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Universality of stress-anisotropic and stress-isotropic jamming of frictionless
spheres in three dimensions: Uniaxial versus isotropic compression
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We numerically study a three-dimensional system of athermal, overdamped, frictionless spheres, using a

simplified model for a non-Brownian suspension. We compute the bulk viscosity under both uniaxial and
isotropic compression as a means to address the question of whether stress-anisotropic and stress-isotropic
jamming are in the same critical universality class. Carrying out a critical scaling analysis of the system
pressure p, shear stress o, and macroscopic friction 4 = o /p, as functions of particle packing fraction ¢ and
compression rate €, we find good agreement for all critical parameters comparing the isotropic and anisotropic
cases. In particular, we determine that the bulk viscosity diverges as p/é ~ (¢; — ¢)~#, with B = 3.36 £ 0.09,
as jamming is approached from below. We further demonstrate that the average contact number per particle Z
can also be written in a scaling form as a function of ¢ and é. Once again, we find good agreement between the
uniaxial and isotropic cases. We compare our results to prior simulations and theoretical predictions.
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I. INTRODUCTION

Athermal (T = 0) soft-core particles, with only contact in-
teractions, have been widely used to model many soft-matter
systems such as non-Brownian suspensions, emulsions, and
foams. Such systems undergo a jamming transition [1,2] as the
particle packing fraction ¢ increases. For packings ¢ below a
critical ¢y, the system behaves like a flowing fluid in response
to small applied stresses; above ¢; the system behaves like
a disordered but rigid solid, with a finite yield stress. In this
work we will consider a simple model for frictionless particles
in suspension where, in the limit of small strain rates, the rhe-
ology of the fluid phase below jamming is Newtonian; the case
of frictionless dry granular particles, where the fluid phase
rheology is Bagnoldian, will be considered in a future work.
For frictionless particles, as we consider here, the jamming
transition is found to behave like a continuous phase transition
[2-4], with transport coefficients diverging continuously as
¢ — ¢; from below, and stress vanishing continuously to zero
as ¢ — ¢, from above.

In the literature, jamming has been considered using
several different protocols. (i) Random quenching [2,5]: In
this protocol, initial configurations of randomly positioned
soft-core particles are quenched at constant ¢ by rapid
energy minimization. In the large system limit, all con-
figurations with ¢ < ¢, will quench to zero energy, while
those with ¢ > ¢; will have finite energy. (ii) Isotropic
quasistatic compression/decompression [2,6]: In this proto-
col dilute comfigurations are isotropically and quasistatically
compressed; the system box size is decreased in small discrete
steps, with energy minimization of the configurations between
subsequent steps. In the large system limit, configurations
with ¢ < ¢, will have zero pressure, while above ¢; the pres-
sure is finite. In some versions of this protocol, the soft-core
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spheres are overcompressed above jamming, and then decom-
pressed to determine ¢, as the point where the pressure drops
to zero. (iii) Shear-jamming [7]: In the context of frictionless
particles, shear-jamming occurs when an initially unjammed
configuration of zero energy is quasistatically simple-sheared
with small discrete shear strain steps, with energy minimiza-
tion between steps, until a mechanically stable configuration
of finite energy is obtained [8—10]. The initial configuration
could either be one above ¢; [10,11] (jammed states at ¢,
are considered to be random close packed, so unjammed
configurations with a higher degree of order may continue
to exist above ¢;), or a configuration just below ¢;, where
shearing can induce a jammed state as a finite-size effect [8,9].
(iv) Shear-driven jamming [3-5,12—17]: Unlike quasistatic
shear-jamming, shear-driven jamming refers to systems driven
at a finite constant simple-shear strain rate y, to create a
flowing steady state. For ¢ < ¢y, the system particles flow
no matter how small is y, and the shear viscosity diverges
as ¢ — ¢; from below. For ¢ > ¢;, as y — 0 the system
flows with a finite yield stress that vanishes as ¢ — ¢, from
above. As the system flows at finite y, it passes though an
ensemble of configurations that becomes independent of the
starting configuration for long enough shearing. Protocols (i),
(ii), and (iii), in which the goal is to produce mechanically
stable states, generally probe static structural properties of the
jammed configurations. In protocol (iv), however, the applied
strain rate introduces a control timescale which can be used
to probe the dynamic behavior of the system as jamming is
approached.

Protocols (i) and (ii) we refer to as stress-isotropic jam-
ming. The configurations produced have on average a zero
shear stress, and the isotropic stress tensor is characterized
solely by the system pressure. Protocols (iii) and (iv) we refer
to as stress-anisotropic jamming. The shearing of the system,
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whether quasistatically or at a finite rate, results in a net shear
stress in the system, and hence an anisotropic stress tensor.
Because symmetry is often a key factor in determining critical
behavior [18], and as stress-isotropic and stress-anisotropic
jamming produce states with different stress symmetry, one
may wonder if these two cases will be in the same critical
universality class, i.e., whether they are characterized by the
same set of critical exponents that describe the divergence of
viscosities and the vanishing of stress as ¢, is approached
from below and from above, respectively. The purpose of this
work is to address this question.

Baity-Jesi et al. [9] and Jin and Yoshino [10] have argued
for a common universality by looking at the scaling of the
static structural properties of pressure p and average particle
contact number Z within the shear-jamming protocol (iii),
and finding the same behaviors as found previously [2,19]
for isotropic jamming in protocols (i) and (ii). More recently,
Ikeda et al. [20] probed the dynamic behavior by consider-
ing energy relaxation, using overdamped equations of motion
to determine the global relaxation time T upon approaching
jamming from below, an approach originally taken by Olsson
[21]. Comparing t for isotropic random initial configurations
versus that for anisotropic initial configurations obtained from
simple sheared simulations as in protocol (iv), Ikeda et al.
found a common scaling relation of t with the contact number
Z, thus arguing that isotropic and anisotropic jamming share
a common universality also for dynamic behavior.

However, a subsequent work by Nishikawa et al. [22],
including several of the same authors as Ref. [20], challenged
the conclusions of Ref. [20]; they claimed that when systems
with a larger number of particles N are considered, a surpris-
ing finite-size dependence T ~ N In N is found, and thus t has
no proper thermodynamic limit. A more recent work by Ols-
son [23], though, has critiqued the work of Nishikawa et al.,
challenging some of their conclusions but also pointing out
other difficulties with using the relaxation time 7 associated
with global energy relaxation.

