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Transition energies and oscillator strengths for the intrashell and intershell transitions of the C-like
ions in a thermodynamic equilibrium plasma environment
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We present a theoretical study of the transition energies ω and the oscillator strengths gf for the C-like ions
(with Z from 14–36) subject to plasma environment for atomic transitions, which meet the spatial and temporal
criteria of the Debye-Hückel (DH) approximation. Two strong dipole-allowed transitions, viz., the intrashell
transition 2s2p3 3D1 → 2s22p2 3P0, and the intershell transition 2s22p3d 3D1 → 2s22p2 3P0 are investigated
in detail. We found that both ω and gf increase for the intrashell transition under the Debye-Hückel screening
potential VDH in terms of the Debye length D, which is linked to the ratio between the plasma density Ne and
its temperature kT . In contrast, both ω and gf decrease for the intershell transition. Our theoretically estimated
data have led to a general scaling feature for the change in ω of both intershell and intrashell transitions for ions
with different nuclear charge Z . A similar general feature for the change in gf is also found for the intrashell
transition. However, due to the change of the electron correlations between electrons in different shells with
respect to the relativistic spin-orbit interaction as Z varies, the variation of gf subject to the surrounding plasma
is more complicated for the intershell transition. The results presented in this work may facilitate the plasma
diagnostic to determine the plasma temperature and density for the astrophysical objects and the controlled
fusion facilities.
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I. INTRODUCTION

Precision data, such as the transition energies ω and the
oscillator strengths gf for the atomic or molecular processes,
subject to the surrounding plasma environment in their ionic
forms, are of great importance to the numerical modeling
of the temporal-spatial evolution for systems in many of the
astrophysical objects or in the energy related controlled fusion
facilities [1–5]. Reliable atomic and molecular data are also
important in the diagnostic analysis of the plasma parameters,
such as the density and the temperature of plasma [6,7]. To
fully understand the atomic processes subject to the surround-
ing plasma environment, one would need to include in the
theoretical study the many-body interactions both between
the atomic electrons and also the long-range Coulomb inter-
action between the atomic electrons and all the positive and
negative charges of the surrounding plasma. Based on various
approximations, attempts have been carried out over the years
with somewhat sophisticated models to investigate the atomic
processes in plasma environment [6,8–19].

The Debye-Hückel (DH) approximation, based on the
classical Maxwell-Boltzmann statistics for an electron-ion
collisionless plasma, works best for a gas discharge plasma
at relatively low density [20,21]. For a judicious application
of the DH approximation (i.e., a phenomenological model) to
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the atomic processes subject to surrounding charged-neutral
plasma, there are two key criteria that need to be considered.
First, spatially, the atomic processes should involve atomic or-
bitals, which are affected only marginally by the surrounding
plasma, i.e., the DH approximation works only for transitions
involving relatively small quantum number n such as the ex-
perimentally observed α and β emission lines of the H-like
and He-like ions, which retain most of their atomic character-
istic [22–27]. Second, temporally, the time scale of the atomic
process (e.g., lifetime) has to be considerably different (ei-
ther much greater or much smaller) from the correlation time
(i.e., the inverse of the plasma frequency) of the surrounding
plasma [8,9]. In fact, it is this temporal criterion that leads to
our conclusion that the DH approximation would work for the
H-like and He-like ions when the nuclear charge is between 6
and 18 or greater than 50. More detailed discussions on these
two key criteria were given elsewhere [28–32].

In addition, the DH model depends on two key parameters.
The first one is the radius of the Debye sphere A, which is an
ad hoc parameter that separates the plasma induced Debye po-
tential VDH outside the Debye sphere and the slightly modified
close-in region where the atomic characteristic dominates. We
should point out that the Debye radius A employed in the
application of the DH model in our study is different from
the mean minimum radius of the ion sphere R0 defined in
various ion sphere approximations. More detailed discussion
will be presented in Sec. III. The second one is the Debye
length D, which is expressed in the units of Bohr radius a0
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in terms of the ratio of the temperature kbT and the electron
density Ne (in the units of eV and 1022 cm−3, respectively) of
the surrounding plasma as

D = 1.4048 ×
√

kbT

Ne
. (1)

In the limit when Ne equals to zero for the plasma-free envi-
ronment, D goes to infinity. The Debye potential VDH for the
atomic electron can be expressed as [28,32–34]

VDH(ri ) =
⎧⎨
⎩

Vi(ri ) = −Z
(

1
ri

− 1
D+A

)
, ri � A,

Vo(ri) = −Z
(

DeA/D

D+A

)
e−ri/D

ri
, ri > A.

