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In mechanical engineering Wohler plots serve to measure the average number of load cycles before materials
break, as a function of the maximal stress in each cycle. Although such plots have been prevalent in engineering
for more than 150 years, their theoretical understanding is lacking. Recently a scaling theory of Wohler plots in
the context of cyclic bending was offered [Bhowmik, arXiv:2103.03040 (2021)]. Here we elaborate further on
cyclic bending and extend the considerations to cyclic fensile loads on an amorphous strip of material; the scaling
theory applies to both types of cyclic loading equally well. On the basis of atomistic simulations we conclude
that the crucial quantities to focus on are the accumulated damage and the average damage per cycle. The
dependence of these quantities on the loading determines the statistics of the number of cycles to failure. Finally,
we consider the probability distribution functions of the number of cycles to failure and demonstrate that the
scaling theory allows prediction of these distributions at one value of the forcing amplitude from measurements

and another value.
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I. INTRODUCTION

One of the better studied phenomena in mechanical engi-
neering is the so-called “fatigue” that results from oscillatory
applied strains on devices and materials [1-4]. A standard
measure of the resilience to such oscillatory loading are the
so-called “Wohler diagrams” or “s-n plots” (shorthand for
“stress versus number of cycles”), which display the expo-
nential decrease of the number of cycles before failure upon
increasing the maximal external load. This exponential depen-
dence was first discovered by of Wohler who investigated the
famous 1842 train crash in Versailles, France. Surprisingly, in
spite of the long time elapsing since and a variety of attempts
to provide theoretical explanations to Wohler diagrams, no
accepted theory that encompasses different types of cyclic
loading has emerged. To some extent this may be attributed
to the tendency of engineers to look for “mechanisms.” In-
deed, in an early paper, Freudenthal, Gumbel, and Gough [5]
criticized this tendency: ‘“Practically all existing fatigue theo-
ries...operate on the assumption that fatigue can be explained
in terms of a single mechanism. The fact is not considered
that one mechanism alone can hardly be expected to describe
a phenomenon that is the result of force- and time-dependent
processes on the microscopic and submicroscopic level, which
are associated with the existence of highly localized textural
stress fields, defects and anomalies in the ideal structure of the
material. The usual engineering abstraction of such a material
as a continuous, homogeneous, isotropic, elastic body there-
fore precludes any effective theoretical approach to fatigue.”
In our work we indeed follow up on these comments. In a
recent Letter [6] we offered a scaling theory that avoids the
specific mechanistic approach in favor of identifying mea-
surable quantities of damage incurred to the material. We
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employed atomistic simulations of a strip of athermal amor-
phous solid to focus on “progressive damage” [7-9], on its
statistics and on its dependence on the amplitude of the load.
This allowed us to offer a scaling theory for the dependence
of the mean number of cycles to failure, as a function of the
load amplitude (Wohler diagrams).

In this paper we elaborate further on this approach, where
instead of focusing on detailed mechanistic studies, we use
scaling concepts to provide a predictive theory based on a
minimal number of material properties. This generic approach
allows us to deal with both bending and tensile loading in
precisely the same way, underlining the generality of the ap-
proach and its independence of details mechanisms. A definite
advantage of the scaling approach will be the ability to pre-
dict the statistics of failure at varying amplitudes of loading
from the measurement of one value. This is demonstrated
below.

The structure of the paper is as follows: in Sec. I we
describe the system preparation and the cyclic bending and
tensile protocols. Section III provides a discussion of the
measured quantities that control the progress of fatigue, i.e.,
the damage per cycle and the accumulated damage. In Sec. IV
we present the data for both bending and tensile protocols, and
identify the quantities that theory should relate to each other.
That is done in Sec. V that shows how to estimate the pa-
rameters appearing in Wohler plots from measurements of the
relevant length scales and appropriate measures of damage.
Section VI deals with the probability distribution functions
(PDF’s) of the number of cycles before failure. In this section
we show how to predict these PDF’s at any wanted value of
the amplitude of forcing from measurements done at another
value of the forcing. A summary and discussion are offered in
Sec. VIIL
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II. SYSTEM PREPARATION AND PROTOCOLS

