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Kolmogorov’s 1941 (K41) framework remains central to the understanding of turbulent flows. However, in
unsteady turbulence, K41’s critical equilibrium assumption is expected to hold in an asymptotic manner, as the
Reynolds number and wave numbers tend to infinity, rendering K41 not strictly valid at finite wave numbers. This
work proposes a generalization of K41 for out-of-equilibrium effects and cascades far from initial conditions.
The main result is a correction to the −5/3 law for out-of-equilibrium eddies, unrelated to intermittency effects.
Experimental and numerical evidence is provided in support of the theoretical results.
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I. INTRODUCTION

A landmark of out-of-equilibrium physics is Kolmogorov’s
1941 (K41) phenomenological theory of turbulence [1–3]. Its
predictions regulate many quantities of engineering interest,
while it is the basis of most turbulence models currently used
in science and engineering. In this framework, turbulence is
depicted as a cascade of energy, moving, on average, from
large inviscid flow scales to small dissipative ones, where it is
converted into heat [4–6]. In between, an intermediate range
of scales, whose properties are not affected by either viscous
effects or large-scale phenomena, is formed. K41 produces
several predictions for this intermediate range and, by exten-
sion, for turbulence as a whole. These predictions have been
validated in a variety of flows, giving strong credibility to the
theory.

A cornerstone assumption of the K41 theory is that of
cascade equilibrium (see the chapter on “The Universal Equi-
librium Theory” in Batchelor [6]). Equilibrium is used here in
the context of stationarity and not in that of thermodynamic
equilibrium encountered in statistical physics. Hence, in un-
steady flow regimes, the entirety of the cascade cannot be
expected to be in equilibrium, which is approached only as
turbulent eddies become vanishingly small and the Reynolds
number becomes infinite [4,7]. For such unsteady cascades
K41 is therefore an asymptotic limit and cannot be expected
to exactly describe finite, out-of-equilibrium wave numbers,
the physics of which remain obscure.

The recent observations of Goto and Vassilicos [8] have
shown that out-of-equilibrium eddies exhibit collective dy-
namics, at least in certain flow cases. Such observations raise
hopes for an out-of-equilibrium theory of turbulence. In par-
ticular, it was observed that, far from initial conditions, a
portion of a freely decaying homogeneous turbulence cascade
reaches a “balanced” nonequilibrium state where the terms of
the budget equation scale with each other. The possibility of
an asymptotic approach to a balanced energy budget far from

*k.steiros13@imperial.ac.uk

initial conditions was previously postulated by George [9,10]
for the whole spectral range. Goto and Vassilicos observed it
for eddies close to the integral length scale of the cascade.
We note that this balance leads to the establishment of Kol-
mogorov’s dissipation scaling [8,11].

Based on the above observations, this paper proposes an
extension of K41 for out-of-equilibrium phenomena in quasi-
isotropic eddies and for cascades sufficiently far from the
initial conditions. It is first shown that Goto and Vassilicos’s
observation of “balance” implies a self-preserving interscale
energy flux. Combining that result with the assumption of
simple transportation of energy along the cascade leads to a
correction to the −5/3 law for out-of-equilibrium effects. In
agreement with K41, this correction becomes asymptotically
negligible, as the Reynolds number becomes infinite and the
eddy size tends to zero. It is noted that this correction is not
relevant for intermittency effects, e.g., the OK62 theory of
Oboukhov and Kolmogorov [12,13]. Additionally, the revised
framework yields a link between the K41 phenomenology and
the dissipation equation of the k − ε model for homogeneous
decaying turbulence [14]. The assumptions and conclusions
of this work are validated using data from laboratory and
numerical experiments.

II. THE EQUILIBRIUM ASSUMPTION

We first review the equilibrium assumption of the K41
framework in spectral space (see also [15]). Consider ho-
mogeneous decaying turbulence, a common test bench for
turbulence theories. This can be achieved experimentally us-
ing a turbulence grid in a wind tunnel or numerically by
simulating turbulence in a periodic box. This work’s assump-
tions and conclusions are validated using both techniques.
Details on the methodology can be found in Appendix A.

