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We introduce a class of physically intriguing PT -symmetric Dirac-δ-Scarf-II optical potentials. We find the
parameter region making the corresponding non-Hermitian Hamiltonian admit the fully real spectra, and present
the stable parameter domains for these obtained peakons, smooth solitons, and double-hump solitons in the
self-focusing nonlinear Kerr media with PT -symmetric δ-Scarf-II potentials. In particular, the stable wave
propagations are exhibited for the peakon solutions and double-hump solitons from some given parameters
even if the corresponding parameters belong to the linear PT -phase broken region. Moreover, we also find the
stable wave propagations of exact and numerical peakons and double-hump solitons in the interplay between the
power-law nonlinearity and PT -symmetric potentials. Finally, we examine the interactions of the nonlinear
modes with exotic waves, and the stable adiabatic excitations of peakons and double-hump solitons in the
PT -symmetric Kerr nonlinear media. These results provide the theoretical basis for the design of related physical
experiments and applications in PT -symmetric nonlinear optics, Bose-Einstein condensates, and other relevant
physical fields.

DOI: 10.1103/PhysRevE.105.014204

I. INTRODUCTION

In general, the Hermiticity for Hamiltonians is required to
admit the fully real spectra such that the corresponding modes
can be observed in the traditional quantum mechanics [1].
However, Bender and Boettcher [2] introduced the concept
of PT symmetry and found that a family of complex non-
Hermitian PT -symmetric Hamiltonians, H = −∂2

x − (ix)σ

with σ � 2, could also possess the fully real spectra. A non-
Hermitian Hamiltonian H is PT symmetric if [H,PT ] = 0,
where the parity operator P and time reversal T are defined
as P: x → −x and T : i → −i, respectively. Therefore, the
PT -symmetric condition of the complex linear Schrödinger
operator HPT = −∂2

x + U (x) is U (x) = PTU (x) = U ∗(−x),
which make the non-Hermitian Hamiltonians possibly admit
the fully real spectra [3–8]. Moreover, the PT -symmetric
Hamiltonians have been experimentally verified in some
fields such as optics, electronic circuits, mechanical systems,
and microcavities [9–14]. Up to now, many types of PT -
symmetric potentials have been studied to support stable
soliton propagations in the nonlinear physical models, such as
the nonlinear Schrödinger (NLS) equation [15–31], derivative
NLS equation [32], third-order NLS equation [33], and mass-
modulated NLS equation [34]. The known PT -symmetric
potentials contain the Scarf-II potential [15,25,28,31], har-
monic potential [24,25,29,35,36], Gaussian potential [23,37–
39], super-Gaussian potential [40,41], Rosen-Morse poten-
tial [42,43], optical lattice potential [21,27,44,45], and others
[46–48]. Therefore, the study of the different PT -symmetric
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potentials can explore the generation mechanism of PT -
symmetric solitons (see, e.g., Refs. [49–55] and references
therein).

Most of the above-mentioned linear and nonlinear modes
are smooth functions. In fact, some nonsmooth functions were
used to describe the linear and nonlinear modes in quantum
mechanics and nonlinear optics [1,56,57]. For example, the
Dirac δ(r) function can make the linear and nonlinear systems
to generate the nonsmooth peakon modes [1]. Up to now,
there exist a few works about the nonlinear wave equations
with PT -symmetric δ-function potentials [58–63]. A natural
issue is whether other types of PT -symmetric potentials can
support other new types of stable nonsmooth peakons in the
Kerr or even higher-order nonlinear media.

Motivated by these results and questions, in this paper, we
would like to introduce a class of PT -symmetric Dirac-δ-
Scarf-II potential (2) containing the Scarf-II and δ-function
potentials in the both Kerr and power-law nonlinear media to
study the dynamical properties of the modified peakons and
double-hump solitons with one sharp valley. Notice that the
modified peakons sech(x)eα|x| (α < 0) differ from the usual
peakons e−ω|x| (ω > 0), and decay more quickly. These results
will be useful to deeply understand the physical mechanism
and properties of novel solitons in nonlinear media.

The main contributions of this paper can be summarized as
follows:

(a) We introduce a class of PT -symmetric Dirac-δ-Scarf-II
potentia (2), which contains the Scarf-II potential. and PT -
symmetric δ-sgn-sech potential (4). Moreover, we give the
parameter regions making the corresponding non-Hermitian
Hamiltonians admit the fully real spectra (see Sec. III).
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(b) We find the exact solitons (9) of the cubic NLS equa-
tion (1) with the PT -symmetric δ-sgn-sech potential (2) for
the constraint V0 = 2α. Particularly, as α = 0, we have the
smooth solitons, but for α �= 0, we get the peakons with the
amplitude W0

3 sechx eα|x| and a nontrivial phase. In addition, we
have the peakon solutions for α < 0 and double-hump solitons
for 0 < α < 1. These results differ from the usual peakons
e−ω|x| (ω > 0).

(c) The above-mentioned exact solitons hold for the special
propagation constants μ = 1 + α2 (see Sec. IV A), but for the
other cases of μ, we find the numerical peakons and double-
hump solitons for the PT -symmetric δ-Scarf-II potential (2)
and μ ∈ [0, 10] (see Fig. 9 in Sec. IV C) and compare the nu-
merical solutions with the exact solutions (see Fig. 8). We also
study the numerical peakons and double-hump solitons of the
cubic NLS equation with another type of the PT -symmetric
δ-sgn-sech potential (4) (see Fig. 10 in Sec. IV C).

(d) We explore the dynamical behaviors of high-order soli-
tons of the NLS equation (1) with the PT -symmetric potential
(2) or (4) (see Sec. IV D).

(e) The interactions of peakons and solitons are studied.
Furthermore, we study the stable adiabatic excitations of
peakons and double-hump solitons (see Secs. V and VI).

(f) Finally, we also study the solitons of the generalized
NLS equation with the power-law nonlinearity and PT -
symmetric potential (see Sec. IV E).

