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Modeling crack propagation in heterogeneous materials: Griffith’s law, intrinsic crack resistance,
and avalanches
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Various kinds of heterogeneity in solids, including atomistic discreteness, affect the fracture strength as well
as the failure dynamics remarkably. Here we study the effects of an initial crack in a discrete model for fracture in
heterogeneous materials, known as the fiber bundle model. We find three distinct regimes for fracture dynamics
depending on the initial crack size. If the initial crack is smaller than a certain value, it does not affect the rupture
dynamics and the critical stress, while for a larger initial crack, the growth of the crack leads to breakdown of the
entire system, and the critical stress depends on the crack size in a power-law manner with a nontrivial exponent.
The exponent, as well as the limiting crack size, depend on the strength of heterogeneity and the range of stress

relaxation in the system.
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I. INTRODUCTION

Determination of the strength of materials is a prime
objective in materials science and applied mechanics. Tradi-
tionally the problem has theoretically been addressed within
the framework of continuum mechanics, which relates the
motion of a crack to the applied loading [1]. For brittle solids
the problem boils down to destabilization and subsequent
growth of a preexisting crack under tension. Griffith (in 1920)
[2] considered a single sharp crack in a homogeneous elastic
medium and suggested that the weakening of material by a
crack could be treated as an equilibrium problem in which
the reduction of strain energy, when the crack propagates
could be equated to the increase in surface energy due to the
increase in surface area. He found that the critical stress o,
to cause a crack of length [ to extend is o, = QY g/m[)'/?,
where Y is Young’s modulus and g is the surface energy per
unit area of the crack surface [2]. The Griffith criterion has
been extensively verified in engineering specimens containing
cracks of controlled length and is still used to estimate the
surface energy in cracks in brittle materials [1,3].

However, the Griffith criterion is often found to lead to sig-
nificant errors in the estimation of surface energies. Even for
perfectly brittle materials, modifications of Griffith’s theory
are needed to take into account the discrete atomistic nature
of the interactions [3]. The discreteness and heterogeneities
of materials lead to energy barriers at the crack tip which
can arrest crack motion: a phenomenon known as lattice
trapping or intrinsic crack resistance [4-9]. Lattice trapping
in crystalline materials and intrinsic crack resistance in het-
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erogeneous materials have received lots of attention in the
context of nucleation and growth of cracks in these materials.
One consequence of lattice trapping is the appearance of two
length scales in the systems [4-6,10]: a large length scale
associated with the elastic deformation around the crack tip
and the other associated with the dissipation of energy at the
crack tip. The morphology of the crack and the nature of the
crack growth depends much on the length of the crack in
comparison to these two length scales. A modification of the
classical Griffith’s theory has also been proposed [11], consid-
ering the discrete nature of crack propagation which suggests
o, ~ [2Y g/m (c + 1)]'/?, where ¢ is a measure of the average
increment of the length of the crack as the external stress is
increased adiabatically. A similar variation of nominal stress
with the crack length has also been observed experimentally
[12-16] as well as numerically [17]. Recently, the balance
of the internal energies is explored in the mean-field limit
[18], as well as with Langevin dynamics [19], during a crack
propagation through heterogeneous systems. In our model, as
we will see later, the energy balance criterion is taken care
of through the interplay between the local stress profile and
fluctuation of strengths from point to point.

