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Trapping wave fields in an expulsive potential by means of linear coupling
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We demonstrate the existence of confined states in one- and two-dimensional (1D and 2D) systems of two
linearly coupled components, with the confining harmonic-oscillator (HO) potential acting upon one component
and an expulsive anti-HO potential acting upon the other. The systems can be implemented in optical and BEC
dual-core waveguides. In the 1D linear system, codimension-one solutions are found in an exact form for the
ground state (GS) and dipole mode (the first excited state). Generic solutions are produced by means of the
variational approximation and are found in a numerical form. Exact codimension-one solutions and generic
numerical ones are also obtained for the GS and vortex states in the 2D system (the exact solutions are found for
all values of the vorticity). Both the trapped and antitrapped components of the bound states may be dominant
ones, in terms of the norm. The localized modes may be categorized as bound states in continuum, as they
coexist with delocalized ones. The 1D states, as well as the GS in 2D, are weakly affected and remain stable
if the self-attractive or repulsive nonlinearity is added to the system. The self-attraction makes the vortex states
unstable against splitting, while they remain stable under the action of the self-repulsion.
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I. INTRODUCTION

The combination of the harmonic-oscillator (HO) trap-
ping potential and cubic nonlinearity is a ubiquitous setting
which occurs in diverse physical realizations. A well-known
one is offered by Bose-Einstein condensates (BECs) with the
mean-field nonlinearity [1–3], loaded in a magnetic or optical
trap—see, e.g., Refs. [4–27]. A similar combination of the
effective confinement, approximated by the parabolic profile
of the local refractive index, and the Kerr term is relevant as
a model of optical waveguides [28–32]. Models of the same
type find other physical realizations too, such as polariton
condensates [33] and networks of Josephson oscillators [34].

The interplay of the self-attractive nonlinearity (self-
focusing, in terms of optics) and trapping potential gives
rise to localized modes, which may be considered as bright
solitons confined by the external potential [35,36]. However,
dynamics of solitons in expulsive potentials, such as an in-
verted HO (anti-HO), is also relevant in various physical
settings [37–46]. In terms of optics, expulsive potentials rep-
resents antiwaveguiding setups, which are used in the design
of photonic data-processing schemes [47–51]. It is worthy to
mention that the interplay of the self-repulsive nonlinearity
and a combination of spatially periodic (lattice) and HO or
anti-HO potentials gives rise to gap solitons with a negative
effective mass, which are expelled by the normal HO poten-
tial, and stay trapped under the action of the anti-HO one [52].

The objective of this work is to introduce a system of lin-
early coupled one- and two-dimensional (1D and 2D) “cores”
(conduits for photonic or matter waves), with opposite signs
of HO potentials acting in them, one confining and one

expulsive. In BEC, such a system can be built as a pair
of parallel cigar- or pancake-shaped condensates coupled by
tunneling of atoms, which may be enhanced by an addi-
tional optical link [53]. Then, the HO and anti-HO potentials
in the cores can be induced by properly shaped red- and
blue-detuned laser beams illuminating the cores (see, e.g.,
Ref. [54]). In optics, an effectively 1D coupler composed of
planar waveguiding and antiwaveguiding cores can be fabri-
cated in a straightforward way [55], although a 2D version of
such an optical system is not a realistic one.

We consider these systems both in the linear regime and
with inclusion of intra-core self-attractive or repulsive cubic
nonlinearity. In fact, the linear version of the system is the
most relevant one, as the existence of trapped states in the
system with linearly-coupled components subject to the action
of the confining and expulsive potentials is not obvious—in
particular, because the straightforward definition of spectra
does not directly apply to such a system. A half-trapped lin-
early coupled system, including the trapping HO potential in
one component and no potential in the other, was considered
recently [56], but, to the best of our knowledge, trapped-
antitrapped systems were not addressed before.

It is obvious that, irrespective of the existence of confined
states in the system with the antitrapping component, it also
gives rise to a continuous family of delocalized states; there-
fore, the confined ones, if they exist, may be considered as a
specific case of bound states in the continuum (BIC) [57–59],
alias embedded modes [60]. Recently, applications of BIC of
various types have drawn much interest in photonics [61–64].

The presentation is organized below as follows. The 1D
and 2D systems are introduced in Sec. II. Then, Sec. III
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reports exact analytical solutions of the codimension-one type
(with one constraint imposed on the system’s parameters),
for both 1D and 2D systems in their linear form. These are
ground-state (GS) and dipole-mode (DM) solutions in 1D, and
2D states with all integer values of vorticity, S � 0 (S = 0
represents the GS in 2D, while S = 1 is the 2D counterpart
of the DM). The exact solutions play an important role, as
they provide an exact proof of the existence of the bound state
in the presence of the expulsive potential in one component.
Generic, although approximate, analytical results and their
numerical counterparts are produced, for the linear systems,
in Sec. IV. The analytical results provide eigenvalues of the
propagation constant, in terms of optics (or chemical poten-
tial, in BEC) for the GS and DM states in 1D, predicted by the
variational (Rayleigh-Ritz) approximation. Another analytical
finding is an asymptotic form, at |x| → ∞ (or r → ∞) of the
1D (or 2D) delocalized states. Effects of the nonlinearity are
considered, in the numerical form, in Sec. V, which addresses
stationary GS, DM, and 2D vortex modes in the nonlinear
systems, and simulations of the evolution of inputs produced
by exact eigenmodes of the linear system under the action of
the nonlinearity. In the latter case, the system demonstrates
the emergence of robust breathers for moderate nonlinearity,
and chaotization when it is too strong. The vortex states in 2D
are, as usual [65], unstable against spontaneous splitting under
the action of self-attraction, and remain stable in the case of
self-repulsion. The paper is concluded by Sec. VI.