(2)

We note that the atomic units are used throughout this pa-
per if not otherwise specified. The presence of the e−r/D

screening term in VDH makes it less attractive than the plasma-
free Coulomb potential −Z/r due to the nucleus. When
A = 0, VDH takes the form of the screened Coulomb poten-
tial −(Z/r)e−r/D, similar to the Yukawa potential in nuclear
physics.

The DH model, due to its simplicity, has been extensively
applied to investigate the influence of the plasma environ-
ment to the atomic processes [35–46]. We should point out,
however, that many of these recent applications have included
the Debye screening in the two-particle Coulomb interaction
between atomic electrons. Theoretically, the Debye poten-
tial VDH is derived from the Gauss theorem by assuming
an infinitely heavy force center (such as the heavy nucleus
with charge Z located at r = 0) in the presence of the fast
free-moving plasma electrons with relatively high mobility.
Since one could not assume a substantial presence of the
plasma ions, with their low mobility, between the relatively
fast-moving nonstationary atomic electrons, there is no the-
oretical justification to include the Debye screening in the
two-body Coulomb potential at all. Such application could
lead to results from the theoretical calculation against the
physical intuition. One such unphysical example is the result
that suggests the only known loosely bound H− state would
stay bound in the presence of very strong surrounding plasma
based on a high-precision rigorous calculation with the Debye
screen included in the Coulomb potential between the two
loosely bound electrons [45,46].

To demonstrate the feasibility of applying the DH approx-
imation to the appropriate atomic processes, which meets the
two criteria discussed above, we have carried out recently de-
tailed studies of the α-emission lines of the H-like and He-like
ions subject to surrounding plasma [29–32]. Our calculated
red shifts in transition energy are in agreement both with
the experimentally observed data [26,27,32] as well as the
results from more elaborate simulations based on the quantum
mechanical approaches [8–10,19]. We also note that whereas
the recent calculated red shifts �ω from the analytical IS (ion
sphere) model for the α emission of the He-like Al ion are
in agreement with the picosecond time-resolved measurement
[26], its estimated redshifts at fixed temperature are substan-
tially larger than the data from the high-resolution satellite
lines-free measurement of the β line of He-like Cl ions [27].
Furthermore, shortly after the results of the He-like Cl ions
experiment were reported, a good agreement in the calculated

red shifts with the observed data was reported by applying
an average atom ion sphere (AIS) model with the energy
terms evaluated by the relativistic multiconfiguration calcu-
lation [47]. However, the subsequent application of this AIS
model to the α emission of the He-like Al ions has led to the
red shifts substantially smaller than the earlier experimentally
observed data [48].

Our studies have also led to a simple scaling feature for the
red shifts of the transition energy and the oscillator strength
as functions of a reduced Debye length λD = Zeff D, defined
as the product of the Debye length D and the effective nu-
clear charge Zeff experienced by the atomic electrons [32].
For example, the ratio between the shifts in the transition
energy �ω and the plasma-free transition energy ω0, viz.,
Rω = �ω/ω0, could be expressed by a simple polynomial
in terms of the reduced Debye length λD [32] for all ions
with applicable nuclear charge Z . Indeed, our calculations
with the nonrelativistic and the relativistic multiconfigura-
tion calculations have confirmed such general scaling feature
[31,32]. By introducing this new parameter λD, we are able
to focus our application of this slightly modified DH ap-
proximation for the general features of the atomic transition
data that could be extended to all applicable ions in a single
theoretical study.

Along this line, we have also studied the 3C and 3D lines
of the Ne-like ions under the influence of the surrounding
plasma [49]. For the dipole-allowed 3C line, the red shifts
of the transition energy and the oscillator strength follow the
similar scaling feature as those for the α lines of the H-like and
He-like ions [29–32]. However, for the dipole-forbidden 3D
line, due to the interplay between the relativistic spin-orbit in-
teraction and the plasma screening effects, the simple scaling
feature, which works well for the dipole-allowed transitions
fails to follow. It is then interesting to investigate if any other
atomic dynamics would influence such scaling feature. One
of the main objectives of this paper is to present the results
of our continuous investigation to other atomic processes
where the combined effect of the electron-electron interaction
and the relativistic spin-orbit interaction may alter the simple
scaling feature we discussed earlier. More specifically, we
have extended our study to the process beyond the intershell
transitions studied earlier to include the intrashell transitions
for the C-like ions, viz., focusing on two strong dipole allowed
transitions, (i) the 2s22p3d 3D1 → 2s22p2 3P0 intershell
transition (denoted as transition T1) and (ii) the 2s2p3 3D1 →
2s22p2 3P0 intrashell transition (denoted as transition T2). We
note that although there are some systematical studies on the
atomic structure of C-like ions (e.g., Ref. [50]), the studies on
the plasma effects to the C-like ions are scarce.