We present here the findings from the numerical study
of cracking in a precracked one-dimensional (1D) fiber bun-
dle model (FBM) [20]. FBM is perhaps the simplest model
which has been vastly used as a prototype model of frac-
ture in heterogeneous materials. The model is guided by
threshold-activated dynamics and shows different aspects
of nonequilibrium statistical mechanics. The dynamics and
avalanches associated with crack propagation have been ex-
plored earlier in the context of FBM [21-23]. In the present
article we differ from previously explored studies by inserting
a crack initially inside the bundle and seeing how it affects
the strength of the bundle, avalanche statistics, and spatial
correlation during the failure process. The reason behind
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choosing one dimension is here the local stress concentration
is most prominent. As we go to a higher dimension, the model
approaches the mean-field limit and the presence of the preex-
isting crack will be less effective. Our main findings are that
we do see the signature of two length scales (¢ and £*), asso-
ciated with the length of the preexisting crack, in the context
of crack propagation in the bundle. We can relate the length
scales with the microscopic entities such as number density
and size distributions of the cracks in the bundle. Furthermore,
as long as the length [ of the preexisting crack is smaller than
&, the critical stress o, of the bundle remains independent of /.
For!l > &, 0. ~ 009/(1 + 1/&)*, where oy is the critical stress
of the bundle in the absence of any preexisting crack. £*, on
the other hand, is an extreme limit of / beyond which no crack,
other than the preexisting one, develops within the bundle. We
show that the exponent « and the lengths &, £* depend on 8
and y, the only two parameters which characterize the fiber
bundle model. B is the strength of disorder (corresponding
to the strengths of the fibers) and is the spread of the fiber
strength distribution. y is a measure of the range up to which
the stress of a broken fiber is redistributed. The onset of
localization has been studied earlier in the context of the fiber
bundle model by tuning the disorder strength and without
the presence of any preexisting crack [24-26]. In the present
article, the dependence of &, £* and @ on 8 and y and the
consequence of intrinsic crack resistance in crack propagation
in the bundle are discussed.

II. DESCRIPTION OF FIBER BUNDLE MODEL

The fiber bundle model consists of a number of fibers
(Hookean springs) held perpendicularly between two parallel
bars. The bars are pulled apart with external stress o (force
per fiber). The disorder is introduced in the model as strengths
of individual fibers which are randomly assigned following a
certain distribution. When the applied stress on a fiber crosses
its strength threshold, the fiber breaks irreversibly. The stress
of the broken fiber is then redistributed according to a certain
stress redistribution scheme. After redistribution, there might
be further breaking of fibers due to local enhancement of the
stress profile. The cascade of failure may continue leading to
global failure or stops if the stresses on fibers cannot reach
their threshold limit. The applied stress is to be increased to
break the next weakest fiber, and the process is repeated until
all fibers break.

We have considered a fiber bundle model where the
strength of an individual fiber is chosen randomly from a
threshold distribution. We present here the results for a power-
law threshold distribution:

1
L (107F <oy < 106)

plow) = {28 107" (1)
0

(otherwise)

Here B is related to the width of the distribution and represents
the strength of the disorder. The motivation behind choosing
such a distribution is the fact that long-tailed distributions like
Weibull [27] or power law [28] have already been observed
for the distribution of material strength. We put a crack in a
one-dimensional FBM by removing / consecutive fibers. If
a is the distance between two consecutive fibers, the crack
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FIG. 1. The figures show the stress profile of a 1D FBM of size
L under a local load sharing scheme (LLS) with a tensile force F'
applied on it. A crack of length /(= 3) (shown by the dotted red lines)
is inserted in the middle. This is equivalent to a crack of length /a (or
[ if we consider a = 1). The local stress of all fibers is o.(= F/L),
except for the two fibers at the crack tip that carry a stress 50, /2 each
[see Eq. (2)].

length due to removal of / fibers will be la. We can set a = 1
without losing any generality. From now on we will address
| as the length of the crack that is inserted in the bundle.
This creates stress concentration on other unbroken fibers. The
stress concentration on the fibers will depend on the scheme
one is adopting for stress redistribution. We will mostly con-
sider the local load sharing (LLS) scheme (except for the
results shown in Fig. 5), where the stress on the broken fiber
is redistributed on the nearest neighboring unbroken fibers.

In this situation, if the bundle is subjected to an applied
stress o,, the stress on the two fibers at the crack tip due to a
crack will be

