first observed in PDX neutral-beam injection
(NBI) experiment [1]. Subsequently, the FB mode was suc-
cessfully explained by the drift kinetic theory of EPs [2—4].
Besides FB mode, another branch of low frequency mode, the
magnetic perturbation behaving long lasting saturated ideal
internal kink instability [5—11], first observed during tangen-
tial NBI heated plasmas in PBX tokamak [5], has frequency
close to on-axis toroidal rotation frequency of bulk plasmas. In
MAST NBI heated discharges, it was found that the n = 1 FB
modes usually evolve into the long-lived mode (LLM), which
can be observed in the plasmas with safety factor profile either
weakly reversed shear or broad low-shear regions [6,7]. The
results in HL-2A tokamak show that the FB mode can evolve
into LLMs in the case of monotonic safety factor profile
with weak magnetic shear in the core plasma region [12-14].
Experiments indicate that plasma rotation and weak magnetic
shear in the core plasma regions play crucial role in causing
the transition between FB mode and LLM [6-16]. Moreover,
in comparison with FB instabilities driven by energetic parti-
cles, the critical beta to drive LLM is relatively low; thus it is
easy for LLM to be excited by EPs [9].

It is well known that the resonant driving sources to ex-
cite FB instabilities mainly come from pressure gradient of
EPs (i.e., VP;). Therefore, redistributions of energetic ions,
exerting an important influence on FB mode and LLM, tend to
flatten the pressure profile of Els in the central region [15,16],
and FB mode may be not observed during LLM activity due
to decreasing of VP,. Experiments show that, during LLM
activity, NBI ions are redistributed but not significantly lost
[15,16]. Dramatically decreasing of EP lost during LLM ac-
tivity maybe related to lack of resonance between energetic
particles and perturbations, which is the necessary condition
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for LLM to have long lasting saturation. Thus the resonant
excitation source from VP, is weakened; instead, the nonres-
onant excitation from plasma inertia is dominant, indicating
that LLM, a branch of nonresonant MHD mode, may have
zero frequency in static plasmas.

On many tokamaks, such as HL-2A, MAST and TCV,
when FB mode evolves into LLM, the frequency depends on
plasma rotation [5-10]. For instance, the results in HL-2A
NBI heated experiments [9], where the frequency of LLM is
10.5 kHZ, are in exact agreement with the toroidal rotation
frequency at the location of minor radius r = 0.2cm (i.e.,
near the position of the magnetic axis, see Fig. 3 in Ref. [9]).
Meanwhile the lines shown in Fig. 1(a) are a time evolution of
the mode frequency (solid line) and on-axis toroidal rotation
frequency (dashed line) in HL.-2A shot 21787. Similar results
were also observed in MAST neutral beam injection heated
experiments. The lines shown in Fig. 1(b) are a temporal
evolution of the mode frequency of LLM (solid line) and
central plasma rotation frequency (dashed line) in MAST shot
21781 with major radius Ry = 0.9 m between ¢ = 0.256 s and
0.32 s [6-8]. It can be learnt from the experimental results in
Fig. 1 that the frequency of LLM is in good agreement with
toroidal rotation frequency of bulk plasmas near magnetic
axis, implying that the real frequency of LLM is almost zero
in static plasmas. The numerical simulation of the FB mode in
static plasmas shows that the real frequency of the FB mode
can evolve to a value being approximately close to zero [17].
In addition, the long-lived mode is also explained as a branch
of a nonresonant FB mode excited by energetic ions but with
a local interchangelike mode structure [18].

This paper is organized as follows. In Sec. II, the new
dispersion relation to study the FB mode and the correspond-
ing analytical results are given. The numerical results are
presented in Sec. III, and the main results are summarized in
Sec. IV.
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FIG. 1. Temporal evolution of mode frequency of LLM (solid
line) and central toroidal rotation frequency (dashed line) in HL-2A
discharge 21787 (a) and in MAST shot 21781 (b).

II. THE DISPERSION RELATION IN ROTATING PLASMAS

In rotating plasmas, the inertial term is modified by rotation
due to the contribution of centrifugal force and Coriolis force.
When both centrifugal and Coriolis forces are taken into ac-
count, the equation of motion in ideal plasmas can be written
as [19]

D =
pa—tv=8JXB—i—JX(SB—V(SpC—VoSph—f-paC. (1)

The last term on the RHS of Eq. (1) is the contribution from
plasma rotation, and the expression a, = 28v x Q-4 ,ng °

VVO/,o Sve VVO — VO e Vv is the effective inertial force
acceleration generated by Coriolis and centrifugal forces. The
variables p and €2 are mass density of plasma and rotation
frequency, respectively. The variable 8v is perturbed velocity
of plasmas, §p = —Vp - & is plasma perturbed density and
Vo is equilibrium flow. The first two terms and the third one
on the RHS of Eq. (1) are current and bulk plasma pressure
perturbations, respectively. The latter is §p, = —& - VPeq —
[PV - & with T' being the ratio of specific heat and Py
being the equilibrium pressure of thermal particles. The fourth
term on the RHS of Eq (1) is the kinetic pressure of Els