In spectral space, homogeneous decaying turbulence can
be described by the interscale energy budget

∂K>(k, t )

∂t
= �(k, t ) − ε>(k, t ), (1)
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FIG. 1. (a) �/ε over time for the DNS data set (see Appendix A for numerical details), evaluated at various normalized wave numbers
κ = kL (at t = 0 the forcing stops). �/ε = 1, which marks Kolmogorov’s equilibrium, is not fulfilled at any normalized wave number when
Cε (dashed line) is constant. (b) Normalized energy spectrum and high-pass dissipation for t > 3.3.

where K>(k, t ) = ∫ ∞
k E (k, t )dk and ε>(k, t ) =∫ ∞

k k2E (k, t )dk are the high-pass-filtered turbulence kinetic
energy and dissipation rate, respectively, with E (k, t ) being
the energy spectrum. �(k, t ) is the interscale flux from
wave numbers smaller than k to wave numbers larger than
k. Kolmogorov’s equilibrium assumption states that for
sufficiently large Reynolds numbers and for eddies which are
of negligible size compared to the large scales of the flow, the
cascade is approximately stationary, i.e., ∂K>

∂t ≈ 0 [1,4,16].
If we also consider scales which are far from dissipative
phenomena, i.e., kη → 0, with η = (ν3/ε)1/4, then viscous
effects can be neglected, and thus, ε>(k, t ) ≈ ε(t ), with
ε(t ) = ∫ ∞

0 k2E (k, t )dk being the total dissipation of the
cascade. Given the above, Eq. (1) reduces to

�(k, t ) ≈ ε(t ). (2)

The above expression of the equilibrium assumption has
two important repercussions. First, we note that the inter-
scale energy flux �(k, t ) is expected to scale as K (t )3/2/L(t )
for kL ≈ 1 [15]. Therefore, extension of Eq. (2) up to
kL ≈ 1 readily leads to the Kolmogorov dissipation scaling
ε(t ) ≈ Cε[2K (t )/3]3/2/L(t ), with Cε being constant. Sec-
ond, the combination of the dimensional analysis result
E (k, t ) ∝ �(k, t )2/3k−5/3 with expression (2) yields the re-
lation E (k, t ) ∝ ε2/3k−5/3, which is Kolmogorov’s −5/3
law [4].

We note that exact equilibrium in an unsteady cascade
[and thus an exact equality in Eq. (2)] can be expected only
asymptotically, i.e., when Re → ∞ and kL → ∞, where
L(t ) = 3π

4

∫ ∞
0 k−1E (k, t )dk/K (t ) is the integral length scale

of the flow [K (t ) = ∫ ∞
0 E (k, t )dk is the total kinetic energy

of the cascade]. A natural problem then is to determine the
mathematical expression for this asymptotic behavior for a
given flow.

III. BALANCED CASCADE

The recent observations of Goto and Vassilicos [8] imply a
certain asymptotic expression for the interscale energy flux for
decaying turbulence, sufficiently far from initial conditions. In
particular, Goto and Vassilicos noted that, due to the asymp-
totic approach of equilibrium in an unsteady cascade, ∂K>

∂t
will not be exactly zero when κ = kL is of finite magnitude,

and at small κ it may assume values which are comparable
to those of the other terms of the budget equation (1) (see
Ref. [8]). Hence, the expression �(k, t ) ≈ ε(t ) cannot be
extended to κ ≈ 1, and the Kolmogorov dissipation scaling
Cε = const cannot be ensured. For instance, for decaying
cascades sufficiently close to initial conditions Cε has been
found to be nonconstant and instead follows reproducible
non-Kolmogorov scalings [8,16].

Nevertheless, far from initial conditions, decaying homo-
geneous cascades have long been known to be characterized
by Cε = const. For instance, in the periodic box results used
in this study Cε = const is observed at 3.5-dimensional time
units (corresponding to approximately three turnover times)
after the forcing stops (see Fig. 1(a) and Appendix A; see also
Ref. [17]). In grid turbulence experiments the transition from
nonconstant to constant Cε occurs at a location 10 to 15 mesh
sizes downstream of the grid (see [11] and Appendix A). The
question then is how Cε = const is achieved, despite the lack
of equilibrium at the low wave numbers of the cascade.

As Goto and Vassilicos [8] observed, the above is possible
because a particular organization of the out-of-equilibrium ed-
dies occurs far from initial conditions. In particular, the terms
of the budget equation (1) eventually become balanced, in the
sense that they remain a fixed proportion of each other over
time at kL ≈ 1, a fact which explains the establishment of the
classical dissipation scaling. Extending Goto and Vassilicos’s
observation, here we assume that, far from initial conditions, a
decaying cascade eventually reaches an asymptotic balanced
state, where the terms of the budget equation evolve together
beyond a critical wave number. Expressed as symbols,

∂K>(κ, t )

∂t
∝ �(κ, t ) ∝ ε>(κ, t ) (3)

for κ > κc. Similar cases of balance were previously pos-
tulated to characterize many other flow systems “far” from
initial conditions, i.e., when initial transient modes have de-
cayed [9].