Uz(l)=0e<1 +é) @)

while a stress o, is experienced by all other intact fibers. Fig-
ure 1 shows the local stress profile for a FBM of size L = 15
with an external force F applied on it. This will create a stress
0., = F/L on the bundle in the absence of any preexisting
crack. A crack of size [ =3 is inserted in the middle by
removing three consecutive fibers. This creates a local stress
50,/2 at the crack tips, while the stress on other fibers are o.
If the stress on any fiber is higher than its threshold value, the
fiber breaks irreversibly and the stress of the broken fiber, in
case of local load sharing scheme, is redistributed between the
two nearest intact fibers at the two sides of the crack. For such
redistribution, we have adopted an algorithm that eliminates
the memory effect (similar to the algorithm in [29]). The
algorithm we used is as follows. If a fiber carrying stress oy, is
broken then after redistribution, the left and the right nearest
neighboring unbroken fibers will experience the stresses o;
and o,, respectively, as

dl + dr
d
dl + dr

o — o+ Op

Oy, 3)

o, —> 0, +

where d; and d, are the distances of the left and right neigh-
boring intact fibers, respectively, from the broken fiber.
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After the redistribution, either more fibers break due to in-
creased local stress profile or the bundle comes to a stable state
where the redistributed stress cannot overcome the threshold
value for any fiber. The external stress is then increased until a
fiber breaks. We define n(i) = o(i)/o., where o (i) and o, are
the local stress on ith fiber and applied stress on the bundle,
respectively. For an external stress increment of Ao,, the local
stress increment on the ith fiber will be

Ao (i) = n(i)Aoc,. “)

For fibers away from any broken fiber, n(7) is 1, while if a fiber
has an adjacent cluster of broken fibers, n(7) is greater than 1
depending on the size of the cluster. The final value of o, at
which the global failure occurs is known as the critical stress
o, or strength of the bundle.

We have also studied a more general stress redistribution
scheme where the stress of a broken fiber i is redistributed on
the rest of the unbroken fibers as

r..Y
o(j)—>o(j)+ %G(i)» 5)

where o (j) is the net stress on fiber j at a distance r;; from the
broken fiber i. Z is the normalizing factor and given by Z =
Z ri;y, where k runs over all intact fibers. The initial local

k
stress profile also depends on how far a certain fiber is from

the assigned crack. Equation (2) in this case will be modified
as follows:
RV
0(j)=0e(1+7l), (6)

where R is the distance of certain fiber from the crack. This
means R = 1 for the fibers at the notches, 2 for the next
set of fibers, and so on. Z’ has the form ZR_V, where the
sum runs over all intact fibers (which means L — [ fibers).
In both Eqgs. (5) and (6), y is a measure of the extent of
the stress redistribution range. A high y value corresponds to
the LLS scheme, whereas a low y corresponds to mean-field
(MF) or equal load sharing (ELS) limit where the stress of
the broken fiber is equally distributed among all other intact
fibers in the bundle. A recent study [24] shows the existence
of a critical value y, (=4/3) for 1D FBM around which this
change in behavior from ELS to LLS takes place. The same
was observed in two-dimensional (2D) FBM as well, with a
different y, (=2) [30]. In the present article, in addition to the
variation in 8, we have also studied the crack propagation for
various values of y.

III. NUMERICAL RESULTS

We present a numerical study of a precracked fiber bundle
model of size 10° in one dimension for 10* realizations and
for a wide range of disorder strengths B, stress relaxation
range y, and lengths [ of the preexisting crack. We address
the question, How does the size of the preassigned crack relate
to the rupture behavior of the bundle?

We first present the results for the LLS fiber bundle model.
In Fig. 2(a) we plot the density p of the cracks (clusters of
broken fibers) within the bundle versus the fraction of broken

bonds B as the bundle ruptures with time (time can be trans-
lated in this model in terms of redistributing steps). p, at a
certain time ¢, is given by the ratio of the number of cracks
at that time to the size L of the system. B is an increasing
function of time, as it is given by a number of broken fibers at
a certain time normalized by the size L of the system. p has
a value 0 and 1/L close to B = 0 and B = 1, respectively. In
the former case, all fibers are intact (zero patches) and in the
latter case, all fibers are broken, creating a single patch. At an
intermediate B, p reaches a maximum value (p,,) denoted by
red dots in the figure. Beyond this point, crack clusters start to
coalesce and p goes on decreasing until it reaches 1/L when
there is a single crack in the bundle.