A. System

In both protocols of cyclic loads we employ the same
glass former, which is composed of a ternary mixture of point
particles A, B, and C with a concentration ratio A:B:C =
54:29:17, which is embedded in two dimensions. The reason
for choosing a ternary rather than binary mixture is to allow
a deep quench using swap Monte Carlo; see Ref. [10] for
details. The particles interact via a modified Lennard-Jones
potential,
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where o and B stand for different types of particles. The po-
tential vanishes at r, = 1.750, g. This value of 7. is chosen to
make the material neither too ductile nor too brittle [11]. The
constants Cp, C;, and Cy4 are chosen such that at V, g(r.) =
Vajyﬂ(rc) = Voffﬁ(rc) = 0. The energy scales are €4p = 1.5€44,
€pp = 0.5€44, €ac = 0.5(€an + €aB), €pc = 0.5(eap + €3p),
and ecc = 0.5(eaa + €pp), with €44 = 1. The ranges of in-
teraction are o = 0.8044, 0gg = 0.88044, 0ac = 0.5(0aa +
oaB),0pc = 0.5(oap + 0pp), and occ = 0.5(044 + opp), with
o4a = 1. The mass m of each particle is unity, and the unit of

time is \/mo3, /€sa. Boltzmann’s constant is taken as unity.

To stress the generality and robustness of our scaling
approach we have used different preparation protocols. We
always begin by equilibrating the ternary mixture in a rect-
angular box with periodic boundary conditions at a high
temperature 7 = 1. Subsequently, we cool the system in
small steps AT, and after each step equilibrate the system in
NVT conditions. Once we reach T = 0, the system is equi-
librated again with NPT conditions, choosing P = 0. Once
the pressure vanishes, we can remove the periodic boundary
conditions and get the system ready for cyclic loading. To
avoid spurious periodic cycles at T = 0 [12], we warm the
system up to very low desired temperature, between 7" = 0.01
and T = 0.03. A different protocol prepares the system at T =
0.01 using swap Monte Carlo [13], in which 10* swap steps
are performed with a swap probability p = 0.2. The actual
conditions for the results displayed below will be presented
when needed.

B. Bending protocol

A typical simulation employs a strip whose length (in the
x direction) and width (in the y direction) are L and W,
respectively. To bend the system in a cyclic fashion we use
“pushers” and “stoppers,” motivated by the experiment of
Bonn et al. [14]. The geometry and the placement of “push-
ers” and “stoppers” are shown in Fig. 1. The interaction of
both pushers and stoppers with the system particles is the
same Lennard-Jones law Eq. (1). In equilibrium the center
of mass is at the origin. To bend the strip in the y and —3
direction we apply a force F at (0, —W/2) and (0, W/2),
respectively. To prevent a translational motion of the strip we
use two side stoppers with positions pinned at (—L/2 — o, 0)
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FIG. 1. (a) The strip of system A with the stoppers and pusher. In
(red) filled circles we denote the stoppers that cannot be moved. The
(black) empty circle is the pusher on which the force Fyy, is applied.
(b) The bent strip. (c) The strip being broken after n; cycles. The
breaking of the strip is determined in the simulation by observing the
disappearance of curvature in the strip boundary and in the center of
mass exceeding W/2. (d) A typical trajectory of the center a mass of
the strip.

and (L/2 + oy, 0), and four stoppers which have positions
pinned at (—L/2 + 30y, W/2 + og), (L/2 — 304, W/2 + o),
(L/2 =30y, =W/2 —oy), and (—L/2+ 30y, —W/2 — oy),
where oy is the diameter of the stopper. We chose o = S044.
A pusher particle with diameter opusn = 4044 is used to apply
the external force. These sizes are a multiple of the particle
sizes to avoid penetration, and the pusher is smaller than the
stoppers to concentrate the force at the center of the strip.
To bend the strip in the § direction we place the pusher at
(0, =W /2 — opusn) and move it in the § direction by increas-
ing an external force F (1) = Fypp sin(at)y, where Fyy, is the