As an alternative to considering the problematic relaxation
time 7, in a recent letter [24] we investigated the dynamic
behavior of stress-isotropic jamming by simulating isotropic
compression at finite compressive strain rates é [25]. We
found that the pressure p and strain rate ¢ obeyed a similar
critical scaling relation as was found previously [3,4] for
the shear-driven jamming of protocol (iv), and that the bulk
viscosity p/é diverged as ¢ — ¢; from below, a reflection
of the diverging critical timescale at jamming. Comparing
the critical exponents from this scaling analysis of isotropic
compression with those found previously in the literature for
simple shear-driven jamming, we found excellent agreement
for two-dimensional systems [4]. However, our results for
three-dimensional (3D) systems remained inconclusive, pri-
marily due to a wide range of values reported for the 3D
simple shearing exponents in the literature [26-29].

In the present work we readdress the question of the critical
universality of isotropic and anisotropic jamming in three
dimensions. Instead of comparing our isotropic compression
exponents to those found in simple shearing, here we compare
them to results from uniaxial compression, which similarly
creates jammed configurations with an anisotropic stress ten-
sor. Comparing our results for uniaxial compression with new

results for isotropic compression, we now find that all critical
parameters agree between the two cases. We thus conclude
that stress-anisotropic and stress-isotropic jamming are indeed
in the same critical universality class for dynamic behaviors.

The remainder of our paper is organized as follows. In
Sec. II we present our model and numerical methods. In
Sec. III we present our numerical results for the critical scaling
of pressure p, shear stress o, macroscopic friction u = o /p,
and average particle contact number Z, comparing uniaxial
versus isotropic compression. In Sec. IV we discuss our re-
sults and relate them to prior simulations and to theoretical
predictions.

II. MODEL AND METHODS

Our model, originally introduced by O’Hern et al. [2], is
one that has been widely used in the literature. It consists of
athermal (T = 0), bidisperse, frictionless, soft-core spheres
in three dimensions. There are equal numbers of big and
small spheres, with respective diameters d;, and d; in the ratio
dy/ds; = 1.4. In the following, the subscript “b” will denote
the big particles, while the subscript “s” will denote the small
particles.

A. Equations of motion

For particles with center of mass at positions r;, two parti-
cles will interact with a one-sided harmonic contact repulsion
whenever they overlap. The interaction potential is

2
1 Tij
Ury) = {51{3( —E) re<ds )

) rij > dij,

where k, is a stiffness constant, r;; = |r; — r;| is the distance
between the particles and d;; = (d; + d;)/2 is their average
diameter. The elastic force acting on particle i due to its
contact with j is then

_dU(rij)

dl‘,’ '
Particles also experience a dissipative force. As a simplified
model for particles in solution, we take the dissipative force

on particle i to be a viscous drag on the particle with respect
to the local velocity of the suspending host medium [3,4,30],

el
£ =

@

dt

where k; is a dissipative constant, V; is the volume of particle
i, and vpos (1) is the velocity of the host medium at position r.
Particle motion is determined by Newton’s equation,

) dr;
fidls = —dezI:_r - Vhost(ri)i| ) (3)

@ _ el | edis el _ N Vel
mi—r =+, £ =, )
J

where the sum is over all particles j in contact with i, and

m; is the mass of particle i. We take particle masses to be

proportional to their volume, m; o< V;. Because our particles

are spherical and frictionless, we ignore particle rotations.
We note that our model lacks many forces that might be

important, in particular, real physical suspensions, such as

gravity, hydrodynamic forces [31], lubrication forces [32-34],
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and interparticle contact friction [35-41]. Our goal is not to
provide a realistic model of any particular system, but rather to
use a simplified, idealized, model that allows us to accurately
simulate large systems at low strain rates, to investigate the
dynamic critical behavior associated with frictionless jam-
ming. Just as frictionless models have played an important
theoretical role in the study of systems of dry granular par-
ticles [42], we use our simplified model of a suspension in the
spirit that it is useful to first understand the behavior of simple
models before adding more realistic complexities. Our model
has been widely used in the literature, particularly for studying
the response to simple shearing [3,4,16,26-30,43-47].

B. Compression

Our particles are placed in a rectangular box with side
lengths L, L, and L, centered at r = 0, so that particle coordi-
nates lie within the range r;, € [-L,/2, L,/2]. To compress
our system we take the velocity of the host medium, vpg (1),
to be an affine compression at a fixed strain rate €, while
shrinking the appropriate box lengths at the same rate. For
an isotropic compression we take

Vhost () = —é€r,  isotropic compression, (@)
and
LCT) ©)
— = —€ 5 =X, ).
dr m 1< Y
For uniaxial compression along the Z direction we take,
Vhost () = —€(r - Z)Z, uniaxial compression, 7
and
dL, .
T = —€L;, L, =L, = constant. ()

After each step of the numerical integration of the equa-
tions of motion, where the box lengths and particle positions

change to
L,t—At)— L,(t) and r;(t — Ar) = ri(t), (9)

if a particle winds up outside the system box, for example, if
riu(t) > L, (t)/2, then its position is mapped back inside the
box using periodic boundary conditions,

ri(t) = ri(t) =1:(t) — Ly (DR, (10)
and its velocity v; = dr;/dt is mapped to
Vi = V; = Vi = Vhost(T1) + Vhost (), (1)

so that the fluctuation of the particle velocity with respect to
the host medium remains the same.

C. Simulation method

The equations of motion presented above depend on three
dimensionless parameters [48]. The first is the particle pack-
ing fraction,

1
¢ = ;Zv,-, V=LLL,. (12)

As we integrate over time, the system is compressed, the box
volume V decreases, and the packing ¢ increases.

Defining timescales characteristic of the elastic and dissi-
pative forces [48],

myd? my
£ and = —), 13
k. 17 KoV, (13)

T, =

the second dimensionless parameter is the quality factor,

vke
o= Y (14)
Te desds

which measures the relative strengths of the dissipative and
elastic forces. As Q decreases, inertial effects decrease. For
Q sufficiently small, behavior becomes independent of the
particular value of Q and one enters the overdamped limit
corresponding to massless particles, m; — 0 [48,49]. For our
simulations we will use Q = 1, which is sufficiently small to
put us in this overdamped limit [48].

In the overdamped limit, m; — 0, both 7, and 7, — 0;
however, we can define a timescale' that remains finite [48],

31 31, 3kgVid]

70 = = = 15
T 21, 20 2 &k (13)
Our third dimensionless parameter is then
€19, the dimensionless strain rate. (16)

Henceforth, we will take our unit of length to be d; = 1, and
our unit of time to be 7y = 1. Quoted values of € are therefore
the same as €ty. We consider strain rates spanning the range
¢ =107%3-1073,

We use LAMMPS [50] to integrate the equations of mo-
tion, using a time step of Ar/t9p = 0.1. Unless otherwise
noted, we use N = 32768 total particles. From our prior work
[24], this N is large enough to avoid finite-size effects for the
range of ¢ and € we consider. Our simulations start with an
initial configuration at low packing ¢i,ix = 0.2, constructed as
follows. We place particles down one by one at random, but
making sure that there are no particle overlaps; if an overlap
occurs, we discard that particle and try again until all N parti-
cles are placed in the box. Unlike in our previous work [24],
we start the compression runs at each é from independently
constructed configurations at the same ¢jyj;, to be certain that
there are no correlations among the configurations at differ-
ent €. For each € we average our results over compressions
starting from 20 independent initial configurations.