In Sec. II, we briefly outline the theoretical procedure
leading to the full relativistic multiconfiguration calculation
following our more detailed discussion elsewhere [49]. Our
numerical results on the variation of the shifts of the transi-
tion energy �ω and the oscillator strength gf as functions
of the reduced Debye length are presented in Secs. III and
Sec. IV, respectively. In addition to the scaling features in the
ratio Rω = �ω/ω0 and the change in the oscillator strength
gf as indicated earlier, we will focus our discussion on the
interplay between the electron-electron correlation and the
spin-dependent interaction and how it affects the intershell
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process such as the transition T1. Finally, we will discuss
briefly in Sec. V the implications of the works presented in
this paper, and make a conclusion in Sec. VI.

II. THEORETICAL METHODS

For a relativistic calculation of a N-electron ions with
nuclear charge Z subject to the surrounding plasma, the N-
electron Hamiltonian ĤDH can be expressed as,

ĤDH = ĤDC +
N∑

i=1

[
Z

ri
+ VDH(ri )

]
, (3)

where ĤDC is the well-known Dirac-Coulomb Hamiltonian in
the absence of the plasma environment [51].

The atomic state functions (ASFs) |�PJM〉 (with P the
parity, J the total angular momentum, M the magnetic quan-
tum number, and � represents all other information to define
the ASF uniquely) can be calculated by solving the following
equation:

ĤDH|�PJM〉 = E�
DH|�PJM〉. (4)

The ASFs are N-electron eigenstate wave functions, which are
the linear combinations of the configuration state functions
(CSFs) with the same P, J , and M, namely,

|�PJM〉 =
ne∑

i=1

C�
i |γiPJM〉, (5)

where C�
i is the expansion coefficient and γi represents all

other information to define the CSF uniquely. The CSFs,
|γiPJM〉, which form a basis set for an N-electron atomic
system in Hilbert space, are linear combinations of the
Slater determinants of the atomic orbital wave functions
(AOs). By applying the variational method to solve Eq. (4),
one can obtain the mixing coefficients as well as the AOs
self-consistently. This is known as the multiconfiguration
self-consistent field method (MCSCF) [51,52]. Our calcula-
tions were carried out by using a revised multiconfiguration
Dirac-Fock (MCDF) approach based on the quasicomplete
basis scheme in order to take the electron correlations into
account adequately [53–55]. Briefly, the basis satisfies the
desired accuracy of calculations is called as a quasicomplete
basis, which consists of spectroscopic AOs (with n − l − 1
fixed nodes) and pseudo-AOs (without fixed nodes). Both
the spectroscopic and the pseudo-AOs can be specified by
the principal quantum number n, the orbital angular momen-
tum l and the total angular momentum j. The number of
spectroscopic orbitals depends on the requirement of specific
physical problem, i.e., degrees of excitations of target ions,
while the number of pseudo-orbitals is determined by the de-
sired accuracies. Such quasicomplete basis scheme is adopted
to optimize the atomic orbitals (AOs) using the GRASP-JT

version based on the earlier GRASP2K code [52]. Details of
such application has been presented elsewhere [53–55]. More
specifically, a two-step calculation procedure is adopted in the
present work.

In the first step, we obtain the AOs based on the Dirac-
Coulomb (DC) Hamiltonian ĤDC from Eq. (3), in the absence
of the external plasma. AOs for ground and excited states

are optimized separately to provide more flexibility for the
later DH calculations. For example, in the calculation of
2s22p3d 3D1 state, spectroscopic AOs with n = 1, 2, and 3
are optimized to minimize all relevant 26 energy levels by
MCSCF iterations, which form the zeroth level basis. We
note that under the influence of the surrounding plasma, the
interaction between electrons and nucleus decrease, which
leads to the expansion of the AOs. To consider the possible ex-
pansion of AOs in plasma environments, we further added the
spectroscopic AOs with n = 4, where all levels from the ref-
erence configurations 2s22p3s, 2s22p3p, 2s22p3d , 2s22p4s,
2s22p4p, 2s22p4d , and 2s22p4 f are minimized to obtain the
first level basis. With n = 1, 2, 3, 4 spectroscopic AOs fixed,
the pseudo-AOs, which are used to deal with the correla-
tion between electrons are optimized with further MCSCF
iterations to form the higher-level basis. The additional con-
figuration state functions (CSFs) adopted in the optimization
are generated by all single and double excitations from the
2s22p3s and 2s22p3d reference configurations. By adding
more and more AOs and further expanding the level basis,
finally we obtain the quasicomplete basis to achieve the nu-
merical accuracy we need. In the present calculation, we have
included in the quasicomplete basis with nmax = 6 for the
2s22p3d 3D1 excited state. Similarly, for the 2s22p2 3P0 and
2s2p3 3D0 states, we have included in the quasicomplete basis
with spectroscopic AOs to n = 3, and nmax = 5.