1073
Fapp ?

such that after a time t = 10 the force increases by one unit.
The pusher attains the maximum value F;,, after traversing
a path of length &.,.x. Then the external force is reduced
back to O so the the strip can relax and return to its initial
state. After that the pusher is moved to (0, W/2 + opush) and
we apply an external force in the —9 direction. Now F'(¢) =
—Fpp sin(at)9, and the pusher reaches its utmost negative
position after traversing a length &,. Finally, the force is
increased again until it vanishes: one cycle is then completed.
These cycles are repeated n times until the strip fails and
breaks at some value n =n,. This bending protocol was

maximum value of applied force. We choose a = (5)
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FIG. 2. (a) A typical sample of system E. (b) Configuration after
the mechanical failure. (c) A typical trajectory of the center a mass of
the strip. The size of the one of the jumps is shown by black vertical

line.

applied to three different systems: system A has N = 4228,
L =130, and W = 24.4. System B has N = 3200, L = 112,
and W = 21.0. System C is the largest, with N = 6800, L =
160, and W = 30. The bending protocol was applied to all
these systems at 7 = 0.01, 0.02, and 0.03. A fourth protocol
of preparation employs swap Monte Carlo at 7 = 0.01. Note
that the aspect ratio was kept constant at (L/W ~ 5.33). For
system A we used seven different values of applied external
force, Fypp = 6.25,6.5,6.75,7.0,7.5, 8.0, and 8.5. For system
B we used the seven values Fy,, = 5.75, 6.0, 6.25, 6.5, 7.0,
7.25, and 7.5. For system C the forces were F,,, = 7.5, 7.75,
8,8.5,9, and 10.

C. Tensile protocol

Tensile loading is a well-known method to study the
strength of the materials [11,15]. For the tensile periodic
protocol we employ two systems, referred to as systems E
and F. System E has N = 1000 with length L = 42 and width
W = 21. System F contains N = 2000 particles with L = 60
and width W = 30. The center of mass of the strip is kept
at (W/2, L/2) with the coordinates of the four corners being
0,0, W,0), (W,L), and (0,L); see Fig. 2(a) in which
system E is shown. Some of the particles of the strip are
chosen to make two boundary walls of thickness 5044 at
y =0 and y = L [(red) filled circles in the figure]. To apply
a cyclic force in the y direction, all the wall particles of
the bottom wall are pinned at their position and an equal
amount of external force is applied on every particle of the
top wall. The force applied on the top wall evolves with
time as F(t) = Fyp sin(at)y. Where Fypp is the net maximum

value of applied force. We choose o = (%)119—74 which means
app

the external force takes a time ¢ = 10* to reach from 0 to
unity. When the force attains the maximum value F,p,, the
external force on the wall is reduced similarly to 0, so the
strip can relax to its initial state. Then one cycle is completed.
Note that F,,, is the net applied force on the entire wall;
the force on every wall particle is Fypp/N,,, where Ny, is the
number of particle in the top wall. The list of applied forces
were Fypp, = 14.25,14.5,15.0,15.5, 16.0, 16.5, and 17.0 for
system E and F,p, = 20.0, 20.5, 21.0, 21.5, 22.0, and 22.5 for
system F.

II1. DEFINITION OF MEASURED QUANTITIES

Of primary interest in such fatigue experiments is the num-
ber of cycles ny at which the system fails. “Failure” here is
defined as the appearance of macroscopic break in the strip
that is not healed by further bending or tensile cycles, see
Fig. 1(c) and Fig. 2(b). As expected, ny is a stochastic variable
that is widely distributed, with very large sample to sample
fluctuations even for one chosen value of Fyp,. It therefore
makes sense to focus on the distribution function P(ny; Fypp)
and its mean value, denoted as (nr)(Fypp); both these quanti-
ties depend on Fyp,, cf. Sec. VI below. Two other quantities
of interest are (i) the value of Fyp, that results in system’s
failure in one cycle. This value is denoted below as Fy and
it depends (for a given system size) on the temperature T'; and
(ii) the value of F,,, below which we find no failure on the
timescale of our simulations [16]. The Wohler plots presented
below pertain to the range F; < Fypp < Fy. We note that when
Fypp 18 too close to Fy, some of the realizations do not suffer
any mechanical damage; they do not fail within the timescale
of our simulation. Such realizations are not included in our
study.