The rest of this paper is organized as follows. In Sec. II,
we first introduce the nonlinear physical model with the
PT -symmetric Dirac-δ-Scarf-II potential and analyze the
properties of the potential. In Sec. III, we investigate
the curves for the PT unbroken and broken phases in the
given parameter region. In Sec. IV, we find that the Kerr
nonlinear media with the PT -symmetric δ-Scarf-II potential
can support the peakons and double-hump solitons. Moreover,
we find their stable region and study the stable dynamical
behaviors by numerical simulations. In order to further study
the soliton anti-interference capability, in Sec. V we consider
the interactions of two different types of solitons under the
initial superposition of exotic isolated waves. In addition, we
explore the dynamical behaviors of the two types of solitons in
the excited states by means of adiabatic excitation in Sec. VI.
Finally, we summarize some conclusions and discussions in
Sec. VII.

II. KERR NONLINEAR PHYSICAL MODEL
WITH THE PT -SYMMETRIC POTENTIAL

A optical beam propagating in a self-focusing Kerr nonlin-
ear medium with the refractive index V (x) and gain-and-loss
distribution W (x) can be described by the NLS model with the
complex potential in the dimensionless form [15,25]

i∂zψ + ∂2
x ψ − [V (x) + iW (x)]ψ + δn(I )ψ = 0, (1)

where ψ = ψ (x, z) denotes the envelope optical pulse,
and x and z represent the transverse coordinates and
propagation distance along the light beam, respectively.
The nonlinear index δn(I ) is taken as the light intensity
I = |ψ |2, i.e., δn(I ) = |ψ |2. The PT -symmetric external
potential V (x) + iW (x) requires that V (x) and W (x) are the
even and odd functions, respectively. Equation (1) can also be

associated with a variational principle δL(ψ,ψ∗)/δψ∗ = 0
with the Lagrangian L(ψ,ψ∗) = ∫

R{−Im(ψψ∗
z ) + |ψx|2 +

[V (x) + iW (x)]|ψ |2 − 1/2|ψ |4}dx. Moreover, it is found
that

∫
R[Im(ψψ∗

z ) − |ψx|2 + |ψ |4]dx = ∫
R V (x)|ψ |2dx. The

power (alias mass or norm) and quasipower of Eq. (1) are
defined as N (z) = ∫

R |ψ (x, z)|2dx and Q(z) = ∫
R ψPT ψdx.

The momentum P(z) = i
2

∫
R(ψψ∗

x − ψ∗ψx )dx. It is
easy to prove that [15] Nz = 2

∫
R W |ψ |2dx and Qz =

i
∫
R ψ (PT ψ )[|ψ |2 − |ψ (−x, z)|2]dx. In particular, Nz =

Qz = 0, that is, the power N (z) and quasipower Q(z) are
conservative if W (x) is an odd function and ψ = PT ψ .

As we know, the Scarf-II and δ-function potentials can
support the smooth solitons and nonsmooth peakons in the
Kerr nonlinear media, respectively. In what follows, we would
like to introduce a class of the physically interesting PT -
symmetric Dirac-δ-Scarf-II potential,

V (x) = V0[δ(x)−tanh |x|] − 2 sech2x,

W (x) = −W0∂x(sechx eα|x|),
(2)

where α < 1 and V0, W0 ∈ R, to show that it can support the
novel solitons in the Kerr nonlinear media. The complex PT -
symmetric potential (2) differs from the known Scarf-II and
δ-function potentials, and has the following special cases for
the different parameters V0, α:

(i) As V0 = α = 0, the PT -symmetric potential (2) reduces
to the celebrated Scarf-II potential [3],

V (x) = −2 sech2x, W (x) = W0sechx tanh x, (3)

which are both smooth functions [see Figs. 1(a3) and 1(b3)].
We need to mention that the sperate energy level and the
corresponding bound state of the Scarf-II potential have been
studied in [64,65] and the references therein. The interaction
of supersymmetry with PT symmetry and the generalized
Scarf-II potential were also presented in the above work.

(ii) As V0 > 0, α ∈ (0, 1), the PT -symmetric potential (2)
becomes the one with the real part being the δ-function-like
potential and the imaginary part being the two-hump function
[see Figs. 1(a2) and 1(b2)].

(iii) As V0 < 0, α < 0, the PT -symmetric potential (2) be-
comes the one with the real part being the anti-δ-function-like
potential and the imaginary part being the one-hump function
[see Figs. 1(a1) and 1(b1)].

Figure 1 implies that the parameter α would modulate the
real V (x) and imaginary W (x) parts of the PT -symmetric
potential. W0 can control the amplitude of the gain-and-loss
distribution. Since W (x) → 0 as |x| → ∞, the gain-and-loss
distribution will affect the PT -symmetric system in the limit
domain.

In fact, we can also consider a similar and simplified ver-
sion of the PT -symmetric δ-Scarf-II potential (2), i.e., the
PT -symmetric δ-sgn-sech potential

V̂ (x) = V1δ(x), Ŵ (x) = W1 sgn x sechx eα|x|, (4)

where V1, W1 ∈ R, α < 1. Near x = 0, these two potentials,
given by Eqs. (2) and (4), are almost equivalent for V1 =
V0, W1 = W0(1 − α). For α < 1 and V0 = 2α, the profile of
the PT -symmetric δ-sgn potential (4) is similar to the one in
Fig. 1.
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FIG. 1. Real and imaginary parts of the PT -symmetric δ-
Scarf-II potential: (a1),(b1) (V0, α, W0 ) = (−2, −1, 0.5); (a2),(b2)
(V0, α,W0 ) = (1, 0.5, 0.5); (a3),(b3) (V0, α,W0) = (0, 0, 0.5).

III. PT -PHASE BROKEN AND UNBROKEN CURVES
OF THE LINEAR SPECTRAL PROBLEM

Here we consider the linear spectral problem with the
given PT -symmetric Dirac-δ-Scarf-II potential (2) and PT -
symmetric δ-sgn-sech potential (4),

H0�(x) = λ�(x), H0 = ∂2
x − [V (x) + iW (x)], (5)

where α < 1, and the parameter region is chosen as
(Vj,Wj ) ∈ [−2, 1] × [0, 3] ( j = 0, 1.). Since the δ function
cannot be used directly in the numerical calculations, we use
the following parametric approximation of Gaussian function
exp(−x2/ε2)/(ε

√
π ) (ε → 0+) to replace the δ(x). For the

validity and accuracy of the results, here we take ε = 0.01.
And there exist some other parametric substitutions, such
as a/[π (x2 + a2)], sin(x/a)/(πx) for a → 0. In fact, they
are equivalent. We numerically solve the linear eigenvalue
problem (5) by the spectral method [66–68] such that the
PT -symmetric broken and unbroken curves are found in the
(Vj,Wj) space [see Figs. 2(a) and 2(b)] for choosing α =
−1, 0, 0.2, respectively. We need to point out that the PT
phase is broken (unbroken) when the parameters are located
above (below) the corresponding curve.

