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Equilibrium behavior in a nonequilibrium system: Ising-doped voter model on complete graph

Adam Lipowski®!

and Dorota Lipowska

2

'Faculty of Physics, Adam Mickiewicz University, 61-614 Poznan, Poland
2Faculty of Modern Languages and Literature, Adam Mickiewicz University, 61-874 Poznari, Poland

® (Received 17 October 2021; accepted 28 January 2022; published 11 February 2022)

While the Ising model belongs to the realm of equilibrium statistical mechanics, the voter model is an example
of a nonequilibrium system. We examine an opinion formation model, which is a mixture of Ising and voter
agents with concentrations p and 1 — p, respectively. Although in our model for p < 1 a detailed balance is
violated, on a complete graph the average magnetization in the stationary state for any p > 0 is shown to satisfy
the same equation as for the pure Ising model (p = 1). Numerical simulations confirm such a behavior. Variance
of magnetization and susceptibility in our model increase for decreasing p and diverge at the temperature at
which magnetization vanishes. Simulations on a random graph also show that a small concentration of Ising

agents is sufficient to induce a ferromagnetic ordering.
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I. INTRODUCTION

Some statistical-mechanics models, initially intended to
describe certain physical systems, find numerous applications
outside the realm of physics [1]. The best example is probably
an Ising model, which, introduced as a model of the mag-
netic ordering, recently finds applications in econophysics,
computer science, computational biology or neuroscience [2].
Applications of the Ising model related to opinion formation
are particularly attractive, and a number of versions have been
proposed in this context [3—6].

As is well known [7], the Ising model undergoes a
temperature-driven transition between the ferromagnetic and
paramagnetic phases. The transition point is characterized by
a singular behavior of some quantities, such as magnetization
or susceptibility, but also by vanishing of surface tension.
The surface tension in the Ising model remains positive be-
low the transition temperature and is a factor responsible
for the curvature-driven coarsening dynamics [8]. Actually,
the curvature-driven dynamics is not restricted to Ising mod-
els. For example, the dynamics of certain opinion-formation
models generates an effective surface tension, as a result of
which such models show certain dynamical similarities with
the Ising model [9]. There are even some indications that evo-
Iution of dialects may also be subjected to an adopt effective
surface tension [10].

For physicists, a very appealing model of opinion forma-
tion is the so-called voter model [11]. The dynamics of the
voter model is very simple: at each step a randomly selected
voter adopts an opinion of its randomly selected neighbor.
Such tendency to align with the neighbors suggests a similar-
ity to the Ising model, however, some subtle differences result
in quite different dynamics of these models. In particular, on
two-dimensional lattices, the voter model dynamics is known
to be tensionless [12] with logarithmically slow coarsening,
and on three-dimensional lattices, the voter model does not
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coarsen at all [13]. Let us notice that while the Ising model
belongs to equilibrium statistical mechanics, the voter model
does not. Indeed, a detailed balance [14] that characterizes
equilibrium systems and that enforces the equal rate of for-
ward and backward processes, does not hold for the voter
model. This is because the dynamics of the voter model has
configurations, which the system may enter while the exit
from which is strictly forbidden [15].

Taking into account the heterogeneity of a human pop-
ulation and the multiplicity of factors affecting opinion-
formation processes, a homogeneous model in which each
agent acts according to the same rules must certainly be un-
realistic. The qualitatively different dynamics of the Ising and
the voter models prompted us to examine a model being a
mixture of them [16]. In such an Ising-doped voter model,
agents are initially classified as Ising or voter type, which
determines their dynamical evolution. Numerical analysis on
two- and three-dimensional lattices has shown [16] that even
a small fraction of Ising agents is sufficient to induce a
ferromagnetic ordering much like in the pure Ising model.
Moreover, the transition temperature in these mixed mod-
els decreases upon the decreasing of concentration of Ising
agents.