For our simulations of isotropic compression, we use a
cubic box with L, = L, = L. For uniaxial compression we
start at ¢, with a rectangular box with L, = L, < L., such
that the box becomes roughly cubic by the time we have
compressed to the jamming ¢;.

D. Stress

As we compress the system, at each ¢ we measure the
stress tensor for the configuration arising from the elastic

"The prefactor of 3/2 is a historical artifact from an earlier work,
and has no particular physical significance.
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forces [2],

1

vX:fl.e;@(r,»—rj). a7

i<j
A dimensionless stress tensor can be defined as [48]

2
_Tdy

p= P. (18)

n
The dimensionless pressure is then

p= (Pxx) + {Pyy) + (P2) ’ (19)
3
where (---) indicates an average over our 20 independent
compression runs. For isotropic compression we have (p,,) =
(Pyy) = {Pzz) = p, and the shear stress vanishes.
For uniaxial compression along the Z direction, we assume
the average stress tensor has the form

p—o/2 0 0
p) = 0 p—o/2 0 |, (20)
0 0 p+o

and so the dimensionless shear stress o is

o = 2(pz) — (Pxx) — (pyy>. Q1)
3
For both isotropic and uniaxial compression, the off-diagonal
elements of (p) vanish.
For our dynamics with viscous drag, the rheology of our
system is Newtonian at small strain rates € below jamming.
We therefore define the bulk viscosity as

¢ =p/é, (22)

while, for uniaxial compression, the shear viscosity is defined
as

n=a/e. (23)

For uniaxial compression the macroscopic friction is de-
fined as

w=a/p, 24)

and p is in general finite, even though in our model there is
no microscopic contact friction between particles. To compare
wu for uniaxial compression versus simple shearing, we can
generalize the above definition and take © = (Pmax — p)/P>
where ppax 1s the maximal eigenvalue of the stress tensor (p).

E. Critical scaling

It has been demonstrated [3,4] that the rheology of fric-
tionless spheres undergoing simple shearing at a fixed shear
strain rate obeys a critical scaling equation similar to that of
continuous equilibrium phase transitions. In a recent letter
[24], we demonstrated that a similar critical scaling applies
when frictionless spheres are isotropically compressed at a
fixed compression rate é. The scaling equation for pressure,
which holds as one asymptotically approaches the jamming
critical point (¢, ¢ — 0), is to leading order,

p<¢,e‘>=é"f<¢_¢’>. (25)

el/zv

The consequences of this scaling equation are as follows.
Exactly at jamming, ¢ = ¢;, the rheology is nonlinear,

ate = ¢. (26)

For ¢ < ¢; below jamming, as é — 0, the rheology is linear
p ~ € and { = p/¢€ approaches a finite limit. This implies that
flx = —00) ~ |x|~1=9%” and so,

lim ¢ ~ (¢ =), p=(1—-quv 27)

pr\/éq’

The bulk viscosity ¢ diverges algebraically with the exponent
B as one approaches jamming from below.

For ¢ > ¢; above jamming, as ¢ — 0, the pressure ap-
proaches a finite limit in the jammed solid. This implies that
fx — 400) ~ x%¥, and so,

éli—l;% p~(@—9;), y=qzv. (28)

The pressure increases algebraically from zero with exponent
v, as the soft spheres are compressed above jamming.

Note, the exponent S is expected to be independent of
the specific form of the elastic contact interaction since it
describes behavior in the é — 0 hard-core limit [43]. The
exponent y, however, will be sensitive to the power-law form
of the contact interaction since all behavior above ¢; depends
on particles having overlapping contacts, and so the soft-core
nature of the particle contact potential necessarily determines
the scaling of the pressure [2]. A review of scaling in the
context of the shear-driven jamming transition may be found
in Ref. [49].

We expect similar scaling equations will hold for p, and
also for o, when the system is uniaxially compressed. Since
p and o are parts of the same stress tensor, we expect their
scaling exponents will be equal, and this has been demon-
strated to be the case for the rheology in simple shearing [4].
This implies that the macroscopic friction u = o /p should
approach a finite limit as € — 0.

II1. RESULTS

A. Scaling of pressure

In Fig. 1 we show our numerical results for the system
pressure. Figures 1(a) and 1(b) show pressure p and bulk
viscosity ¢ = p/é for uniaxial compression, while Figs. 1(c)
and 1(d) show p and ¢ for isotropic compression. Note, we use
a slightly different set of strain rates € for these two different
cases.

As predicted by Eq. (28), we see that as ¢ decreases, p
approaches a finite limit for ¢ > ¢; but vanishes for ¢ < ¢;.
Similarly, as predicted by Eq. (27), we see that as € decreases,
¢ approaches a finite limit for ¢ < ¢, that appears to diverge
as ¢ — ¢; from below. Above ¢;, where p is finite, { = p/é
diverges ~1/€ as ¢ — 0.

We now fit our data to the assumed scaling form. Since
the scaling function f(x) of Eq. (25) is not a priori known,
we approximate it, for small values of its argument, by the
exponential of a fifth order polynomial,

5
f(x) = exp (Z cnx"> . (29)

n=0
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FIG. 1. (a) Pressure p and (b) bulk viscosity ¢ = p/é vs packing
¢ for the uniaxial compression of bidisperse frictionless spheres in
three dimension at different strain rates €; (c) p and (d) ¢ for isotropic
compression. The vertical dashed lines locate the jamming ¢,. The
system has N = 32768 particles and results are averaged over 20
independent samples. Error bars are roughly equal to or smaller than
the size of the data symbols.

We then fit our data to the form of Eq. (25) regarding ¢,,
q, 1/zv, and the polynomial coefficients ¢, as free fitting
parameters.

The scaling Eq. (25) holds only asymptotically close to
the critical point, i.e., as ¢ — ¢; and as é — 0. One does
not a priori know how close to the critical point one needs
to be in order for the scaling to hold. To test which of our
data lies within the scaling region, we therefore fit to Eq. (25)
using different windows of data, with ¢ € [Pmin, Pmax] and
€ < €max. If we find that our fitted parameters remain roughly
constant within the estimated statistical error, as we shrink the
data window, then we can have confidence that our fits are
stable and self consistent.