For the PT -symmetric Dirac-Scarf-II potential given by
Eq. (2), it can be seen that the PT unbroken area decreases
as V0 increases as α = −1 and α = 0.2. More intriguingly,
if we choose α = 0, the PT curves descend slowly when
V0 ∈ (−2,−0.4), then increase for V0 ∈ (−0.4,−0.1), and,
finally, decrease with a linear trend. And as mentioned in
Ref. [3], as V0 = α = 0, Eq. (2) reduces to the Scarf-II

potential, and the linear spectral problem (5) admits the en-
tirely real spectra provided that |W0| � 9/4, which checks
the correctness of the PT broken curves deduced via the
numerical method [see Figs. 2(a), 2(c2), 2(d2)]. For the given
α and V0, we examine the eigenvalues of the first lowest
states [see Figs. 2(c1)–2(d3)]. We can make a conclusion that
the spontaneous symmetry is broken due to the collision of
the ground and the first several excited states. On account
of the merge of the first energy levels, the imaginary parts
would exist in the spectrum, which leads to the PT -symmetry
breaking.

As for the PT -symmetric δ-sgn-sech potential (4), we also
investigate the linear spectral problem (5). The PT broken
and unbroken curves are displayed in Fig. 2(b). The unbroken
phase cannot be found for V1 > 0, which differs from the
above potential (2). And the area of PT unbroken for α = −1
is much wider than α = 0, 0.2. As illustrated in [69], if we
choose the potential V (x) = ρδ(x), W (X ) ≡ 0, then the linear
problem given by Eq. (5) will not admit the real spectra for
ρ > 0. This may be the main reason for the sharp conversion
at V1 = 0. And the corresponding energy levels indicate the
PT -phase break due to the collision of the first state, which is
not shown here.

IV. THE STABILITY OF STATIONARY PEAKON
AND DOUBLE-HUMP SOLITONS

A. The stationary solutions

In this section, we study the stability of the stationary
solutions of Eq. (1). We find the localized stationary soli-
tons of Eq. (1) with the PT -symmetric δ-Scarf-II potential
(2) in the form ψ (x, z) = φ(x)eiμz, where μ denotes the
real-valued propagation constant and complex solution φ(x)
satisfies

d2φ

dx2
− [V (x) + iW (x)]φ + |φ|2φ = μφ, (6)

whose real and imaginary parts generate

Re

(
φxx

φ

)
+|φ|2−V (x)=μ, Im

(
φxx

φ

)
=W (x). (7)

In general, it is difficult to seek the exact solutions of Eq. (6).
One can usually solve Eq. (6) by the numerical methods
such as the spectral renormalization method [70] or modified
squared-operator iteration method [71]. However, it is inter-
esting to find the exact solution of Eq. (6) in some special
cases by the resolution methods [25,28]. We can take the
complex function as φ(x) = ρ(x) exp[i

∫ x
0 ϕ(s)ds], with ρ(x)

being a real-valued amplitude function and ϕ(x) a real-valued
function of the hydrodynamic velocity. As a result, we know
that they solve the coupled nonlinear equations

ρxx =
{

V (x)−ρ2+ρ−4

[∫ x

0
W (s)ρ2(s)ds

]2

+ μ

}
ρ,

ϕ(x) = ρ−2
∫ x

0
W (s)ρ2(s)ds. (8)
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FIG. 2. (a),(b) PT unbroken and broken curves of Eq. (5) with the PT -symmetric δ-Scarf-II potential (2) and δ-sgn-sech potential (4).
Real and imaginary parts of the first four energy levels λ as a function of W0 at (c1),(d1) V0 = −2, α = −1; (c2),(d2) V0 = α = 0; and (c3),(d3)
V0 = 0.4, α = 0.2.

For the given PT -symmetric δ-Scarf-II potential (2), from
Eq. (8) we find that φ(x) is of the form

φ(x) = W0

3
sechx eα|x| exp

(
− iW0

3

∫ x

0
sechs eα|s|ds

)
, (9)

with μ = 1 + α2 and V0 = 2α. Thus we have the density
of the stationary solution |ψ (x, z)| = W0

3 sechx eα|x| (α < 1),
where the gain-and-loss parameter W0 can control the ampli-
tude of the soliton, and another parameter α can modulate the
profiles of the solitons:

(a) As α = 0, the solution becomes the usual smooth bright
soliton |ψ (x, z)| = W0

3 sechx and the corresponding potential
degenerates to the Scarf-II potential, which have been ana-
lyzed [15].

(b) However, as α �= 0, we have the novel solitons. As
α < 0, we have the density of the modified peakon solution,
|ψ (x, z)| = W0

3 sechx eα|x|, which decays more quickly than the
usual peakon eα|x| as |x| grows (see Fig. 4); that is, for the fixed
α < 0, the peakon solution (9) is of a smaller wave width than

the known peakon. It is easy to know that the density |ψ (x, z)|
is a continuous function of x, but has no first-order derivatives
at the peak point x = 0. It has the finite-order weak derivatives
in the sense of distributions such as

d|ψ |
dx

= W0

3
sechx eα|x|(αsgn(x) − tanh x),

d2|ψ |
dx2

= W0

3
sechx eα|x|(2αδ(x) − 2α tanh |x|

−2 sech2x + α2 + 1). (10)

(c) When 0 < α < 1, since the growing velocity of eα|x| is
smaller than the decaying velocity of sechx (sechx � 2e−|x|),
we find the novel soliton (9) with double humps and one sharp
valley (see Fig. 5), which is also a continuous function of x but
has no first-order derivatives at the sharp valley point x = 0.