We consider scales much larger than the dissipative ones,
i.e., kη → 0, and thus, ε>(t ) ≈ ε(t ). Expression (3) then leads
to the self-preserving expression

�(κ, t ) = ε(t )g(κ ), (4)

where g is expected to be an increasing function, asymptot-
ically tending to unity as both Re and kL tend to infinity, in
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agreement with Kolmogorov’s equilibrium assumption. Equa-
tion (4) is hence a candidate for expressing the asymptotic
approach to Kolmogorov’s equilibrium for cascades far from
initial conditions, i.e., when initial transients have died.

In Fig. 1(a) we validate expression (4) using the peri-
odic box direct numerical simulations (DNS) data. The DNS
results support the above postulations, up to a point. Equa-
tion (4) is indeed valid for a variety of wave numbers larger
than κc = 3 and when t > 3.5 (i.e., when Cε = const), while
g is an increasing function of κ = kL, as per our postulation.
However, g never reaches unity (equilibrium) and instead
peaks at a maximum value of 0.73, after which it plateaus
and even decreases. The end of the increase in g occurs
approximately at those wave numbers where viscous effects
start becoming important [i.e., ε> becomes notably smaller
than ε; see Fig. 1(b)]. Approximate equilibrium is therefore
never reached in the DNS due to the latter’s limited Reynolds
number (Reλ of approximately 150; see Appendix A). We
expect that for simulations of higher Reynolds numbers the
function g would continue increasing with kL, eventually
reaching values very close to unity (i.e., equilibrium). The
forced DNS of Ref. [18] and the Eddy damped quasi-normal
markovian (EDQNM) simulations of Ref. [19] support this
postulation.

Hence, the self-preserving expression (4) indeed seems to
describe the approach to equilibrium of the nonequilibrium
eddies of the periodic box data set after some time has passed
since the end of the forcing. We now argue that this behavior
induces a correction to the −5/3 law at quasi-isotropic eddies.
The −5/3 law is derived on the basis of dimensional argu-
ments [4] which yield the relationship E (k,t )

�(k,t )2/3L(t )5/3 ∝ κ−5/3.
We retain this expression by assuming quasi-isotropy. Figure 7
in Appendix A indeed shows that the above relationship yields
an excellent collapse of the DNS spectra for kL > 2. Using
the above result in conjunction with Eq. (4), we obtain the
following expression for E (k, t ):

E (k, t )

ε(t )2/3L(t )5/3
= Ckg(κ )2/3κ−5/3, (5)

where Ck is a coefficient of proportionality which is postu-
lated to be universal [20]. Equation (5) shows that, when
equilibrium is not exact, we might expect a spectral slope
different from −5/3, the latter being approached only as
g → 1 (equilibrium). In particular, since g is an increasing
function of κ [see Fig. 1(a)] the slope of nonequilibrium ed-
dies should be flatter than −5/3. Figure 1(b) shows that while
the spectral slope of the DNS data set is quite close to the
−5/3 prediction, it is indeed somewhat flatter than that. In the
following sections we perform a more thorough assessment
of the spectral slope, provide an expression for the function
g, and validate these results with data from laboratory and
numerical experiments.

IV. ANALYSIS AND RESULTS

A. Simple transportation of energy

Following Lumley [5], we expect that, at sufficiently high
Reynolds numbers, a range of scales will form in the cas-
cade, where effects linked to production or dissipation of

FIG. 2. Evolution of the two sides of Eq. (8) over time, us-
ing the DNS data set. g2/3κ−5/3/g′ (solid lines) is plotted for κ =
3, 4, 5, 6, 7, 8, 10.

turbulence kinetic energy will be negligible. Consequently, the
energy there is conserved, simply transported downwards in
the cascade. We interpret the above statement as the material
derivative of the energy flux being zero in the self-preserving
coordinate system of independent variables (κ, t):

D�/Dt = ∂�/∂t + V ∂�/∂κ = 0 . (6)

Equation (6) poses a constraint which can be used to cal-
culate the function g [see Eq. (5)], but to do that, we first need
an expression for the interscale energy speed V = dκ/dt .
Following the analysis of Pao [21], we expect that dk/dt =
Cv�

1/3k5/3, where Cv is a coefficient of proportionality (note
that Pao assumed Cv is equal to the inverse of the Kolmogorov
constant, but here we allow it to take, more generally, an
arbitrary value). Using equation (4) and the Kolmogorov dis-
sipation scaling ε = Cε ( 2

3 K )3/2/L, we end up with

dk/dt = 3

2

Cv

C2/3
ε

ε(t )

L(t )K (t )
g(κ )1/3κ5/3.