In an Ising-doped voter model where both Ising and voter
agents are present, certain transitions are also strictly forbid-
den (while the reverse processes are allowed) and such models
are not in equilibrium. Let us also emphasize that violations
of detailed balance in nonequilibrium systems result in their
more complex behavior such as probability currents, fluxes of
particles or energy, or even lack of a stationary steady state.
Their description and understanding, such as that achieved for
equilibrium systems, still remains a major challenge [17-19].
In the present paper, we examine an Ising-doped voter model
on a complete graph. Our study shows that in such a case the
magnetization obeys the same equation as in the pure Ising
model. Thus, the system violating a detailed balance is shown
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to behave, at least to some extent, as a certain equilibrium
system.

II. MODEL

In our model, at each site i of a graph, there is an agent,
represented as a binary variable s; = 1, which evolves ac-
cording to the Ising- or voter-model dynamics. Initially, each
agent is assigned the type of dynamics, to which it is subject:
with probability p, the agent is set to operate according to the
heat-bath Ising dynamics [20], and with probability 1 — p, ac-
cording to the voter dynamics. Our model is thus a quenched
mixture of the Ising and voter variables. An elementary step
of the dynamics is defined as follows:

(i) Select an agent, say i.

(i1) If the variable s; is of the Ising type, update it ac-
cording to the heat-bath dynamics, namely, set as +1 with
probability

1

”(Si=1)=m, hi:;sji’ (D

and as —1 with probability 1 — r(s;=1).

The temperature-like parameter T controls the noise of the
system and the summation in Eq. (1) is over all neighbors of
site i.

(iii) If the variable s; is of the voter type, select one of its
neighbors, say j, and set s; = s;.

We define a unit of time (r = 1) as N elementary steps,
where N is the number of sites in the graph.

The presence of voter agents (p < 1) implies a violation of
the detailed balance. Indeed, when a voter type agent and all
its neighbors are in the same state, then a flip of this agent is
strictly forbidden. Since the reversed transition is allowed, it
means that the detailed balance in our model (for p < 1) does
not hold.

Let us notice that models combining two kinds of dynamics
have already been examined. For example, Hurtado ez al. [21],
motivated by the nonequilibrium behavior of interfaces in
some disordered systems, analyzed an Ising model with spin
variables evolving according to the heat-bath dynamics but
with a randomly switched temperature. In our case, however,
the type of the dynamics used by a given agent is initially
assigned and kept fixed.

A. Complete graph

Our main results are obtained for complete graphs, where
each agent is interacting with all the other agents. In the limit
N — o0, we expect that a mean-field description provides
a correct description of the model. Although such a case is
already well known, first let us analyze the pure Ising model,
which corresponds to the case p = 1. Moreover, for the pur-
pose of analytical considerations, let us consider a slightly
modified dynamics where during a unit of time # = 1 each
site is updated exactly once. Assuming that at time ¢ there are
I (t) and I_(¢) Ising agents oriented 4-1 and —1, respectively,
we obtain from the dynamical rule (1) that at time ¢ 4 1 the

number of +1 agents equals
N
1+ exp[—2(14(t) — I-(1))/TT
In the stationary regime, we might drop the time dependence
and introducing m = (I —I_)/N and using I, +1_ = N, we
rewrite Eq. (2) as
m+1 1
2 14exp(=2mN/T)’

Lt+1) =

@

3

or equivalently
m = tanh (mN/T). 4)

Of course, Eq. (4) agrees with the equilibrium statistical-
mechanics approach to the Ising model with infinite range of
interaction [22].