Since φ(x) given by Eq. (9) is PT symmetric, the
quasipower Q and power P are equivalent. Moreover, they
are both conservative since they are both the same limited
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constant:

N = Q =
∫
R

W 2
0

9
sech2s e2α|s|ds

�
∫
R

2W 2
0

9
e2(α−1)|s|ds = 2W 2

0

9(1 − α)
, α < 1, (11)

where we have used the inequality sechx � 2e−|x|.

B. Spectral stability analysis of stationary solutions

In what follows, we study the spectral stability analysis
of the obtained stationary peakons and double-hump solitons
with one sharp valley, given by Eq. (9), of Eq. (1) by consid-
ering the perturbed solution,

ψ (x, z) = {φ(x) + ν[F1(x)eiεz + F2(x)e−iε∗z]}eiμz, (12)

where ν 	 1, F (x) and G(x) represent the corresponding
eigenfunctions of the linearized problems, and ε indicates
the growth rate of the instability. Then, substituting it into
Eq. (1) and linearizing with respect to ν generate the following
eigenvalue problem:(
H0 + 2|φ|2 − μ φ2(x)

−φ∗2(x) −H∗
0 − 2|φ|2 + μ

)(
F1

F2

)
= ε

(
F1

F2

)
, (13)

where H0, φ(x) are given by Eqs. (5) and (9) and μ = α2 + 1.
It is obvious that if |Im(ε)| > 0, then one of the two terms

eiεz and e−iε∗z approaches infinity as z → +∞ such that the
solution will grow at an exponential rate as z > 0 grows, and
is linear unstable; otherwise, the solution is linear stable. The
above eigenvalue problem can be solved by the Fourier col-
location method [68]. To conveniently describe the spectra of
the above eigenvalue problem, we define the linear instability
index (i.e., the color bar in Fig. 3) χ = log(max{|Im(ε)|})
of the stationary solution, where log represents the common
logarithm. It follows from the errors of the numerical calcu-
lation and the simulation results of beam propagation shown
below that we find that the stationary solution is linearly stable
for the area of χ (α,W0) � −6 in most cases; otherwise, it
is unstable (see Fig. 3). Notice that one may consider the
other areas, e.g., χ (α,W0) � −7 for the linear stability. Due
to the symmetry of W0, we only consider W0 � 0. We can
conclude that the stable domain becomes narrower as α grows.
Moreover, a sharp transition can be found at α = 0, which
coincides with the PT broken curve.

To further analyze the dynamical behaviors of the non-
linear modes (9), we resort to the beam propagation method
with the initial condition ψ (x, z = 0) = φ(x)(1 + ε), where
φ(x) is a nonlinear mode given by Eq. (9), and ε =
0.02 rand(N, 1) (1 + i) is a complex broadband 2% random
perturbation with rand(N, 1) which is an N × 1 array of pseu-
dorandom uniform values on the open interval (0, 1). As
mentioned above, we first consider the peakon solitons for
α < 0. Based on the above-mentioned critical PT broken
curve, we first take α = −1 and W0 = 1, where the parameters
are located in both the PT unbroken region [linear case; see
Fig. 2(a)] and stable domain (nonlinear case; see Fig. 3).
Figure 4(a1) indicates the stable peakon solution for a long
propagation distance, where the initial condition is displayed

FIG. 3. Linear stable and unstable regions of the solution (9)
in the PT -symmetric δ-Scarf-II potential (2) by studying Eq. (13),
where the blue region corresponds to the stable region, and the
rest of the domain corresponds to the unstable region (the color
bar is defined by the values log(max{|Im(ε)|}), e.g., −8 denotes
max{|Im(ε)| = 10−8). Notice that α < 0, α = 0, and 0 < α < 1 cor-
respond to the peakon, smooth soliton, and double-hump soliton,
respectively.

FIG. 4. The stable wave propagations of peakon solutions (9)
with a 2% random white noise for α < 0: (a1) α = −1, W0 = 1
(PT unbroken, linear stable); (a2) α = −1, W0 = 2.48 (PT broken,
linear stable); (a3) α = −2, W0 = 2.48 (PT unbroken, linear sta-
ble). (b1)–(b3) The corresponding initial conditions of the peakon
solutions (9).
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FIG. 5. The stable wave propagations of double-hump solitons
with one sharp valley (9) with a 2% random white noise for 0 < α <

1: (a1) α = 0.25, W0 = 0.1 (PT unbroken, linear stable); (a2) α =
0.25, W0 = 0.58 (PT broken, linear stable); (a3) α = 0.04, W0 =
0.29 (PT unbroken, linear stable). (b1)–(b3) The corresponding
initial condition of the soliton solutions (9).

in Fig. 4(b1). If we fix α = −1, and change W0 from 1 to 2.48,
then the spectra become complex at the two lowest energy
states. That is, the parameters (α,W0) = (−1, 2.48) are lo-
cated in the PT broken region [linear case; see Fig. 2(a)], but
we still find the stable peakon solution [see Fig. 4(a2)]. How-
ever, as we fix W0 = 2.48 and take α = −2, the spectra are all
real again. That is, the parameters (α,W0) = (−2, 2.48) are
located in the PT unbroken region [linear case; see Fig. 2(a)],
and the parameters are also located in the linear stable area
[see Fig. 4(a3)]. We can conclude that the stability of the
solitons can be modulated by the nonlinear term and the PT -
symmetric parameters together from the above-mentioned
numerical simulations.

However, for α > 0, we find the double-hump solitons
(9) with one sharp valley of Eq. (1), which have the strong
stability. Since the transition occurs at α = 0, the PT unbro-
ken domain is narrower. We choose α = 0.25 and W0 = 0.1,
which are located in the PT unbroken region [see Fig. 2(a)],
such that the double-hump soliton is stable [see Fig. 5(a1)].
We then fix α = 0.25 and change W0 = 0.58, which are lo-
cated in the PT broken region [see Fig. 2(a)]. However,
we find that the double-hump soliton is still stable [see
Fig. 5(a2)]. The main reason for this stable phenomenon is
that the nonlinear term can modulate the linear PT spectra;
that is, for some parameters, the nonlinear action can excite

FIG. 6. The transverse power-flow or “Poynting vector” (14)
related to nonlinear modes (9) and gain-and-loss distribution W (x)
given by Eq. (2) (dashed lines) with (a) α = −1, W0 = 1, and
(b) α = 0.25, W0 = −0.58.

the PT -symmetric broken phase to the PT -symmetric unbro-
ken phase. Finally, we take α = 0.04, W0 = 0.29, which are
located in the PT unbroken region [see Fig. 2(a)], such that
the double-hump soliton is found to be stable [see Fig. 5(a3)].