In Fig. 2 we show the results from this fitting procedure,
plotting the values of different fit parameters versus €pay,
the maximum strain rate for data used in the fit. We show
results for three different windows of data [Pmin, Pmax] cen-
tered about the jamming ¢;. Solid data symbols connected by
solid lines show our results for uniaxial compression, while
open data symbols connected by dashed lines show our results
for isotropic compression. We use the jackknife method to
estimate errors (one standard deviation statistical error) and
bias-corrected averages of our fitting parameters. Figures 2(a)
and 2(b) show the exponents g and 1/zv that define the scaling
Eq. (25). Figures 2(c) and 2(d) show the related exponents
B = (1 —q)zv and y = gzv of Egs. (27) and (28). Figure 2(e)
shows the jamming ¢, and Fig. 2(f) shows the x? per degree
of freedom ny of the fits.

We see that the fit parameters remain roughly equal, within
the estimated errors, as €,,,x decreases, and as the window

0.30 0.235 e . .
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029 F ——0.627-0.6671 uniaxial:solid
e 0.637-0.657]  O20F
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~ 0.637-0.657] 2
< 0.642-0.652 o 0642:0622
-
0.647 £
N s
> 1.0F o
05f s I
isotropic: open “ 3D
0.646 (e) uniaxial: solid | 3D 0.0 (Q ) )
' 107 10°. 10 107 10°6. 107
€max €max

FIG. 2. Critical scaling parameters obtained by fitting the data of
Fig. 1 to the scaling form of Eq. (25), vs the upper limit €, of the
compression rate for data used in the fit. Solid symbols and solid
lines are for uniaxial compression while open symbols and dashed
lines are for isotropic compression. Results for three different ranges
of packing ¢ € [Pmin, Pmax] are shown. (a) Exponent g; (b) exponent
1/zv; (c) exponent f = (1 — g)zv, (d) exponent y = gzv, (e) jam-
ming ¢,; (f) the x? per degree of freedom n; of the fits. We use the
jackknife method to compute the estimated errors and bias-corrected
averages of the fit parameters.

[@min> Pmax] shrinks. Moreover, we find that the critical pa-
rameters for uniaxial compression and isotropic compression
are also equal within the estimated errors. The x?2/n r» shown
in Fig. 2(f), shows that the quality of the fits improves as
[@mins Pmax] shrinks, and for the smallest window of ¢ is
roughly independent of €,,x for the smaller €. For the narrow-
est data window we have 2/ ny ~ 0.5, suggesting a very good
fit, however we caution that our compression protocol implies
that (unlike in simple shearing) data points and their errors are
strongly correlated as ¢ varies from one integration step to the
next, and so the significance of the specific numerical value of
x2/n ¢ is unclear.

We thus conclude that our fits are stable and self-consistent,
and therefore, in three dimensions stress-anisotropic jamming
via uniaxial compression and stress-isotropic jamming via
isotropic compression are in the same critical universality
class, characterized by the same rheological critical expo-
nents. This is our main conclusion. Using our results from
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FIG. 3. Scaling collapses for the pressure data shown in Fig. 1,
plotting p/é? vs x = (¢ — ¢;)/€/? for (a, c) uniaxial compression
and (b, d) isotropic compression. The values of ¢, 1/zv, and ¢,, as
indicated in the figure, are the same for both cases and are obtained
from the data window ¢ € [0.642, 0.652] and the second smallest
€max- The data points within this window are indicated by solid
symbols, and span a narrow window with |x| < 0.23; other data
points are shown as open symbols. Panels (a) and (b) show an interval
of x that corresponds to the range of values used in making the fit.
Panels (c) and (d) show a much wider range of x that includes more
of our data. We see a good collapse even for data that lie well outside
the data window used in the fit.

4

4

the smallest data window ¢ € [0.642, 0.653] and the second
smallest €,.x, We find

q =0.262£0.009, 1/zv =0.219 £+ 0.004,

(30)
B =336+0.09, y=1.19+£0.03.
We also find that the jamming
¢; = 0.6470 £ 0.0004 (31)

is the same for both uniaxial and isotropic compression.

As a further check of the critical scaling Eq. (25), if we
plot p/é? versus x = (¢ — ¢;)/€'/?, then we expect our data
for different compression rates € to collapse to a common
scaling curve f(x). We show such a scaling plot in Fig. 3,
using the values of the critical parameters given above in
Egs. (30) and (31). Figure 3(a) is for uniaxial compression,
while 3(b) is for isotropic compression. We see a generally
good scaling collapse. We note that the data used in the fit to
the scaling equation (shown as solid symbols in Fig. 3) span a
very narrow window with |x| < 0.23. In Figs. 3(c) and 3(d) we
show the same scaling plots, but now over a much wider range
of x. We see that the scaling collapse continues to hold over
much of this wider range. For small x < —1, below jamming,
we see a departure from a common scaling curve for the larger
values of €; note also that for a fixed x, a larger value of € also
implies a larger value of |¢ — ¢;|. We therefore believe this

‘ - 106 —— .
103 (@) uniaxial 3D . € uniaxial | 3D
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10° 51 1ot
1075 porere iy
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FIG. 4. (a) Shear stress ¢ and (b) shear viscosity n = o /é vs
packing ¢ for the uniaxial compression of bidisperse frictionless
spheres in three dimensions at different strain rates €. The system has
N = 32768 particles and results are averaged over 20 independent
samples. Error bars are roughly equal to or smaller than the size of
the data symbols.

breakdown of a common scaling curve as x decreases below
—1 is due to the effect of corrections-to-scaling that become
more significant as € increases, and ¢ decreases, and one goes
further from the critical point (¢;, € — 0). We comment more
on corrections-to-scaling in the next section.

In our previous letter on isotropic compression [24], we
found for three dimensions the critical parameters, ¢; =
0.6464 £0.0005, B =3.07£0.15, and y = 1.22£0.03.
We note that those values of ¢; and y are both within one
standard deviation statistical error of the values found in the
present work, while the value of 8 is two standard deviations
smaller. It could be that the protocol we adopted in that
earlier work, where simulations at each é were started from
a configuration taken from simulations at the next higher
value of €, at successively larger values of ¢;n;, introduced
correlations between the data at different € that effected our
analysis and led to small shifts in the fitted parameters. It
was because of this possibility that in the present work all
simulations at different ¢ were started from independent
random configurations at the same ¢;p;.

B. Scaling of shear stress

In isotropic compression, the resulting average stress ten-
sor is isotropic and completely characterized by the scalar
pressure. For uniaxial compression, however, we expect the
system to develop a finite shear stress o, as defined in Eq. (21).
In Fig. 4(a) we plot the resulting o versus packing ¢, for
different strain rates €. In Fig. 4(b) we plot the correspond-
ing shear viscosity, n = o /é. We see the same qualitative
behavior as seen previously for the pressure p in Fig. 1. As €
decreases, o approaches a finite limit for ¢ > ¢; but vanishes
for ¢ < ¢,, while n approaches a finite limit for ¢ < ¢; and
diverges for ¢ > ¢;.