The speed of the energy flux across normalized wave
numbers is dκ

dt = L dk
dt + k dL

dt . We expect that the second term
on the right hand side will be negligible compared to the first,
i.e., dκ

dt ≈ L dk
dt . That is because the timescale of the nonlinear

energy transport of an individual eddy must be much smaller
than that of the dilation of the entire cascade. This postulation
was verified using the DNS data, and the term k dL

dt was found
to be at least an order of magnitude smaller than L dk

dt after
κ = 2 ( dk

dt was calculated using Pao’s formula given above).
Therefore, the spectral velocity is given by

V ≈ 3

2

Cv

C2/3
ε

ε(t )

K (t )
g(κ )1/3κ5/3. (7)

Combining this result with Eqs. (4) and (6), we obtain

K

ε2

dε

dt
= −3

2

Cv

C2/3
ε

g′

g2/3
κ5/3 = −C0, (8)

where g′ = dg/dκ . The left-hand side of Eq. (8) is a function
of only time, while the right-hand side is a function of only
the normalized wave number κ . Thus, both sides must equal a
constant C0, which is expected to depend only on initial condi-
tions. In Fig. 2 we validate the above result with the DNS data
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FIG. 3. Validation of expressions (11) and (12) using the DNS data. (a) Energy spectrum and (b) interscale energy flux for many time
instances for t > 3.3. In both plots the curves are not flat using the K41 compensation and become flatter when using the proposed corrections
of expressions (11) and (12), with the calculated value c = 0.53. f and g are as defined in the plots.

[note that g(κ ) ≡ �(κ, t )/ε(t )]. Once the balanced cascade
assumption becomes valid (t > 3.5; see Fig. 1), both sides of
the equation become relatively constant, independent of time
or wave number. We note that the collapse of g2/3κ−5/3/g′ is
relatively good in the DNS for wave numbers smaller than
κ = 13, i.e., smaller than the point where dissipative effects
start becoming significant [see Fig. 1(b)].

B. Dissipation equation of the k − ε model

The left-hand side of Eq. (8) is

dε

dt
= −C0

ε2

K
, (9)

which resembles the dissipation equation of the k − ε tur-
bulence model for homogeneous decaying turbulence [4,14].
Using ε = −dK/dt and integrating, we find a power law
decay for the kinetic energy without the need to assume tur-
bulence invariants (see also [4]):

K = K0

( t

t0

)− 1
C0−1

, (10)

with K0 and t0 being constants. If we do assume a turbulence
invariant, we may calculate the constant C0. Loitsyanskii’s in-
variant yields C0 = 1.7 [22], which is the value of the current
DNS data set. It is noteworthy that non-Kolmogorov theories
which assume a single characteristic length scale in turbulence
(see, for instance, [10]) also lead to Eqs. (9) and (10), without
the need to assume invariants. Here we show that these results
can also be obtained from variants of the K41 theory.

C. A correction to the −5/3 law

By separating the variables on the right-hand side of Eq. (8)

and integrating, we obtain g = [1 − C0C2/3
ε

3Cv
κ−2/3]3, where the

constant of integration was calculated using the fact that we
expect equilibrium, i.e., g → 1, as κ → ∞ and Re → ∞.
Expressions (4) and (5) then lead to

E (κ, t )

ε(t )2/3L(t )5/3
≈ Ck[1 − cκ−2/3]2κ−5/3, (11)

g(κ ) ≡ �(κ, t )

ε(t )
≈ [1 − cκ−2/3]3, (12)

with c = C0C2/3
ε

3Cv
for kL > κc and kη → 0 at Re � 1 (but not

necessarily tending to infinity). Determination of the constant
c requires knowledge of Cε , Cv , and C0. However, only the
latter can be calculated analytically, by assuming a turbulence
invariant, as shown in the previous section. Thus, Cv and Cε

need to be determined from observations. From Figs. 1(a) and
2 we obtain Cε ≈ 0.9 and Cv ≈ 1 for the DNS, which lead to
c = 0.53.