For 0 < p < 1, afraction 1 — p of agents operates accord-
ing to the voter model dynamics. As for the evolution of pN
Ising-like agents, the analog of Eq. (2) now reads

PN
1+ exp[—2(L (1) +Vi () =1 (t) = V_(t))/TT’
(&)

where V. (t) and V_(¢) are the numbers of voter agents
oriented +1 and —1, respectively. An analogous equation de-
scribes the evolution of /_(¢) but one can also use the
normalization condition I, () 4+ I_(¢t) = pN. Evolution equa-
tions for V. (¢) and V_(¢) follow from the rules of the voter
model. In particular, a probability that a given voter agent at
t 4+ 1 will be set to +1 equals to the fraction of its neighbors
that are at time ¢ set to +1, namely W Thus one can
write

L(t+1) =

V4 1= 1 OO

= =p)(Vi@)+L.(0). (6)

An analogous equation can be written for V_(¢), but again
the normalization condition V, (¢) + V_(¢) = (1 — p)N can be
used. In the stationary regime, Eq. (6) becomes V, = (1 —
p)(Vy + L) that might be written equivalently as V., = 1_7”1+

orV, +1, = %Lr. Using the last equation, the stationary form
of the evolution Eq. (5) can be written as

N
1 4+exp[—2Q2L4 + 2V, —N)/T]
With the redefined magnetization
m— L+Ve—1 -V 2(+Vy)—N
N N

Equation. (7) can be easily shown to be equivalent to Eq. (4).
Let us notice that for any 0 < p < 1, the magnetization m
[Eq. (8)] satisfies Eq. (4) that is independent of p. Thus, even
an arbitrarily small concentration of Ising agents enforces
ferromagnetic ordering with the same magnetization as in the
pure Ising model (at the same temperature 7).

Monte Carlo simulations of our model confirm such a
behavior. In Fig. 1, we present the temperature dependence
of the magnetization m. Let us notice that the critical tem-
perature as calculated from the Eq. (4) equals 7 = N. (In

=L/p=Vi+IL. (1)

)
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FIG. 1. The temperature dependence of the magnetization m for
several concentrations of Ising agents p. Simulations were made
for N = 10° with simulation time # = 10°. For each temperature,
the initial configuration was ferromagnetic (s; = 1). To reach the
stationary regime, the model relaxed and the relaxation time was
equal to the simulation time. The numerical solution of Eq. (4) is
labeled exact.

some studies [22], the Ising model on a complete graph has
a Hamiltonian with a coupling constant divided by N, which
keeps the critical temperature independent of N but to treat the
Ising and voter agents on equal footing, we do not use such a
normalization). Simulations for p = 1, 0.5, and 0.1 (Fig. 1)
are nearly not distinguishable and the magnetization indeed
seems to vanish at T /N = 1. Only for p = 0.01, stronger fluc-
tuations can be seen, especially in the vicinity of the critical
point, but we expect that for larger size of the graph N, even
in this case the magnetization will vanish at 7/N = 1. Such
strong fluctuations are not surprising as it is the Ising agents
that are primarily responsible for the ferromagnetic ordering
in our model, and in this case the number of Ising agents is
relatively small.

In Fig. 2, it is also demonstrated that the values of magneti-
zation at a given temperature are the same for different p. Even
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FIG. 2. The size dependence of the magnetization as calculated
for T /N = 0.9 (simulation time ¢ = 10°). The solution of Eq. (4) for
T /N = 0.9, namely m = 0.52542950. . ., is labeled as exact.
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FIG. 3. The temperature dependence of the inverse of variance
of magnetization. Simulation and relaxation times were ¢ = 10° and
N = 10°. Dotted lines corresponds to Eq. (9).

without any extrapolation, for N = 3 x 10 and T /N =0.9,
simulations give m(p = 1) = 0.52539(1) and m(p = 0.5) =
0.52537(2), which agrees within a relative error of 10~* with
the numerical solution of Eq. (4), namely m = 0.52542950. ..
For p=0.1and N = 3 x 10, simulations give m(p = 0.1) =
0.52507(3), which agrees with the expected value within a
relative error of 103, but as our data in Fig. 2 suggest, with
some extrapolation (N — oo) a much better agreement could
be achieved.

