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There are few exactly solvable lattice models and even fewer solvable quantum lattice models. Here we address
the problem of finding the spectrum of the tight-binding model (equivalently, the spectrum of the adjacency
matrix) on Cayley trees. Recent approaches to the problem have relied on the similarity between the Cayley
tree and the Bethe lattice. Here, we avoid to make any ansatz related to the Bethe lattice due to fundamental
differences between the two lattices that persist even when taking the thermodynamic limit. Instead, we show
that one can use a recursive procedure that starts from the boundary and then use the canonical basis to derive the
complete spectrum of the tight-binding model on Cayley trees. Our resulting algorithm is extremely efficient, as
witnessed with remarkable large trees having hundreds of shells. We also show that, in the thermodynamic limit,
the density of states is dramatically different from that of the Bethe lattice.
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I. INTRODUCTION

Cayley trees, i.e., regular finite trees, provide the graph
structure of lattice models where exact solutions can be de-
rived. This is the case, for example, of classical statistical
mechanics where the Ising model, or any other spin model,
can be easily solved by a recursive approach that starts from
the boundaries of the tree (the leaves) [1]. There is no reason
why the same approach cannot be used for quantum mechan-
ical systems. Indeed, here we show precisely how to derive
the spectrum of the tight-binding (TB) model defined over
Cayley trees by an efficient recursive approach that starts
from the boundary. Existing previous analyses of this model
[2-4] provide results which are derived by using an ansatz
inspired by the solution over the Bethe lattice [5]. The Bethe
lattice, however, by definition, is an infinite tree where each
node has the same number of neighbors, whereas the Cayley
tree has a boundary (where each node has just one neighbor)
that contains a finite fraction of the total number of nodes.
As a consequence, there is no equivalence between Cayley
trees and Bethe lattices, not even in the thermodynamic limit
of the former; we stress that interpreting the Bethe lattice
as the bulk of a sufficiently large Cayley tree is misleading
due to the impossibility to remove the effects of the bound-
aries: no matter how far we are from the boundaries, the
local proprieties of the system will always depend on the
chosen boundary conditions. These issues have been exten-
sively clarified in Ref. [1] where it was also pointed out that,
especially in the older literature, a lack of consensus on the
nomenclature “Bethe lattice” versus “Cayley tree” generated
further confusion. We note in particular that, despite the title
“Anderson model on a Cayley tree: the density of states,”
as we prove, Ref. [2] provides a result which holds for the
Bethe lattice, not for the Cayley tree (see detailed discussion
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in Sec. VIII). Defining the Bethe lattice as a tree where each
node has the same number of neighbors (which is the original
definition after Bethe [6]) might sound unsatisfactory from a
physical and also numerical point of view since such a tree is
necessarily infinite. However, one can smoothly approach the
Bethe lattice as the thermodynamic limit of regular random
graphs [7,8], i.e., random graphs where each node has the
same number of neighbors (as in the original definition of
the Bethe lattice), and where loops (closed paths of links),
in the thermodynamic limit, “become negligible” (there are
only long loops, i.e., loops whose minimal length grows with
the logarithm of the number of nodes so that, locally, the
graph looks like a tree). Yet, we warn again that the latter
feature of the regular random graph does not allow us to
identify the Bethe lattice as the bulk of a Cayley tree [1].
Observe that also in the regular random graph there is no
boundary. Note in particular that no matter how large is the
regular random graph, its few loops are responsible for the
existence of phase transitions: in general, loops cannot be
simply thrown away. Such an issue becomes especially hard
in frustrated systems, however, in the thermodynamic limit,
the local properties of nonfrustrated systems built on regular
random graphs coincide with those of the Bethe lattice strictly
defined as an infinite tree and for which there exists abundant
literature [9—11], also in the quantum case [2,5,12—-14].! By
contrast, papers that study the TB model on actual Cayley
trees, or more general intrinsically finite trees, seem to be rarer
and focused on specific problems such as quantum walks [16],
antiferromagnetism [17], and Anderson’s localization [18,19].

"We stress that also in Ref. [13] the name “Cayley tree” is used
in the place of “Bethe lattice”; the same nomenclature issue applies
often also in papers within the mathematical community [15].
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See also the recent Ref. [14] for the different scenarios that
emerge within many-body localization when Bethe lattices
and Cayley trees are compared. On the other hand, the interest
toward finite trees goes beyond a mere theoretical field. In
fact, experimental implementations of Hamiltonians built on
Cayley trees have been realized very recently for possible
quantum simulators using Rydberg atoms [20].

The above considerations call for a critical analysis of
the issue Cayley tree vs Bethe lattice also within quantum
mechanics. However, in the classical case, solving a system
built on the top of a Cayley tree is quite trivial [1], but one
cannot say the same for the quantum case. Moreover, we note
that Ref. [3] considers general Cayley trees but its approach
is essentially empirical, while Ref. [4] solves analytically the
spectrum for Cayley trees with coordination number z = 3 by
making use of a special basis but it is difficult to figure out how
to generalize the latter to arbitrary values of z, especially when
z is even. On the other hand, the spectrum of a model defined
over a Cayley tree should be derived in close analogy to the
classical case by using the canonical basis, i.e., the natural
basis represented by the nodes. The main aim of this work is to
fill this gap between the classical and quantum cases, showing
in particular that there is no need to make any ansatz related
to the Bethe lattice. In fact, our analysis shows that the density
of states p(E) of the two models are dramatically different: in
the thermodynamic limit of the Cayley tree p(E) tends to a
collection of Dirac’s delta, symmetrically distributed around
the central (and largest) one at £ = 0, whereas in the Bethe
lattice p(E) is a smooth bounded function of E [2,5]. Within
our algebraic approach, the reason for such a result, consis-
tent with [3,4], emerges algebraically as a consequence of
the existence of a boundary, in the Cayley tree, that grows
exponentially with the number of shells. Our algorithm is
extremely efficient and can be applied to trees of any degree
and size, as we show with remarkably large samples.