II. THE ONE- AND TWO-DIMENSIONAL SYSTEMS

The 1D system is introduced, in the scaled form, as a pair
of linearly coupled Schrödinger equations with the HO and
anti-HO potentials in the first and second components. The
equations are written in the notation adopted in optics, with
propagation distance z and transverse coordinate x:

iuz + 1

2
uxx + λv − 1

2
x2u + σ |u|2u = −ωu, (1)

ivz + 1

2
vxx + λu + 1

2
κx2v + σ |v|2v = 0. (2)

Here the diffraction coefficients and strength of the HO trap-
ping potential acting on the u component are normalized to
be 1, λ is the coefficient of the linear coupling, which may
be set to be positive, κ > 0 is the strength of the expulsive
potential acting on v, and ω is a possible propagation-constant
mismatch between the components. Finally, σ = ±1 or 0
represents the scaled nonlinearity coefficient, σ = +1 and −1
corresponding to the self-focusing and defocusing signs of the
nonlinearity.

Stationary solutions to Eqs. (1) and (2) are looked for as

{u, v} = {U (x),V (x)} exp (−iμz), (3)

with real propagation constant −μ (in BEC, with z replaced
by scaled time t , μ is the chemical potential), and real func-
tions U (x) and V (x) satisfying equations

(μ + ω)U + 1

2

d2U

dx2
+ λV − 1

2
x2U + σU 3 = 0, (4)

μV + 1

2

d2V

dx2
+ λU + 1

2
κx2V + σV 3 = 0. (5)

In fact, the nonlinearity plays a secondary role in the
present context, the most important issue being the existence
of trapped modes in the linear version of Eqs. (4) and (5),
which corresponds to σ = 0. The main objective of the anal-
ysis presented below is finding spectra of eigenvalues μ for
such modes.

The 2D version of the system, written in the polar coordi-
nates (r, θ ), is

iuz + 1

2

(
∂2

∂r2
+ 1

r

∂

∂r
− 1

r2

∂2

∂θ2

)
u + λv − 1

2
r2u + σ |u|2u

= −ωu, (6)

ivz + 1

2

(
∂2

∂r2
+ 1

r

∂

∂r
− 1

r2

∂2

∂θ2

)
v + λu + 1

2
κr2v + σ |v|2v

= 0. (7)

Stationary solutions to Eqs. (6) and (7) with integer vorticity
S are looked for as

{u, v} = exp (−iμz + iSθ ){U (r),V (r)}, (8)

where real functions U and V satisfy radial equations

(μ + ω)U + 1

2

(
d2

dr2
+ 1

r

d

dr
− S2

r2

)
U + λV − 1

2
r2U + σU 3

= 0, (9)

μV + 1

2

(
d2

dr2
+ 1

r

d

dr
− S2

r2

)
V + λU + 1

2
κr2V + σV 3 = 0.

(10)

Conserved quantities of the 1D system are the integral
power (norm) and Hamiltonian,

P =
∫ +∞

−∞
[|u(x)|2 + |v(x)|2]dx ≡ Pu + Pv, (11)

H =
∫ +∞

−∞

[
1

2

(|ux|2 + |vx|2 + |u|2 − κ|v|2) − λ(u∗v + uv∗)

+σ

2

(|u|4 + |v|4)]dx. (12)

The 2D system conserves obvious counterparts of integral
quantities (11) and (12), and also the angular momentum,

M = −i
∫ ∞

0
rdr

∫ 2π

0
dθ

(
u∗ ∂u

∂θ
+ v∗ ∂v

∂θ

)
, (13)

where ∗ stands for the complex conjugate. Obviously, for
eigenstates, Eqs. (8) and (13) have M = SP.

The evolution of the wave fields was simulated, in the
framework of Eqs. (1), (2) and (6), (7), with the help of
the MATLAB’s ode15s program, which is a variable-step,
variable-order solver based on the numerical differentiation
formulas (NDFs) of orders up to 5. The spatial discretization
was performed with a variable mesh size 	x = 	y � 0.01,
and the propagation distance was discretized with a variable
step size 	z � 0.1. Stationary Eqs. (4), (5) and (9), (10) were
solved numerically by means of the collocation method, based
on the Runge-Kutta algorithm, with the same values of 	x and
	y. All the equations were solved with the zero (Dirichlet)
boundary conditions.
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The size of 	x, 	y, and 	z, as well as the NDF order, were
dynamically adjusted at each iteration step of the simulations,
according to local error estimation, which had to satisfy the
predefined tolerance. In the present work, the relative toler-
ance (pertaining to the local solution value) and the absolute
tolerance were fixed as 10−3 and 10−6, respectively. This
choice made it possible to secure the stability of the numerical
scheme. In particular, no visible change in the solutions was
observed if the calculations were rerun with smaller values of
	x, 	y (up to 0.001), and 	z. In fact, some numerical results
are plotted with values of 	x, 	y, and 	z somewhat larger
than those which were used in the simulations, as very small
values were not necessary for plotting.