The other quantity of major interest is the “damage” D;,
that accumulates in every cycle. The definition of damage is
not a priori obvious [17,18]. We propose here to define the
damage as the energy “wasted” during plastic events. To in-
troduce this quantity one observes the trajectory of the strip’s
center of mass, cf. Fig. 1(d) and Fig. 2(c). The trajectory
is smooth modulo temperature fluctuations, but every now
and then it suffers a discontinuity when a plastic event is
taking place. The trajectory “jumps” an amount A& within
and interval of time Ar with the force F (¢) being fixed. To
distinguish from temperature fluctuations we have employed
a threshold of A&/Ar > €, with € = 0.04 and 0.005 for the
bending and tensile cases, respectively. The reason for these
thresholds is that for lower values of € the distinction between
temperature fluctuations and these events becomes insepara-
ble. These jumps were identified as the damage F (t) A& where
the value of F'(t) was taken from the middle of the interval At¢.
The damage was added up for all the jumps occurring during
a given nth cycle, giving rise to the quantity D7,

D)= F(t)(A&), 2)
k

where the sum on k runs on all the jumps taking place in the
nth cycle. Finally, we are interested in D,.. which is defined
as the total accumulated damage during all the cycles until

015001-3



BHOWMIK, HENTSCHEL, AND PROCACCIA

PHYSICAL REVIEW E 105, 015001 (2022)

30

(a)
20} ]

v

A

=

10f 1

© 5 10 13 20

TABLE I. The parameters of dimension of inverse force that
determine the exponential dependence on the applied force; see text
for details.

a b ¢
System A 1.05 £+ 0.07 0.58 + 0.05 0.6 = 0.04
System B 1.31 &£ 0.07 0.56 + 0.05 0.64 + 0.03
System C 0.91 + 0.08 0.35 + 0.03 0.55 + 0.03

0 5 10 15 20
n

FIG. 3. (a) The damage per cycle D; for a typical sample under-
going cyclic bending at T = 0.02, F,;, = 7.5. (b) The damage per
cycle for the cyclic tensile protocol. System E, T = 0.02, F,,, = 15.

collapse,

ny
Dyce(n) = Y D, 3)
n=1

This quantity will turn out to be crucial for the understanding
of the collapse due to accumulated damage. We note here
that small plastic events cannot be safely separated from
temperature fluctuations, and therefore our measurements of
the damage should be taken as a lower bound on the actual
amount of energy spent on plastic events.

Examples of the damage per cycle D; as measured in our
protocols are shown in Fig. 3 for the bending and tensile
protocols. We note that the actual values of D; are random
and do not depend on the history of the forcing. Both sam-
ples broke after 21 cycles. Examples of the accumulation of
damage as a function of n are shown in Fig. 4 for both cyclic
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FIG. 4. (a) The accumulated damage D,..(ny) as a function of ny
for a typical sample of system A undergoing cyclic bending at 7 =
0.02, Fpp = 7.5. (b) The accumulated damage for the cyclic tensile
protocol. System E, T = 0.02, F,,, = 15.

bending and tensile protocols. It is important to notice that
the accumulated damage reaches an asymptotic value which
does not depend on ny.

IV. WOHLER PLOTS AND SCALING EXPONENTS

As mentioned above, the most typical measurement in en-
gineering contexts is provided by the Wohler diagram, relating
the number of cycles to failure to the stress level. We therefore
present first the data obtained for both bending and tensile
protocols.

A. Wohler plots for bending

In Fig. 5 we present the average number of cycles to failure
(ny) as a function of Fyp, in a log-linear plot for systems A, B,
and C. The average was computed from about 500 realizations
for every value of Fyp,.

The data support an exponential dependence of the form

In{ns) ~ a(Fy — Fapp), @

where Fy is the applied force that breaks the system in one cy-
cle, and the coefficient a is dimensional, with units of inverse
force, to be identified below. For systems A, B, and C aFy is
10.13 £0.48, 11.38 £ 0.45, and 10.41 £ 0.66, respectively.
The numerical values of a are a =~ 1.05 +0.07, a ~ 1.31 £
0.07, and a = 0.91 % 0.06, respectively. For future reference
the parameter of this and further numerical fits are collected
in Table 1. We note that the range of F,, is limited, but this is
typical for Wohler plots also in engineering experiments, cf.
Refs. [19-21].