We stress that, despite an abundant literature about Cayley
trees within classical physics, a careful analysis shows that
the spectrum of the TB model on Cayley trees was analyzed
systematically in a few cases. In fact, concerning the spec-
trum, an important distinction is in order among different
models. Depending on the physical framework one is more
interested in, such as electronic bands, quantum walks, relax-
ation dynamics, or mean first-passage times, three different
operators on graphs can be considered: the adjacency matrix
A, the Laplacian L = D — A, and the normalized Laplacian
L' =1—D7'2AD~'/2, D being the diagonal matrix, whose
elements are the degrees of the nodes of the graph (which are
the sums of the rows of A). On Cayley trees, the spectrum
of A was analyzed in the above discussed Refs. [3,4], the
spectrum of L was analyzed in Ref. [21], while the spectrum
of L' in Ref. [22]. We mention also Refs. [23-29] for the
study of the Laplacian spectra over self-similar trees (note,
however, that Cayley trees are not self-similar and therefore
cannot be solved by the spectral decimation approach [23]).
It is known that the spectra and the physical properties of A,
L, or L', apart from the Bethe lattice case (for which D is a
trivial constant matrix), are dramatically different [22,30,31].
At any rate, within condensed matter physics, the TB model
on Cayley trees, which is the subject of this work, is the most
appropriate one and amounts to the adjacency matrix case A.
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FIG. 1. A Cayley tree of coordination number z =3 and L = 3
shells. Each node can be reached from the root vertex O (the red cen-
tral node) by a unique random walk that first selects the branch 1, 2,
or 3, then, at each successive jump, selects a node with sublabel 1 or
2 representing the position on the right and on the left, respectively,
as seen by an observer standing at the center of the Cayley tree in
a vertical direction with respect to the plane of the Cayley tree. The
names of the nodes are then formed accordingly to the random walk
sequences as shown in this example.

II. CAYLEY TREES AND LABELING

A Cayley tree of coordination number z > 3 is a simple
finite graph defined as follows: Given a root vertex labeled
as 0, we attach to it z neighbors whose set constitutes the
first shell of the graph. Then, each of these z neighbors is
attached to z — 1 further neighbors (b = z — 1 is also called
the branching number). This completes the second shell. The
process keeps on until the desired last Lth shell is formed.
The resulting graph is a tree where each node has degree z,
except for the boundary nodes of the last Lth shell which, by
construction, have degree 1. It is easy to see that the number
of nodes of the kth shell N, and the total number of nodes of
the graph N are, respectively, given by

Ne = z(z — DF 1, (1)

_1+Zz(z—1)k =

k=1

DHE 2 2
_2(2— ) _Z—_z. ()

In Fig. 1 we show an example of a Cayley tree of coor-
dination number z = 3 (or branching number b =z — 1 = 2)
with L = 3 shells. Each node can be reached from the root
vertex 0 by a unique path of links, equivalent to a sequence
of nodes. Therefore, we can conveniently attribute a label to
each node by using the sequence that leads to it, as explained
in Fig. 1 with a little convention. This labeling is an important
ingredient for the solution of the model.

For later use, we introduce the following interesting iden-
tity:

L-1
N=@E-D"+2) -1~ 3)

k=0
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Equation (3) will be exploited in Sec. IV within the discussion
of the degeneracy of the energy levels.

III. TIGHT-BINDING MODEL

In condensed matter physics, the TB model has found suc-
cessful application during several decades as a convenient and
transparent model for the description of electronic structure in
molecules and solids. In its relatively simple description of the
electronic structure of a physical system, TB considers a solid
described as a lattice formed by independent sites separated by
the lattice constant. Each site is assigned a single atomic or-
bital, so that the electronic wave function may be written as a
combination of localized atomic orbitals. Despite its simplic-
ity, the precision of the TB approximation can be surprisingly
good. For a given specific material the precision depends on
the length of the independent wave functions compared to
the lattice constant, i.e., it depends on the overlap between
the wave functions of neighboring atoms. If the overlap is
small enough, the approximation can be quite accurate, pro-
viding results in good agreement with more realistic models or
even with experimental results. More sophisticated methods
for electronic structure also make use of TB approach. For
example, the eigenfunctions of the system can be written as a
linear combination of atomic orbitals (LCAQO), similar to the
molecular orbital approach. Even though TB can be applied to
noncrystalline solids, its most common application is in sys-
tems with translational symmetry, where the atomic orbitals
satisfy Bloch’s theorem (recent examples are graphene as well
as boron-nitride sheets and nanotubes; for a review about TB
model see, for example, Ref. [32]). It is important to note,
however, that Cayley trees, as well as Bethe lattices, do not
own (discrete) translational symmetry. In contrast, only Bethe
lattices are self-similar, thanks to the lack of a boundary (and
of a center) [1]. These observations make it evident that the
“band structures” on Cayley trees and Bethe lattices might be,
not only not equivalent to those of finite dimensional lattices,
but also radically different between them. We shall return on
this point later.