In the second step, the plasma effect is included by the con-
figuration interaction (CI) calculation based on the optimized
AOs [51,52]. The atomic state functions (ASFs) under the
influence of the surrounding plasma are obtained in this step.
With the calculated ASFs, the oscillator strength of transition
between atomic states can be calculated. Under the dipole
long wavelength approximation, the oscillator strength can
be expressed as the product of the transition energy and the
square of the transition matrix element in length gauge as,

gα fαβ ∼ ωαβ ·
∣∣∣∣∣
∑
i, j

C�α

i C�β

j 〈γiPiJiMi|r̂|γ jPjJjMj〉
∣∣∣∣∣
2

, (6)

where 〈γiPiJiMi|r̂|γ jPjJjMj〉 are the dipole transition matrix
elements. By using the present quasicomplete basis scheme,
we can examine the convergence of the calculation system-
atically. In the present calculation, the uncertainties for the
strong transitions are estimated to be less than 0.2% for the
excitation energies and 2% for the oscillator strengths. For
such a small uncertainty, the results should be sufficient to
offer an adequate qualitative feature on the variation of both
the transition energy and the oscillator strength subject to
external plasma environment.

III. TRANSITION ENERGY IN PLASMA

Table I shows that for different ions, our calculated
plasma-free transition energies ω0 are in good agreement
with other theoretical and experimental results to within
0.2%. This close agreement indicates that the electron cor-
relations are already taken into account adequately in our
calculation. Based on the spatial and temporal criteria of the
DH approximation [29–31,49], we investigate the intershell
2s22p3d 3D1-2s22p2 3P0 (viz., T1) transition and the intrashell
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TABLE I. The calculated plasma-free transition energies ω0 in
unit of eV for a number of C-like ions in comparison with other
theoretical and experimental results.

Transition ωCal
a ωTheory

b ωExp
c

Si T1 224.070 224.012 224.183
T2 36.289 36.215 36.258

Ar T1 422.997 422.974 422.890
T2 52.503 52.446 52.476

Ti T1 684.172 684.177 684.270
T2 71.958 71.914 71.924

Fe T1 1009.032 1009.060 1009.000
T2 96.354 96.303 96.300

Zn T1 1399.523 1399.540
T2 127.304 127.279 127.230

Se T1 1857.826 1857.840
T2 166.525 166.512

Kr T1 2113.197 2113.210
T2 189.816 189.820 189.720

aPresent calculation.
bReference [50].
cNIST [56].

2s2p3 3D1-2s22p2 3P0 (viz., T2) transition under the plasma
environment for different C-like ions with Z from 14–36 with
the transition time scale at least one order of magnitude higher
than the plasma correlation time. We have chosen in our cal-
culation the radius of the Debye sphere A as the product of the
average radius of 1s orbital of the C-like ions 〈r1s〉 and a size
parameter η, viz., A = η〈r1s〉. As we pointed out in Sec. I that
to keep the atomic characteristic and simultaneously taking
into account the surrounding plasma effects, the parameter A
in our application of the DH approximation is assumed to be
close to the size of the atomic orbitals involved. Hence, in
the present calculation, three typical conditions with η = 0, 1,
and 2 are calculated. The Debye length D, which should be
much greater than A, starts from 2a0 for the lightest Si and
a0 for the heaviest Kr ions. On the other hand, the value of A
defined as the mean minimum radius of the ion sphere R0 in
various ion sphere approximations is based on the assumption
of the global charge neutrality in a spherical cavity, which
is substantially greater than the average size of the atomic
orbitals involved in the atomic processes being studied, i.e.,
the effect to the atomic process of the surrounding plasma may
be greatly reduced. With the close agreements between the
theoretically estimated energy shifts from our studies and the
known independently observed measurements [23,26,27,32],
it appears that assigning A as an ad hoc parameter is more
preferable in the application of DH approximation.