In conclusion, we have found the stable peakons and
double-hump solitons of Eq. (1) for α < 0 or 0 < α < 1.
The obtained results indicate that the larger the strength W0

of the gain-and-loss distribution, the more unfavorable the
generation of stable solitons. We also investigate the potential
energy for those parameters located in both the PT broken
region and linearly unstable domain, which are not shown
here. Apparently, the stability depends on the PT phase for
modes in the linear spectral problem. However, the PT -
symmetric potential and nonlinear term both play the key
roles in the nonlinear PT -symmetric systems, which is typical
in Kerr nonlinear media with PT -symmetry potential (see,
e.g., [15,24]). And this also holds for the instabilities in the
dynamical simulations [72].

Apart from this, we also pay attention to the trans-
verse power-flow intensity associated with the nonlinear
solutions, which is defined by S(x) = (i/2)(φφ∗

x − φ∗φx ) =
|φ|2[arg(φ)]x, where arg(φ) represents the phase function of
φ(x). It follows from (9) that we have the transverse power-
flow intensity S(x) as

S(x) = −W 3
0

27
sech3x e3α|x|. (14)

It is not hard to find that the sign of S(x) depends on the
gain-loss strength W0. Equation (14) indicates that the power
always flows from the gain toward the loss regions (see Fig. 6).

C. Numerical stationary solutions and stability

Case 1. PT -symmetric Dirac-δ-Scarf-II potential (2). In
the section above, we study the linear stability of exact sta-
tionary solutions (9) for μ = 1 + α2 of Eq. (1) with the
PT -symmetric δ-Scarf-II potential (2). We now study its
numerical solutions by considering Eq. (6) for the other prop-
agation distance μ �= 1 + α2 by the spectral renormalization
method [70]. First, we compare the exact solutions with nu-
merical solutions for the different α (see Fig. 7) to illustrate
the validity of the used numerical method. It is worth pointing
out that we take φ(x) = sech x, r = 1000 as the initial state,
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FIG. 7. Comparisons between exact and numerical solutions, where n(Re(φ)) [a(Re(φ))] and n(Im(φ)) [a(Im(φ))] represent the real part
and imagine part of the numerical [exact] solutions, respectively. (a1) α = −0.6, W0 = 1; (a2) α = −0.4, W0 = 1; (a3) α = −0.2, W0 = 1;
(b1) α = 0.1, W0 = 0.2; (b2) α = 0.2, W0 = 0.2; (b3) α = 0.3, W0 = 0.2.

and the maximum number of iterations is 4000. Without loss
of generality, we choose μ ∈ [0, 10].

For the case α < 0, we set W0 = −1, and the power curves
for the different α = −0.6, −0.4, and −0.2 are displayed in
Fig. 8(a), which first decrease, and then increase as μ grows.
It follows from the numerical results that the μ decreases as
the α increases so that the power reaches its minimum point.
Meanwhile, the turning point is about μ = 1, that is, α = 0
[notice that the existence condition of the exact solutions (9) is
μ = 1 + α2], in which the PT -symmetric potential (2) degen-
erates to the Scarf-II potential, and the corresponding solution
(9) becomes the smooth soliton. This may be due to the effect
of the smoothness of the solution on the soliton power. And
the lowest cutoffs for the existing ranges of numerical solitons
show a growth trend, i.e., μ = 0, 0.1, 0.6 as α increases from
−0.6 to −0.4, −0.2. Moreover, we utilize the beam propaga-
tion method to simulate the propagation behaviors of solitons
for different parameters such that we found that the high-
power solitons seem to have better propagation stability than
the low-power solitons. We first choose α = −0.6, μ = 1 to
generate the unstable wave propagation [see Figs. 8(a1) and
8(a2)]. Second, if we take α = −0.4, μ = 3 corresponding to
the higher-power solution, then we find that the solution is sta-
ble [see Figs. 8(a3) and 8(a4)]. Finally, for α = −0.2, μ = 5,
we can also find a stable higher-power soliton [see Figs. 8(a5)
and 8(a6)].

For the case α > 0, we choose W0 = 0.2 and α =
0.1, 0.2, 0.3 belonging to the PT -phase unbroken region [see
Fig. 2(a)]. The power curves are displayed in Fig. 8(b), which
first decrease, and then increase as μ grows. We also obtain

the corresponding numerical solitons and perform their wave
propagations for different potential parameters. First, we set
α = 0.1, μ = 1, and find that the numerical soliton is stable
[see Figs. 8(b1) and 8(b2)]. And we take α = 0.2, μ = 3,
and find that the soliton seems to possibly be stable propa-
gation in a short distance (z < 300), but its instability occurs
as the propagation distance becomes increasingly larger [see
Figs. 8(b3) and 8(b4)]. Finally, we consider α = 0.3, μ = 5
corresponding to the higher-power soliton, and find that its
instability appears quickly [see Figs. 8(b5) and 8(b6)]. Thus
we may conclude that the low-power solitons are more stable
in this condition, which differs from the case α < 0.