Let us consider a single particle living on the nodes of a
Cayley tree. Each node is assigned a single atomic orbital.
Thus, the set of N nodes 0, 1, ..., N — 1 provides the canon-
ical basis |0), |1),...,|N — 1) defining a Hilbert space of
dimension N and, as mentioned above, the electronic wave
function may be written as a linear combination of the lo-
calized atomic orbitals. We are interested in the spectrum of
the following tight-binding Hamiltonian with open boundary
conditions

H=1Y (li){jl+ 1)), )
(i.J)
where ¢ is the hopping constant, i and j are nodes of the
Cayley tree, and (i, j) runs over nonordered pairs with i and
J nearest neighbors. Observe that H is nothing else but the
adjacency matrix of the Cayley tree.
Let |Y) be an eigenvector of H with eigenvalues E,
H|Y) = E|Y),and let ¥ (-) = (-|y) be the components of |y)
on the canonical basis. From Eq. (4) we have

t Y v =Ey. 5)
JEN ()

where N (i) stands for the set of first neighbors of node i. In
the following, we show how to derive the spectrum by using a
recursive procedure that starts from the boundary and use the
canonical basis.

IV. MAIN RESULT: RECURSIVE EQUATIONS AND
SPECTRAL PROPERTIES FOR GENERAL z AND L

Here we state our general result. Let be given a Cayley tree
of coordination number z and L > 2 shells [if L = 1, we have
the eigenvalue £ = 0, which is (z — 1)th-fold degenerate, and
E = +t./7; see next section for details]. Let us consider the
following set of polynomials of the adimensional variable A =

E/t, Py, Py, ..., P, built recursively by the following system:
PA) =1, P()=2,
P () = AP — 2= DPy (), k=1,...,L—1.
(6)

Each P, (1) generated by the above system is a polynomial of
degree k in A. Then, the complete spectrum of the model (4)
built on the Cayley tree is provided by the roots of Py, ..., P
and the roots of the equation AP, = zP;—. In other words, for
any z and any L > 2, we have

H
spectrum[T] = Uﬁzl roots of [P(A)] U roots of [AP.(X)

— 2P (M) )

The spectrum is clearly symmetric around the solution
A = 0 and, by direct inspection, it is possible to check that A €
[—24/z7 — 1,24/7 — 1]. Moreover, our analysis shows that,
aside from the geometric degeneracy of the eigenvalues, due
to the above factorization, there exists also an abundant alge-
braic degeneracy. In fact, the number of distinct eigenvalues
is order O[2(z — 1)L] and, if we collect their absolute val-
ues in increasing order starting from E = 0, it turns out that
some eigenvalues have degeneracy O[(z — 1)*7*], for some
0 < k < L, while some others have degeneracy O(1), with the
two groups alternated in a intricate manner (see, for example,
Fig. 3). Note that the recursive procedure encoded in the
spectral algorithm (7) contains only the algebraic degeneracy.
The analysis of the complete degeneracy of the single energy
level is beyond the scope of this work (and we are not aware of
any closed formula able to provide such intricate degeneracies
in general). Nevertheless, we find three fundamental facts: (i)
The null eigenvalue has the following exact (and maximal)
degeneracy

DL =0) = (z — L. (8)

(i1) The maximal and minimal eigenvalues have no degener-
acy

D(min A) = D(max A) = 1. ©)]

(iii) If we consider 2L + 1 bins covering symmetrically the
whole interval € [—2+/z7 — 1, 24/7 — 1], so that each bin has
width 44/7 — 1/(2L + 1), and, from left to right, each bin has
an associated index k = —L,—L +1,...,L — 1, L, the total
degeneracy Dy, (k) within the bin with index & turns out to be
very well approximated by

Doin(k) = (z— DFM gk =0,%1,..., L.  (10)
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FIG. 2. Spectrum of a Cayley tree with z = 3 and L = 10 shells.
The spectrum is obtained by solving Eqs. (6) and (7) via 10° A trials
in the range [—2\/5, 2\/5]. Black lines correspond to all possible
eigenvalues while the red lines correspond to eigenvalues associated
to symmetric eigenstates, which include the ground state. Note that
some eigenvalues are associated to both symmetric and nonsym-
metric eigenstates, as it occurs for the null eigenvalue. The blue
symmetric stepwise function is the plot of Dy, [Eq. (10)], providing
the total degeneracy of the eigenvalues that fall within each bin.

The ansatz (10) is justified by the fact that, aside from inter-
polating Egs. (8) and (9), due to Eq. (3), it also satisfies the
correct normalization: Dy, (0) + 2 Zé: 1 Doin(k) = N.

The eigenvalues associated to the last equation in (7),
i.e., the roots of AP.(A) — zP.—1()), deserve a special atten-
tion. According to Eq. (10), these are the least degenerate
eigenvalues. In fact, the ground state belongs to this group
and in the thermodynamic limit tends to £ = —2t4/z — 1. It

Degeneracy versus energy for z=3, L=4
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FIG. 3. Degeneracy of the energy levels of a Cayley tree of
coordination number z = 3 and L = 4 shells.

Density of states versus energy for Bethe lattice z=3
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FIG. 4. Density of states of a Bethe lattice of coordination
number z = 3.

turns out that these eigenvalues, in general, are associated to
eigenstates that are symmetric among the nodes that belong to
the same shell. In fact, the equation AP (A) —zP,_1(A) =0
can be directly and more easily derived by ignoring the non-
symmetric eigenstates, i.e., by imposing that the amplitudes
of the eigenstates depend solely on the shell index to which
the given node belongs (see Sec. VI). It turns out that the
symmetric eigenstates are similar to the eigenstates of the
Bethe lattice, and yet, as we shall discuss in more detail later,
their respective eigenvalues are in general different. Note also
that each eigenvalue can be associated to both symmetric and
nonsymmetric eigenstates, as occurs, for example, with the
null eigenvalue £ = 0.