Qualitatively, one immediate consequence of the less at-
tractive Debye potential VDH is that all the atomic levels will
experience an uplifting in energy. As a result, the change
in the transition energy for an atomic transition subject to
surrounding plasma, either red shifted or blue shifted, depends
on the decrease or increase of the difference in the relative
energy shifts of the initial and final state of the transition.
Although the percentage change of the orbital energy is larger
for electron with larger principal quantum number n due to
the stronger surrounding plasma effect, its small plasma-free

orbital energy actually makes the net energy change smaller
than the one for the electron with smaller n. On the other
hand, for electron in the orbitals with the same n, the change
in energy is greater for the one with larger orbital angular
momentum, again due to the stronger surrounding plasma.
Following the quasihydrogenic approximation, for the C-like
ions, the intershell transition T1 could be viewed as the tran-
sition of electron between the 3d and 2p orbitals. Based on
the DH approximation, one expects the energy uplifting for
the 3d orbital less than the one for 2p orbital. Therefore,
a smaller transition energy ω subject to surrounding plasma
is expected, i.e., leading to a red shift. In contrast, for the
intrashell transition T2 with a 2p to 2s transition, a larger
energy change is expected for the 2p orbital than the one for
the 2s orbital, thus, leading to a blue shift in ω. Quantitatively,
the major energy shift �ω(D) subject to external plasma could
be given approximately by the difference in energy correc-
tions between the initial and final H-like orbitals due to the
difference in Coulomb potential and the screened Coulomb
potential, viz., �Vd (r, D) = Z/r(1 − e−r/D). For a transition
from n′l ′ orbital to nl orbital, this can be estimated by the
difference of the expectation values of �n′l ′ = 〈n′l ′|�Vd |n′l ′〉
and �nl = 〈nl|�Vd |nl〉, or, given analytically by,

�ωn′l ′−nl (D) = �n′l ′ (D) − �nl (D)

= 3(n2 − n′2) + l ′(l ′ + 1) − l (l + 1)

4D2

+ O(1/D3). (7)

From Eq. (7), it can be seen readily that the 3d-2p transi-
tion line would have a red shift, while the 2p-2s intrashell
transition line would have a blue shift, and the leading term
of both shifts is proportional to 1/D2 in the lowest-order
approximation.

For the H-like ions, the plasma-free transition energy of the
intershell transition is proportional to the square of the nuclear
charge number Z . Combined with the red shift in terms of
1/D2 leading term discussed above, the ratio between the red
shift subject to the surrounding plasma and the plasma-free
transition energy, viz., Rω = �ω/ω0 should approximately
vary as a function of 1/λ2

D with the reduced Debye length
λD = ZD [29]. The feature ω0 ∼ Z2 does not hold strictly
for the multielectron C-like ions. Nevertheless, when Z is
much greater than the number of electrons N , the interac-
tion between atomic electrons is relatively small comparing
to the Coulomb interaction between nucleus and electrons,
and the plasma-free ω0 of the intershell transition may still
vary approximately as Z2

eff where Zeff = Z − N is the effective
nuclear charge. As a result, the ratio Rω for the intershell
transition could still be expressed approximately in terms of
the inverse of the reduced Debye length, viz., 1/λD, with
the reduced Debye length λD = ZeffD when Z is sufficiently
greater than N . But, it is more complicated for the intrashell
2p-2s transition since the nonrelativistic orbital energies are
degenerate for the hydrogenlike atoms with the same n and
the leading Z2 terms cancel out. However, a closer look at the
intrashell T2 transition, the relevant transition is in fact from
the 2p3/2 to 2s1/2 orbitals with different j values due to the
spin-orbit interaction, and the Z2

eff terms for the plasma-free
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(a) (b)

(c) (d)

FIG. 1. The calculated and fitted ratios Rω of the intrashell transitions T2 and the intershell transitions T1 as functions of the reduced
Debye length λD with different A = η〈r1s〉 and the size parameter η = 0, 1, 2.

initial and final orbitals do not cancel out completely. As a
result, one could still expect the ratio Rω for the intrashell T2
transition between the blue shift and the plasma-free ω0 varies
with 1/λD for the C-like ions when Z is substantially greater
than N and the electron correlations between the atomic elec-
trons is less important.