B. Damage measures

A first clue to the origin of Eq. (4) is provided by the
average of the damage per cycle (D;) and its dependence on
F,pp, as shown in Fig. 5. This is also an exponential, growing

with Fopp,

In (D) ~ Dy + bFyy, (5)

where Dy = —2.13 £0.40, —1.89 +0.33, and —2.4 + 0.27;
b =0.58£0.05, 0.56 £ 0.05, and b = 0.35 £ 0.03 for sys-
tems A, B, and C, respectively. Here again b is a constant with
dimension of inverse force.

Probably the most interesting numerical finding has to do
with D,... We find that with the exception of fragile configu-
rations that break very quickly, for all the strips that survive
more than about 20 cycles, D,.. attains a constant value that
depends on F;,, but not on the number of cycles. This result
will have significant implications as it underlines the fact that
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FIG. 5. (a, d, g) Wohler plot for systems A, B, and C, respectively. (b, e, h) Average damage per cycle for systems A, B, and C, respectively.
(c, f, 1) Average accumulated damage for systems A, B, and C, respectively.

accumulated damage is the critical physical quantity that leads
to mechanical collapse. The dependence of the average of this
quantity on Fj,, is shown in Fig. 5. Computing the average
(Dycc) the data support again an exponential fit of the form

(6)

Here C = 8.86 £0.38, 8.34 £0.23,and 9.93 £ 0.27 and ¢ =
0.6 £0.04, 0.64 £0.03, and 0.55 % 0.03, respectively, for
systems A, B, and C. The constant c is the last parameter with
dimension of inverse force.

To demonstrate the generality of robustness of the scaling
theory below, we show Wohler plots for additional bending
protocols. We present such plots in Fig. 6(a). Having four
different protocols, with three different temperatures and one
having swap Monte Carlo preparation, we find the the expo-
nent a remains invariant, a &~ 1.05 within the error bars. In
Figs. 6(b) and 6(c) we present the damage analysis for system
A at T = 0.03. The measured values of the the parameters are
b=0.27£0.06 and c = 0.77 £ 0.05.

In(Dyee) & C — cFypp.

C. Tensile protocol

The analysis of the system response and failure under the
tensile protocol follows verbatim the previous analysis of
the bending protocol. In Fig. 7 we present the Wohler plots

[Figs. 7(a) and 7(d)], the average damage per cycle [Figs. 7(b)
and 7(e)], and average accumulated damage [Figs. 7(c) and
7(f)] for systems E and F for T = 0.02. We find again similar
scaling laws Eqgs. (4), (5), and (6), with the scaling exponents
as collected in Table II. The pre-exponential constants are
aFy; =19.79 £0.95and 26.97 £ 1.39, Dy = —7.0 = 0.56 and
—5.79 £1.16, and C = 11.07 £ 0.56 and 18.69 £ 0.45, for
systems E and F, respectively.

V. SCALING THEORY

At first sight the results of the numerical simulations appear
confusing, with a variety of numerical values of the parame-
ters a, b, and ¢ as summarized in Tables I and II. In this section
we offer a scaling theory to rationalize the numerical values of
these coefficients. We will make the point that the proposed

TABLE II. The parameters of dimension of inverse force that
determine the exponential dependence on the applied force for the
tensile protocol.

a b ¢
System E 1.10 £+ 0.06 0.46 + 0.04 0.52 4+ 0.04
System F 1.15 + 0.07 0.36 + 0.05 0.69 £+ 0.02
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FIG. 6. (a) Wohler plots for system A at four different conditions, 7 = 0.01 (red circles), T = 0.02 (blue diamonds), 7 = 0.03 (maroon
triangles), and 7 = 0.01 with swap Monte Carlo. The slope « is invariant, being 1.05 within the error bars for all the conditions. (b) Average
damage per cycle for T = 0.03. (c) Average accumulated damage for T = 0.03.

theory is a first step in the solution of the long standing riddle
of Wohler diagrams.