III. EXACT SOLUTIONS FOR BOUND STATES IN THE
LINEAR SYSTEM

A. The ground state

The linear version of the 1D stationary system, represented
by Eqs. (4) and (5) with σ = 0, admits a codimension-one
(non-generic) exact solution for the system’s GS:

U (x) = (
U0 + U2x2) exp

(
−x2

2

)
, (14)

V (x) = V0 exp

(
−x2

2

)
, (15)

U0 = 1 + κ − 2λ2

4λ
V0, (16)

U2 = −1 + κ

2λ
V0, (17)

μGS = 1

2

(
λ2 + 1

2

)
− κ

4
, (18)

where V0 is an arbitrary amplitude. The codimension-one
character of this solution is determined by the fact that it exists
only if the following relation is imposed on parameters ω, κ ,
and λ:

ωGS = 9

4
− λ2

2
+ κ

4
(19)

(cf. Refs. [60] and [66], as concerns the definition of the
codimensionality one). Note that, as it follows from Eqs. (14),
(16), and (17), component U (x) of the exact solution crosses
zero at x2 = (1 + κ − 2λ2)/[2(1 + κ )], under the condition of

λ2 < (1/2)(1 + κ ). (20)

Further, in the interval of

(1/2)(1 + κ ) < λ2 < (5/2)(1 + κ ), (21)

U (x) does not change its sign, but exhibits a local minimum at
x = 0. An example of this feature is shown below, in the right
panel of Fig. 1.

A “naive assumption” may be that the confined mode
would be maintained by the linear coupling between U and V ,
in spite of the action of the expulsive potential upon the V (x)
component, if the naturally trapped one, U (x), dominates in
the system, i.e., if its integral power exceeds the power of V ,

Pu/Pv > 1, (22)

FIG. 1. The right and left panels display, respectively, exact
1D GS (ground-state) solution of the linearized (σ = 0) version of
Eqs. (4) and (5), and its VA-produced counterpart, at parameter
values Eq. (52). Both the exact solution and VA yield, in this case,
equal eigenvalues, μGS = μ(VA)

GS = 1.5. In these plots, the amplitude
of the V component is set to be V0 = −1. The top and bottom profiles
depict components U and V , respectively.

see Eq. (11). Nevertheless, the confined mode may exist even
if condition Eq. (22) does not hold. Indeed, for the exact
solution Eqs. (14)–(17) the power ratio is

(Pu

Pv

)
GS

= λ2

4
+ (1 + κ )2

8λ2
. (23)

Straightforward analysis demonstrates that Eq. (23) always
yields Pu/Pv > 1 if the strength of the expulsive potential is
large enough, viz.,

κ > 2
√

2 − 1 ≈ 1.83, (24)

which agrees with the above-mentioned “naive” expectation.
However, if condition Eq. (24) does not hold, then Eq. (23)
gives Pu/Pv < 1 in the following interval of values of the
coupling constant:

2 −
√

4 − (1 + κ )2/2 < λ2 < 2 +
√

4 − (1 + κ )2/2. (25)

B. The dipole mode (first excited state)

In addition to the spatially even GS solution, an exact
odd one (DM), which represents the first excited state of the
system, can be found too:

U (x) = (U1x + U3x3) exp

(
−x2

2

)
, (26)

V (x) = V1x exp

(
−x2

2

)
, (27)

U1 = 3(1 + κ ) − 2λ2

4λ
V1, (28)

U3 = −1 + κ

2λ
V1, (29)

μDM = 1

2

(
λ2 + 3

2

)
− 3κ

4
, (30)

where V1 is an arbitrary amplitude. It is also a codimension-
one solution, which exists if the following constraint is
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imposed onto the parameters:

ωDM = 11

4
− λ2

2
+ 3κ

4
, (31)

cf. Eq. (19). Note that the special values of ω necessary for
the existence of the GS and DM exact solutions, as given by
Eqs. (19) and (31), respectively, cannot be equal for κ > 0.
The wave function given by Eq. (26) crosses zero at finite
values of x under condition

λ2 < (3/2)(1 + κ ), (32)

cf. Eq. (20).
For the exact DM solution, the Pu/Pv ratio is given by(

Pu

Pv

)
DM

= λ2

4
+ 3(1 + κ )2

8λ2
, (33)

cf. Eq. (23). Accordingly, the U mode is always the dominant
one (Pu/Pv > 1) in the case of

κ > 2
√

2/3 − 1 ≈ 0.63, (34)

cf. Eq. (24). At smaller values of κ , there exist exact DM states
with the dominance of the V mode, i.e., with Pu/Pv < 1.

C. 2D states

A particular exact solution of 2D stationary Eqs. (9) and
(10) can also be found, for all integer values of vorticity S:

U (r) = (
U (2D)

0 + U (2D)
2 r2

)
rS exp

(
− r2

2

)
, (35)

V (r) = V (2D)
0 rS exp

(
− r2

2

)
, (36)

U (2D)
0 = (S + 1)(1 + κ ) − λ2

2λ
V (2D)

0 , (37)

U (2D)
2 = −1 + κ

2λ
V (2D)

0 , (38)

μ2D = 1

2
[λ2 + (S + 1)(1 − κ )], (39)

where V (2D)
0 is an arbitrary amplitude. This solution too is

of the codimension-one type, as it exists under the respective
constraint:

ω2D = 1

2
[5 + S − λ2 + (S + 1)κ]. (40)

It is relevant to mention that the radial wave function Eq. (35)
crosses zero at finite r under condition λ2 < (S + 1)(1 + κ ),
cf. similar condition Eqs. (20) and (32) in the 1D version of
the system.