Wthh is written as Sph = 8phLI + (8pny; — SphL)bb Here

I i unit tensor and b = B /|B| is unit vector along equilibrium
magnetic field. The perpendicular and parallel components
of pressure 8pp1, dpp/, are given in Refs. [2,20]. The radial
profiles of rotation Q(r) and plasma density p(r) are, re-
spectively, assumed to be Q2(r) = Qog(r) and p(r) = pof(r)
with g(r) = [1 — [(r — rq)/al’1’® and f(r) = [1 — (r/a)*]%.
Here, pg and 2 are the values of ©(0) and p(0) and rgq is the
peak position of rotation profile. The density profile of en-
ergetic ions is assumed to be n()h(r)'vexp[—az(r —r)?] and
a slowing-down energy distribution of Els is used [2,3]. The
pitch angle distribution of Els is h(«)~exp[—(«o — )’ /A?]
with pitch angle « = uB/E (p is the magnetic moment and
E is the energy of Els). The variable A denotes the half
width of pitch angle distribution and «g = By/E is the peak
position of h(«). A steplike trial function (i.e., the perturbed
plasma displacement) inside ¢ = 1 (or gmin) surface is used
to establish the dispersion relation. Assuming circular cross
sections, through straightforward manipulation of Eq. (1) in
toroidal geometry (see the appendix), a dispersion relation

A R (V= :
SWy = B / h(ozz)da/ Fd7
ZFSI \/a 7
K — Q)7 K .wgs
><|: 2 (H_uln(l—q—wdA))}
gK. qK.wgs (0 — Qo)7
3)
- 2 2
8Wc = 37'[(1 — qo/min)g (13/144 - IBps)’ (4)

where the normalized minor radius 7 = r/r,, and 7, is the
position of inertial layer. The integer / set to be / = 0 and
| = 1 denotes the case of monotonic safety factor profile (i.e.,
positive magnetic shear) and a nonmonotonic one but with
gmin slightly bigger than unity (i.e., negative magnetic shear),
respectively. For the former, the magnetic shear at the location
of inertial layer is § = ryq, while for the latter, the magnetic
shear at the g, position is § = r2q” instead of depending
on dg/dr thanks to the derivatives of safety factor profile at
this position is zero. The safety factor profiles in the case of
monotonic and nonmonotonic distribution are assumed to be,
respectively,

q=qo+ (1 —qo)i?, ®)

q = qmin + ay(1 — %)%, (6)

for the monotonic ¢ profile in Eq. (5), g9 = ¢(0) represents
the safety factor value on the magnetic axis whereas
for the nonmonotonic ¢ profile in Eq. (6), gmin denotes
a minimum safety factor value at ry, where ¢'(r,) =0
and §qg = q(r;) — 1 < 1 which causes gpi, to be slightly
above 1. o, is a constant to describe the shear of g profile.

— 292
0r = \[5R £ 12q" 8, Bp = —(RPB(C) + CaZPE),

I = fjai? h(e*)de [ KnoypdF, p = 242 is a beta of plasmas
with By = B(0), Eq. (4) is given in Ref. [21]. ¢ = r;/Ry is
the inverse aspect ratio and R is the major radius. B is
the beta of Els, K, = 2E/K—1 (K and E are the complete
elliptic integrals). K, = 2E/K — 1 + 4s(E/K — 1 + k?) with
argument k= 1/ a—1+ 8;))/(28;). Equation (3) denotes
resonant excitation from VP, while the LHS of Eq. (2) shows
the nonresonant one from plasma inertia. In the competition
between resonant and nonresonant excitation, the latter wins,
e.g., in the case of the low shear case, the LHS of Eq. (2)
being dominant, can result in LLM. B, in Eq. (3) is defined
as the ratio of pressure of energetic ion to magnetic pressure.
The variable wys in Eq. (3) is the toroidal precessional
frequency of energetic ions at the location of inertial layer.
This frequency is proportional to beam energy Ejp, and can be
written as

Ey
Wiy = ————, (N
mrswoRy
where wy is the cyclotron frequency. For the resonant mode,

such as the FB instability, the real frequency of the mode,
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being strongly dependent on wyj, is directly proportional to
beam energy Ej. On the contrary, for the LLM, the real fre-
quency of LLM hardly depends on beam energy due to the fact
that the nonresonant excitation is dominant. The coefficients
Ci, G, Cpand Cg in Eq. (2) are, respectively, given as follows:

2 1
Cl=2 - = / FdF F(P)g(P),
fiJo

1 1
G = 7 /0 dii* g (M) f' (),

(1-#)A—1

C, =
p=ht 72(0, + 1)

’

1
Co=figi —2 | ditf(P) ),
0

where fi = f(1), g1 =g(1) and A’ = dA/dr denotes the
derivatives of f and g.

Equation (2) is the dispersion relation to study the FB mode
and the LLM. By solving this nonlinear algebra equation of
w(= w, +iy), the features of the mode and the transition
conditions between the FB mode and LLM can be obtained.
In Sec. III, the numerical solutions of Eq. (2) are presented.
However, in this section, in order to well understand the phys-
ical mechanism of LLM, it is valuable to give an analytical
solution of Eq. (2) where the conditions C, < C; and for
toroidal rotation g; < 1 are satisfied. Thus the terms of g,
and C, in Eq. (2) can be neglected. Meanwhile the variables
in the brackets of Eq. (3), 7 = 1, K. being independent of r
are assumed. Besides, in the case of low shear, K. = K5 in
Eq. (3), and for convenience, the analytical solutions of Eq. (2)
are only given in the case of §W. = 0 and positive shear, i.e.,
[ = 0in Eq. (2). It is thus that Egs. (2) and (3) are reduced to
the following:

.w— 0 G

C19% .
i L +ig— |fi = WL, (7a)
wa 2wy

W, = — [“’ — (1 Koy, )} BrR

W s w— o/ |2rd
Ve ' dngy K
x / h(a?)da / pap = (7b)
Jar # dr q

By substituting Eq. (7b) into Eq. (7a), the analytical solu-
tion can be obtained as follows:

-1
wy =0 + ch)ds [CXP(—X)—COS %] [COSh(X)_COS %} ’
()

-1
y = —ch)ds |:cosh(X) — cos %:| sin %, )

2ewqs fi _ nCi% ;N2 2
Ty X—m, I—fﬁh(a)da

frll ?d?“i;’—g”;(—z. In Egs. (8) and (9), the terms including €2
are the nonresonant contributions from plasma rotation
while other terms are resonant contributions from VP,.
The requirement of X > 1 indicates that the nonresonant
excitation is dominant. Equation (9) shows that, without

where, n=

rotation, the analytical growth rate can be reduced as
vy = —K.wqs[2tg(0.517/8;)1~" and the critical B, to drive the
FB mode can be obtained by letting y = 0, and B, it = /7.
Moreover, when g, is sufficiently large, the growth rate
y o« By, is a linear function of B, which can be checked in
Sec. IIT A. But in the case of X > 1, a nonresonant mode can
be driven by Els and the critical B, is

nCi€20

- 10
3‘2CL)AX ( )

IBh,crit -

Since X > 1, the critical g, to drive the mode must be very
low. Moreover, the real frequency of the mode is close to €2
and the growth rate is low, which exhibits the LLM activity
observed in experiments [5—10]. Here weak magnetic shear
is one of the most important conditions to cause X > 1 to
be satisfied. Besides, plasma rotation and the flat EI density
profile (i.e., I’ < 1) are another requirement to trigger LLM.
But for the latter, according to Eq. (9), it is unfavorable for
much too flattened EI density profile to drive LLM, and a
sufficiently large gradient of Els is necessary.

Equation (8) shows that, without rotation (i.e., X = 0), the
mode has real frequency o, « wys and is typical of the FB
mode. However, when X > 1, for instance, low shear, the
mode is LLM. By letting the second term in Eq. (8) equal to
7, an infinitesimal quantity, an equation relating to critical €2
causing the FB mode to transform into LLM can be obtained
as follows:

e + (1 —21)cos(n/Bp)eX — (1 —1)=0. (11)

In general, B,~O(n) and cos(B,/n)~0.5. By solving
Eq. (11) and taking the limit as T approaches zero of X, this
gives the dependence of €2 on § as follows:

Q In2
0 @Az (12)
52 |C1l

Equation (12) is the critical €2y causing the FB mode to
transform into or from LLM in low shear plasmas.

III. THE NUMERICAL RESULTS

In this section, the numerical solutions of Eq. (2) are pre-
sented under the conditions of positive magnetic shear and the
negative one, respectively. Since the LLM was observed in
both monotonic and nonmonotonic g profile plasmas [6,7,12—
14], it is necessary to discuss the transition between the FB
mode and LLM for different safety factor profiles, for in-
stance, in plasmas with positive (i.e., monotonic g profile)
and negative (i.e., nonmonotonic ¢ profile) magnetic shear.
In Sec. III A, the features of the LLM and the FB mode for
the former are discussed while those for the latter are given in
Sec. III B.

HL-2A is a medium size tokamak with minor radius a =
40 cm and major radius Ry = 165 cm, the toroidal magnetic
field is By = 1.3 T, the on-axis electron density is n, = 2.5 X
10" m™ during near-axis NBI heating, the temperature of
thermal particles 7; = T, = 1.5keV [22]. The beam energy
E, = 40keV. The on-axis Alfven frequency is wy = 3.4 x
10° rad/s. Figure 2(a) shows safety factor profiles inside g =
1 (Or gin) surface with the g = 1 (or gpin) flux surface being
at ry = a/2 [12], and Fig. 2(b) is EI density profiles (blue
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FIG. 2. (a) Safety factor profile inside ¢ = 1 (gmin) surface, the
dashed (solid) line denotes positive (negative) magnetic shear. (b)
The profiles of EI density (blue lines) and rotation (red line). The
dashed line is experimental EI density profile given by ONETWO
and the solid blue one is plotted by ng,(r)~exp[—o2(r — r;,)*] with
o =2.8, r, = 0.16. The dotted line denotes the position of g = 1
(gmin) flux surface.

lines) and plasma rotation profile (red line). The on-axis safety
factor is set as gop = 0.96 for positive magnetic shear and
gmin = 1.03, a; = 0.06 for negative one. The weak and strong
magnetic shear can be realized by adjusting ¢go and «,. In
Fig. 2(a), the dashed and solid lines are plotted by using
Egs. (5) and (6), respectively. In Fig. 2(b), the dashed blue
line is the experimental EI density profile calculated with
ONETWO code and the solid blue one is plotted by ng;(r). The
solid red line is the plasma rotation profile plotted by g(r)
with rg = 0.5, o = 30. In the case of toroidal rotation, it
is necessary to set rg = 0.