The above recursive procedure allows to find numerically
all the eigenvalues very efficiently. For example, focusing
on the spectra associated to the symmetric eigenstates, we

-3 -2 -1 0 1 2 3
x=E/t

FIG. 5. Spectrum of the symmetric eigenstates for a Cayley tree
with z = 3 and L = 500 shells. The spectrum is obtained by solving
the equation AP, (A) = zP;_ (1) with the system (6) via 107 x trials
in the range [—2+/2, 2+/2]. White and black lines correspond to gap
and solutions, respectively. As the reader enlarges the picture, more
detailed lines will appear.
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proceed as follows: select random trials A in the range
[—24/z7 — 1,24/z — 1], evaluate P;_; and P, from the recur-
sion system (6), and plot |AP, — zP._;| versus A. The local
minima of this plot provide the location of the eigenvalues.
It turns out that such a numerical procedure is extremely
efficient. In fact, it allows to evaluate the spectra of any Cayley
tree with quite large values of L. In Fig. 2 we show the
complete spectrum of the case z =3 with L = 10, while in
Fig. 5 we show the spectrum of the symmetric eigenstates with
L = 500 where a “quasienergy band” structure emerges.

V. PROOF OF EQS. (6) AND (7)

Here, we prove Egs. (6) and (7). As we shall see, the deriva-
tion will provide us also important insights about the structure

J

AMp(my,my, ...,mp) =Y (my,my,...,m_1), Ay(my,my,...,m_1)=y(m,m,...,m_o)+ Zl/f(ml, my, ...

Ap(my,my, ...,mp_p) = Y(my, my, ...,me_(py1)) + Z Y(my, my, ..., Me_(p—1)),

ML—(p—1)

Mr(m) = Y0)+ Y Ymi,my), A0y =Y y(m).

Note that, in Eq. (11), it is understood that, for any row
of the system with index 1 < k < L, there appear Ny, = z(z —
1)¥~! similar equations, the left-hand side of each equation in-

volving a different (m, my . .., my).
We now observe that the first equation of (11),
Ap(my,mo, ... mp) = Y(my,my,...,my1), (12)

implies that, if A # 0, Ay (m;, mo, ..., my) does not depend
on the variable m;. As a consequence, on plugging this infor-
mation into the second equation of the system we get

(A — (= DIy (mi, my, ..
= M//(ml, mp, ..

L,mp_1)

Lomp_o). (13)

In turn, the above equation implies that, if [A2 — (z — 1)] # 0,
the product [A> — (z — D]y (my, my, ..., m;_;) does not de-
pend on the variable m; ;. As a consequence, on plugging this
information into the third equation of the system we get

{A[A* == D] =1z = D}y Omy, my, ..
=2 = @ = DIy (m,my, ..

and so on, until the last equation of the system, which provides
the following special relation:

AP (0) =z (my).

From Egs. (12)-(14) and their generalizations, we see
that the amplitude of the wave function |¢/) on any node is
proportional to the amplitude of the wave function on the
corresponding parent node. In other words, for0 < k < L — 1

., M)

"mL73)9 (14)

15)

of the eigenstates that will be summarized in Sec. VIL It is
convenient to introduce the following labeling of the nodes as
illustrated in Fig. 1: The central vertex is indicated by O; the
z vertices on the first shell are indicated by the numbers m; €
{1, ..., z};fork > 2, the vertices on the kth shell are indicated
by the k-dimensional row vectors (mj, my, ..., m;), where
my € {1l,...,z}, while mp, ..., my € {1,...,z— 1}. By def-
inition, a vertex on the kth shell that has associated the vector
(my, my, ..., mg_1, mg)is “children” of the “parent” vertex on
the (k — 1)th shell with associated vector (m;, my, ..., my_1),
i.e., from the vertex (m;, my, ..., m;_;) there emerge z — 1
links pointing to the vertices (my, my, ..., ng_1, my). By us-
ing these definitions, given a Cayley tree with L shells, the
eigenvalue equation (5) written explicitly reads as (we make
use of the adimensional energy A = E /t)

,mr),
I<p<L-2
(11)
[
we have
Arr(my,my, ... ,mp_i) = By (my, ma, ...,mp_g_1), (16)

where A, and By, are two coefficients whose structure can be
understood from Eqs. (12)—-(14) and their generalization. By
direct inspection we see that in general we have

Ap =P (A), Br=F®), 0<k<L-1 (17

where P, (1) is a polynomial in A of degree k which can be
built recursively by the equation

Pk+|()\.)=)\.Pk()\)—(Z—I)Pk_l()\.), k:O,,L—l

(18)

with the initial conditions Py = 1 and P; = A. Finally, on
plugging Eqgs. (16) and (17) with k =L — 1 into the last
equation of the system, Eq. (15), we get the equation for the
eigenvalue A:

APL(L) = z2APL_1(M). (19)

Note that we have reached the above result under the con-
ditionthat A £ 0, A2 — (z = 1) # 0, A[A2 — (z — D] — A(z —
1) # 0, and so on, which amounts to say that P;(A) # 0,
Py (A) #£ 0, P3(1) # 0, and so on. On the other hand, if A is
the root of one of these polynomials, we can prove that A is
also an eigenvalue of the system (11) as follows. Let A be a
root of Pi(A). It is convenient to distinguish the cases k = 1
and k > 2.