Like our previous works on the α-emission lines for the
H-like and He-like ions and the 3C and 3D lines for the
Ne-like ions [29,31,49], our calculated ratio Rω for the inter-
shell transition for the C-like ions follows a similar general
feature as a function of the reduced Debye length 1/λD for all
ions, which follow the spatial and temporal criteria of the DH
approximation. In fact, it is more convenient to fit numerically
the ratio Rω in terms of a simple polynomial expression,

Rω = |�ω|
ω0

=
{ω0−ω

ω0
, red shift for T1

ω−ω0
ω0

, blue shift for T2

}

= aω + bω/λD + cω/λ2
D. (8)

Note that, we define the ratios Rω to be always positive for
both red shift and blue shift of transitions in present work
for convenience. This fitting expression takes into account
the dominant contribution of the 1/λ2

D term. The 1/λD term
is used to represent mainly the contribution of electron cor-
relations. One should also expect that the contribution from
the fitting coefficient aω to the ratio Rω is relatively small
in comparison to the two other terms since, theoretically, Rω

should approach zero as λD goes to infinity. In other words,

effectively, aω represents the uncertainty of the estimated ratio
Rω in our theoretical calculation. We also expect that the coef-
ficient cω is substantially greater than the other coefficient bω

since the ratio varies approximately as 1/λ2
D as we discussed

earlier when the electron correlation and the relativistic inter-
actions are relatively small. With Rω(λD) given by Eq. (8), the
shifts in excitation energy �ω due to the surrounding plasma
for a given pair of temperature and density could be estimated
easily from the plasma-free ω0 for ions with different Z , viz.,
�ω = Rω(λ)ω0(Z ). More details are given in Ref. [32].

Our calculated Rω for a number of ions as the functions of
λ2 = (Z − 2)D for the intrashell T2 transition and λ5 = (Z −
5)D for the intershell T1 transition with η = 0 are shown in
Figs. 1(a) and 1(c). For the intrashell transition T2, only two 1s
electrons contribute to the screening of the transition electrons
from the nucleus and thus, Zeff = Z − 2. For the intershell
transitions T1, all five n = 1 and n = 2 electrons contribute to
the screening and Zeff = Z − 5. To simplify our discussion for
the variation of Rω as functions of the reduced Debye length
λD and also taking into account the small deviation due to the
relatively small contribution from the electron correlation as
well as the spin-dependent interactions, we carry out a single
least-square fit each for the transition T1 and T2, respectively,
from a common data set composed of the calculated results
for all C-like ions such as the ones shown in Figs. 1(a) and
1(c) for η = 0. Our fitted results with such a procedure are
listed in Table II and also shown in Figs. 1(b) and 1(d) for T2
and T1, respectively, with η = 0, 1, and 2. As expected, the
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TABLE II. The fitting coefficients for Rω from Eq. (8).

Rω Transition aω bω cω

η = 0 T1 −1.21 × 10−4 0.054 34.44
T2 −1.30 × 10−4 0.12 42.79

η = 1 T1 −1.23 × 10−4 0.053 32.89
T2 −1.23 × 10−4 0.11 40.70

η = 2 T1 −1.20 × 10−4 0.049 28.71
T2 −0.95 × 10−4 0.085 28.49

fitted coefficients cω are much greater than the coefficients bω,
indicating the relatively small contribution from the electron
correlation and the relativistic interactions to the transition
energy. Also, similar to the α-emission lines for the H-like
and He-like ions, for the intershell transition T1, the fitted
result pretty much reproduces the calculated data for all C-like
ions shown in Fig. 1(c). For the intrashell transition T2, the
calculated data for the low Z ions, such as Si8+ and Ar12+,
are slightly deviated from the fitted result due to the relatively
large contribution from the electron correlation to the energy
difference between the 2p and 2s orbitals as we pointed out
earlier. Figure 1 also shows that the ratios Rω for both T1
and T2 transitions vary more sensitively when η decreases
from 2–1 than the decrease in η between 1 and 0 when the
surrounding plasma impacts the atomic orbitals somewhat less
for the smaller Debye sphere. With an improved experimental
uncertainty in the recent extra-short-pulsed high-resolution
experiments [26,27], together with our estimated data, one
might be able to determine more precisely the size factor for
our modified DH calculation.