A. The long-lived mode in weak magnetic shear plasmas
with monotonic ¢ profile

In this section, we first discuss the transition between the
FB mode and LLM with the monotonic g profile (i.e., the
positive magnetic shear) by solving Eq. (2). According to
Eq. (5), the magnetic shear at the position of ¢ =1 flux
surface is defined by § = r,q.. Figure 3 is real frequency (a)
and growth rate (b) of LLM (red lines) and the FB mode
(blue lines) as functions of B, for different beam energy with
Qo =2 x 10*rad/s, rq = 0, oq = 7 and 0, = 2. The mag-

LR ¢
—~101@)  pp. g st ~8 (;D) 2.8, = 0.16 ’
N @« =2.5,Tp =0U.
% 8 —_— % _ f.) — ’
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FIG. 3. Real frequencies (a) and growth rates (b) of LLM (red
lines) and the FB mode (blue ones) as functions of 8, for different
beam energy (E;) with 2y = 2 x 10*rad/s, rq = 0,0 = 7,0, = 2,
o =2.8and r, = 0.16. The magnetic shear § = 0.072 for LLM and
§ = 0.81 for FB. The circles are theory results while other lines are
the numerical results by solving Eq. (2). The solid red and blue lines
denote beam energy E, = 40keV whereas the dashed red and blue
ones represent £, = 60 keV.

netic shear § = 0.072 for LLM and § = 0.81 for the FB mode.
The solid lines denote the case of E, = 40keV whereas the
dashed lines represent that of E, = 60keV. The circles are
theoretical calculations by using Egs. (8) and (9) while other
lines are numerical results given by solving Eq. (2). The blue
lines show that the FB mode can be excited by Els when 8,
exceeds a threshold. The real frequency of FB is proportional
to beam energy E;, and the growth rate increases with ;. The
red lines show an interesting result. In the case of weak mag-
netic shear, the mode, similar to the FB mode, can be driven
by energetic ions when B, exceeds a threshold. The growth
rate of the mode increases with 8. Especially, it is interesting
that the real frequency of the mode, almost independent of
beam energy, is equal to €2, the on-axis toroidal rotation
frequency, which is highly similar to the features of LLM
observed in experiments [5—10]. This result implies that LLM
is a nonresonant mode driven by EIs due to zero frequency
in static plasmas. Although the resonant excitation from VP,
of Els for LLM is not dominant any more, the critical g to
drive LLM shows that, without Els, the mode is stable and
difficult to be observed in experiment. By comparing with the
FB mode, LLM is easier to be excited by Els than the FB
mode due to sufficiently low critical ;. The solid red lines and
circles in Fig. 3(b) show that the growth rates of LLM given by
theory are different from those of numerical calculations. The
differences mainly result from the neglected terms in Eq. (2).
By comparing the red lines with blue ones in Fig. 3, it can
be learnt that LLM instability only occur under the condition
of weak magnetic shear and the mode is characterized by
zero real frequency in static plasmas. On the contrary, in the
case of strong magnetic shear, the mode behaves as the FB
instabilities with mode frequency being related to the toroidal
precessional frequency of Els. Thus different magnetic shear
is used to discuss the problems in this section.

An analytical solution predicts a critical rotation frequency
to cause the FB mode to evolve into LLM in low shear
plasmas. Moreover, the mode frequency of LLM is strongly
dependent on rotation frequency. Consequently, it is worth-
while discussing the influence of toroidal rotation on the mode
in weak magnetic shear plasmas, so as to understand the phys-
ical mechanism cuasing the transition between the FB mode
and LLM. The lines in Fig. 4 are real frequency (a) and growth
rate (b) of the mode as functions of 2y for different beam
energy with § = 0.072, rq = 0, 0q = 7. The solid and dashed
lines represent beam energy E, = 40 and 60 (keV), respec-
tively. The dotted lines are theory calculations using Egs. (8)
and (9). It can be seen from Fig. 4(a) that, in rotating and weak
magnetic shear plasmas, the real frequency of the mode first
decreases with ¢, when toroidal rotation frequency exceeds a
threshold (say 8 krad/s), and linearly increases with €2o. When
Qo > 8krad/s, the real frequency of the mode is equal to the
on-axis toroidal rotation frequency, moreover independent of
beam energy, which is in good agreement with the LLM ob-
served in experiments [5—10]. Also, the measured frequency
of LLM at the location of minor radius » = 0.2 cm in HL-2A
is around 10.5 kHz (i.e., 66 krad/s, given by the dashed pink
line in Fig. 3(c) in Ref. [9]) which agrees well with that in
Fig. 4(a). On the other hand, Fig. 4(a) also shows that, in static
plasmas, e.g., Q¢ = 0, the mode is typical of the FB mode due
to the real frequency of the mode being proportional to beam
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FIG. 4. Real frequencies (a) and growth rates (b) of the mode
as functions of toroidal rotation frequency with § = 0.072, ro =0,
oq=170,=2,8,=0.004, E, = 40keV for solid lines and E;, =
60keV for dashed lines. The dotted lines denote theory calculation
with the same parameters as the red lines while other lines are the
numerical results by solving Eq. (2). The solid red and dotted lines
denote beam energy E, = 40keV whereas the dashed blue ones
represent £, = 60keV.

energy. Since LLM rotates with plasma, it must appear static
in the plasma frame, implying that LLM fails to resonate with
energetic ions. Consequently, it is difficult for LLM to cause
significant EIs loss, which agrees well with the experiments
[15,16]. Figure 4(b) shows that the growth rate of the mode
monotonically decreases with €2 and the growth rate of LLM
is much less than that of the FB mode. Figure 4 also indicates
that the transition between the FB mode and LLM only occurs
in rotating and weak magnetic shear plasmas. The minimum
w, value in Fig. 4(a) shows that the critical ¢ to trigger
transition is around 8 krad/s, which is almost independent of
beam energy and agrees with Eq. (12). In the case of strong
magnetic shear, for instance, § = 0.81 (not plotted in Fig. 4),
the real frequency of the mode, being proportional to Ep,
monotonically increases with €2y, indicating that the FB mode
is difficult to evolve into LLM whatever the speed of plasma
rotation is. Similar discussions will be done in the case of
nonmonotonic ¢ profile in Sec. III B, for example, the results
in Fig. 7.