If Pi(A) = 0, i.e., if A = 0, from the first and second equa-
tions of the system (11) we see that we can always find an
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eigenvector |y), i.e., a non-null vector, such that

ZW(mlymz,---,mL)ZO, Ymy,my,...,m_
my

Y(my,my,...,m_,)=0, Vp=1,Vm,m,...,m_p.

(20)

Note that the equations Zm, v(my, my,...,my) =0 admit
certainly nontrivial solutions, for we can always find ampli-
tudes on the Lth shell with suitable signs such that their sum
is 0.

Suppose now that P (1) = 0 for some k with k > 2. From
Egs. (16) and (17) we have in particular the following two
groups of relations

P (my, my, ... mp_gi1)

=P (MY (my, my, ..., mp_y),
Peri) Y (my,ma, ..., my_g)

=P M)y (my, my, ..., mp_g_1). (21

Due to the fact that P, (1) = 0, we see that we can always find
an eigenvector |y/), i.e., a non-null vector, such that

Y(my, my, ..., m41) 70, for some my, my, ..., mp_j1,
Y(my,my,...,m_,) =0, Vp=kVm,m,...,m_,.
(22)

On plugging Eqgs. (22) into the kth row of the system (11) we
are left with the condition ZmHH Y(my, my,...,mp_gp1) =
0 which admits certainly nontrivial solutions. Once such
components ¥ (my, my, ..., my_i+1) have been found, the re-
maining of the equations of the system (11) are solved by
iterating (16) backwards obtaining the following solution:

Yimy, ma, ..., My pyq) = Mlﬁ('nh My, ..., M_j+1),
Pe—1(2)
2<qg<k, Ymy,my, . .. ,mp_jyy
Y(my,my,...,mp_,) =0,
Vpzk, VYm,m,...,m_, (23)
Since we have found an explicit solution of the eigenstate,
we have then proven that, if for some k € {1,...,L — 1} we

have P.(A) =0, then A is also an eigenvalue of the system
(11). By summarizing, if an eigenvalue A is not a root of
the polynomials P, (X) for k € {1, ..., L — 1}, then A must be
solution of Eq. (19); however, if A is a root of at least one
of the polynomials P,(}), then A is an eigenvalue [regardless
whether A also is, or is not, solution of Eq. (19)]. This fact
completes the proof of Egs. (6) and (7).

VI. SPECTRA OF THE SYMMETRIC STATES

As we have mentioned it before, some of the eigenstates as,
e.g., the ground state, are symmetric among nodes that belong
to the same shell. The amplitudes of these eigenstates can
therefore be indicated by using just the shell index to which
the given node belongs. In other words, we can identify the
amplitudes of the symmetric eigenstates as (Oth shell means
central node)

W)=, Vie kihshell, k=0....L. (24)

Equation (24) leads to a great simplification of the equations
for the eigenvalues associated to the symmetric eigenstates.
Let A = E/t. The eigenvalue problem that starts from the
boundary shell L can be written in the form

Ak = Birp 1,

where A, and By, are two suitable coefficients. Then, as simi-
larly done in Sec. V for the general case, we get

k=0,...,L—1 (25)

Ay =Py, By =P, (26)

where P is a polynomial of degree k in A which is built recur-
sively by the same general recursive system (6). Finally, once
P, and P, have been built by using the recursion system, the
eigenvalue problem reduces to the following equation in A:

APL =zPr_y. 27

The above procedure allows to find all the eigenvalues of the
symmetric eigenstates. For example, it is easy to check that
A = 0is (also) a solution of the symmetric spectrum whenever
L is even.

VII. GENERAL PROPERTIES OF THE EIGENSTATES

The above analysis was mostly limited to the search for
the eigenvalues of the model and it was based on a recursive
procedure that starts from the boundary nodes. In order to get
the eigenstates associated to a given eigenvalue E, one has to
simply use the reversed path by starting from the central node
0. For example, for z = 3, in the case of the ground state, once
its eigenvalue E is plugged into the equation for yr(1), up to
a normalization constant this allows the determination of the
amplitudes on the second shell, and so on, until reaching again
the boundary nodes. See also the Appendix for illustrative
examples. By applying such a scheme and making use of
the insights gained in Sec. V, the following general features
emerge:

(i) The ground state (and therefore also the most exited
state) is unique (D = 1); each node has a positive amplitude
(or, more precisely, there are no phases); it is symmetric over
the different branches (i.e., if i and j belong to the same shell,
then (i|y) = (j|¥)); the maximal amplitude corresponds to
the root vertex 0, while the amplitude decays monotonically
for increasing shells (and it is therefore minimal on the bound-
ary).

(i1) All other symmetric eigenstates, i.e., those for which
A = E/t is solution of the equation AP (1) = zP.—1(A), have
some shells with null amplitude or alternated signs.