For the 2D GS solution with S = 0, the U component
dominates, as per Eq. (22), at κ > 1, cf. Eqs. (24) and (34).
In the opposite case, the V component is the dominant one in
the interval of

2 −
√

4 − (1 + κ )2 < λ2 < 2 +
√

4 − (1 + κ )2, (41)

cf. Eq. (25).
Finally, we note that all the exact solutions given by

Eqs. (14)–(40) can be extended to the case of κ < 0, i.e.,
for the system in which both components are subject to the
action of trapping potentials. In particular, codimension-one

exact solutions of the half-trapped system, corresponding to
κ = 0, were recently found in Ref. [56]. In the latter case, all
the exact solutions are of the BIC type.

IV. GENERIC SPECTRA OF THE BOUND STATES

A. The ground state of the 1D system

1. The variational approximation (VA)

The codimension-one exact solutions for the trapped
modes with propagation constants given by Eqs. (18) and
(30), obtained above for the 1D system, are valid only under
constraints represented by Eq. (19) or Eq. (31), respectively. A
possibility to predict generic trapped modes and the spectrum
of their propagation constants is offered by the variational
approximation (VA). Usually, it is applied to solitons and
other modes in nonlinear systems [67], but its original form,
known as the Rayleigh-Ritz approximation, was developed
for finding spectra of linear systems, such as the Schrödinger
equation in quantum mechanics [68,69]. In the present con-
text, it is natural to apply it to the prediction of spectra of
bound states in the system of Eqs. (4) and (5) in the linear
limit, σ = 0.

In the framework of the VA, 1D wave functions of the GS
may be approximated by the simplest ansatz

{
U (VA)

GS (x),V (VA)
GS (x)

} = π−1/4{cos η, sin η} exp

(
−x2

2

)
, (42)

where η is a variational parameter, the Gaussian shape is
suggested by the HO trapping potential in Eq. (4), and the
ansatz is subject to the normalization condition,∫ +∞

−∞
{[U (x)]2 + [V (x)]2}dx = 1. (43)

Next, one multiplies Eq. (4) with σ = 0 by U (x), Eq. (5) by
V (x), integrates each one as

∫ +∞
−∞ dx, and takes the sum of

the two. With regard to normalization condition Eq. (43), this
procedure yields an expression for the eigenvalue sought for:

μ =
∫ +∞

−∞
dx

{
U (x)

[
−ωU (x) − 1

2

d2U

dx2
+ 1

2
x2U (x)

]

+V (x)

[
−1

2

d2V

dx2
− κ

2
x2V (x)

]
− 2λU (x)V (x)

}
. (44)

Formally, Eq. (44) gives an exact expression for μ, but written
in terms of unknown wave functions U (x) and V (x). To obtain
an actual result, we insert ansatz Eq. (42) and perform the in-
tegration, which yields the following approximate expression:

μ
(VA)
GS =

(
1

2
− ω

)
cos2 η + 1

4
(1 − κ ) sin2 η − λ sin (2η).

(45)

Now, the VA means minimization of this expression with
respect to the free parameter, η, i.e., setting

d

dη
(μ(VA)) = 0. (46)

The substitution of Eq. (45) in Eq. (46) produces the value of
η sought for:

tan (2η) = −λ/qGS, (47)
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where

qGS ≡ 1

2

[
1

4
(1 + κ ) − ω

]
. (48)

Finally, the substitution of value Eq. (48) in the VA expression
for μ, given by Eq. (45), leads to the following prediction for
the eigenvalue:

μ(VA)

GS =
(

1

2
− ω − qGS

)
+

√
q2

GS + λ2. (49)

In particular, in the limit of κ → ∞, i.e., in the limit of the
very strong expulsive potential acting upon the V component,
Eq. (49) yields

μ(VA)

GS ≈ 1

2
− ω + 4λ2

κ
, (50)

which is close to the GS eigenvalue of the U component
decoupled from V . Accordingly, in this limit Eqs. (42), (47),
and (48) show that the relative amplitude of the V component
in the bimodal bound state decreases as V/U ≈ η ≈ −4λ/κ .
This result explains why the bound state can exist even under
the action of the extremely strong expulsive potential acting
upon the V component. However, the VA also admits GS
solutions dominated by the V component, i.e., with Pv > Pu,
see Eq. (22). The boundary of this situation corresponds to
η = π/4 in ansatz (42), i.e., qGS = 0, according to Eq. (47).
Thus, it follows from Eq. (48) that the VA predicts the domi-
nation of the V component at qGS < 0, i.e., at

κ < 4ω − 1. (51)

2. Numerical results for the GS

Comparison of the VA-predicted profile of the GS, pro-
duced by Eqs. (42 ), (43), (47), and (48) at a generic point
in the parameter space,

κ = 3, λ = 2, ω = 1, (52)

which satisfies condition Eq. (19), with the exact profile, as
given by Eqs. (14)–(17), is displayed in Fig. 1. Unlike the
variational ansatz, the exact analytical solution features a local
minimum at x = 0, as parameters Eq. (52) fall in interval
Eq. (21). In spite of the discrepancy in the shape, in this case
Eqs. (49) and (48) produce the VA eigenvalue μ(VA)

GS = 1.5,
which precisely coincides with the exact eigenvalue given by
Eq. (18).

The comprehensive results for the eigenvalue of the GS, as
predicted by the VA and produced by the numerical solution
of Eqs. (4) and (5) with σ = 0, are summarized, respectively,
in the right and left panels of Fig. 2. It is seen that the trapped
GS exists at all values of the strength of the expulsive potential
(κ). Further, the VA produces quite accurate results, unless the
strength λ of the linear coupling between the components U
and V , upon which the HO and anti-HO potentials act, is too
small. If λ is small, then it is not relevant to adopt the same
functional form of both components in the ansatz; therefore,
the variational ansatz Eq. (42) is inaccurate in that case.