Besides rotation, magnetic shear is another important con-
dition to cause transitions between the FB mode and LLM.
The influences of magnetic shear in the case of the monotonic
safety factor profile on the modes are given in Fig. 5, where
the dashed, dash-dotted, and solid lines denotes beam energy
E, = 40, 60 and 80 (keV), respectively. The lines in Fig. 5(a)

14 (a) oo ="T7,79=0 8 (b) /-~‘~~~
@ 1210, =2 x 101 - = b T= el s~
=~ 8 - - S !
! ¢ _-- <« 41 0
g 6 AP - Eb(keV): S , B = 0.0q4
< 4 - = =40 -l 0y =2,6W, >0
3ot T g ] m=0160-28
0 0
0 02 04 06 08 1 0 02 04 06 08 1
TsQ; 7"5(1;

FIG. 5. Real frequencies (a) and growth rates (b) of the mode
as functions of local magnetic shear with o =7, 7q =0, 8, =
0.004, 0, =2, Qy =2 x 10*rad/s. The dashed, dash-dotted, and
solid lines denote the cases of E, = 40, 60 and 80 (keV), respectively.

/_\8 (a) _-" - (b) oq="7,7q=0
® - " = Gmin = 1.03
<6 L7 FB.% =128 2 3r 1 -
= =2
g ’ S %
T 4 Ey(keV)s ““; 2 SW. <0
:/ Yy =2 x 104 80 \v—(/ 0:2,8.?‘}1 =0.16
c 2 pf— == 1
3 ” e
) LLM,r2¢,=0.056 | |  __——_=-"]
0 0 =—
o 1 2 3 4 5 0 1 2 3 4 5

1073 3,

FIG. 6. Real frequencies (a) and growth rates (b) of LLM (red
lines) and the FB mode (blue ones) as functions of 8, for different
beam energy with Qy =2 x 10* rad/s, ra=0,0q=717, 0, =2and
gmin = 1.03. The magnetic shear § = 0.056 for LLM and § = 1.28
for the FB mode. The solid red and blue lines denote beam en-
ergy E, = 40keV whereas the dashed red and blue ones represent
E, = 80keV.

show that, in the low shear region, for instance §<0.1, real
frequencies of the modes are almost equal to the toroidal
rotation frequency of bulk plasmas. On the contrary, in the
high shear region, e.g., § > 0.1, real frequency of the mode
increase with magnetic shear and are proportional to beam
energy Ej. The mode, in low shear plasmas, exhibits features
of LLM while in strong shear plasmas, shows that of the FB
mode. It can be concluded that weak shear is the necessary
condition to trigger LLM, which agrees with experiments and
theory.

B. The long-lived mode in weak magnetic shear plasmas
with nonmonotonic g profile

Besides the LLLM observed in positive magnetic shear plas-
mas, in MAST weakly reversed shear plasmas, LLM was
also observed under the condition of nonmonotonic g profile
with a minimum at ry (the minimum ¢ value position) where
q'(ry) =0 and g(ry) is slightly above one [6-8]. By using
the g profile of Eq. (6) or the solid line in Fig. 2(a), the
LLM in reversed shear plasmas can be studied by numeri-
cally solving Eq. (2). However, considering dg/dr = 0 at the
location of g = gmin (i.e., the inertial layer), the safety factor
profile must be expanded to the second order at the position of
q = gmin flux surface (see the Appendix). Moreover, the value
of d*>q/dr? is proportional to that of dg/dr inside ¢ = qmin
magnetic flux surface. Therefore the local magnetic shear can
be defined by § = r2¢”. The strong and weak magnetic shear
can, respectively, be realized by changing the values of o, in
Eq. (6).

The results shown in Fig. 6 are, in reversed shear plasmas,
the real frequencies (a) and growth rates (b) of LLM (red
lines) and the FB mode (blue ones) as functions of 8, for
different beam energy with gmin = 1.03, Qo = 2 x 10*rad/s,
rg = 0,00 = 7. The local magnetic shear § = 0.056 for LLM
and § = 1.28 for the FB mode. The solid and dashed lines
represent beam energy E, = 40 and 80 (keV), respectively.
The red lines in Fig. 6(a) show that, LLM in weakly reversed
shear plasmas, similar to that in positive ones, is character-
ized by frequency close to on-axis toroidal rotation frequency.
Moreover the real frequency of LLM, almost independent of
E}, stays unchanged with increasing £, and is roughly equal
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FIG. 7. Real frequencies (a) and growth rates (b) of the modes as
functions of Q() with ;Q = 0, oqQ = 7, Gmin gmin = 103, ,Bh = 0004,
the red and blue lines represent § = 0.056 and § = 1.28, respectively.
The solid red and solid blue lines denote beam energy E, = 40keV
whereas the dashed red and dashed blue ones represent £}, = 80keV.

to 2 x 10*rad/s. The blue lines in Fig. 6(a) indicate that, in
strong magnetic shear plasmas, when g is big enough, the
real frequency of the mode is proportional to £}, and the mode
behaves as the FB-like instability. The red lines in Fig. 6(b)
show that LLM can only be excited by EIs when g, exceeds a
threshold. Similar to those in Fig. 3, the motivation of different
magnetic shear being employed to discuss the problem is that,
in the case of nonmonotonic g profile, LLM bursts can only
occur under the condition of weakly reversed magnetic shear.