Figure 2(b) shows the variation of p, with [. p,, starts
at a constant value for low / and decreases gradually to
~1/L for high [ values. We see the signature of two length
scales here. The first one is &: for I < &, p,, is independent
of [. This indicates that for low values of / < &, the preas-
signed crack has no effect on the fracturing of the bundle
and the bundle ruptures by the random breaking of the fibers
in the bundle. The fracture here is dominated by the disorder,
and the stress concentration has no effect on the fracture
process. The second length scale is £*: for [ > £*, p,, = 1/L,
suggesting a pure nucleating growth where a single crack, the
preexisting one, grows, rupturing the bundle. In this region
the cracking is dominated solely by stress concentration. Nat-
urally, &, £* depend on 8, which will be discussed later.

Figure 2(c) shows the variation of the probabilities P, and
Pycn with [ for B = 1.0. P, is the probability that at the final
stage of fracture, the instability of the bundle is triggered by
the growth of the crack which contains the preassigned crack.
This is done by monitoring the last fiber j that breaks and
causes instability and calculating the probability that fiber j is
part of the enlarged preexisting crack. Py, on the other hand,
is the probability for single crack nucleation, where only one
crack, the preexisting one, grows and ruptures the bundle. For
low [ in the region I (I < &), the low value of P, tells us that
the preassigned crack has no effect on the rupturing of the
bundle. This is the region where disorder dominates the frac-
turing process and sets the scale &. In region Il (I > &%), Py
attains unity, which means that statistically, only the preas-
signed crack grows in the bundle rupturing it. No other crack
develops in the system. This is the extreme situation where the
fracture is dominated solely by stress concentration at the two
ends of the preassigned crack. The stress concentration sets
the scale £*. In region II both these scales compete. In this
region many other cracks develop in the system so that Py, is
less than unity, but these cracks coalesce with the preassigned
crack finally rupturing the bundle. Region II is thus dominated
by both nucleation and coalescence.

Figure 2(d) shows how the average crack size s,, and the
maximum crack size sy, varies with [ for § = 1.0. The diag-
onal dotted line is the locus of y o x, while the vertical dotted
lines show the positions of & and &%, respectively. For [ < &,
both s,, and sp,x show no variation with /. sy, is larger than
1, and s,, is much smaller than /. This suggests that there are
many cracks developed in the bundle, and the one that finally
brings in instability and ruptures the bundle has nothing to do
with the preexisting crack. For £* > [ > &, s ~ [, while s,
remains much lower than /. This suggests that though there are
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FIG. 2. (a) Variation of p with B for various / values and for § = 1.0. The red dots stand for a maximum value p,, of the patch density.
(b) Variation of p, with [/ for 8 = 1.0. For | > &*, p,, falls to 1/L (pure nucleating). For / < &, p,, remains constant independent of 1.
(c) Variation of P, and Py, with [ for 8 = 1.0. Three distinct regions I, I, and III are seen. Region I: P, is zero and P, is small, indicating
that the effect of the preexisting crack is not observed here. Region II: P, is unity but Py, is low, indicating that many cracks are observed
here but the preexisting crack nucleates to create global failure. Region III: Both P, and P, have assumed the value unity, indicating only the
preexisting crack propagates here prior to global failure. (d) Average crack size s,, and maximum crack size s,,x, just before global failure, are
plotted against / for 8 = 1.0. For / < &, both s,,, and sn.x are independent of /. Above [ > &, s, ~ [, suggesting coalescence of the cracks to
the preexisting crack leading to fracture of the bundle. Beyond ! > &%, s5,, = smax ~ [, suggesting nucleation of the preexisting crack only.

a large number of cracks present in the system, the largest one
has size proportional to /. Finally, for [ > &%, s,, = Smax ~ /
when only the preexisting crack grows in the bundle and no
other cracks generate.

Now that we have identified the two length scales asso-
ciated with the crack development in the fiber bundle model
and established links between these length scales and the
microscopic entities such as size and number distribution of
clusters of broken fibers, we would like to discuss how the
macroscopic observables (often measured in cracking experi-
ments) behave at different length scales. To this end we have
measured the critical stress and the avalanche behavior of the
bundle for various [ values. These two quantities have been
discussed a lot in the context of crack propagation in materials
[31] and in the fiber bundle model [20].