(iii) As shown in the general proof in Sec. V, if A =
E/t is root of some P.()), with k > 1, then, according to
Eqgs. (23), the corresponding eigenvectors have non-null com-
ponents only on the shells L —k+ 1,L —k, ..., L, with the
components on the L — k + 1 shell satisfying the condition
ZmHH Y(my, my,...,mp_+1) = 0. Among the nontrivial
solutions of the latter, regardless of z, we can even build eigen-
vectors having just two non-null opposite components, all the
other components being null. For example, for z = 3 we can
take y(my, my, ...,mp_p, 1) =1, ¢ (my,my,...,mp_y4,2) =
—1, while ¥ (m}, mj, ..., m;_, ) = 0 whenever there exists
at least an index i in the set {1, ..., L — k} such that m; # m;.
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(iv) The null eigenvalue £ = 0 is maximally degenerate
with a degeneracy that grows exponentially with the number
of shells. In fact, when E = 0, the N, equations on the bound-
ary shell determine that the amplitudes on the (L — 1)th shell
must be null, which, in turn, determine that also the ampli-
tudes on the (L — 2)th shell must be null, etc., until reaching
a system involving only the N, amplitudes of the boundary
shell together with the amplitudes of the first shell, for L odd,
or the amplitude of the central node, for L even. As a conse-
quence, with respect to the original eigenstate problem that, in
general, for given E, involves N equations with N variables,
when E = 0, we are left with a homogeneous linear system
having Ny ~ N, number of variables and Ny >~ N;_| number
of equations. Therefore, by using the explicit expression for
Ny, Eq. (1), we see that such a system has co?#=9 nontriv-
ial solutions, where D(E = 0) = Ny — Ng ~ (z — 1)F. Direct
inspection shows that it is exactly D(E = 0) = (z — 1)~. For
L even, there is also a special eigenstate which is symmetric
among the branches (see previous section). Finally, in con-
trast to the symmetric eigenstate (which is present only for L
even), within the boundary shell, most of these eigenstates are
formed by a combination of just a few nodes (in half cases just
two) with same weights but alternated sign.

VIII. COMPARISON WITH THE BETHE LATTICE

On the Bethe lattice, all eigenvalues have the form E =
24/7 — 1cos(@), with 6 € [0, 27) [5]. For L — oo, the spec-
trum of the symmetric eigenstates on the Cayley tree seems
to tend to the spectrum of the symmetric eigenstates of the
Bethe lattice [5]. In particular, direct inspection shows that,
for L — oo, the ground state eigenvalues of the two cases
coincide: E = —2t+/z — 1. Furthermore, for finite L, most
eigenvalues can be written in the Bethe-lattice-like form as

(3]
E =2tz — lcos<

l=1,...,L.
(28)

Tm
), m=1,...,1,
[+1

It is important to stress, however, that not all the eigenval-
ues of H can be expressed as in (28) via a rational fraction
of . A particularly important counterexample concerns the
ground state energy, for which 6 is irrational (see Ref. [4]
for the case z = 2). More importantly, the similarity between
the spectrum of the Cayley tree and Bethe lattice breaks in
some crucial points even in the thermodynamic limit. First of
all, note that on the Bethe lattice the spectrum is continuous
with no gaps. In fact, whereas on the Bethe lattice for any
0 € [0, 2) there exists an eigenvalue £ = 2./z — 1 cos(6),
this is not guaranteed to be the case on the Cayley tree where
it might occur that, even in the L — oo limit, some 6 are
missing, as, e.g., Fig. 5 leads to guess. Notice in particular
that, as discussed in the previous section, within the symmet-
ric spectrum the eigenvalue E = 0 is present only for L even.
This prevents therefore to form a true thermodynamic limit
of the symmetric eigenstate associated to £ = 0. However,
the most peculiar discrepancy between the Cayley tree and
the Bethe lattice concerns the absence of the nonsymmetric
states in the latter, which in turn implies a dramatic dif-
ference between their respective density of states. Compare,

for example, Figs. 3 and 4. Clearly, for the Cayley tree, for
any L finite we cannot use the concept of density of states.
However, it is pretty clear that even in the thermodynamic
limit, where a density of states p(E) can be defined also for

the Cayley tree, we have a dramatic difference. In fact, we

>k Doin (B) xx (E)
> D(EY)

Egs. (10) and x;(E) is the characteristic function taking value

1 when E falls within the bin with index &, and O otherwise.
In particular, p(E) turns out to be exponentially peaked in
E = 0. By contrast, the density of states of the Bethe lattice is
a bounded function of E [5]:

7z VAT -E?
pBL(E) = D
where A = 24/z — 1. Notice that, as we have anticipated in
the Introduction, also the density of states derived in Ref. [2]
coincides with pgp (E).2
It might be questioned that the above density of states
peL(E) of the Bethe lattice derived in the Refs. [2,5] might
be incomplete because both derivations were based on the
symmetric ansatz imposed on the eigenstates.® It remains
open, therefore, the question whether the Bethe lattice admits
also nonsymmetric eigenstates leading perhaps to the same
density of states of the Cayley tree. However, this does not
seem to be possible due to the intrinsic differences between
the Cayley tree and the Bethe lattice, where only the former
has a boundary. In fact, if we look back at the eigenstates asso-
ciated to E = 0, it is precisely thanks to the boundary having
N; = z(z — X! terminal nodes, that there exist (z — 1)% in-
dependent solutions, each having null amplitudes throughout
the tree, except on the boundary and on the central node (for
L even), or on the boundary and on the first shell (for L odd).
As soon as we try to remove the boundary, the homogeneous
system corresponding to £ = 0 admits only the symmetric so-
lution, the exponential degeneracy disappears, and the density
of states becomes the bounded function pg (E).

have p(E) >~ lim; _, 5 , where Dy, (k) is given by

, (29)

IX. DISCUSSION AND CONCLUSIONS

We have analyzed the spectrum and the density of states of
Cayley trees with coordination number z and L shells. First,
note that our analysis is based on a simple recursive procedure
that, starting from the boundary, i.e., the leafs of the tree (in
line with the classical case), resolves the spectral problem by
means of the canonical basis provided by the nodes. Second,
our resulting algorithm is extremely efficient and general as
it can be applied to arbitrarily large trees of any degree z

2In Ref. [2], the density of states is given in terms of an in-
tegrated density of states n(6) written as a function of the angle
6 = cos !(E/A) [see therein Eq. (20)]. On calculating 8/96[1 —
n(0)]00/9E, we have verified that we get exactly the density of states
of the Bethe lattice pp (E) as given by Eq. (29).