In Fig. 3 we validate the above expressions using the DNS
data set, on lin-log axes. When plotted using Kolmogorov’s
compensation [Eκ5/3/(ε2/3L5/3); see Fig. 3(a)], the energy
spectrum curves collapse for different times but are noncon-
stant. A very small peak appears only at κ ≈ 40, but this
can be argued to be well inside the dissipative range [i.e.,
ε>/ε is far from unity; see Fig. 1(b)]. This nonconstancy is
an indication that the −5/3 law is not exact in our range of
scales. Expression (11), on the other hand, does make the
compensated spectrum approximately constant up to κ ≈ 15
[where dissipative phenomena start becoming important; see
Fig. 1(b)]. Due to this constancy we may also calculate the
value of the constant Ck ≈ 1.7, close to documented values
[18,20].

Figure 3(b) shows that the prediction of the equilibrium
assumption �/ε ≈ 1 [i.e., Eq. (2)] is not fulfilled at any
wave number of the DNS data set. Instead, �/ε is an in-
creasing function of κ until approximately κ = 20, where it
assumes its maximum values and then drops, as dissipative
phenomena become important [see Fig. 1(b)]. The proposed
compensated energy flux renders the interscale flux relatively
constant, with a value very close to unity for κ < 20, in
agreement with expression (12). We reiterate that for simula-
tions with higher Reynolds numbers, the onset of dissipative
effects would be delayed to larger normalized wave num-
bers, and we would expect a continually increasing �/ε

until it reached approximately a value of unity at wave num-
bers where nonequilibrium effects would be negligible. After
that point, until dissipative phenomena started appearing, the
−5/3 law would become almost exact, in accordance with
K41 (see, for instance, [18]).

We now ascertain whether the trends found in the numeri-
cal simulation are also observed in hot-wire measurements of
grid turbulence. However, the above results are derived for the
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FIG. 4. (a) Measured normalized 1D energy spectrum and high-pass dissipation of the G1 grid at seven measurement stations where
Cε ≈ 1.1 and Reλ is varied from 129 to 94. (b) Validation of expression (13) using the same grid-turbulence data set, with the calculated value
c = 0.65. (c) Compensated 1D spectra from the 2-in. grid of Comte-Bellot and Corrsin [24]. The three different symbols represent different
locations downstream from the grid (Reλ varies between 60 and 72, and Cε remains constant) while c = 0.63. f is as defined in the plots.

three-dimensional spectrum E (κ ), whereas standard hot-wire
measurements yield the one-dimensional (1D) longitudinal
spectrum E11(κ1). In Appendix B we show that, under the
assumption of isotropy, Eq. (11) yields the following relation-
ship for the 1D longitudinal spectrum E11(κ, t ):

E11

ε2/3L5/3
= 18

55
Ckκ

−5/3[1 − 1.209cκ−2/3 + 0.407c2κ−4/3],

(13)
where c = C0C2/3

ε

3Cv
. For Re → ∞ and κ → ∞ Eq. (13) reduces

to the standard prediction of the K41 theory for the longitudi-
nal spectrum E11 [20].

Figures 4(a) and 4(b) present the results of one set of grid
experiments conducted for this study (seven measurement sta-
tions with Reλ varying from 129 to 95 when Cε = const; see
Appendix A for the full measurement details). We note that
two grid sizes were tested at three inlet Reynolds numbers,
adding up to six experimental cases, and all cases yielded
qualitatively similar results. Figure 4(a) shows that the energy
spectrum plots fall onto a single curve, when normalized
according to the K41 theory. However, in accordance with
the DNS results [see Fig. 1(b)] the spectral slope is some-
what flatter than −5/3. The normalized low-pass dissipation
ε>/ε drops abruptly around κ = 10, which marks the onset of
dissipative effects. In Fig. 4(b) we replot the energy spectra
curves on lin-log axes. The compensation of Eq. (11) makes
the energy spectrum a bit flatter, in accordance with the DNS

results. Note that the factor c = C0C2/3
ε

3Cv
cannot be calculated

unambiguously as in the DNS case, but we may still obtain
an estimate. Cε was measured to be roughly constant and
equal to 1.1 (see Appendix A), while C0 was taken to be 1.83,
which corresponds to Saffman’s invariant, as there are some
indications that grid turbulence is of the Saffman type [22,23].
Cv could not be estimated from measurements and was taken
to be unity, similar to the DNS case. It is believed that the
coefficient Cv will not vary drastically between different cases,
given that the small scales of turbulence are expected to
exhibit universal properties [4,21]. The above values lead to
c = 0.65 for our experiments.