The straight black line in the right bottom panel of Fig. 2
is the locus of points defined by Eq. (19), at which the exact
solution is provided by Eqs. (14)–(18). Along this line, the
eigenvalue of the numerically found GS solution is precisely

FIG. 2. Heatmaps (gray-scale maps, in the black-and-white ren-
dition) of the GS eigenvalue in planes of strength κ of the expulsive
potential and mismatch ω between the components, as produced by
the numerical solution of the linearized Eqs. (4) and (5), and by the
VA (the right and left panels, respectively). The top, middle, and
bottom panels pertain, severally, to values of the inter-component
coupling constant λ = 0.1, 1.0, and 2.0. The black line in the right
bottom panel represents relation Eq. (19), at which the exact solution
Eqs. (14)–(18) is available.

equal (up to the numerical accuracy) to the eigenvalue of the
exact solution, as given by Eq. (18).

B. The dipole mode (DM) in the 1D system

1. The VA for the DM

The variational ansatz for the spatially odd DM solution is
adopted as

{
U (VA)

DM (x),V (VA)
DM (x)

} =
√

2π−1/4{cos η, sin η}x exp

(
−x2

2

)
,

(53)

cf. Eq. (42), which is also subject to normalization Eq. (43).
Substituting this in Eq. (44) yields

μDM =
(

3

2
− ω

)
cos2 η + 3

4
(1 − κ ) sin2 η − λ sin (2η), (54)

cf. Eq. (45). Then, the variational Eq. (46), applied to Eq. (54),
produces the result

tan (2η) = −λ/qDM, (55)

qDM ≡ 1

2

[
3

4
(1 + κ ) − ω

]
, (56)

cf. Eqs. (47) and (48). The substitution of this in Eq. (54) leads
to the following eigenvalue:

μ
(VA)
DM = 3

2
− ω − qDM +

√
q2

DM + λ2, (57)
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FIG. 3. The right and left panels display, respectively, the exact
1D DM (dipole-mode) solution of the linearized (σ = 0) version of
Eqs. (4) and (5), and its variational counterpart, for parameters given
by Eq. (59). Both the exact solution and VA give, in this case, equal
eigenvalues, μDM = μ(VA)

DM = 2.5. In these plots, the amplitude of the
V component is V0 = −1. In each panel, the right and left profiles
depict components U and V , respectively.

cf. Eq. (49). In particular, in the limit of κ → ∞, Eq. (57)
gives

μ
(VA)
DM ≈ 3

2
− ω + 4λ2

3κ
. (58)

Similar to Eq. (50), the latter result is close to the eigenvalue
of the first excited state of the U component decoupled from
V .

Also similar to what is considered above for the GS solu-
tion, the VA predicts that the V component is the dominant
one in the DM (Pv > Pu ) at qDM < 0, i.e., at κ < (4/3)ω − 1,
cf. Eq. (51).

2. Numerical results for the DM

At characteristic values of parameters,

κ = 1/3, λ = 2, ω = 1, (59)

which satisfy condition Eq. (31), comparison of the varia-
tional profile of the DM, as produced by Eqs. (53), (43), (55),
and (56), with the exact profile, as given by Eqs. (26)–(29) is
displayed in Fig. 3. It is worthy to note that, in comparison
with the GS (see Fig. 1), the VA profile for the DM is closer
to its exact counterpart, although the two are not identical
[ratios of amplitudes of the U and V components at parameter
values Eq. (59) are 1 and 1.004, as given by the VA and exact
solution, respectively]. Further, in this case Eqs. (57) and
(56) produce the VA eigenvalue μ

(VA)
DM = 2.5, which precisely

coincides with the exact eigenvalue given by Eq. (30).
Full results for the DM eigenvalue, as predicted by the VA,

and as produced by the numerical solution of Eqs. (4) and (5)
with σ = 0, are collected in the left and right panels of Fig. 4,
respectively. As well as the GS, the DM trapped states exist at
all values of the expulsive-potential’s strength, κ . Also similar
to what is observed in Fig. 2 for the GS, the VA predicts
accurate results, unless the linear coupling λ is very small.
The explanation of the latter point is the same as for the GS,
viz., ansatz Eq. (53) is inaccurate for small λ.

FIG. 4. Heatmaps (gray-scale maps, in the black-and-white ren-
dition) of the DM eigenvalue in the (κ, ω) planes, as produced by
the numerical solution of the linearized Eqs. (4) and (5), and by
the VA (right and left panels, respectively). The top, middle, and
bottom panels pertain to values of the coupling constant λ = 0.1, 1.0,
and 2.0. The black line in the right bottom panel represents relation
Eq. (31), at which the exact solution is given by Eqs. (26)–(30).

The straight black line in the right bottom panel of Fig. 4 is
defined by Eq. (31), as the locus of points at which the exact
DM solution exists. Along this line, the numerically found GS
eigenvalue is precisely equal to its counterpart given by the
exact solution, as per Eq. (18).

C. Numerical results for the 2D modes

It is commonly known that, due to the separability of
the HO potential, the wave functions trapped in the 2D HO
potential can be constructed as products of 1D eigenstates,
and the 2D eigenvalue spectrum can be constructed, respec-
tively, from its 1D counterpart. However, in the present system
the factorization principle for the eigenstates is broken by
linear-coupling terms. Therefore, it is necessary to compute
eigenvalues of the 2D states numerically. It was thus found
that, similar to the 1D case, the solutions for the bound states
(at least, with vorticities S = 0 and 1) are produced by the nu-
merical solution of the linear version of Eqs. (9) and (10) (with
σ = 0) at all values of parameters κ , λ, and ω. A heatmap of
the eigenvalues of the 2D states with S = 0 is displayed in
Fig. 5.