Since p and o are both parts of the same stress tensor, we
expect that they will scale with the same critical parameters.
In Fig. 5 we test this assumption by plotting o /é? versus
(¢ — ¢;)/€Y?, using the same values for g, 1/zv, and ¢,
as were found in Eqgs. (30) and (31) for the pressure p. We
see that this collapse is not nearly as good as we found for
p. A common scaling curve does seem to be emerging as €
decreases, but, compared to what is seen in Fig. 3 for the
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FIG. 5. Attempted scaling collapse for the shear stress data
shown in Fig. 4, plotting ¢ /é9 vs x = (¢ — ¢;)/¢"/%” for uniaxial
compression. The values of ¢, 1/zv and ¢; are the same as was
obtained from the scaling analysis of pressure p, as shown in Fig. 3.
(a) shows a narrow range of x, corresponding to the range used in
obtaining the fit to pressure p in Fig. 3. (b) shows a much wider
range of x that includes much more of our data. We see that our data
appear to collapse to a common curve as the strain rate € decreases.
However, as compared to what was found for pressure in Fig. 3, here
we observe a greater spread of the data at larger ¢ and below ¢,
(x < 0). This is an indication that corrections to scaling are more
significant for o as compared to p.

pressure, here the deviations are much larger at the larger ¢,
and for ¢ < ¢; below jamming. We believe that this is due
to “corrections-to-scaling,” which come into play whenever
one’s data is insufficiently close to the critical point, in this
case (¢;, € — 0). It has previously been found for simple
shear-driven jamming that such corrections-to-scaling affect
the shear stress o much more strongly than they do the pres-
sure p [4,28,49,51].

As another way to see the effect of corrections-to-scaling,
in Fig. 6(a) we plot p/€? versus € for different fixed ¢ near
¢y, and in Fig. 6(b) we similarly plot o /é?. From the scaling
Eq. (25) we expect that exactly at ¢ = ¢, p/é? will be the
constant f(0), independent of €. In Fig. 6(a) we see just such
behavior. For o /€7 in Fig. 6(b), however, the dataat ¢ = ¢, =

‘ ‘ ‘ 102 ‘ ‘ ‘
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FIG. 6. Data of Figs. 1(a) and 4(a), replotted as (a) scaled pres-
sure p/é? and (b) scaled shear stress o /€9, vs the strain rate €, at
different packing fractions ¢ about the jamming ¢; = 0.647, for
uniaxial compression. At ¢, (the red data points), the data for p/é?
is independent of €, consistent with the scaling Eq. (25). However,
at ¢, the data for o /é7 curves upwards, indicating that o is signif-
icantly effected by corrections to scaling. At ¢; = 0.647, the solid
line in panel (a) is a fit to a constant, while in panel (b) it is a fit to
the form ¢y + c;€“/". In panel (b) the solid line at ¢ = 0.646 is a fit
to cé™. Solid lines at other values of ¢ are simply guides to the eye.

0.647 are not similarly a constant, but rather increase with
increasing €.

When corrections-to-scaling are important, the scaling
Eq. (25) must be modified to [4,49]

o = ¢l |:f1<¢~1_/z(f)1) I éw/2f2<¢'1_/zfj>:|7 (32)
¢ é

where @ > 0 is the correction-to-scaling exponent, coming
from the leading irrelevant scaling variable. Sufficiently close
to the jamming critical point, where € — 0, the correction
term proportional to f> becomes negligible compared to the
leading term f}, and one recovers Eq. (25). However, when €
is too big, the correction term must be included to characterize
the data. See Ref. [49] for further discussion of corrections-to-
scaling in the context of the jamming transition.

We have tried to fit our data for ¢ to the form of Eq. (32),
approximating both the unknown scaling functions f; and f
as in Eq. (29). Such an approach has been done previously
for shear-driven jamming in both two and three dimensions
[4,29,49]. However, in the present case, we find that the de-
grees of freedom associated with having two unknown scaling
functions are too many for us to get reliable results; our data is
not sufficiently accurate to yield stable fits with this method.
We therefore proceed with a simpler approach. Exactly at
¢ = ¢y, Eq. (32) reduces to

0/ = f1(0) + € f(0), atp = ¢, (33)

If we assume the same ¢; and g as found from our analysis
of the pressure p, then we can fit the data for o /€7 at ¢, to
the above form, and from that determine an estimate for w/z.
Such a fit is shown as the solid line at ¢, = 0.647 in Fig. 6(b).
The fithas a x2/n ¢ = 1.55 and determines the estimate w/z =
0.24 +0.02.

Looking solely at Fig. 6(b), one sees that the data at
¢ = 0.646 appears to lie close to a straight line with a finite
slope. The solid line through this data in Fig. 6(b) is a fit
to a simple power law, cé¥; the fit has a 2 /ny =1.80 and
yields w = 0.142 £ 0.003. This larger Xz/nf, compared to
that obtained when using Eq. (33) to describe the data at
¢ = 0.647, indicates a poorer fit; moreover, the data points for
the two smallest ¢ lie above the fitted line. Yet one might be
tempted to think that this behavior indicates that the jamming
point for o is ¢ = 0.646, slightly smaller than ¢ = 0.647,
and that the power law g, = g, + w = 0.404 is larger than
the power law g, = 0.262.

To demonstrate that this is not the case, and that both p and
o do indeed scale with the same exponent g, and are charac-
terized by the same jamming ¢,, we consider the macroscopic
friction u = o /p. If, for example, one had ¢J < ¢/, then
u=o0/p=mn/¢ would diverge at ¢§ as € — 0. If one had
do > qp, then at ¢; one would have p ~ €% 9 and p would
vanish as € — 0.

In Fig. 7(a) we plot u versus ¢ for different compression
rates €. We see that, as € decreases, u approaches a finite value
at all ¢. Thus, we conclude that o and p are both characterized
by the same ¢, and g. In this case, if both o and p obey scaling
equations of the form of Eq. (32), then p will have the form

u=g1<¢_¢j)+é”/zgz<¢_¢j>. (34)

el/zv el/zv
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FIG. 7. (a) The macroscopic friction, & = o /p, vs packing ¢ at
different strain rates € for uniaxial compression. The vertical dashed
line indicates the jamming ¢, = 0.647, where p has a sharp mini-
mum as é — 0. (b) Friction u vs € at ¢ = 0.646, 0.647, 0.648, near
the presumed ¢; = 0.647. The solid lines are fits to & = juy + c €7
and at ¢ = 0.647 gives p; = 0.028 £0.002 and w/z = 0.234 £
0.022.