Shown in Fig. 7 is real frequency and growth rate of the
modes as functions of 2 in reversed magnetic shear plasmas.
The red lines represent LLM with § = 0.056 (i.e., weak mag-
netic shear) while the blue lines do the FB mode with § = 1.28
(i.e., strong magnetic shear). Figure 7(a) shows that, in weakly
reversed shear plasmas, similar to the counterparts in Fig. 4,
LLM occurs when rotation frequency exceeds a threshold
(e.g., 8 krad/s); moreover the mode frequency of LLM, being
almost independent of beam energy, is equal to €2(, which is
similar to the experimental observations in MAST [5-7]. But
in strong shear plasmas (blue lines), the real frequency of the
mode, being proportional to Ej, linearly increases with €2,
and the mode exhibits the FB activities. It can be seen from the
blue lines that the real frequency of the FB mode is related to
the characteristic frequency of Els, and the transition between
the FB mode and LLM is difficult in strong magnetic shear
plasmas. Therefore, the different magnetic shear is used to
discuss the possibility of transition between the FB mode and
LLM. Figure 7(b) also shows that the growth rate of LLM is
much less than that of the FB.

Especially, the red lines in Fig. 7(a) show that, in the case of
nonmonotonic ¢ profile, the real frequency of the mode even
at Q¢ = 0, much different from the counterparts in Fig. 4(a),
hardly depends on £}, which indicates that in weakly reversed
shear plasmas, the FB mode (or internal kink mode) can be
nonresonantly excited by energetic ions and the nonresonant
excitation source mainly comes from the inertial term, for
example, the first term in the square brackets of Eq. (2).

Figure 8 gives the dependence of real frequency (a) and
growth rate (b) of the mode on magnetic shear § with g, =
1.03, Q¢ =2 x 10*rad/s. The results are similar to those
shown in Fig. 5. For low shear regions, e.g., § < 0.1, the
real frequency of the mode is approximately equal to toroidal
rotation frequency on the magnetic axis, and the mode exhibits

FIG. 8. Real frequencies (a) and growth rates (b) of the mode as
functions of local magnetic shear with o = 7, rq =0, B, = 0.004,
Gmin = 1.03,0, =2,Q¢ =2 x 10* rad/s. The solid and dashed lines
denote beam energy E;, = 40 and 80 (keV), respectively.

the features of the LLM. On the contrary, when the magnetic
shear is sufficiently large, the real frequency of the mode is
proportional to beam energy Ej;, and the mode behaves as
FB-like instabilities. Consequently, in rotating plasmas with
a nonmonotonic safety factor profile, the FB mode can also
evolve into the LLM only if the magnetic shear inside ¢ =
gmin flux surface is sufficiently weak.

IV. CONCLUSIONS

LLMs driven by energetic ions in rotating plasmas are
studied by using a new dispersion relation. It is found that, in
low shear and rotating plasmas, LLM can be nonresonantly in-
duced by energetic ions when g, is bigger than a critical value,
and the real frequency of LLM, independent of the energy of
NBI ions, is proportional to the toroidal rotation frequency of
bulk plasma on magnetic axis. The key conditions to induce
LLM are weak magnetic shear and plasma rotation; moreover
LLM activity cannot occur without Els. The FB mode, only
in weak magnetic shear plasmas, usually transforms into LLM
when plasma rotation frequency is bigger than a critical value.
The modified inertial term from plasma rotation plays a cru-
cial role in causing the FB mode to transform into LLM which
is a branch of nonresonant MHD mode.
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APPENDIX: THE DISPERSION RELATION IN TOROIDAL
ROTATING PLASMAS

The perturbed displacement of plasma is taken as §=
(€-e, + Egeg)e ™. Thus, the relation between perturbed ve-

locity and displacement of plasma is §v = —iw £ with @, =
w — . By substituting the perturbed velocity into Eq. (1),
3k

an inner product of Eq. (1) with £ 1is taken and integrates
over plasma volume inside the g = 1 surface. Eq. (1) can be
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rewritten as follows:

—/d%pwfg of — /d3xp50 of — /d3x(5} W B+1J x 8B —Vép) ek — /d3x(V oSp) ek | (A1)

where a, = —Ziwlg x Q +Vpe 5‘70 ° V&o/p + iwlg V\70 + iw1170 . v§ with 170 Q x R. The perturbed pressure of bulk
plasmas iS 8p. = —§ - VPg — I'PqV - & with P,q being the equilibrium pressure. The perturbed current density is 5 =V x

SB/MO, the perturbed magnetic field is (SB V x (E X B) the pressure of energetic ions is dpp/; = fﬁfhmv//d v, SpnL =

f 8 futBd3v. The distribution function of energetic ions & f, is given in Ref. [20]. Meanwhile, it is easy to find that the effective
inertial force acceleration a, in Eq. (1) is self-adjoint. By substituting these perturbed variables into Eq. (A1), the following
dispersion relation in toroidal geometry can be obtained:

81 4+ §Waup + W = 0, (A2)

where, the kinetic energy due to plasma inertia 8/, the perturbed potential energy 6Wymp from bulk plasma, and the perturbed
potential energy W, from energetic ions are given as follows:

5 = —% / pd X[ (EP + e o £ 1, (A3)

1 L e O —
SWwmmp = E/CPX(VfSPc—MXB—JX(SB)'é = E/d3x[|83|2_']//(§1_ xb)edB, —2(5, @ Vpeg)(§, oK)

+ B (Ves, +25 0k)’ +Tpeg(Veé)l, (A4)
1 I - B [ T,
Wy = —/d3x(v.5ph).g = 29/2n3mh/Rordr/d'u—f dEES/ZKbﬂ, (AS)
2 E Jy Wy — w1
where K, = 5- f W’ 0= 22— Q)L()ra%’]o = %V o éj:L - (1—%)5L ok withk = be Vb= —er/Robeing the cur-
vature of the magnetic field line and the vector along the major radius is eg = e, cosf — egsinf. Jy = Jgil /¢4 oo the

parallel velocity of energetic ions is v/, ~/1—uB/E = «/2aef k> — sin%@ /2 with argument k> = (1/a—1 4+ &r))/(2er). For
trapped particles, the turning point ¢, determined by letting v;, = 0, is sin(6,/2) = k. When the relation Ve &, = —2£ o K
is used, the variable J can be reduced to Jy = (’2‘—}? —1DE e «. The steplike trial function inside ¢ = 1 (gmin) can be written as