To verify that the above experimental results are not con-
figuration specific, data were extracted from the grid study of
Comte-Bellot and Corrsin [24]. Figure 4(c) shows that also
in that case the classical compensation does not produce a
flat spectrum. Similar to the simulations and experiments,

Comte-Bellot and Corrsin’s data show that Eq. (13) produces
a relatively flat compensated spectrum. We note that this data
set includes three measurement locations downstream of the
grid, where Cε = 1.05 and Reλ varies between 60 and 72.
Using Saffman’s invariant, the measured value for Cε = 1.05,
and Cv = 1, the coefficient c was estimated to be 0.63.

D. Generality of the theory

The proposed out-of-equilibrium extension of the K41
framework rests on three main conditions. First, the eddies
considered are in quasiequilibrium. Second, there is a simple
transportation of energy along the cascade. Third, the ap-
proach of equilibrium occurs in a balanced manner; that is,
the interscale energy flux is self-preserving as it approaches
its equilibrium value ε [see expression (4)]. We expect that the
first two conditions are fulfilled in any unsteady cascade for
wave numbers sufficiently separated from the integral length
scale and the Kolmogorov microscale, i.e., as equilibrium is
being approached. Regarding the third condition, the DNS
data set suggests that it holds for cascades far from initial
and boundary conditions. Indeed, the interscale energy flux
becomes self-preserving only after a critical time has passed
since the numerical forcing has stopped, while for earlier
times it exhibits a transient behavior in which �/ε is not
constant in time [see Fig. 1(a)].

A natural question is then whether this self-preserving ap-
proach to equilibrium is exclusive to homogeneous turbulence
or whether it is, more generally, an attractor state of all canon-
ical turbulent flows far from initial and boundary conditions.
This is left as an open question, as an exhaustive character-
ization of all canonical flow systems is beyond the scope of
this work. However, we present the results of a particular case
which hints that the proposed theory might be appropriate
for flows with intense mean shear, far from initial conditions.
Like for our turbulence grids, we used hot-wire anemometry
to measure the evolving turbulence generated by two square
bars side by side (see Appendix A for experimental details).
This configuration was chosen as it produces extremely high
values of mean shear, far larger than those in the wake of a
single body [25]. Our results (see Fig. 5) show a trend similar
to those of the grid turbulence, with the spectra not being flat
when compensated by 5/3, but becoming flatter when using
the correction of expression (13). Cv and C0 were assumed to
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FIG. 5. Validation of expression (13) using energy spectra at
seven measurement stations at the wake of two bars, side by side,
with an estimated value of c = 0.59. f is as defined in the plot.

be unity and 1.83, respectively, similar to the grid turbulence
case. Cε varied depending on the measurement location but
centered around 0.9 for the curves plotted (see Appendix A),
while Reλ varied from 150 to 120 for the curves plotted.

E. Comparison with previous theories

The revision of the K41 theory presented in this study is
based on the balanced out-of-equilibrium behavior of large
eddies and is thus not related to other corrections based on
intermittency or time lag in the cascade [12,21,26,27]. As
an example of an intermittency correction, we briefly discuss
the OK62 theory of Oboukhov and Kolmogorov [12,13], but
we note that other intermittency models are possible [26].
According to the OK62 model the spatial fluctuations in the
turbulent energy dissipation rate at small scales are shown to
render the −5/3 law slightly steeper, i.e., κ−5/3−μ/9, where
μ ∼ 0.2 [27]. It was checked that this small difference in
the exponent leaves the spectrum plots in Figs. 3(a) and 4(b)
practically unaffected. In fact, it is known (see [28]) that the
OK62 correction becomes significant only for larger moments
of the velocity increment. This is in contrast to the current
correction, which yields significant corrections for the power
spectral density [see Figs. 3(b) and 4], where the slope be-
comes flatter (and not steeper as in OK62). Regarding the
effect of time lag in the cascade, Pao [21] proposed a correc-
tion based on the speed V that energy is transferred across
wave numbers, very similar to the current work. However,
in Pao’s theory V is used in conjunction with cascade equi-
librium and yields corrections only for the dissipative scales
of turbulence, leaving larger eddies, and thus the −5/3 law,
unaffected (see Eq. (2.19) in [21]). We conclude that the above
two types of corrections rest on different physical principles
than the current theory, and in fact, we cannot think of any
reason why they cannot apply simultaneously with the current
correction.