3Concerning Ref. [2], a careful analysis of the paper shows that,
while in their initial setting the authors consider general eigenstates
for a general tree, the therein equations are then applied to a disor-
dered model in which the symmetric ansatz is tacitly assumed, also
when the absence of disorder is considered as a special case [see
therein Eq. (20)].
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(see, e.g., Fig. 5). Third, at no point have we relied on the
“apparent similarity” between Bethe lattices and Cayley trees,
not even in extrapolating our results in the thermodynamic
limit L — oo. Rather, as for the classical case [1], we have
demonstrated that, also in the present quantum case, the “ap-
parent similarity” between Bethe lattices and Cayley trees is
actually a quite misleading one, as only the Cayley tree admits
nonsymmetric eigenstates whose number grows exponentially
as (z — 1)F, a fact that in turn leads to a density of states
dramatically different from that of the Bethe lattice.

A careful analysis of the literature on the subject shows
that, despite their popularity, due to the above ‘“apparent
similarity,” Bethe lattices and Cayley trees still lead to mis-
conceptions also in the quantum case. Our results are all in
agreement with those reported in Ref. [3] where, however,
the approach is essentially empirical and unclear from a the-
oretical viewpoint, as well as in agreement with Ref. [4]
where, however, the approach makes use of a special basis
that applies for z = 3 and seems not extendable to z even.
Our efficient recursive approach lends itself to be applied to
arbitrary (not necessarily regular) trees and we believe that our
work brings clarity to the issue Cayley tree vs Bethe lattice.
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APPENDIX: ILLUSTRATIVE EXAMPLES WITHz =3

In this Appendix, we analyze in detail the spectra of Cayley
trees with z =3 until L = 4. Our aim is to illustrate with
a concrete case the natural procedure that, starting from the
leafs of the tree, produces all the spectrum showing also its
structure and degeneracy. Indeed, one of the advantages of
the canonical basis lies on the fact that there is no loss of
generality in working out with a specific value of z.

In what follows, we label the nodes as illustrated in Fig. 1
(for simplicity of notation, in the present case we replace the
index of the first shells 1, 2, and 3, with the three letters a, b,
and c, respectively).

1. L=0
In this case N = 1 and Eq. (5) trivially reduces to

0=Ey(i=0), (A)
which gives E = 0.
2. L=1
In this case N = 4 and Egs. (5) give
Ey(0) =ty (a) + ¥ (D) + ¥ ()], (A2)
Ey(a) =1y(0), (A3)
Ey(b) =1y (0), (A4)
Ey(c) =1y (0). (A5)

TABLE I. Energies and degeneracies forz =3 and L = 1.

E =—3t D=1

We observe that, if E # 0, the three boundary components are
all equal to

V(@) = ¥ (b) = () = LI 0) (A6)
which, plugged into Eq. (A3), give
3 2

E(0) = %w(O). (A7)

On recalling that an eigenvector cannot coincide with the null
vector, the last equation gives E?=13¢%ie. E = :I:\/gt. On
the other hand, if we look for solutions with £ = 0, we see
that these are satisfied if and only if

V(a)+ () +¥(c) =0,
¥ (0) =0,

which is a linear system with 00?2 solutions, i.e., the eigenvalue
E = 0 is twofold degenerate. The results are summarized in
Table I.

(A8)

(A9)

3. L=2
In this case N = 10 and Egs. (5) give

Ey(0) =ty (a) + ¥ (D) + (o), (A10)
Ey(a) =1[y(0) + ¥ (al) + ¥ (a2)], (A11)
Ey (D) =t[y(0) + ¢ (b]) + ¢ (b2)], (A12)
Ey(c) =1t[y(0)+ ¢ (c]) + ¥(c2)], (A13)

Ey(al) =ty (a), (Al4)
Ey(a2) =ty (a), (A153)
Ey (1) =ty (D), (A16)
Ey(b2) =1y (D), (A17)
Ey(cl) =1¢(c), (A18)
EY(c2) =t (c). (A19)

We observe that, if E # 0, the boundary components are

¥(al) = Y(a2) = éw(a), (A20)
YO = (b2 = VB, (A21)
Yiel) = () = £H(©), (A22)
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TABLE II. Energies and degeneracies for z = 3 and L = 2.

E = /5t D
—/5t D

E =2t D
D

D

3

E=0

I
A0 N = =

which, plugged into Egs. (A11)— (A13) give

V@) =y b) =y ()= 7—73¥0) (A23)

in turn, if E2 —2t?> # 0, plugging the last equation into
Eq. (A10) gives

3Et2
Evy(0) = I/f (0), (A24)
which provides E? = 5¢2. On the other hand, if we look for
solutions with E = 0, we see that these are satisfied if and

only if

v(0)+ ¥(al) + ¥ (a2) =0, (A25)
v(O0)+y @) +v¥(b2)=0 (A26)
v(O0)+¢(c)+¥(c2)=0 (A27)
V(a) = (A28)
¥ () =0, (A29)
v(c) = (A30)

which is a linear system with oo solutions, i.e., the eigen-
value E = 0 is fourfold degenerate. Similarly, if we look for
solutions with EZ — 2¢2 = 0, we see that these are satisfied if

and only if
V(@) + ¥ B + () =0 (A31)
Y(al) = (@) = £ @), (A32)
VoD =Y (B2) =~y ) (A33)
YD) = ¥(e2) = Ty ) (A34)

which, for both £ = «/Et and E = —«/Et, is a linear system
with 0o? solutions, i.e., the eigenvalues E = V2t and E =
—/2t are twofold degenerate. The results are summarized in
Table II.