Figure 3(a) shows the variation of critical stress o, with /
in the LLS model and for g = 1.0. We find for [ < &, o, is
independent of /. For [ > &, o, decreases with [ as

oo

)

O, =

Here & appears as the cut-off length, and « is an exponent
whose value depends on 8 and y. We will discuss this de-
pendence later. As is mentioned in the Introduction, this form
of dependence of o, on [ is very much seen in experiments
[12-16] and simulations [17], and also has been suggested
theoretically [1-3]. It is to be noted that even for [ = 0, there
is a finite value of o, unlike that in Griffith’s law. This is a
consequence of intrinsic crack resistance.

Figure 3(b) shows the avalanche size distribution for dif-
ferent lengths / of the preassigned crack in a LLS fiber bundle
at B = 1.0. An avalanche is defined as the number of fibers
broken in between two consecutive stress increments. The
avalanches in the fiber bundle model show a robust behavior
in their size distribution [32,33] and contain information about
upcoming catastrophic events [34]. We have presented the
results in terms of A, which is the avalanche size or the
number of broken fibers in one avalanche normalized by size
L of the system. Figure 3(b) shows the variation of P(A) with
A. In abrupt brittle failure at low disorder (both ELS [35] and
LLS [36] FBM), there is no need for stress increments after
the weakest fiber is broken. In this limit the bundle breaks in a
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FIG. 3. (a) The figure shows the variation of the critical stress
o, with [ for LLS stress redistribution scheme and for 8 = 1.0. For
| < &, 0.1sindependent of [. For/ > &, 0, ~ 7, where o« >~ 0.85 is
an exponent. (b) Avalanche size distribution P(A) vs A for different
lengths [ of preexisting cracks for LLS fiber bundle model at 8 =
1.0. The inset shows the exponential decrease of P(A) with A for
small avalanche size A inlog-normal scale. (c) The average size (A )
of the large avalanches is plotted against /. (d) The characteristic
length Ay which defines the exponential fall of the distribution is
plotted against /.

single avalanche. On the other hand, at a moderate disorder the
avalanche size distribution shows a scale-free behavior with
a universal exponent —5/2 [32] and an exponential nature
[33] for the ELS and LLS schemes, respectively. We observe
the same exponential decay of the avalanche size distribution
P(A) ~ exp(—A/Ay) for finite-size avalanches and distribu-
tion for the largest avalanche A, prior to rupture, even if there
is a preexisting crack within the bundle. In the regime / < &,
the characteristic length A( for the exponential decay and the
average value (Ay) of the largest avalanche remain almost
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FIG. 4. (a) The figure shows the variation of £ and £* with 8 for
LLS FBM. We observe three regions: I, II, and III, depending on the
spatial correlation during failure. Region I: Conventional LLS limit
where the crack does not play any role. Region II: Multiple cracks
but only the preexisting crack nucleates and creates global failure.
Region III: Only a single crack, the preexisting one, propagates
prior to global failure. No other crack originates within the bundle.
(b) Variation of o with 8 for LLS FBM. « has a high value, close
to 1, for low B and then decreases with 8. For 8 > 0.5, o remains
constant at around 0.85 independent of the disorder strength.

constant. However, both these quantities increase rapidly with
[ for I > & [see Figs. 3(c) and 3(d)]. For large /, the rapid ex-
ponential fall of finite avalanches and a large value of the large
avalanche indicates that the bundle ruptures by destabilization
of the crack by large avalanches.