Case 2. PT -symmetric δ-sgn-sech potential (4). We also
focus on the dynamic behaviors of solutions of Eq. (1) with
the PT -symmetric δ-sgn-sech potential (4). We investigate
the ground-state solution of Eq. (6) with the potential (4) using
the above-mentioned numerical method. By the numerical
experiments, we are surprised to find from Eq. (6) that the
PT -symmetric δ-sgn-sech potential (4) supports the peakon
solution for α < 0, while for the case α > 0, we find its
double-hump solutions, which have the same profiles as those
in the PT -symmetric δ-Scarf-II potential (2). We consider the
propagation constant μ ∈ (0, 5) whether α > 0 or α < 0. For
α < 0, we fix W1 = −1, α = −1, and we have the power
curve in Fig. 9(a1), and the corresponding linear stability
in Fig. 9(a2). The small μ for the existence of numerical
solitons is 1.2. We choose two different parameters located
in linear stable and unstable regions to investigate the wave
propagations, respectively. First, for the considered μ = 1.5,
the numerical soliton and wave propagation are displayed
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FIG. 8. The power vs the propagation constant μ for the potential (2) at (a) W0 = 1, α < 0 and (b) W0 = 0.2, 0 < α < 1. Numerical
solitons and their wave propagations: (a1),(a2) α = −0.6, μ = 1 (unstable); (a3),(a4) α = −0.4, μ = 3 (stable); (a5),(a6) α = −0.2, μ = 5
(stable); (b1),(b2) α = 0.1, μ = 1 (stable); (b3),(b4) α = 0.2, μ = 3 (semistable); (b5),(b6) α = 0.3, μ = 5 (unstable).

in Figs. 9(a3) and 9(a4), which indicates a stable periodic
phenomenon. Then we choose μ = 4, interestingly enough,
such that we also have a stable soliton in the linear unstable
region [see Figs. 9(a5) and 9(a6)], whose main reason is that
the corresponding phase is PT unbroken. In what follows, we
investigate α > 0. We choose α = 0.5, W0 = 0.4. The power
curve [see Fig. 9(b1)] is monotonically increasing as μ grows,
which has a different trend compared to the above cases. By
solving the linear stability problem (13), all numerical solitons
are shown to be linear unstable [see Fig. 9(b2)], whose main
reason is that the corresponding phase is PT broken [see
Fig. 2(b)]. For μ = 2, 4, we utilize the spectral renormaliza-
tion method [70] to deduce the profile [see Figs. 9(b3) and
9(b4)]. Then we use the beam propagation method to get the
unstable dynamical behavior in Figs. 9(b5) and 9(b6).

D. High-order solitons and wave propagations

In this section, we would like to consider the high-order
solitons of the NLS equation (1) with the PT -symmetric po-
tential (2) or (4). Inspired by Ref. [31], we take the following

initial state:

φ(x) = a|x|be−x2/c2
, (15)

where a, c represent the height and the width of the wave,
respectively, and the parameter b is used to modulate the num-
ber of peaks. First, we investigate the existence and stability
of high-order solitons of Eq. (1) with the potential (2). The
profile and the evolution of two-hump soliton are displayed
in Figs. 10(a1) and 10(a2), which denote an unstable propaga-
tion. And by changing the parameters, we obtain a three-hump
soliton and its unstable dynamical behavior [see Figs. 10(b1)
and 10(b2)]. In what follows, we study the high-order solitons
of Eq. (1) with the PT -symmetric δ-sgn-sech potential (4). By
appropriating parameters, we obtain the two-hump solution as
well as the unstable evolution [see Figs. 10(c1) and 10(c2)].
Finally, we numerically get the three-hump soliton, unlike the
previous case, and the semistable propagation state is illus-
trated in Figs. 10(d1) and 10(d2). The middle peak remains
unchanged during propagation, while the two peaks next to it
propagate away with a bend trend.
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FIG. 9. The power vs the propagation constant μ for the potential (4) at (a1) W1 = 1, α = −1 and (b1) W0 = 0.4, α = 0.5. The curves of
log(max{|Im(ε)|}) corresponding to the linear stability [cf. Eq. (13)] with the marked “stable” and “unstable” points at (a2) W1 = 1, α = −1
and (b2) W0 = 0.4, α = 0.5. Numerical solitons and their wave propagations: (a3),(a4) μ = 1.5 (stable); (a5),(a6) μ = 4 (stable); (b3),(b4)
μ = 2 (unstable); (b5),(b6) μ = 4 (unstable).

E. The generalized NLS equation with power-law
nonlinearity and PT -symmetric potential

Similarly, we now turn to the case of a power-law medium
with δn(I ) taken as the form δn(I ) = |ψ |2σ (σ > 0) such that
Eq. (1) is changed into the NLS equation with power-law
nonlinearity and PT -symmetric potential,

i∂zψ + ∂2
x ψ − [V (x) + iW (x)]ψ + |ψ |2σψ = 0, σ > 0.

(16)

Equation (16) can also be associated with a variational prin-
ciple δL(ψ,ψ∗)/δψ∗ = 0 with the Lagrangian L(ψ,ψ∗) =∫
R{−Im(ψψ∗

z ) + |ψx|2 + [V (x) + iW (x)]|ψ |2 − 1/(σ+1)
|ψ |2(σ+1)}dx.

For the given PT -symmetric Dirac-δ-Scarf-II potential

V (x) = 2αβ[δ(x) − β tanh |x|] − (β2 + β )sech2x,

W (x) = −W0∂x(sechx eα|x|), (17)

with α < 1, β = 1/σ, W0 ∈ R, we can find that Eq. (16) ad-
mits the peakon solution (α < 0), double-hump soliton (0 <

α < 1), and smooth soliton (α = 0) in the form

ψ (x, z) = ±
( |W0|

2β + 1
sechx eα|x|

)
βeiμz

× exp

(
− iW0

2β + 1

∫ x

0
sechs eα|s|ds

)
, (18)

with μ = β2(1 + α2). In particular, at σ = β = 1, the poten-
tial (17) and solutions (18) reduce to the above-mentioned
results given by Eqs. (9) and (2), respectively.

In what follows, we mainly consider Eq. (16) with σ = 1/2
and σ = 2, which corresponds to the quadratic NLS equation

i∂zψ + ∂2
x ψ − [V (x) + iW (x)]ψ + |ψ |ψ = 0 (19)

and critical quintic NLS equation

i∂zψ + ∂2
x ψ − [V (x) + iW (x)]ψ + |ψ |4ψ = 0. (20)
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FIG. 10. Numerical high-order solitons and their wave propaga-
tions. (a1),(a2) Two-hump soliton of Eq. (6) with potential (2) at
W0 = −0.4, α = 0.5, μ = 6, a = 6, b = 4, c = √

2; (b1),(b2) three-
hump soliton of Eq. (6) with potential (2) at W0 = −2, α = −1, μ =
3, a = 6, b = 4, c = √

2; (c1),(c2) two-hump soliton of Eq. (6) with
potential (4) at W0 = −0.4, α = 0.5, μ = 6, a = 4, b = 4, c = √

2;
(d1),(d2) three-hump soliton of Eq. (6) with potential (4) at W0 =
−2, α = −2, μ = 3, a = 6, b = 8, c = 2.