§ | = &(e, + ieg). The averaged toroidal precessional frequency of energetic ions is wy = wgsqK.E /7 with E = E /E, and E is
energy of energetic ions. The equilibrium distribution function of energetic ions is Foy,(r, @, E) = no,(r)h(a)E=/%. In Eq. (A5),
the variables K}, and the averaged Jy can be reduced in the following manner, respectively:

B do 1 o do
" wJo JT—a+tascosd  w2ast Jo Jk2 — sin®(6/2)

1 /0 —2ksing d¢
w20ef Jxpp ksing  cos(6/2)

let sin(0/2) =kcos¢

[2 f o _1[2 e
7V aei Jy /1 — k2sin¢ AR ’

i Jodl/?g 9b (UB/2E — 1)E | o Kd0 /917 1 [% (uB/2E — D)E | ekdb
vy U// 0 4/1—[,LB/E 0 «/I—M,B/E Ky Jo «/I—MB/E

—1 (% E exdd & (% cosfdf
21K, Jo JT—pB/E 2nRoK, Jo 1— uB/E

-1 (% 1 -
- [ — WBJE + —— o ~
2nKb/0 [ WBIE + = B/E}E“K

B & %  cosHdb /0 1 —2sin%(8/2) —2ksing
 27RoKpN2aeF Jo \/i2 — sm29/2 27TR0K;N 2aef Jupp  ksing cos(/2)
£ 0 2k%cos’p — _ & 2E—K

= = ,
2RoK(k?) J7 /2 /1 — k20032¢> 2Ry K

where K and E are the first and second complete elliptical integrals, respectively. It should be mentioned that in the above
equations, the poloidal angle & denotes the usual geometrical variable. By substituting these variables, for instance, K}, Jy and
wy, into Eq. (AS5) and neglecting the terms being directly proportional to (= r,/Ry), the kinetic contribution from energetic
ions, i.e., Eq. (3) in Sec. II can be obtained after integrating over energy from zero to infinity. The MHD contribution from bulk
plasmas, i.e., Eq. (A4) is given in Ref. [21] in detail.
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When the toroidal rotation is taken into account, the plasma density is a function of minor radius r and poloidal angle 6, i.e.,
o = p(r, 6) which can be written as follows:

p(rImQ (RS

- —cos 6, (A6)
2kT (r) Ry

po(r,0) = p(r) +

where T (r) = Tou(r) is plasma temperature profile and k is Boltzman constant. The modified inertial term Eq. (A3) can be
reduced in the following manner:

—k

1 -2 -~ N ~ N N - N
8l = —Efpd3x|:a)%|§| — 2w E X QL+ VpetVyeVVy/p+iw € e VVy+iw Vo .vg} o&

w1 3 =2 &dp &odp VQZA dVo - Voo =%
= —— d —_ B r —_
> /P xl:w1|f| (wlpdr+w1prd9 er+i 5 e<ﬂ+§0 +RS &

o 3 -2 §-dp odp 2 r - 22
=—— d - Q°Ro(1+ —cosb Q , A7
L x[wlla (wlpdr+w1prd9 o1+ 7 cos )eR-s + Q| (A7)

N - - N 3k
note, in Eq. (A7), p = p(r,0), and the term & x 2 is neglected due to (§ x 2) ¢ £ = 0 for toroidal rotation. Considering

the condition V .E = 0, i.e., the displacement is incompressible, the poloidal perturbed displacement can be taken as & =
id(r&,)/dr. By substituting Eq. (A6) into Eq. (A7), which can be further reduced in the following manner:

rg 2 2
81 = — %/ dr/ rdf [p(r, ) <§3 + ) - (E’d(r’ Dy 2l 9)>§22R0
0 0

widr wrdf
2
X (Er* cosf — &) sinf + RL(E,*cosz@ — &) cosb sin@)) + p(r, 9)9(&,2 + ‘ >]

2 2 2
P(r)sz (r)RO rd%-r
/ dr/ rd@[(,o( )+ AT ) rcos@)wl( e )

_ %R, (Sr (dp(r) d rp(rymQ*(r)Ry cos@) & p(rmiQ*(r)Ry G

dré,
d

dré,
dr

n@)(éf cosf — &, sinf

o\ dr dr  2kT(r) o 2kT(r)
Q2(MR2 drg, |’
+ r(£*cos’ — &} cos @ sin0)/Ry) + (,o(r) + %(:;)0 . RLO cos@)Q(:ﬁ,2 + ‘ ;f >:|

oy [T rd§,\* &2 (( dp(r)  d rp(rmQ3(rR}
=72 ), rdr[zf’(””l( dr) B (( ar +;Tm>
dré,

) daré,
+<‘§’ +‘ ar ar )]
Q2 miRR2 g4 () [ rdg,\*
KTy u(r))< dr) +2f(r)[290g(r)

wq

2\ p(r)miQ (r)R?
) 2KT (r)E?