The straight black line crossing the map in Fig. 5 is defined
by Eq. (40). Along this line, the exact solution is given by
Eqs. (35)–(38). The respective eigenvalue, given by Eq. (39),
exactly coincides with its numerically found counterpart.

D. Delocalized states

The localized states considered above are dominated by the
trapped component, U . The same system admits delocalized
states, dominated by the antitrapped component, V . Exact
solutions for delocalized states cannot be found even if the
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FIG. 5. The heatmap (gray-scale map, in the black-and-white
rendition) of the eigenvalue of the 2D trapped state with S = 0 (zero
vorticity) in the (κ, ω) plane at λ = 1, as produced by the numerical
solution of the linearized Eqs. (9) and (10). The black line represents
the relation given by Eq. (40), at which the exact 2D solution is given
by Eqs. (35)–(39).

system is taken in the linearized form, with σ = 0, but it is
possible to construct an asymptotic form of such states at
|x| → ∞. The consideration of Eqs. (4) and (5) yields

Vdeloc(x) ≈
|x|→∞

V0|x|−1/2 cos

(√
κ

2
x2 + μ√

κ
ln (|x|)

)
, (60)

Udeloc(x) ≈
|x|→∞

V0
2λ

1 + κ
|x|−5/2 cos

(√
κ

2
x2 + μ√

κ
ln (|x|)

)
,

(61)

where V0 is an arbitrary constant. Obviously, the total power
of the V component of this solution, defined as per Eq. (11),
diverges as

∫
dx/|x| at |x| → ∞; therefore, such states are

categorized as delocalized ones. The principal difference of
the delocalized states from the trapped ones, in addition to
the divergence of the norm, is that they form a continuous
spectrum, with the delocalized solutions existing at all values
of μ, as seen from Eqs. (60) and (61), while the localized

FIG. 6. (a) Numerically found shapes of the two components of a delocalized mode with parameters given by Eq. (62), and their
counterparts predicted by the asymptotic expressions given by Eqs. (60) and (61). (b) The exact GS solution given by Eqs. (14)–(18) for
the same parameters, with the top and bottom profiles depicting U (x) and V (x), respectively.
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states form the discrete spectrum: GS, DM, etc. Furthermore,
the trapped states may be considered as BIC ones, as discrete
values of μ corresponding to them are embedded into the
continuous spectrum of the delocalized states.

A typical example of the delocalized states is displayed in
Fig. 6(a), along with the analytical asymptotic form, predicted
by Eqs. (60) and (61), for parameters

κ = 0.5, λ = 2, ω = 0.375, μ = 2.125. (62)

These values are chosen because they satisfy Eq. (19), hence
the exact GS solution, given by Eqs. (14)–(17), is available
in this case, with the corresponding propagation constant
μ = 2.125 given by Eq. (18). This GS solution is plotted in
Fig. 6(b). Thus, the existence of the delocalized state with
exactly the same value of μ directly corroborates that the
localized states may be considered as ones of the BIC type.
Further, it is seen that the overall shape of the analytical
prediction of the delocalized state is quite accurate, some
discrepancy being represented by a phase shift of the os-
cillating carrier waves. In particular, the numerical solution
corroborates the fact that the dominant role is played by the V
component.

Similarly, in the 2D case the asymptotic form of solutions
to Eqs. (9) and (10) for delocalized states is

V (2D)
deloc (r) ≈

r→∞ V0r−1 cos

(√
κ

2
r2 + μ√

κ
ln r

)
, (63)

U (2D)
deloc(r) ≈

r→∞ V0
2λ

1 + κ
r−3 cos

(√
κ

2
r2 + μ√

κ
ln r

)
. (64)

As well as in the 1D case, the 2D delocalized states form a
continuous spectrum, existing at all values of μ, and their total
power (norm),

P2D = 2π

∫ ∞

0

[
U 2(r) + V 2(r)

]
rdr, (65)

diverges at r → ∞ as
∫

dr/r.

V. BOUND STATES AND THEIR DYNAMICS
IN NONLINEAR SYSTEMS

A. Ground states and dipole modes in 1D

As mentioned above, the results obtained for the linear
systems are most essential for the analysis of the concept of
trapped states in the expulsive potential, maintained by the
linear coupling to the component confined by the trapping
potential. Nevertheless, it is also interesting to consider the
role of the nonlinearity in Eqs. (1), (2) and (4), (5).

First, taking into regard the nonlinear terms with σ = +1
or −1 (self-attraction or repulsion) in Eqs. (4) and (5) leads
to moderate deformation of the 1D GS solution, as shown in
Fig. 7 for the set of parameters

κ = 1, λ = 5, ω = −10. (66)

These values satisfy condition Eq. (19), hence the solution
with σ = 0 is given in the exact form by Eqs. (14)–(17), with
the respective eigenvalue μ = 12.5 given by Eq. (18). Natu-
rally, the self-compression (σ = +1) and repulsion (σ = −1)
tend to make the trapped states slightly narrower or broader,
respectively. Direct simulations of the perturbed evolution in

FIG. 7. The left, central, and right panels show, respectively, the
exact 1D GS solution at parameter values Eq. (66) and its coun-
terparts produced by the numerical solution of Eqs. (4) and (5) for
σ = +1 and −1. The eigenvalues of the three solutions are μ = 12.5,
11.9735, and 13.1925. All the solutions are produced with the ampli-
tude of the U component U (x = 0) = 1. The top and bottom profiles
depict components U (x) and V (x), respectively.

the framework of Eqs. (1) and (2) demonstrate that that the
nonlinearly deformed solutions remain stable (not shown here
in detail).