V. CONCLUDING DISCUSSION

This work proposed a generalization of the K41 framework
for unsteady cascades far from initial conditions and for finite
wave numbers in quasiequilibrium. The current analysis was
based on two main assumptions. The first is that far from
initial conditions the interscale energy flux approaches its

equilibrium value in a self-preserving manner. The second is
that the quasi-isotropic wave numbers in question are char-
acterized by a simple transportation of energy. Both of those
assumptions were found to hold in the case of periodic box
decaying turbulence far from initial conditions.

The above framework led to two main results. First, a
correction to the −5/3 law was proposed for nonequilibrium
and quasi-isotropic wave numbers in cascades far from initial
conditions. Second, an equation which greatly resembles the
dissipation equation of the k − ε model for homogeneous
turbulence was derived. The above predictions were validated
using data from numerical and laboratory experiments of ho-
mogeneous decaying turbulence.

When both the Reynolds number and wave number tend to
infinity, Kolmogorov’s equilibrium assumption is expected to
be asymptotically fulfilled, even in highly unsteady turbulence
cascades. This is consistent with the proposed theory: under
these conditions the proposed modification becomes negligi-
ble, reducing to the K41 framework. However, even at very
high Reynolds number, unsteady cascades will always contain
a non-negligible range of scales, whose wave numbers are
larger than the integral scale but of finite value, which will
remain out of equilibrium. There, the −5/3 law will not be
exact, and a self-preserving approach to equilibrium for the
interscale energy flux will be necessary if the Kolmogorov
dissipation law ε ∝ K3/2/L is to be derived, that is, so that
the expression � ∝ K3/2/L (valid at kL ≈ 1) can be used in
conjunction with � ∝ ε. We might therefore expect that the
proposed theory is most suitable for those flows where the
dissipation coefficient is found to be constant.
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FIG. 7. Validation of the expression E
�2/3L5/3 ∝ κ−5/3 (note that κ = kL) for the interval where Cε = const (t > 3.5). (a) Actual spectra and

(b) compensated spectra with 5/3.

APPENDIX A: METHODOLOGY

1. Numerical experiments

For validation purposes, a data set of periodic box decaying
turbulence is used, the details of which are presented in [8]. A
forcing fs = ( − sin(k f x) cos(k f y), cos(k f x) sin(k f y), 0) with
k f = 4 is imposed on the Navier-Stokes equations and is
turned off at t = t0 when dissipation is maximum, allowing
the turbulence to decay. The simulation size was N3 = 20483.
The spatial resolution kmaxη was slightly larger than that at
t0, while kmaxη increased during decay. Figure 6 presents
the evolution of the Reynolds number based on the Taylor
microscale and of the dissipation coefficient as a function of
the number of turnover times from the start of decay, defined
as t̂ = ∫ t

0
u
L dt . Figure 7 validates the expression E

�2/3L5/3 ∝
κ−5/3 for the interval where Cε = const (t > 3.5). For κ > 2
the previous expression collapses the energy spectrum, while
the −5/3 scaling produces a relatively flat spectrum up to
κ = 20.

We note that the plotted spectra demonstrate some fluc-
tuations, evident in the linear axes plots [see, for instance,
Fig. 3(a)]. These can be thought to be due to an insufficient
convergence of the large eddy dynamics but also due to the
proximity of the integral length scale, which might affect the
collapse of the Kolmogorov theory.

For more information on the numerical details see Goto
and Vassilicos [8].

2. Laboratory experiments

The experiments were conducted in the Lille wind tun-
nel at the Lille Fluid Mechanics Laboratory (LMFL). The
wind tunnel has a measurement test section of 1 × 2 m2 with
a length of 21 m and provides for temperature regulation.
For the free-stream velocities tested, the velocity fluctuations
around the mean were measured to be 0.2% when the test
section was empty. Hot-wire measurements were conducted
using a single Pt-W 5 μm wire, 3 mm long, with a 1 mm
sensing element. The probe was driven by a TSI IFA300
anemometer. The acquisition frequency was set to 50 kHz
with a low-pass filter at 20 kHz. The acquisition time for each
measurement location was 120 s. A systematic calibration of
the probe was conducted at the beginning and at the end of
each measurement campaign. It was checked that for all the
data sets we had at least kη = 2π

U f η = 1 (with η being the
Kolmogorov scale, f being the Fourier frequency in hertz, and
U being the local mean velocity).