We now discuss how the length scales and the exponent
o depend on B. Figure 4(a) shows the variation of above-
mentioned two characteristic lengths, £ and £*, when the
strength of disorder § is increased. We observe three distinct
regions. Region I: [ < & and the preassigned crack has no
effect on the cracking of the bundle. The critical stress is inde-
pendent (see Fig. 3) of the crack length. The dynamics of the
system in absence of any preassigned crack has been explored
earlier in detail [37]. This region is dominated by the disorder,
and stress redistribution has little effect on cracking. For high
B, the rupture sequence of the fibers is random, whereas for
low B, cracks nucleate at suitable soft spots independent of the
preassigned crack. Region II: In this region, disorder competes
with stress redistribution in cracking. Failure is dominated by
crack length. The critical stress falls with / in a scale-free man-
ner with an exponent « (see Fig. 3). The probability that the
preexisting crack causes final instability in the bundle is unity
[see Fig. 2(c)], which means the preexisting crack nucleates
though there are other cracks developed within the bundle.
Region III: This region is dominated by stress redistribution.
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This is an extreme limit of the crack-length-dominated region.
Here only the preexisting crack propagates within the bundle
and no other crack is originated. The critical stress follows
the scale-free decay with [ here as well. One should notice
that for low B, & and &* coincide with each other. In this
limit the disorder strength is not strong enough to trap the
preexisting crack unless the length of the crack is small itself.
As a result, we either see random failure events (region I) at
low / or pure nucleating failure beyond a certain length scale
(region III). The increase in length scales with 8 makes sense,
as a large crack has to be inserted within the bundle at high
disorder so that the stress concentration overcomes the high
fluctuation in threshold strength values, in other words, the
intrinsic crack resistance. Figure 4(b) shows the variation of
o with B for LLS FBM. « has a high value 1 for 8 =0,
which is consistent with Eq. (2), since all fibers have the same
threshold and the entire bundle ruptures in a single avalanche
as soon as the weakest fiber is broken. As g increases, « starts
to decrease and remains constant at around 0.85, independent
of the disorder beyond g = 0.5.

So far, we have presented our findings for a particular value
of B and in the LLS fiber bundle model. In principle, we have
two parameters in the model: the disorder measured by its
strength 8 and the range of stress redistribution characterized
by y. We have seen that the origin of two length scales is es-
sentially due to the competition between stress concentration
on the fibers due to stress redistribution in the cracking process
and the disorder in the threshold strengths of the fibers. We
would expect that our results will also depend on the stress
redistribution range characterized by y, in addition to the
disorder strength characterized by the width of the threshold
distribution of the fibers.

We now present our results for the variation of &, £* and
o with y. We have already discussed that a low value of y
corresponds to the MF or ELS version of the model. The
critical stress, in the presence of a preexisting crack, can be
calculated in the MF limit analytically. We will then compare
the analytical result with the numerical behavior of critical
stress with [ keeping y = 0.5 (which is much below y, = 4/3
for 1D FBM [24]). For fiber strength distribution as given by
(1), the cumulative distribution is given by

In Oy 1
26In10 ' 2’

Oth
P(om) = / , plow)doy, = ®)
10~
where p(oy,) = otzl /(2B1n10) is the normalized density
function. For applied force F' and an extension € of the fibers,
the functional form between F' and € can be expressed as

Fle)— L 1 Ine 9
©= E<§_2ﬂ1n10>' ©

The function F (¢) has a maximum at critical extension €, =
108 /e (e ~ 2.72), satistying dF(e)/de = 0. The stress re-
quired to break the bundle is 10# /28¢ 1In 10.

Figure 5 shows how the cracking behavior depends on the
stress release range y . Figure 5(a) shows for a high value of y
(=4.0), o, shows the same behavior with / as in the LLS fiber
bundle model: o, is independent of [ for [ < £ and decays
with a power law for [ > &. The behavior for o, at high y is
fitted with Eq. (7) with & = 28 and « = 0.85. Both £ and «
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FIG. 5. (a) Variation of 6. with [ fory = 0.5 (< y.)and y = 4.0
(> y.) and for B = 1.0. The behavior matches with Eq. (7) (LLS
FBM) for y is 4.0. For y = 0.5 the critical stress is 10# /28¢ In 10 at
low [ and decreases when [ is high. (b), (c) and (d) respectively show
the variation of &, £*, and o with y. High y corresponds to the LLS
limit. On the other hand, when y is low, both & and £* increase with
decreasing y. This is due to the fact that in low y, the local stress
concentration does not play a crucial role, and the preexisting crack
will be visible to the model only when the length of the crack is large.

o decreases with decreasing y, suggesting less effect of the crack on
the critical stress.

are functions of y. For a low y (= 0.5) value, the model is in
the MF (or ELS) limit when [ is small. For large [ there is a
stress concentration, even for small ¥ and the model deviates
from the MF limit showing a decrease in critical stress (see
Fig. 5).