IV. OSCILLATOR STRENGTH IN PLASMA

We will now turn our discussion to the oscillator strength
gα fαβ for the transition from state α to state β given by
Eq. (6) under the dipole long wavelength approximation in
terms of the dipole matrix between the CSFs |γiPiJiMi〉 and
|γ jPjJjMj〉. Table III shows that our calculated plasma-free
oscillator strengths are in good agreement with the results
from Ref. [50] with the largest difference about 2% for the
lightest C-like Si ion, indicating a reliable starting point
for our study due to the plasma environment. For the in-
trashell 2p-2s T2 transition, it is not anticipated that the
spin-dependent interactions might affect noticeably the oscil-
lator strength as Z varies. Similar to the discussion on the
transition energies, the ratios between the oscillator strengths
variations subject to external plasma and their respective
plasma free values can be expressed approximately in terms
of the reduced Debye length λD by a similar expression,

Rgf = |�gf (λD)|
gf0

=
{

gf0−gf (λD )
gf0

, gf decrease for T1
gf (λD )−gf0

gf0
, gf increase for T2

}

= agf + bgf /λD + cgf /λ
2
D. (9)

For the intershell 3d-2p T1 transition, the upper 2s22p3d, 3D1

state is dominated by the [2s22p1/23d3/2]1 configuration when
Z is much greater than N . For the lighter C-like ions, the con-
tribution from other configurations, such as [2s22p3/23d3/2]1

TABLE III. The calculated plasma-free gf for the intershell tran-
sition T1 and the intrashell transition T2 in comparison with other
theoretical results.

Transition gfCal
a gfTheory

b �gfTheory
c

Si T1 1.035 1.032 0.3%
T2 0.0794 0.0774 2%

Ar T1 1.177 1.173 0.3%
T2 0.0741 0.0733 1%

Ti T1 1.244 1.239 0.4%
T2 0.0776 0.0772 0.5%

Fe T1 1.289 1.284 0.4%
T2 0.0862 0.0860 0.2%

Zn T1 1.325 1.321 0.3%
T2 0.0968 0.0967 0.1%

Se T1 1.355 1.352 0.2%
T2 0.1078 0.1078 0.01%

Kr T1 1.370 1.366 0.3%
T2 0.1131 0.1131 0.02%

aPresent calculation.
bReference [50].
cDifference with Ref. [50].

and [2s22p3/23d5/2]1, may need to be included due to the
spin-dependent interactions comparing to the dominating Z/r
interaction. Figure 2 compares the contributions from various
CSFs for the upper 2p3d, 3D1 state as functions of λ5 = (Z −
5)D with η = 0 for the C-like Si [Fig. 2(a)], Fe [Fig. 2(b)],
and Kr [Fig. 2(c)] ions for weak, intermediate, and strong
spin-orbit interaction, respectively. As we pointed out earlier,
although [2s22p1/23d3/2]1 remains as the leading CSF for all
ions, other CSFs may change noticeably as Z varies. For the
C-like Si ion with the relatively weak spin-orbit interaction,
all three main CSFs, [2s22p1/23d3/2]1, [2s22p3/23d3/2]1, and
[2s22p3/23d5/2]1 originated from the nonrelativistic 2s22p3d
CSF, contribute more than 10% to its ASF. In contrast, the
relatively strong spin-orbit interaction for the 2p orbital of
the C-like Kr ion leads to a larger energy separation between
the 2p1/2 and 2p3/2 orbitals and thus, most of the contri-
bution to the oscillator strength comes from the dominating
[2s22p1/23d3/2]1 CSF. For the C-like Fe ion with an inter-
mediate spin-orbit interaction, contributions from different
combination of CSFs are shown by Fig. 2(b). With such no-
ticeable variation in the contributions to the oscillator strength
from different combination of CFSs as Z varies, the scaling
behavior for the intershell T1 transition may not follow the
one given by Eq. (9).

Figure 3 presents our calculated Rgf of the T2 [Fig. 3(a)]
and T1 [Fig. 3(c)] transitions for a number of C-like ions
with the size factor η = 0. As expected, for the intrashell T2
transition, the ratio Rgf for all ions follow closely to the fitted
ratio to Eq. (9) with the fitted coefficients listed in Table IV.
In contrast, for the intershell T1 transition, our calculated Rgf

for C-like Si ion is substantially larger than the one for the Kr
ion due to the difference in spin-orbit interaction as discussed
earlier. The fitted ratios Rgf with different size parameters for
the T2 and T1 transitions are given by Figs. 3(b) and 3(d),
respectively.
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(a) (b) (c)

FIG. 2. The weights of the main CSFs in 2s22p3d 3D1 states in terms of the reduced Debye length λD = Zeff D for C-like (a) Si, (b) Fe, and
(c) Kr ions.

(a) (b)

(c) (d)

FIG. 3. The calculated and the fitted ratios Rgf of the intrashell transition T2 and the intershell transition T1 as functions of the reduced
Debye length λD with different A = η〈r1s〉 and the size parameter η = 0, 1, and 2.
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TABLE IV. The fitting coefficients for Rgf from Eq. (9).