For the grid measurements two planar grids were tested
(hereafter G1 and G2). The G1 grid had a bar thickness of
t = 15 mm and a mesh size of M = 91 mm. The G2 grid had a

FIG. 8. (a) Measured dissipation coefficient, (b) L/λ, and (c) turbulence intensities for the G1 (circles) and G2 (squares) grids at inlet
velocities 7, 5, and 4 ms−1 (blue, red, and black, respectively). The dashed line in (b) corresponds to CεReλ/15 with Cε = 1.1.
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FIG. 9. K41 and current compensations for (a) the G1 grid at ReG = 24 300 (seven measurement stations) and (b) the G2 grid at ReG =
58 300 (nine measurement stations). The coefficient c was calculated to be equal to 0.65, as in Fig. 4(b) in the main text.

bar thickness of t = 22 mm and a mesh size of M = 125 mm.
Both grids generated a tunnel blockage of 30%. Three inlet
velocities were tested: 4, 5, and 7 m s−1 (in a few cases only
the 5 and 7 m s−1 velocities were tested). The corresponding
inlet Reynolds numbers based on the mesh size, ReG, were
42 500, 30 300, and 24 300 for G1 and 58 300, 41 600, and
33 300 for G2. All measurements were conducted along the
centerline of the grids.

To make sure that the data correspond to the region where
Cε remains constant, the measurements were conducted at dis-
tances larger than 12 mesh sizes from each grid [see Fig. 8(c)
for the exact locations]. For smaller distances Cε is known to
increase as Re−1

λ [11,16]. Figures 8(a) and 8(b) show that our
measurements indeed lie in the region where Cε is roughly
constant, or, equivalently, L/λ ∝ Reλ [16], for both the G1
and G2 cases. The dissipation rate was estimated as ε =∫

15νk2E11dk, where E11(k) is the 1D power spectrum, cal-
culated by means of the PWELCH algorithm. The longitudinal
integral length scale was calculated using the zero-crossing
methodology described in [29]. The Taylor microscale was
calculated as λ =

√
15νu2/ε. Figure 8(c) shows the evolu-

tion of the turbulence intensity
√

u2/U as a function of the
downstream distance from the grid, normalized with the mesh
size. For both grids and at all three inlet Reynolds numbers the
spectra showed a behavior almost identical to the ones plotted
in Fig. 4(b) in the main text (which correspond to the G1 grid
at ReG = 42 500; see Fig. 9).

For the two-bar results shown in Fig. 5, two square bars
with a thickness of tb = 25 mm were positioned side by side,
with a gap of 117 mm, spanning the whole height of the
tunnel. The center of the gap coincided with the center of
the tunnel. Two velocities were tested, 7 and 5 m s−1. The
measured turbulence intensities and dissipation coefficient are
plotted in Fig. 10. In Fig. 5 only the seven farthest points of the
high Reynolds number case (7 m s−1) were used (i.e., the ones
far from initial conditions). The hot-wire anemometry details
were identical to those of the grid experiments described
above.

We note that the experimental spectra, when plotted in
linear scales, demonstrate some level of fluctuation. These can
be thought to be connected to experimental errors, as they
seem to be equally distributed in the small and large wave
numbers of the cascade.

APPENDIX B: ONE-DIMENSIONAL ENERGY SPECTRUM

In the main text we derived the following expression for
the three-dimensional spectrum of the inertial range:

E (κ, t )

ε(t )2/3L(t )5/3
≈ Ck[1 − cκ−2/3]2κ−5/3,

where Ck and c are constants. The three-dimensional spectrum
E and the one-dimensional spectrum E11 are linked through
the following expression, assuming isotropy (see Ref. [24]):

E (κ, t ) = 1

2
κ3 ∂

∂κ

[
1

κ

∂

∂κ
E11(κ, t )

]
,

where κ and κ1 are used interchangeably given the spheri-
cally symmetric isotropic representation. By combining the
above equations and integrating twice, we obtain the follow-
ing expression for the one-dimensional longitudinal spectrum
E11(κ, t ):

E11

ε2/3L5/3
= 18

55
Ckκ

−5/3[1 − 1.209cκ−2/3 + 0.407c2κ−4/3],

where c = C0C2/3
ε

3Cv
. When Re → ∞ and κ → ∞, the above

equation reduces to the standard prediction of the K41 theory
for the longitudinal spectrum E11 [20].

FIG. 10. Measured turbulence intensities (squares) and dissi-
pation coefficient (circles) for the two-bar case as a function of
downstream distance at inlet velocities of 7 and 5 m s−1 (blue and
red, respectively). Only the last seven points of the high Re case are
used for Fig. 5.
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