Figures 5(b), 5(c) and 5(d) show the variations of &, &*,
and «, respectively, with y. In the limit of high y, all the
three parameters &, £*, and « saturate towards the values we
obtained for the LLS fiber bundle model. As y decreases both
& and £* increase. This happens because with decreasing y
the effect of stress concentration at the notches of the preex-
isting crack lessens and a larger crack is required to make the
stress concentration effective again. This in turn increases the
sizes of the characteristic length scales, which finally diverge
around y, [the dotted lines in Figs. 5(b) and 5(c)]. «, on the
other hand, decreases as y decreases up to y > y,.. This is
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FIG. 6. (a) o, vs [ for system sizes ranging between 103 and 10°.
For! < &, o, is independent of / but decreases with increasing L [see
inset (i)]. The system size effect is not visible in the region [ > &
[see inset (ii)]. (b) Variation of characteristic length & with disorder
strength B for system sizes ranging in between 10* and 10°. £ is not
observed to change with size of the system. We set 8 = 1.0.

also due to the fact that the stress concentration becomes less
effective as y increases, and that increases the chances of
more resistance to cracking. This lowers the value of «. Due
to the same reason, earlier &« was observed to decrease with
an increase in B as well. Below y,, as the model is in the
mean-field limit, the behavior of o, is not scale-free and «
does not have meaning there.

We briefly discuss any possible effect of system size on
our results. Figure 6(a) shows the variation of o, with [ for
system sizes 10°, 5 x 103, 10,5 x 10%, and 10° with the LLS
scheme. B is kept constant at 1.0. When [ < &, a reduction
in critical stress is observed with the increasing size of the
bundle [see the inset (i) of the same figure]. This reduction
in o, is observed due to the weakest link of chainlike failure
dynamics in this model, as the weakest link itself scales to
lower values as the size of the bundle increases [20]. On the
other hand, we do not see any system size dependence & for
[ > & [see the inset (ii) of the same figure]. The probable
reason for this is in this limit the critical stress is already lower
than the value we observe due to the weakest link effect. This

happens due to the fact that a very small external stress can
create large stress at the crack notches. The redistributed stress
depends on the crack length and disorder strength and not on
the system size, though we do not claim the same size effect
of o, at higher dimensions since the system size scaling rule
of critical stress is not valid there [29]. Figure 6(b) explicitly
shows that the size of the system does not have any effect on
this characteristic length &. Both regions, disorder dominated
and crack dominated, remain unchanged when we increase the
system size, and we can conclude that both these regions will
survive in the thermodynamic limit as well.

The universal behavior of our results has been explored
briefly for uniform and Weibull distribution for fiber strengths.
The preliminary study does not show any dependence of the
results on the nature of the distribution. However, this aspect
needs to be studied in detail.

IV. DISCUSSION

In conclusion, we have mimicked the strength experiments
generally done by stressing a specimen with a preexisting
crack by a numerical study of stressing fiber bundle model
with a preexisting crack in it. The important observations from
cracking in engineering samples are the pronounced effect of
lattice trapping or crack resistance, modification of Griffith’s
law, and occurrence of two length scales arising from the
competition between the large-scale elastic stress relaxation
and short-scale energy dissipation near the crack tip. The fiber
bundle model is perhaps the simplest model for fracture in
heterogeneous materials having essentially two parameters—
the disorder in the fiber strength thresholds and the regime
over which the stress of a broken fiber is redistributed. We
clearly see the existence of two length scales associated with
the cracking of the bundle. We relate the two length scales
with the microscopic observables, such as the number and size
distribution of the cracks in the bundle. We see the modifica-
tion of Griffith’s law similar to what is found in engineering
specimens, and we determine the range of validity of the law
in the case of the fiber bundle model. The other spectrum of
this is the high disorder scenario, where the failure events are
random in space. This has been observed numerically in 2D
random register networks [38,39] as well as in random spring
networks [40]. Finally, we have determined the dependence of
these two length scales and the exponent that characterizes the
modified Griffith’s law on the strength of the disorder and the
range of stress redistribution from a failed fiber in the bundle.
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