We study the PT -phase broken and unbroken curves by
studying Eq. (5) with the potential (17) for β = 1/σ = 2, 1/2
[see Figs. 11(a1) and 11(b1)]. Meanwhile, we can conclude
that the collisions of the first few energy levels can lead to
the broken PT phase from Figs. 11(a2), 11(a3), 11(b2), and
11(b3). And to compare the effect of the nonlinear term and
the PT phase on the soliton stability, we choose the same po-
tential parameters as Figs. 4 and 5 when σ = 2 and σ = 1/2.

Case 1. σ = 2. For this case, we consider the quintic NLS
equation (20). As α < 0, we can find the stable wave prop-
agations in Figs. 12(a1), 12(a2), 12(a5), and 12(a6) for the
different parameters. However, in the PT unbroken region,
we find an unstable dynamical behavior [see Figs. 12(a3)
and 12(a4)], which is mainly due to the effect of the quin-

tic nonlinear term |ψ |4ψ on the PT phase. For α > 0, the
double-hump solitons can stably propagate for a long time
[see Figs. 12(b1)–12(b6)].

Case 2. σ = 1/2. For this case, we consider the quadratic
NLS equation (19). As α < 0, we obtain the stable peakon
propagation at α = −1, W0 = 1 and α = −2, W0 = 2.48 [see
Figs. 13(a1), 13(a2), 13(a5), 13(a6)]. Whereas α = −1, W0 =
2.48, Figs. 13(a3) and 13(a4) display the unstable dynamical
behavior, which is mainly due to the nonlinear term |ψ |ψ .
When α > 0, we also consider the same parameters as in
Fig. 5. The results are shown in Figs. 13(b1)–13(b6).

Compared with the numerical simulations in Figs. 4 and
5, it can be concluded that the stable solitons are modulated
by both the PT -symmetric potentials and the nonlinear terms,
which balance each other to generate the solitons in the non-
linear dissipative system.

V. THE SOLITON INTERACTIONS

Here we examine the interactions of the solitary waves with
the stable peakon solutions and the double-hump solutions.
For α < 0, we consider the following initial condition con-
sisting of two peakon solutions:

ψ (x, 0) = φ(x) + W0

3
sech(x − 30)eα|x−30|−6ix, (21)

where α = −0.02, W0 = 0.5, and the peakon solution φ(x)
is given by Eq. (9). Figure 14(a1) indicates that there exists a
semi-elastic interaction between the exact solution and the ex-
otic isolated solitary wave, where the exact solution maintains
its shape before and after the collision, while the intensity
of the exotic isolated wave decays continuously, and there
exists a very small reflected wave. In order to explore the more
intriguing nature of a peakon soliton, we set the outside Gaus-
sian solitary wave as W0

3 e−0.01(x−50)2−9ix, and α = −2,W0 = 1;
that is, the initial condition is chosen as

ψ (x, 0) = φ(x) + W0

3
e−0.01(x−50)2−9ix. (22)

Surprisingly, a new phenomenon arises in collisions, namely,
there is not only the transmitted wave, but also the presence
of a reflected wave after the interaction of an external inci-
dent wave and the exact peakon solution [see Fig. 14(a2)].
Figure 14(a3) shows the changes of densities before and after
their collision. From this, we can see that the density of the
exact peakon solution is not changed before and after the
collision, but the exotic isolated Gaussian waves are separated
into two branches after the collision. Moreover, the density
of the transmitted (reflected) wave is slightly larger (smaller)
than the initial density, which indicates that the energy of the
solitons is transferred during the collision.

For the case of α > 0, we choose the potential parameter
α = 0.1, W0 = 0.1, and the outside solitary wave is added
to the initial condition, which means the initial condition is
chosen as follows:

ψ (x, 0) = φ(x) + W0

3
sech(x − 30)eα|x−30|−10.5ix. (23)

Intriguingly, the collision of the stable double-hump solution
with the solitary shows a “semi-elastic” phenomenon [see
Fig. 14(b1)]. The double-hump solution remains invariant
unless there is interaction of the two nonlinear waves, while
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FIG. 11. The PT -phase unbroken and broken curves of Eq. (5) with the potential (17) at (a1) σ = 2 and (b1) σ = 1
2 . Real and imaginary

parts of the first five eigenvalues λ as a function of W0 at (a2),(a3) α = −1, σ = 2 and (b2),(b3) α = −1, σ = 1
2 .

FIG. 12. The wave propagations with a 2% noise for solution (18) at σ = 2. (a1),(a2) α = −1,W0 = 1; (a3),(a4) α = −1,W0 = 2.48;
(a5),(a6) α = −2,W0 = 2.48; (b1),(b2) α = 0.25,W0 = 0.1; (b3),(b4) α = 0.25,W0 = 0.58; (b5),(b6) α = 0.04,W0 = 0.29.
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FIG. 13. The wave propagations with a 2% noise for solution (18) at σ = 1
2 . (a1),(a2) α = −1,W0 = 1; (a3),(a4) α = −1,W0 = 2.48;

(a5),(a6) α = −2,W0 = 2.48; (b1),(b2) α = 0.25,W0 = 0.1; (b3),(b4) α = 0.25,W0 = 0.58; (b5),(b6) α = 0.04,W0 = 0.29.

the outside solitary wave decays slowly. At the same time,
we can observe a very weak reflection phenomenon. Mean-
while, we change the outside wave to the Gaussian wave,
W0
3 e−0.05(x−20)2−5.5ix, where α = 0.2,W0 = 0.2, which is the

initial condition taken as

ψ (x, 0) = φ(x) + W0

3
e−0.05(x−20)2−5.5ix. (24)