In particular, exactly at ¢ = ¢;, the above gives

at¢ = ¢y, (35)

where ©; = g1(0) is the quasistatic € — 0 value of u exactly
at jamming. In Fig. 7(b) we plot u versus € for ¢ = 0.646,
0.647, 0.648, near the assumed ¢y, and fit to the above form.
For all three ¢ we get an excellent fit with a finite value of
wy ranging from 0.026 to 0.029 and an exponent w/z ranging
from 0.22 to 0.24. Taking ¢; = 0.647 we have u; = 0.028 +
0.002 and w/z = 0.234 £ 0.022. This value of w/z agrees,
within the estimated error, with the value obtained directly
from o via Eq. (33). Combined with our earlier result of
1/zv = 0.219 % 0.03 we then have wv = 1.07 & 0.18, which
agrees with the value found previously in two dimensions for
simple shearing [4].

Note, as ¢ — 0, the shape of (¢) shown in Fig. 7(a) is
dramatically different from that seen in simple shearing. In
simple shearing, 1 (¢) is a monotonically decreasing function
of ¢, with u; =~ 0.1 [47]. Here, for uniaxial compression,
we see that u(¢) is nonmonotonic with a sharp minimum
at ¢y, and u; = 0.028 is roughly a factor 3.5 times smaller
than for simple shearing. However, the important point is
that, for uniaxial compression, ©; remains finite. For uniax-
ial compression, configurations at the jamming transition are
stress-anisotropic, just as they are for simple shearing, and
unlike the stress-isotropic configurations for isotropic com-
pression.

1=y +cé”k,

C. Scaling of contact number

For isotropically jammed configurations of soft-core, fric-
tionless spheres, such as obtained by quenching random initial
configurations, or from isotropic quasistatic compression or
decompression, above jamming the average number of inter-
particle contacts per particle Z is found to obey the scaling
law [2,19],

Z—Zio~ (@ —o)'?,  forp > ¢y, (36)

provided rattler particles are removed from the calculation of
Z. Exactly at jamming, Z = Zj;, = 2d is the isostatic value,
where d is the spatial dimension of the system (so Zi, =

° Binit uniaxial 3D |
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FIG. 8. Average number of contacts per particle Z,; vs packing
¢ for uniaxial compression starting from nonoverlapping configu-
rations at different ¢, at compression strain rate ¢ = 10~7. The
system has N = 1024 particles and results are averaged over 10
independent samples. Error bars are roughly equal to or smaller than
the size of the data symbols. The vertical dashed line indicates the
jamming ¢, = 0.647. Here, rattlers are included in the calculation of
Za.

6 in 3D). A rattler is any particle, in a mechanically sta-
ble configuration, which retains at least one unconstrained
translational degree of freedom; rattlers are usually particles
that are trapped within a cage formed by other particles
that participate in the system spanning force chain network
that characterizes a jammed configuration. When quenching
from random initial configurations, or when compressing or
decompressing with energy relaxation between compression
steps, one finds Z = 0 below jamming; particles can avoid all
contacts. Thus, in such cases, Z is said to take a discontinuous
jump from zero to Zis, at the jamming packing ¢;.

Recently the same scaling for Z was found for anisotropi-
cally jammed frictionless spheres, obtained by the quasistatic
shear-jamming of initially unjammed isotropic configurations
[9,10]. This indicates that the exponent 1/2 in Eq. (36) is
universal for both stress-isotropic and stress-anisotropic jam-
ming. Here we extend the scaling of Z to compression-driven
jamming at a finite strain rate €, and show that the scaling
Eq. (36) is recovered in the é — 0 limit for both isotropic
and uniaxial compression. In the following we will denote the
average contact number, as computed without rattlers, by Z;
we will denote the average contact number of all particles,
including rattlers, by Zy;.

In Fig. 8 we plot Z,; versus ¢ for uniaxial compression
at the fixed rate € = 1077, We show results for N = 1024
particles starting from configurations of nonoverlapping but
otherwise randomly positioned particles at several different
initial packing fractions ¢i,;. Our results at each ¢y, are
averaged over 10 independent compression runs. In this figure
we show Z,;, which includes rattlers, rather than Z, since
the notion of a rattler becomes ambiguous at low packings
where there are no extended force chains. In contrast, Z;
remains well defined down to ¢jy;.

We see that, unlike the methods that involve energy relax-
ation and give Z,; = 0 for ¢ < ¢;, here we find a finite Z,;
for all ¢ > ¢ini;. We have Z,; = 0 at @iy by the definition
of how we construct our initial configuration. The finite Zy,
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FIG. 9. Average number of contacts per particle Z vs pack-
ing ¢ at different strain rates ¢ for (a) uniaxial compression and
(b) isotropic compression. Rattlers have been removed from the
system before computing Z. The vertical dashed lines indicate the
jamming ¢; = 0.647. The horizontal dashed lines indicate the iso-
static value Zi;, = 6. The system has N = 32 768 particles and starts
from ¢ = 0.2. Error bars are roughly equal to or smaller than the
size of the data symbols.

above ¢iyi¢ 1s due to our dynamic process of compression,
in which particles push into each other as the system box
contracts. A similar effect of Z,; > 0 below ¢, was seen in
simple shearing simulations [16], however there is one im-
portant difference between shearing and the present case of
compression. When simple shearing at a fixed rate, the system
samples an ensemble of states that becomes independent of
the initial configuration, if one shears long enough [11]. When
we compress, the effect of the initial configuration, and details
of the compression protocol, can strongly effect behavior at
low packings.

Thus, in Fig. 8 we see that Zy(¢) at low ¢ is clearly
different depending upon the particular value of ¢y, from
which we start our compressions. We see that Z; rises linearly
from zero as ¢ increases above ¢;,;;. However, we see that
Za1(¢) becomes independent of ¢ once ¢ = 0.58. Thus,
near jamming, our calculation of the average contact number
becomes independent of the particular ¢;,;; from which we be-
gin our compression. A similar independence of the pressure
P on @iy, at large ¢ near and above jamming, was found in
Ref. [52].

‘We now focus on the contact number Z, obtained after first
removing all rattlers from the system, at larger packings near
jamming. We define a rattler as any particle which has fewer
than four contacts. We recursively loop through the system,
removing rattlers until no further rattlers are found. In Fig. 9
we plot Z versus ¢ for different strain rates ¢, for a system of
N = 32768 particles. Figure 9(a) shows our results for uniax-
ial compression while Fig. 9(b) is for isotropic compression.
In both cases the compression starts from ¢,y = 0.2. We see
that Z approaches a limiting curve as ¢ decreases, and that the
dependence of Z on € is only readily apparent in the vicinity
of ¢ 7.