In the disordered phase (T > T, = N) we also calculated
the variance of magnetization o = %(Zi s;)?, which for the
pure Ising model equals, up to the temperature factor, to the
susceptibility x = o /T. Numerical results indicate (Fig. 3)
that o diverges at the critical temperature T /N = 1 but the ob-
tained values of o depend on the concentration of Ising agents
p. For the pure Ising model the susceptibility x might be also
calculated as a derivative of magnetization m with respect to
the magnetic field A4 [22]. In our case presence of magnetic
field changes the argument mN/T into (h +mN)/T in Eq. (4)
and we obtain x = fl—'};’(h =0)=1/(T — N). It corresponds
to 0 =1/(1 —N/T) and our numerical results agree with
such a formula (Fig. 3). For p < 1 one might assume that mag-
netic field couples only to Ising agents. Calculating in such a
L dtVeL=Vo) oy

case the susceptibility defined as x = wp o
1

0) gives x = TN Assuming that x = o /T also holds for
p < 1 we obtain

o= ; 9
p(1 =N/T)

Our numerical results confirm Eq. (9) (Fig. 3). The rela-
tion x =0 /T is well known in equlibrium systems and
our numerical results indicate that in some cases it might
be extended to nonequilibrium systems as well. It would
be certainly desirable to calculate o exactly in our model
and possibly verify its relation with susceptibility. Hopefully,
complete graph topology of interactions in our model should
make such calculations feasible.
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FIG. 4. The temperature dependence of the magnetization for our
model on a random graph with the average coordination number z =
5. Simulation time was ¢ = 10% and N = 10°. The arrow indicates
the critical temperature for the pure Ising model Eq. (10).

B. Random Graph

We also examined the behavior of our model on Erdos-
Rényi random graphs. To generate such a network, for each
pair of vertices we place a link with probability =, where z
turns out to be the average coordination number of a resulting
graph. It is already known that the Ising model placed on
such a graph above the percolation threshold, i.e., for z > 1,
remains ferromagnetic up to the critical temperature [23,24]

T=2/ln<z+i>. (10)

7z —

We simulated our model on random graphs with z = 5.
According to Eq. (10), the pure Ising model (p = 1) has a
phase transition at 7 = 4.9321 ... Our results show that even
for small p, the magnetization deviates only slightly from
the case of the pure Ising model p = 1 (Fig. 4). Only in the
vicinity of the critical temperature, large fluctuations deviate
the results from the p = 1 case, but we expect that for larger
N the good agreement would extend even at larger tempera-
tures. We expect that on finite-z random graphs, the behavior

of magnetization in our model probably depends on p, but
numerical results show that this is a rather weak dependance.

III. CONCLUSIONS

There is a twofold merit of our work. First, we have shown
that a nonequilibrium system with a violated detailed balance
can behave, at least with respect to some characteristics, as
its equilibrium counterpart. Such a result may contribute to a
better understanding of the role played by the detailed balance
and its violation. It would be desirable to examine whether for
this kind of models, one can provide an equilibrium statistical-
mechanics description, where a certain Hamiltonian would
specify a canonical probability distribution of steady state
configurations.

In addition, our work shows that even a small fraction of
the Ising agents is sufficient to keep the system in a ferro-
magnetic state much as in the pure Ising model. On lattices of
finite connectivity, numerical simulations show [16] a similar
effect but with a critical temperature that decreases with the
decreasing concentration of the Ising agents. As shown in the
present paper, on a complete graph, the critical temperature is
independent of this concentration. In the context of opinion
formation, we can notice that the Ising dynamics takes into
account a cumulative opinion of the surrounding agents rather
than that of a randomly selected neighbor. Our work shows
that agents that operate using such a conformity are very
influential. An arbitrarily small fraction of them enforces a
uniform opinion below the critical temperature but at high
temperature they keep the system in the paramagnetic state,
i.e., they prevent the voter agents to collapse on one of the
absorbing states.

Our simulations suggest that the Ising-doped voter model
on random graphs behaves similarly as on the complete graph,
with a magnetization and critical temperature nearly indepen-
dent of the concentration of the Ising agents. Let us notice
that both the Ising [23,24] and voter [25,26] models allow for
an exact analysis on various heterogenous networks and it is
hoped that a mixture of them could also be similarly studied.
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