The nonlinear shift of the eigenvalues can be roughly es-
timated, in the Thomas-Fermi approximation, by combining
Eqs. (4) and (5) at the central point and neglecting the second-
derivative terms,

δμ � −σ
(
U 4

0 + V 4
0

)
/
(
U 2

0 + V 2
0

) � ∓0.85, (67)

for σ = ±1. This estimate is consistent with the numerically
found shift |δμ| � 0.7 for the nonlinear solutions displayed
in Fig. 7. Furthermore, the sign of δμ in Eq. (67) implies that
the GS family in the nonlinear system with σ = +1 satisfies
the Vakhitov-Kolokolov (VK) criterion, dμ/dP < 0 [recall P
is the total power defined as per Eq. (11)], which is the well-
known condition necessary for the stability of GS modes in
systems of the nonlinear-Schrödinger type with self-attraction
[70–72]. For σ = −1, Eq. (67) implies dμ/dP > 0, which
means that, in the case of the self-repulsion, the GS solutions
satisfy the anti-VK criterion, which is a necessary stability
condition for ground states in the case of self-repulsion [73].

The nonlinearity produces a still smaller change of the
shape and eigenvalue of the trapped DM. As an example,
Fig. 8 displays it for parameters

κ = 2.5, λ = 10, ω = −45.375, (68)

which satisfy condition Eq. (40), hence the linear DM solution
(shown in the left panel of Fig. 8) is available in the exact
form, according to Eqs. (26)–(29), with the respective eigen-
value μ = 48.875 given by Eq. (30). Note that the sign of the
nonlinearity-induced shift of the eigenvalue is the same as in
Eq. (67).

To explore robustness of bound states in the present setting,
it is also relevant to simulate evolution of an input, taken as
an analytical or numerical eigenstate of the linear system, in
the framework of the full nonlinear system of Eqs. (1) and
(2). The conclusion is that, if the nonlinearity is moderately
strong (in other words, if the input’s amplitude is not too
large), the linear eigenstate spontaneously transforms into a
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FIG. 8. The left and right panels show, respectively, the exact 1D
DM solution at parameter values Eq. (68) and its counterpart pro-
duced by the numerical solution of Eqs. (4) and (5) for σ = +1. The
eigenvalues of the linear and nonlinear solutions are, respectively,
μ = 48.875 and 48.3634. The solutions are produced with the ampli-
tude of the U component Umax = 1. The large- and small-amplitude
profiles depict components U and V , respectively. The solution for
σ = −1 (not shown here) is very close to these ones.

robustly oscillating breather. The respective examples for the
GS and DM are presented, severally, in Fig. 9 for

κ = 1, λ = 6, ω = −15.5, (69)

and in Fig. 10 for

κ = 0.5, λ = 5, ω = −9.375. (70)

The regular oscillations carry over into chaotic dynamics
when the amplitude exceeds a certain critical value. For in-
stance, the GS input, given by Eqs. (14)–(17) with parameters
from Eq. (69) and amplitude V0, evolves into a chaotic state at
|V0| > (|V0|)crit � 0.75 for σ = +1, and |V0| > (|V0|)crit � 1
for σ = −1 (these values correspond to amplitudes U0 � 2.3
and U0 � 3, respectively). It is natural that the chaotic be-
havior commences later in the case of the self-defocusing
nonlinearity. Similarly, in the case of the DM input given by
Eqs. (14)–(17) with parameters from Eq. (70), the chaotiza-
tion threshold is found at (|V0|)crit � 2 [which corresponds to
(|U (x)|)max � 3] for both signs of the nonlinearity, σ = ±1.

FIG. 9. Robust oscillations produced by simulations of Eqs. (1)
and (2) with parameters from Eq. (69) and σ = +1, and the input
given by the linear GS eigenmode from Eqs. (14)–(17) with ampli-
tude V0 = −0.05 (it corresponds to U0 = 0.146).

FIG. 10. The same as in Fig. 9, but for parameters from Eq. (70)
and the input given by the linear DM eigenmode from Eqs. (26)–
(29) with amplitude V1 = −0.5 (it corresponds to amplitude Umax =
0.716).

An example of the spontaneously established chaos is
displayed in Fig. 11. It demonstrates that the chaotization ef-
fectively destroys the coupling between the two components;
as a result, the v field expands over the entire integration
domain, under the action of the anti-OH potential, while the u
field stays confined by the HO potential acting upon it.

B. The ground and vortical states in 2D

As shown in Figs. (12) and (13), the moderate nonlinearity
included in 2D stationary Eqs. (9) and (10) leads to weak
deformation of the radial profile of the GS (S = 0) and vor-
tices, and a very small shift of their propagation constants.
In particular, Fig. (12) displays the GS radial profiles for
parameters

κ = 1, λ = 5, ω = −12, (71)

which satisfy condition Eq. (40) with S = 0, thus supplying
the exact solution for σ = 0, as given by Eqs. (35)–(39). Note
that the difference between the eigenvalues of the nonlinear
and linear solutions in Fig. (12), δμ ≈ −0.4, demonstrates
that the 2D GS solutions also satisfy the VK criterion in
the case of the self-focusing nonlinearity. In agreement with
this fact, direct simulations corroborate the stability of these
solutions. Similarly, in the case of self-defocusing, σ = −1,
the nonlinear deformation and eigenvalue shift are very small
too, and the respective GS solutions satisfy the anti-VK crite-
rion. Their stability was also verified in direct simulations (not
shown here).