We wish to generalize the scaling Eq. (36) to include the
strain rate €, in a similar manner to Eq. (25). The difficulty is
that, unlike p or o which vanish below ¢;, the contact number
Z is finite below ¢;. We take a phenomenological approach
and assume that the contacts below ¢;, that arise from our

r " r r 7.0
(a) 3D uniaxial ¢ (b)
65l eS| 65

v
6.0 +-
N JOﬂ N

‘ ‘
uniaxial

N ,_,_,_ka/ 0.62 551 :

SSp T e 061 /

— 0.60 50} re
. 0.59 L
Lo . 0.58]
" b
5 o |

45 : L 053] 4obel _ P

T0° 10 10-76-106 10 8.50 0.55 0.60¢ 0.65 0.70

7.0 7.0

(d) isotropfc

0.65
650 e ] 6.5

/ 0.64
6.0 2

oo RN

N . s >3t S

ss 0.61 S
e 060 ]

ﬂ 0.59 SO0 e
T . 058 ]

500 T 0y 450 o
T 0% )

45 e e e e 055 o [0y}

07 10 10-76-10-6 107

5055 0.0 P 0.65 070

FIG. 10. Average contact number Z vs strain rate €, for differ-
ent packings ¢ below and just above the jamming ¢; = 0.647, for
(a) uniaxial and (c) isotropic compression. Limiting value lim¢_,o Z
defines Z,5(¢), the nonsingular contribution to Z for ¢ below ¢,
for (b) uniaxial and (d) isotropic compression. In panels (b) and
(d) the solid line is a fit to a cubic polynomial of the form given
in Eq. (38). The vertical dashed lines in panels (b) and (d) locate
the jamming ¢,, while the horizontal dashed lines locate the isostatic
value Z;;, = 6. The red dots in panels (b) and (d) indicate the isostatic
pOil’lt (¢J, Ziso)-

protocol of compressing, constitute a smooth nonsingular con-
tribution to Z that must be subtracted to get the critical part
that scales. Generalizing to finite strain rates €, we therefore
posit the scaling form,

el/zv

7 — Zog(9) =e’“h(¢ _¢’>, 37)

where Z,s(¢) is the nonsingular part, and Z,s(¢;) = Ziso. For
¢ < ¢j, we expect Z — Z,s — 0 as € — 0; hence, below ¢,
Zys 1s just the lim;_, ¢ Z. For ¢ > ¢, we expect that Z — Z
approaches a finite constant as ¢ — 0. We therefore expect
h(x) ~x*V as x > +o00, and so as € —> 0, Z — Z,s ~ (¢ —
¢, ). For this to agree with Eq. (36), we must then have
kzv = 1/2,0ork = 1/2zv.

To determine Z,s(¢) for uniaxial compression, we plot Z
versus € at various different packings ¢ in Fig. 10(a). When
the values of Z at the two lowest rates € are equal, within the
estimated errors, we take that value as the € — 0 limit Z,,(¢).
With this approach we can obtain Z,s(¢) for packings ¢ up to
¢ = 0.63. To analytically continue Z,, up to and above ¢;, we
then fit the data points so obtained to an nth order polynomial,

Zns($)=6— (¢ —¢)". (38)

m=1

The form of the polynomial above guarantees that Z,; passes
through the isostatic point, Z,s(¢,) = Zis, = 6. Using our pre-
viously determined ¢; = 0.647, we find good results using a
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FIG. 11. Scaling collapse for the singular part of the aver-
age contact number Z — Z,,, plotting (Z — Zy)/€"/*" vs x = (¢ —
¢;)/€Y? at different strain rates ¢ for (a) uniaxial and (b) isotropic
compression.

cubic polynomial with n = 3. In Fig. 10(b) we plot the data
points for Z,s versus ¢ and show results for this cubit fit. In
Figs. 10(c) and 10(d) we show the corresponding plots for
isotropic compression. For this case we are able to obtain
Zys(¢) only up to ¢ = 0.62; a cubic polynomial is again used
to extrapolate Z, to larger ¢.

Using the above determined Z, setting ¥k = 1/2zv, and
using the same values of ¢; and 1/zv given in Eq. (30) that
were found from our fits to the pressure p, in Fig. 11 we plot
(Z — Zns) /€17 versus x = (¢ — ¢;)/é'/7, to test the scaling
prediction of Eq. (37). Figure 11(a) shows the scaling collapse
for uniaxial compression, while Fig. 11(b) is for isotropic
compression. We see an excellent data collapse for x < 0,
below jamming. The collapse remains good for x > 0, above
jamming, with the curves of different ¢ peeling off from the
limiting ¢ — O curve at successively smaller values of x as é
increases. The departure from a common scaling curve above
¢, as € increases might be due to corrections-to-scaling. We
note that the largest x data point on each € curve corresponds
to the packing fraction ¢ = 0.70, which is sufficiently above
¢; = 0.647 that we would not expect it to be described by
just the leading scaling term. However, we believe it is more
likely that the departure from a common scaling curve as x
increases above zero is due primarily to the failure of our
predicted Z,s(¢), determined solely from data below ¢;, to
remain accurate as we go much above ¢;.

The good collapses we see in Fig. 11 thus show that the
effect of a finite compression rate on the contact number Z is
governed by the same scaling variable (¢ — ¢;)/€'/*" that was
found for the pressure p. Moreover, the quasistatic limit is cor-
rectly described by the exponent 1/2, as in Eq. (36). As with
the scaling of pressure p, we see that the critical exponents
characterizing the contact number Z are universal, being the
same for stress-anisotropic jamming (uniaxial compression)
as for stress-isotropic jamming (isotropic compression).

IV. DISCUSSION

Our results strongly argue that, in three dimensions, stress-
isotropic and stress-anisotropic jamming are in the same
critical universality class, not only for static structural proper-
ties, but also for dynamic properties governed by a diverging

critical timescale. For both isotropic compression, where con-
figurations have an isotropic stress tensor with u = o /p = 0,
and for uniaxial compression, where configurations have an
anisotropic stress tensor with a finite © = o /p > 0, we find
that the bulk viscosity diverges as ¢ = p/é ~ (¢; — ¢) P,
with a common B = 3.36 & 0.09. Our discussion of the scal-
ing of the shear stress o, and the macroscopic friction pu,
suggests that the shear viscosity in uniaxial compression,
n = o /€, diverges similarly, though with strong corrections-
to-scaling characterized by the correction exponent w/z =
0.24 +0.02.

We now compare our results with other simulations in the
literature. We consider only works on three-dimensional sys-
tems, with the same particle size-dispersity we use here, and
with a similar viscously overdamped dynamics. To compare
results, two key quantities are the number of particles N in the
system, and the range of packing fractions @nin < @ < Pmax
that are used in fitting to the numerical data. We therefore de-
fine §¢max/P; = (P; — dmin)/Ps, which measures the relative
distance to jamming of the data that is farthest from ¢,. Recall,
critical scaling holds only asymptotically close to the critical
point, so the smaller is §pmax /@, the more likely one is to be
in this asymptotic critical region. For the fits that determined
the values of our critical exponents given above, we used
N = 32768 particles and a data window of 6@ max /s =~ 0.008.