The first observation is that Eqs. (5) and (6) provide a
physical reason for the Wohler relation Eq. (4). The idea is
that the average number of cycles to failure will be determined
by the following ratio:

(nf) ~ (Dacc) /(Dy), (7

up to a constant of the order of unity. Simply the amount
of damage per cycle accumulates to the (approximately)
constant value (D) during (ns) cycles. We realize that
scaling theory can only provide predictions up to constants
of the order of unity, but nevertheless it is worthwhile to
see how well we can explain the numerical results. Plug-
ging in Eq. (7) the numerical values of the pre-exponential
constants and the values of b and ¢ for both systems we

estimate
In{ns) ~ 10.99 £ 0.78 — (1.18 £ 0.09)F,,p system A,
In{ns) ~ 10.23 £ 0.56 — (1.2 & 0.08)F,p, system B,
In{nys) ~ 12.33 = 0.54 — (0.9 £ 0.06)F,,p system C,
In{ng) ~ 17.51 £0.56 — (0.98 £ 0.08)F,, system E,
In(ny) ~ 24.87 £1.78 — (1.05 = 0.07)F,pp system F. (8)

These result are consistent within the error bars with the
numerical simulations Eq. (4), for both bending and tensile
protocols. We therefore can propose a scaling relation:

a=b+ec. ©)

We reiterate at this point that all these three numbers
(a,b, and c) are dimensional, being inverse forces. Until
now we do not have any prior knowledge of these dimen-
sional coefficients. To seek this information we examine

5 T T T T
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° 4 35 ® i
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FIG. 7. (a, d) Wohler plot for systems E and F, respectively. (b, e) Average damage per cycle for systems E and F, respectively. (c, f)

Average accumulated damage for systems E and F, respectively.
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FIG. 8. (a, d) Probability distribution [P(ny)] of number of cycle to failure (ny) for system system A and F. (b, ) Scaling of P(ny) using
the scaling relation. (c, f) Prediction of P(ny) from the scaling function g(x) for system A and E for F,;, = 7.0 and F;,, = 16.0, respectively.

again the values of (D,.) and realize that they span one
order of e. We will therefore construct an approximate scale
of damage by averaging (D) over its range F; < Fypp <
Fy, creating an average of averages, denoted as (D). Our
simulations suggest that F; = 5.0, 4.25, 6.50, 13.0, 18.50 and
Fy =9.97,8.85,11.76, 18.83, 24.85 for system A, B, C, E,
and F, respectively. From the numerics we measure (D) ~
111 for system A, 88 for system B, 188 for system C, 56 for
system E, and 84 for system F.

With this scale in mind, consider the parameter b in Eq. (5).
It has the dimension of inverse force and must be independent
of Fypp. The only energy scale available that is independent
of Fypp i (Dacc), and the length scale associated with damage

must be £, = /LW, since plastic events can appear anywhere
in the area of the strip. For system A £p = 56.36, for system
B ¢p =48.5, and for system C £p = 69.3. In the case of
tensile forcing £p = /L,W, where L, is the length of the strip
without the walls. So L, = L — 2Ly, where Ly, is the width
of the walls which is approximately 5044. We find that for
systems E and F £ is 25.92 and 38.73. We thus estimate

b~ Lp/(Dac) =~ 0.51 system A, (10)
~ 0.55 system B, (11
~ 0.37 system C, (12)
~ 0.46 systemE, (13)
~ (0.46 systemF. (14)

Taking into account the approximate nature of the scale (D,.)
and the fact that it is a lower bound, we consider the results to
be in good agreement with the data.

Regarding the numerical value of a, in the case of bending
we expect that failure starts with a microcrack at the upper
or lower boundary, so the relevant scale for Eq. (4) is L. For
tensile forcing, since the microcrack can appear in any side of
the strip, the relevant scale is 2L,. Therefore, we estimate

a ~X L/{Dyc) = 1.17 system A, (15)
~ 1.27 system B, (16)
~ 0.85 system C, (17

a = 2L,/(Dyec) ~ 1.14  system E (18)
~ 1.19 systemF. (19)

We note that the resulting estimates appear very close to re-
ality (within the error bars) but they do change wildly between
different system sizes and protocols. Therefore, one should
ask whether the present approach can provide predictability
for a given system at different values of Fy;. In the next section
we answer this question in the affirmative using probability
distribution functions.