FIG. 11. The same as in Fig. 10, but for amplitude V1 = 2.5 of
the DM input.
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FIG. 12. The left and right panels display, respectively, the radial
profile of the exact solution given by Eqs. (35)–(39) for the 2D GS
(S = 0) in the linear system (σ = 0), with parameters from Eq. (71),
μ = 12.5, and its counterpart produced by the numerical solution
of Eqs. (9) and (10) with σ = +1, the respective eigenvalue being
μ = 12.10. The amplitude of the U component of both solutions is
set to be U0 = 1. The top and bottom profiles depict components
U (r) and V (r), respectively.

Typical examples of the exact linear solution for the vortex
mode with S = 1 and its nonlinear counterpart, produced by
the numerical solution of Eqs. (9) and (10) with σ = +1, are
presented in Fig. 13. The parameters are chosen as

κ = 0.5, λ = 10, ω = −46.5, (72)

satisfying the condition given by Eq. (40) In this case too,
the nonlinearity-induced deformation of the radial profile and
eigenvalue shift, δμ, are relatively small, and the sign of δμ is
the same as given by Eq. (67).

While direct simulations demonstrate that the 2D states
with S = 0 are completely stable under the action of the
nonlinearity of either sign (not shown here in detail), a well-
known problem for localized vortex states in systems with the
self-attractive nonlinearity is their instability against sponta-
neous splitting [12,74–76] (see also a review in Ref. [65]).
For the present system, we addressed this issue by means of
direct simulations of the evolution of 2D states with S = 1

FIG. 13. The same as in Fig. 12, but for vortex states with S = 1
and parameters from Eq. (72). The eigenvalues are μ = 50.5 and
48.5213 for the linear and nonlinear solutions, respectively. The am-
plitude of the U component of both solutions is set to be [U (r)]max =
1. The top and bottom profiles depict components U (r) and V (r),
respectively.

FIG. 14. Spontaneous splitting of the vortex state with S = 1,
produced by simulations of Eqs. (6) and (7) with parameters from
Eq. (72). The input was provided by the numerical solution of the
stationary equations which is plotted in the right panel of Fig. 13.
The three plots display distributions of density |u(x, y; z)|2 at values
of the propagation distance z = 0 (input), 3.8, and 6.2.

in the framework of Eqs. (6) and (7). While we did not aim
to explore the entire family of the solutions, the result is that
the vortices are indeed unstable against splitting into a pair of
fragments in the self-focusing system (with σ = +1), which
is a generic outcome of the instability development known
in other systems [65]. A typical example of the splitting is
displayed in Fig. 14. The rotation of the pair, observed in
the figure, provides conservation of the angular momentum
defined by Eq. (13).

However, direct simulations demonstrate that vortices with
S = 1 are stable in the self-defocusing system (σ = −1). An
example of the radial profile of the vortex in this case is plotted
(along with its counterpart provided by the exact solution of
the linear system) in Fig. 15, for parameters

κ = 1, λ = 7, ω = −20.5, (73)

that satisfy Eq. (40). In this case, the nonlinear deformation
and shift of the propagation constant are quite small too.
Stability of vortices under the action of the self-repulsion is
corroborated by direct simulations, see Fig. 16.

VI. CONCLUSION

The objective of this work is to demonstrate the existence
of stable bound states in the 1D and 2D linearly-coupled
two-component systems, with the trapping HO (harmonic-
oscillator) and expulsive anti-HO potentials acting upon the

FIG. 15. The same as in Fig. 13, but for vortex states with
σ = −1 and parameters from Eq. (73). The eigenvalues are μ =
24.5 and 27.011 for the linear and nonlinear solutions, respectively.
The amplitude of the U component of both solutions is set to be
[U (r)]max = 1. The top and bottom profiles depict components U (r)
and V (r), respectively.
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FIG. 16. Stability of the vortex state with S = 1, whose station-
ary profile is shown in Fig. 15(b), corroborated by simulations of
Eqs. (6) and (7) with parameters from Eq. (73) and σ = −1. Left and
right plots display, respectively, distributions of density |u(x, y; z)|2
at z = 0 and 10.

components. The systems can be realized in optics and
BEC. Exact analytical solutions, which are subject to the
codimension-one constraints, and generic solutions, produced
by the VA (variational approximation) and obtained in the nu-
merical form, demonstrate that the linear systems support the
GS (ground state) and DM (dipole mode, i.e., the first excited
state), as well as 2D vortex states with all integer values of the
vorticity, at all values of the system’s parameters. Thus, the
linear coupling to the trapped component makes it possible to
maintain robust localized states in the component subject to

the action of the expulsive potential. In most cases, the trapped
component is the dominant one, in terms of the integral power
(norm). Nevertheless, there is a parameter region in which
the antitrapped component has a larger power. The confined
modes supported by this system may be considered as BIC
(bound states in continuum), as they coexist with delocalized
states which form the continuous spectrum. The asymptotic
form of the delocalized solutions is obtained analytically.
The inclusion of the self-attractive or repulsive nonlinearity
slightly deforms the 1D states, as well as the 2D GS, which
remain stable solutions. However, the self-attraction leads to
the splitting instability of vortices, while they remain stable
under the action of self-repulsion.

The work may be extended by considering higher-order
eigenstates in 1D, and performing a more systematic analysis
of 2D vortex states. It may also be interesting to consider co-
herent motion of self-trapped states in the 1D and 2D systems,
cf. Refs. [77] and [10].
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