) +2p(r )Q<$ +

TT Powi

= — /S rdr| 2f(r)<a)1 + Qog(r) — —
2 0 w1

QR mRR2 ¢ ()] | d& Q2 L, df(r)
T o, 2Ty u(r)] ré—— +§&; <490f(r)g(r)——lrg (”)W

Qz m,QZR(Z) 5 o d f(r)gz(r)r 292 m,Qsz f(r)g (r) A8
w, 2kTp &£y, u(r) w 2kTy  u(r) )] (A9

The perturbed plasma displacement in the radial direction &, in Eq. (A8) satisfies Euler equation,

d

d
- [[3a)1 —wy(g—17*]== 5 } =0, (A9)

dx

with x = (r — ry)/r,. Within the inertial layer, i.e., at the location of r = ry, the safety factor profile ¢(r) should be expanded to
the second order in x as

ry ”(rs) 2
q(r) = q(rs) + req (rox + ——— (A10)
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For monotonic ¢ profile, By retaining the first two terms in Eq. (A10) (i.e., ¢ = 1 4 ryq¢'(ry)x) and substituting them into
Eq. (A9), the solution of Eq. (A9) is then a hyperbolic tangent function which can be written as

2
£ = 520[1 _ ;artg(Z):|, (A11)

with A = V3Ryw; /(iq,V4). When the width of inertial layer (or A) is sufficiently small, Eq. (11) can be expanded to a linear
function of x (or r — r,) in the vicinity of g = 1 flux surface, i.e., the perturbed displacement of plasma in the inertial layer can be
replaced by &, = 0.5&,[1—2(r — ry)/(r A)]. Considering the plasma displacement &, being constant inside g = 1 surface, thus
the following steplike function of &, can be used to calculate the perturbed kinetic energy from inertial layer:

E.r<r,—3% A e 0,r<ri—%
& = 3;‘0[1—(r—rS)/A],rS—%<r<rA Eaddr_ —%‘],rs—%<r<rs+%. (A12)
0,r,+5 <r<a 0.ri+5 <r<a

2
Therefore, by substituting Eq. (A12) into Eq. (A8), the modified inertial term, Eq. (A8) is then reduced as follows:

7T pow &2 /H'A/z Qygr\ ;
8] = — ——>2 d Q -
A2 a2 rf(r)| o + Qogr) o1 2 u(r) r

2 pre+A)2

7 poan 20 drf(r) ZQOg(r)——y g gznpow‘ / rdr
A r—AJ2 u(r) 0

Q3 d Q2 d 292
x <4Qof(r)g(r) - gy w—?ygz(r)—_f (LI 29 [0 (r))

dr  u(r) w1 u(r)

T o0 E2 Q2 yot +A/2

= _/00—2150 w1 + Qog1 — P f1/ dx(rs 4 x)°
A w —A/2

";‘_2 Qoygl +a2 2 2.2 l,\ N AN A
+7Tpow1— 2081 o S dx(rs +x)° — 2w pow1Rori &y | FAFf(F)g(F)
—A/2 0

202 pl AN 4o

4 ga s & W<? 2y f(r)+ S )d fOLOR o F@)g (r))
2 w1 Jo u(7) u(#)

_ mpowigry < Qf ve Q5

4
Y
w1 + Q081 — —Oﬁ>f1 ~|—71pow]$§r3<290g1 - _ﬁ)fl — 27 pokgriQow
A w; 2 W) Uj

1 AN Ao
X/ rdrf(r)g(r)_’_é_gnpoanr Q5 f AdA(Agz( )df(r)+ A )d f(Pg ()P N 2yf(r)éi (r))
0 2 w1 Jo u(#) u(?)

G 81
-—— .
w1 Uy

243 Q Q2
_ T Pow1§)T; w1<l n 81320 0 Y81 (A13)

_ 08 o c
A W) w? 2u1>f + 7ok 0( 1+

By substituting A into Eq. (A13), the normalized inertial term can be rewritten as

A Q 4 Q2 Q Q2 1 Q
5 = [—iﬂ<1+ il —yﬁ—g)#"‘ "(c, 2 0—&—‘))}1‘1, (Al4)
wA w1 2u1 wi a)A w1 up wq

i 2 R2 .. . . .
with y = mzf%ff’ . In general, the additional pressure generated by plasma rotation is much less than plasma pressure in tokamak

plasmas, and thus we can neglect the terms with y in Eq. (A14) which is the modified inertial term for monotonic g profile.
However, for the nonmonotonic safety factor profile, g(r) should be expanded to the second order in r (or x) due to ¢'(ry) = 0.
Equation (A9) can be then rewritten as follows:

d 2 VA " dér _
E”:Z%a) ~(Ga+q'n /2>)] x}—o, (A15)

the solution of Eq. (A15) is

2 A 1 A_ 1 A
& = 5 1- = ——*  arcrg Bl —In +x/Ay ) (Al16)
2 7TA++IA_ A_ T A++IA_ 1 —X/A+

with A_ M/ W and A, =1,/ M‘jsqm It is easy to see that in Eq. (A16), the radial displacement &, goes to

i

&y (or zero) when x goes to -oo (or +00) thus Eq (A16) is also a steplike function and can be taken the form of Eq. (A12).
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However, the derivatives of &, at the location of minimum ¢ value (i.e., x = 0) is different and can be written as

ds,
dr

r=ry

B AL —iA_
T ALAL

(A17)

By substituting &, = & and Eq. (A17) into Eq. (A8), the normalized inertial term under the condition of nonmonotonic safety

factor profile can be written as

oy —iw_

§f = |: ot
=|—i
ﬁ&wﬁ W4+ w—

where § = rq,.

8152 Qo
1+ + 5= (Cior + Q) | f1,
w1 STy

(A18)
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