VI. PROBABILITY DISTRIBUTION FUNCTIONS
A. Rescaling

Besides averages, the simulation provide us also with the
probability distribution functions (PDF) of all the measured
quantities. In this section we focus on the most important PDF
of the number of cycles for failure ns. In Figs. 8(a) and 8(d)
we present the PDFs for system A and system E, respectively.
We observe that for different values of F,p, these PDF’s spread
over three orders of magnitude (in e) in terms of ny. We can
therefore use our scaling theory to collapse these PDFs in a

015001-7



BHOWMIK, HENTSCHEL, AND PROCACCIA

PHYSICAL REVIEW E 105, 015001 (2022)

way that will allow us to predict the PDf at one value of Fyyp
from another value.

To collapse the date we replot the PDFs as scaling func-
tions in the form

P(ng; (ng)) = (ng)~'g(ng/(ng)). (20)
Moreover, we will use the scaling law Eq. (4) in the form
(ny) 2 e, 1)

The result of this rescaling is presented in Figs. 8(b) and
8(e) for systems A and E, respectively. While not a perfect
collapse, the PDFs are now all mixed together with the spread
being attributed to the noisy tail of the un-rescaled PDFs. We
presently find “best fits” to the scaling function g(x) in the
form

gx) = (22)

o
14 yxf’

where o, 8, and y are fit parameters.

B. Predictability

The utility of Egs. (21) and (22) is in allowing us to predict
the PDF for n; at a chosen value of F,p, from measuring the
PDF at another value of F,,,. Examples of such prediction
are offered in Figs. 8(c) and 8(f) for bending and tensile
protocols, respectively. In Fig. 8(c) the fit for the collapse of
the PDF in Fig. 8(b) is used to predict the PDF at Fy,, = 7 for
system A. The prediction is shown in continuous line, and it
should be compared with the data obtained at F;,, = 7 which
is presented in dots. In Fig. 8(f) the same is done, using the
collapsed PDF from Fig. 8(e) to predict the PDF for system
E for F,p, = 16. We stress that these are typical results, they
were not selected for their quality. We trust that this kind of
predictability can be put to advantageous use in mechanical
engineering.

VII. SUMMARY AND DISCUSSION

In summary, we offer a scaling theory of Wohler plots,
based on the idea that accumulated damage is the fundamental
cause for failure, joined with the discovery that this quantity
appears constant for system failing at different values of (n/).
This phenomenological finding indicates that memory plays
a crucial role in fatigue; one can fail after many cycle if the
damage accrued in each cycle is small, or in a few cycles
if the damage in each happens to be large. What matters is
the accumulated damage that seems to have a (presumably

material and temperature dependent) limit [22]. The mea-
surement of this quantity is not trivial due to the difficulty
of distinguishing small plastic events from temperature fluc-
tuations. Focusing on this quantity allows understanding of
the exponential dependence of the average number of cycles
to failure on the applied force. Moreover, introducing the
natural scales for failure on the boundary and plastic events
in the bulk, the numerical values of the parameters a, b and ¢
could be rationalized. We reiterate that we could not discern
any temperature dependence in our exponents, excluding any
Arrhenius type mechanism of barrier crossing. It should be
stressed that we chose the parameters of the L-J potential
such that the material has a reasonable degree of brittleness.
When the system is too brittle one fails to have a range of
lifetimes to fit a functional form. When the system is too
ductile numerical simulation take too long to be practical.
The approach suggested above does not focus on the failure
mechanism per se. Rather, we consider the distribution of
life-times until failure. The accumulated damage that we focus
on does not predict how the material is going to fail, but
rather when it will fail. It should be said at this point that
our simulations are of course much smaller than those used in
typical macroscopic fatigue experiments, with the exception
of nano scale thin films. Accordingly the number of cycles
observed before failure is much smaller than those seen in
macroscopic experiments. Nevertheless the range of lifetimes
to failure (in log scale) is comparable to many experimental
systems. We thus observe Wohler plots over a range of scales
that is not too different from what is observed experimentally,
cf. Refs. [19-21].

It would be very useful to test the ideas presented in this
paper in experiments. We should note that the approach sug-
gested in this paper is independent of microscopic details, and
hinges only on having a reasonable definition of “damage.”
Thus, the experimenters will need to come up with a robust
method to estimate the damage done in each cycle and its
accumulated counterpart. If it turned out that the accumulated
damage is indeed independent of the average number of cycles
for failure, then the path for a scaling theory of the type
presented here would open. In parallel, in future work the
present effort would continue using numerical simulations and
additional theoretical developments.
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