Rgf Transition agf bgf cgf

η = 0 T1 0.0013 −0.38 76.15
T2 1.26×10−4 −0.0031 79.62

η = 1 T1 0.0010 −0.36 73.96
T2 0.89×10−4 0.0089 75.03

η = 2 T1 0.0011 −0.36 64.93
T2 −0.96×10−4 0.064 53.50

V. DISCUSSION

Experiments on the line shifts of the atomic transitions
from H- and He-like ions in plasma environment in recent
years have been carried out with plasma electron density
from 1022 cm−3 to as high as 1024 cm−3 [23,26,27]. Figure 4
presents the variation of the energy shift ratios Rω as the
functions of density Ne up to 1024 cm−3 for the T1 and T2 tran-
sitions from the C-like Ar12+ ion at temperatures kbT = 400,
800, and 1500 eV following the procedure discussed earlier
based on Eq. (8) and the fitted coefficients listed in Table II.
With the current experimental capability, the estimation of the
transition energy shifts based on our modified DH model may
help the choice of the plasma density Ne and the temperature
kbT within the current experimental conditions for the poten-
tial measurements with the state-of-the-art energy resolution
for the C-like ions.

As we discussed earlier in Sec. III, only one ad hoc pa-
rameter A subject to the spatial criterion is included in our
application of the modified DH approximation to the energy
shifts of the atomic emissions involving isolated low n states
due to the surrounding plasma. With the close agreements
between the known independently observed measurements
[23,26,27,32] and our theoretically estimated energy shifts,

the application of the DH model offers a promising possibility
to estimate the plasma effect to the atomic processes. Also, we
would like to point out again that the parametrized expressions
in terms of the reduced Debye length given by Eqs. (8)–(9),
together with the fitted coefficients based on the numerical
calculations listed in Tables II and IV, the shifts in excita-
tion energy and the oscillator strength due to the surrounding
plasma with a given pair of temperature and density could be
estimated easily from the plasma-free ω0 and gf0 for ions with
different Z , e.g., �ω = Rω(λ)ω0(Z ), either from the theoret-
ical calculation or those listed from the NIST data [56]. The
lack of a priori theoretical basis in defining the Debye radius A
makes it necessary for additional experimental measurements
with less uncertainty to determine more definitively its appro-
priate value to facilitate the theoretical calculation leading to
more reliable atomic data.

VI. CONCLUSION

In summary, by applying the DH approximation, with its
spatial and temporal criteria satisfied, we present a detailed
theoretical study on the transition energies and the oscillator
strengths of two dipole-allowed transitions for the C-like ions
subject to plasma environment. The first one is the intershell
transition T1 (viz., the 2s22p3d 3D1 → 2s22p2 3P0 transi-
tion) and the second one is the intrashell transition T2 (viz.,
the 2s2p3 3D1 → 2s22p2 3P0) with the nuclear charge Z
from 14–36. For the intrashell transition T2, the ratio of the
blue shift to its plasma-free transition energy and the increase
of the oscillator strength due to the surrounding plasma follow
the general scaling property similar to those for the α emission
of the He-like and H-like ions shown in our earlier works
[29–31]. Such scaling property could be understood quali-
tatively based on the simple quasihydrogenic approximation
discussed earlier. For the intershell transition T1, the ratio of

(a) (b)

FIG. 4. The ratios Rω of both T1 and T2 transitions from the C-like Ar12+ ion in terms of the plasma electron density Ne with temperature
kbT = 400 eV (black lines), 800 eV (red lines), and 1500 eV (blue lines).
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the red shift and the plasma-free transition energy follows
the similar scaling property. However, our study has shown,
interestingly, the decrease in the oscillator strength fails to
follow the scaling feature such as the one for the intrashell
transition T2. Our detailed analysis suggests that this is due to
the change of electron correlation with respect to the relativis-
tic spin-orbit interaction as Z varies.

Finally, as shown by the present study, not all atomic
transitions would follow the general scaling feature as we
discussed. A detailed theoretical calculation for some of the
atomic transition remains necessary to estimate the variation
in the oscillator strength under the influence of surrounding
plasma. A few percent change in the transition energy is cer-
tainly within the reach of the current experimental capability,
although it may still be difficult to observe quantitatively the
change in the oscillator strength. The theoretical calculations

based on the DH approximation, such as the one we present
for the C-like ions, may offer a viable choice of the plasma
temperature and density in advance for the quantitative exper-
imental measurement beyond the ones for H-like, He-like, and
Ne-like ions.
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