Recent 3D simulations by Ikeda and Hukushima [53]
have computed a quantity analogous to the bulk viscosity by
considering particle displacements under quasistatic isotropic
compression. Using a finite-size scaling analysis for bidis-
perse systems with N < 4096 and a relatively large data
window of 8¢,y /¢, = 0.15, they claimed 8 = 2.7. These are
the only other simulations we are aware of that address the
divergence of the bulk viscosity under compression.

We can also compare our results to those in the litera-
ture for stress-anisotropic simple shear-driven jamming. For
a simple-shear strain rate y, we define the pressure analog of
shear viscosity as n, = p/y ~ (¢; — ¢)P. Lerner et al. [26],
simulated 1000 hard-core spheres and obtained 8 = 2.63 by
fitting over a data window with 8¢y /¢, =~ 0.062. DeGiuli
et al. [27], also using 1000 hard-core spheres, found g =
2.78 by fitting over a data window with S /¢y =~ 0.043.
Kawasaki et al. [28] simulated up to 10 000 soft-core spheres
and found 8 = 2.56 by making an extrapolation to the N —
oo and y — 0 hard-core limit; they used a data window with
0Pmax/Py = 0.116. Thus, we can note that including data
that is further away from ¢, in one’s fit, i.e., using a larger
SPmax /Py, seems to result in smaller values of . We thus
believe that the fits in these works include data that is too
far from ¢, to be in the asymptotic critical region, and hence
the resulting values of 8 do not reflect the correct asymptotic
value.

More recent simulations by Olsson [29] with 65 536 soft-
core spheres, using a scaling analysis similar to that described
here with a data window 8may /¢y = 0.026 and Yya = 1072,
but explicitly including corrections-to-scaling in the analysis
of both p and o, find 8 =3.8+0.1, y=1.16+0.01, and
w/z =0.30 £ 0.02 (errors cited here are one standard devi-
ation estimated error). These values are roughly 3—4 standard
deviations away from the values we find in the present work
for uniaxial compression. It could be that the complications
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associated with including corrections-to-scaling have led to
systematic errors resulting in Olsson finding a larger B than
the correct value; or it could be that the absence of corrections-
to-scaling in our analysis of p has led to systematic errors
resulting in our finding a smaller 8. However, we cannot rule
out the possibility that simple-shearing and uniaxial compres-
sion, though both producing states with anisotropic stress,
might be in different universality classes. Simple-shearing
creates ensembles of configurations that are statistically inde-
pendent of each other at each value of y and ¢. Compression,
however, creates ensembles in which configurations for the
same €, but different ¢, are necessarily correlated.

Finally, we can compare our results against theoretical
predictions. DeGiuli et al. [27] and Diiring et al. [44], treat-
ing hard-core spheres below jamming, have considered the
relation between n,= p/y and the deviation of the average
contact number from isostaticity, , ~ (Ziso — VAR Using
marginal stability arguments, they have proposed that the ex-
ponent B’ can be expressed as B/ = (4 4+ 20)/(1 + 6), where
0 describes the algebraic distribution of the magnitudes of the
contact forces fi; = |flf°}| that participate in the extended force

network exactly at ¢;, P(fi;) ~ ffj Recently, Ikeda has pre-
sented a calculation [54] of the critical relaxation time T from
the dynamical matrix of jammed configurations, and found
T~ L —2Z )”3’ with 8’ related to 0 by the same relationship
as above. Such a relation between B’ and 6 would provide a
connection between structural and dynamic properties.

An infinite-dimensional mean-field theory of the isotropic
jamming transition by Charbonneau et al. [55,56] has com-
puted the value 6 = 0.423. Numerical simulations [57,58] of
thermalized and athermal spheres in finite dimensions d =
2, 3, 4 have found values of 6 consistent with this prediction.
It has been argued [19,59-62] that the upper critical dimen-
sion for jamming may be d = 2, and if so mean-field critical
exponents would apply for all dimensions d > 2. Moreover, a
common value for 6 was found [10,63] for thermalized hard-
core spheres in both stress-isotropic and stress-anisotropic
jammed configurations. These results thus suggest a common
universality for isotropic and anisotropic jamming, and using
the above value of 6 one finds 8’ = 3.41.

Tests of this dependence of 7, (or equivalently the relax-
ation time 7) on Z;;, — Z have been made in 3D simulations
of hard-core spheres, or by taking the y — 0 limit of soft-
core spheres. Measuring 7, for sheared hard-core spheres,
Lerner et al. [26] found the value 8’ = 2.94 for N = 1000.

Similar simulations by DeGiuli ez al. [27] found 8’ = 3.33 for
N = 1000. Olsson [29] measured the long time relaxation t
of N = 65538 soft-core particles, using initial configurations
sampled from steady-state shearing at a finite shear strain rate
y,and found 8’ = 3.7. Ikeda et al. [20] similarly measured the
long time relaxation t for N = 3000 particles. For both initial
random isotropic configurations and configurations sampled
from shearing at a finite y, they found all their data to give a
common value 8’ = 3.2.

To convert this prediction for 8" into the exponent 8 that
we measure in our present work, we need to know how the
contact number difference (Z;;, — Z) scales with the distance
in packing below jamming (¢; — ¢),

Zio—Z~ (¢) — )" forg < ¢,. (39
Then we will have 8 = uf’. Early shearing simulations by
Heussinger and Barrat [16] claimed u = 1, and hence 8 = §'.
However, analytic arguments by DeGiuli et al. [27] claimed
u=2+20)/(3+6)=0.83, thus predicting 8 = 2.84. As
we have discussed above, several numerical works have
claimed values of § in this neighborhood; however, as we
have highlighted, these values seem dependent on the window
of data S¢max/@; used in the scaling fit, with g increasing
as 0¢max /@y decreases. Indeed, in DeGiuli et al. [27] the fit
of their numerical data for p/y versus ¢; — ¢, that is used
to determine their value 8 = 2.78, and the fit of p/y versus
Ziso — Z, that is used to determine their value 8’ = 3.33, seem
to use almost nonoverlaping ranges of p/y, with the latter two
orders of magnitude closer to the critical point than the former
(see their Fig. 5 and note that their J &« y/p).

In contrast, Olsson, has done a careful numerical analysis
[21,29] in both 2D and 3D that strongly argues u = 1. Our
own result in Sec. III C, that shows that Z obeys a good
scaling collapse when we assume that the background Zg
is a nonsingular function of the packing as ¢ varies through
¢y, is consistent with this conclusion. If this is the case, then
B = B’ and our result 8 = 3.36 & 0.09 would be in very good
agreement with the marginal stability prediction of 8/ = 3.41.
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