4. L=3
In this case N = 22 and Egs. (5) give

Ey(0) = t[y(a) + ¥ (D) + ¥ (o)), (A35)
Ey(a) =ty (0) + ¢ (al) + ¢ (a2)], (A36)
Ey (D) = t[y(0) + ¢ (D1) + ¥ (b2)], (A37)

Ey(c) =t[y(0) + ¥(cl) + ¥ (c2)], (A38)
Ey(al) =t[y(a) + Y(all) + Y (al2)], (A39)
Eyr(a2) = t[y(a) + ¥ (a2l) + ¢ (a22)], (A40)
Evyr(bl) =t[¥(b) + ¢ (b11) + ¥ (b12)], (A41)
Evyr(b2) = t[Y(b) + ¢ (b21) + ¥ (b22)], (A42)
Ey(cl) =t[{(c) + ¥(cll) + ¥ (cl2)], (A43)
Ey(c2) =t[{(c) + ¥ (c2l) + ¥ (c22)], (A44)

Ey(adidy) =ty (ad)), Vdi,dye{l,2} (A45)
Ey(bdidy) =ty (bdy), Y d, de{l,2} (A46)
Evy(cdidy) =ty (cdy), Vdi,dye{l,2}. (A47)

We observe that, if £ # 0, the boundary components are

V(adidy) = ]%w(adl), Vdi, dy € {l,2} (A48)
Y (bd\dr) = éw(bdl), Vdi,dy e{l,2} (A49)
V(cdidy) = Eijl/f(Cdl), Vd,dy e {l,2} (A50)
which, plugged into Egs. (A45), give

(E*> = 2t)¥(ady) = Ety(a), Vdy€{l1,2}  (A5])
(E* = 2t)y(bdy) = Ety(b), Ydie{l,2) (A52)
(E* = 2t)Y(cd)) = Etyr(c), Ydye{l,2} (A53)

which, in turn, if E? — 2¢% # 0, give the system
Viad) = —5v(@), Vdie{l.2} (A54)
V(bdi) = 5 w(b), Vdie{l.2} (AS5S5)
Yled) = 53 ¥(0), Vdie(l,2) (A56)

(E? —2t)t

Y(a)=yb)=y(c)= E(E?_27) spa V(0. (AST)

which, in turn, if E(E? — 212) —
the equation

2Et? # 0, provides finally

3t2(E? — 21%)
E(E? — 2t%) — 2E¢?

Ey(0) = v (0), (A58)

i.e.,

E*—TE*? + 61* = 0, (A59)

which is solved for E = 4+ and £+/6¢. On the other hand,
if we look for solutions with £ = 0, we see that these are
satisfied if and only if

V@) +yb) +y)=0 (A60)

v(0) = (A61)
Y(ad) =0, Yd ef{l,2) (A62)
Y(bd)) =0, VYd, e(l,2) (A63)
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TABLE III. Energies and degeneracies for z = 3 and L = 3.

TABLE IV. Energies and degeneracies for z = 3 and L = 4.

E=t D=1
E = —t D=1
E =6t D=1
E = —/6t D=1
E=0 D=3
E =2 D=3
E=—J2t D=3
E =2t D=2
E=-2 D=2

Y(cd) =0, Vd e{l,?2} (A64)
Y(a)+ v(all)+ Y(al2) =0, (A65)
Y(a)+ ¥v(a2l) + v (a22) =0, (A66)
Y (b)) + v (b11) + ¥ (b12) =0, (A67)
(b)) + ¥ (b21) + Y (b22) =0, (A68)
vc)+ ¥(cll)+ y¥(cl2) =0, (A69)
v(c)+ ¥ (c2l) + ¥ (c22) =0, (A70)

which is a linear system with oo? solutions, i.e., the eigenvalue
E = 0is eightfold degenerate. If instead we look for solutions
with E? — 2t = 0, from Egs. (A51) we see that these are
satisfied if and only if

v(0)=vy(a) =y ) =¥()=0, (AT1)
Y(al) + y(a2) = 0, (A72)
v(bl) + ¢ (2) =0, (A73)
Y(cl) + ¥ (c2) =0, (A74)

E = %/ D=1
_ _1+/TT _
E=-1 D=1
_ 1=J17 _
E =11 D=1
__1-JTT _
E=-1=/1; D=1
E =3+ /5t D=2
E=—V34+5 D=2
E =+/3—+/5t D=2
E=—V3-45 D=2
E=0 D=16
E =2t D=3
E=-2¢ D=3
E =2t D=6
E =—/2t D=6

which is a linear system with oo® solutions, i.e., each of
the eigenvalues E = 4+/21 is threefold degenerate. Finally, if
we look for solutions with (E? — 2¢%) — 2t> = 0, we see that
these are satisfied if and only if

V(a)+ ¢y (D) + ¢(c) =0, (A75)
which is a linear system with 00? solutions, i.e., each of the

eigenvalues £ = £2¢ is twofold degenerate. The results are
summarized in Table III.

5. L=4

In this case N = 46 and Egs. (5) give the results summa-
rized in Table I'V.
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