FIG. 14. Soliton interactions. (a1) α = −0.02, W0 = 0.5, outside peakon wave: W0
3 sech(x − 30)e(α|x−30|−6ix); (a2) α = −2,W0 = 1,

outside Gaussian solitary wave: W0
3 e−0.01(x−50)2−9ix; (a3) the collision profiles at differential values of z in (a2); (b1) α = 0.1,W0 = 0.1, outside

double-hump soliton: W0
3 sech(x − 30)e(α|x−30|−10.5ix); (b2) α = 0.2,W0 = 0.2, outside Gaussian solitary wave: W0

3 e−0.05(x−20)2−5.5ix; (b3) the
collision profiles at differential values of z in (b2).
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FIG. 15. Excitations of peakon solutions: (a1) αi = −2, αe = −1, W0 = 0.8; (a2) α = −2, W0i = 0.1, W0e = 0.8; (a3) αi = −2, αe = −1,
W0i = 0.1, W0e = 0.8; (b1) α0 = 0.05, α1 = 0.1, W0 = 0.09; (b2) α = 0.05, W01 = 0.09, W02 = 0.2; (b3) α0 = 0.05, α1 = 0.1, W01 = 0.09,
W02 = 0.2.

In a collision with an ordinary soliton (differential), as
Fig. 14(b2) indicates, the exact solution forms a weak elastic
collision with the exotic wave, which means the shape and in-
tensity of the double-hump soliton with one gallery remain the
same, and there exists a slight change in the external isolated
wave. In order to observe the soliton behavior before and after
the collision more clearly, the exotic Gaussian wave is shown
in Fig. 14(b3) with a broadened center and a weak reflection
after the collision, while the enlarged figure in Fig. 14(b3)
illustrates the elastic behavior of the exact solution during the
collision. The phenomena shown here are different from the
case of α < 0, which suggests that α can modulate the nature
and shape of solitons.

VI. THE ADIABATIC EXCITATIONS OF SOLITONS

In this section, we change the parameters in the PT -
symmetric δ-Scarf-II potential as the functions of the prop-
agation distance z, i.e., we apply an adiabatic switch to the
δ-Scarf-II potential: α → α(z), W0 → W0(z). At this point,
the propagation of the nonlinear modes is controlled by the
equation

i∂zψ + ∂2
x ψ − [V (x, z) + iW (x, z)]ψ + |ψ |2ψ = 0, (25)

where V (x, z) and W (x, z) are determined by Eq. (2) with
V0 → V0(z), α → α(z), W0 → W0(z), and V0(z), α(z), and
W0(z) taken as

�(z)=
⎧⎨⎩
�i, 0 � z � 400
�i+(�e−�i )sin

[ (z−400)π
800

]
, 400 < z � 800

�e, 800 < z,
(26)

where �i and �e represent the parameters of the initial and
termination states, respectively. It is easily verified that when
V0(z) = 2α(z) and an adiabatic switch (26) is applied to the
potential, the nonlinear mode (9) satisfies Eq. (6), except for
the initial state 0 � z � 400 and the excited state z > 800.
Since the positive or negative sign of α affects the nature of
the excited final solution, we discuss two cases, where α < 0
and 0 < α < 1.

A. Excitation of peakon solutions

For the considered Eq. (25) with α(z) or W0(z) given by
Eq. (26), we consider the excitations of the stationary solution
(9). First, we take ψ (x, 0) = φ(x), with φ(x) given by Eq. (9)
as the initial condition, and consider the case that α(z) is given
by Eq. (26), while W0(z) is fixed as the constant W0. As a
result, we find that the initial nonlinear mode for (αi, W0) =
(−2, 0.8) can be excited to another stable nonlinear mode
for (αe,W0) = (−1, 0.8) [see Fig. 15(a1)]. Under this initial
condition, it excites an initially stable peakon solution with
a higher density to another stable peakon solution with a
lower density. And due to the adiabatic condition (26), there
exists a transition process between two stable propagations.
Here, both the front and back modes correspond to the linear
PT -phase unbroken case. Similarly, if we fix α(z) ≡ α and let
W0(z) be given by Eq. (26), we can implement a similar excita-
tion of stable exact nonlinear modes, as shown in Fig. 15(a2).
In contrast to the first case, the density of the nonlinear mode
remains almost unchanged during the excitation process. It is
worth noting that W0 can modulate the density, but the density
still remains unchanged. This is mainly due to the fact that the
density of the nonlinear mode hardly changes during the stable
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excitation propagation. Finally, we apply an adiabatic switch
to both parameters simultaneously; that is, the two functions
α(z) and W0(z) are given by Eq. (26) [see Fig. 15(a3)], which
can be considered as a simple superposition of the first two
one-parameter excitations. That is why Fig. 15(c) looks very
similar to Fig. 15(a1).

B. Excitation of double-hump soliton

As 0 < α < 1, Eq. (1) admits the double-hump solution
with one sharp valley, similarly to the previous section for
α < 0. The specific results are shown in Figs. 15(b1)–15(b3).
When we apply an adiabatic switch (26) to the parameter α, it
initiates three stable propagation processes [see Fig. 15(b1)],
which is related to the excitation condition (26). We also
take W0(z) as the function of propagation distance given by
Eq. (26), and the density remains almost unchanged [see
Fig. 15(b2)]. Finally, when we apply the adiabatic switch to
both parameters α(z), W0(z), the result [see Fig. 15(b3)] is
similar to the case of the changed parameter α(z).

VII. CONCLUSIONS AND DISCUSSIONS

To summarize, we have introduced the PT -symmetric
Dirac δ-Scarf-II potential into the NLS equation and studied
the real spectral region of the linear spectral problem, and
discovered the stable peakon solutions and double-hump soli-
tons in the self-focusing Kerr nonlinear media. At the same

time, we find the stable wave propagations of peakons and
double-hump solitons in the interplay between the power-
law nonlinearity and PT -symmetric potentials. Moreover, the
existence of stable soliton excitation is also confirmed by
applying an adiabatic switch, which indicates that the peakon
solution and double-hump soliton are highly resistant to inter-
ference.

Furthermore, we have to mention that one can study the
peakon solitons and double-hump solitons in the higher-
dimensional case. Moreover, this kind of PT -symmetric
δ-Scarf-II potential can also be generalized to other nonlinear
wave models, such as the derivative NLS equation, third-order
NLS equation, etc.
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