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Acoustic radiation force and radiation torque beyond particles:
Effects of nonspherical shape and Willis coupling
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Acoustophoresis mainly deals with the manipulation of subwavelength scatterers in an incident acoustic field.
The geometric details of manipulated particles are often neglected by replacing them with equivalent symmetric
geometries such as spheres, spheroids, cylinders, or disks. It has been demonstrated that geometric asymmetry,
represented by Willis coupling terms, can strongly affect the scattering of a small object; hence neglecting these
terms may miss important force contributions. In this work, we present a generalized formalism of acoustic
radiation force and radiation torque based on the polarizability tensor, where Willis coupling terms are included
to account for geometric asymmetry. Following Gorkov’s approach, the effects of geometric asymmetry are
explicitly formulated as additional terms in the radiation force and torque expressions. By breaking the symmetry
of a sphere along one axis using intrusion and protrusion, we characterize the changes in the force and torque
in terms of partial components, associated with the direct and Willis coupling coefficients of the polarizability
tensor. We investigate the cases of standing and traveling plane waves and show how the equilibrium positions
and angles are shifted by these additional terms. We show that while the contributions of asymmetry to the force
are often negligible for small particles, these terms greatly affect the radiation torque. Our presented theory,
providing a way of calculating radiation force and torque directly from polarizability coefficients, shows that it
is essential to account for shape of objects undergoing acoustophoretic manipulation, with important implications

for applications such as the manipulation of biological cells.
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I. INTRODUCTION

Acoustic radiation forces play a key role in the field of
acoustic particle manipulation, also known as acoustophoresis
[1-8]. Acoustic sorting, separation, levitation, and other simi-
lar applications have been developed to manipulate particulate
phase in a fluid, e.g., to migrate biological cells to certain
locations using incident plane waves, by inducing a radiation
force field [3,7-16], as schematically shown in Fig. 1. In the
design of such applications, it is customary to treat the objects
in the host fluid as spheres or other simple geometries and
neglect the details of their shapes. In most cases, this leads to a
design based solely on acoustic radiation force and neglecting
the radiation torque. When a subwavelength object is treated
as a particle, its dynamic equilibrium and force balance are
independent of its shapes, and its rotation is neglected. This
assumption can be reasonable for small objects with approxi-
mately spherical shape; however, nonspherical objects lacking
radial symmetry may be better approximated as rigid bodies
than pointlike particles.
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Acoustic radiation stress consists of radiation pressure,
which is related to radiated momentum through scattering
fields, and Reynolds stress arising from surface oscillation.
The primary radiation force acting on a scatterer corresponds
to the incident-scattering portion of the time-averaged ra-
diation stresses [2,17-25]. In the case of multiple objects,
pairwise secondary radiation forces, also known as acoustic
interaction forces, emerge from the scattering-scattering part
of the radiation stresses [21-26]. The acoustic radiation torque
is the resultant moment due to such stresses with respect to
the centroid of the object [27,28]. Acoustic radiation force
and torque contribute to the dynamic equilibrium state of the
scatterers in combination with other forces such as hydrody-
namic drag or gravitational force. The magnitudes of acoustic
radiation force and torque are proportional to the incident
energy density, and their direction is determined from their
normalized value, also referred to as the acoustic contrast
factor [2,18,24], as shown in Fig. 1.

Current theories of acoustic radiation force and torque
either use the radiation stresses at the surface of the object
[17,18,29-31] or convert the surface integral of radiation
stresses in the far field to a volume integral using the diver-
gence theorem [2,19,24]. The advantage of the latter approach
is that the object can be replaced by a set of acoustic mul-
tipole sources to evaluate the volume integral, capturing the
essential geometric features and material properties of the
object with the simplest possible model. Acoustic radiation
force and torque have been developed analytically or modeled

©2021 American Physical Society
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FIG. 1. Principle of acoustophoresis with acoustic radiation
force and torque exerted on an object with arbitrary shape, for any
choice of incident pressure wave and the angle of incidence. The
components of the acoustic radiation force and torque and the nota-
tion for their normalized contrast factors, Q and Z, respectively, are
illustrated.

numerically for objects of spheroidal, cylindrical, and disk
shapes [27,31-38]. However, these shapes exhibit a high de-
gree of symmetry (at least axial symmetry) and are not fully
representative of three-dimensional, arbitrarily shaped ob-
jects. Although the numerical approaches based on surface or
volume integrals can be applied to objects of arbitrary shape,
they do not directly show how the geometric asymmetry
impacts on the force and torque. An example of recent numer-
ical approaches to investigate the shape effects on acoustic
radiation force is the application of the 7-matrix method
to obtain the scattering response of an object [39,40]. This
method provides a good estimate of the scattered fields for
symmetric objects; however, it was shown to be less accurate
for objects with asymmetric features in their geometry [39]. It
is difficult to separate out the effects of the shape asymmetry
on the radiation force, from the estimate value provided by the
T -matrix approach.

A semianalytical approach based on finite element simula-
tion and partial-wave expansion of the scattered field was used
to study the radiation force and torque on objects with ax-
isymmetric shape such as spheroids [41-43] and a simplified
red blood cell geometry [44]. The results were in good agree-
ment with the benchmark case of spheroids [33,35,38], which
were obtained by analytical expressions and full boundary
element models. Despite the capability of the finite element
method in calculating the scattered field from an arbitrary
shape, the study of objects with shape asymmetry, which is
more naturally occurring than the axisymmetric shapes, was
excluded, and the details of the shortcomings of the approach
were missed. Moreover, these studies [41—43] were primarily
focused on showing that monopole-dipole approximation of
the scattered field is sufficient for calculating the acoustic
radiation force and torque on axisymmetric objects, which is
an extension of the well-known radiation force formulation
for subwavelength spheres. For acoustic scattering from small
particles, it has been shown that asymmetry can be accounted
for by incorporating Willis coupling terms into the multipole
tensor [45-49]. However, to date there has been no investi-
gation of the role that these terms may play in the acoustic
radiation force and torque.

In this work, we derive a rigorous mathematical formula-
tion of acoustic radiation force and acoustic radiation torque

that includes the shape complexity as represented by the Willis
coupling terms. We make use of the far-field approach, also
referred to as the Gorkov approach, and show how the particle
responds to both the incident pressure and velocity fields. We
present a general formalism based on the polarizability tensor,
as a given measure of scattering response for an object, but
consider in detail the cases of plane traveling and standing
waves. Starting from a symmetric shape, we show how in-
troducing geometric protrusions or instructions controls the
Willis coupling, and hence the additional radiation force and
torque terms.

II. THEORY
A. Scattering of subwavelength objects and polarizability

The acoustic wave propagation in a lossless fluid is gov-
erned by the wave equation, which is expressed in terms of
acoustic pressure p as follows:

’ 1
Vip = —0up, (H

C;

f
where V? represents the Laplacian operator, ¢ r denotes the
speed of sound in the fluid medium, and 9, = 2 The acoustic

at
density p and velocity v are related to the pressure as follows:

v=Vog,
(@)

where «; = ,ofc2 is the fluid compressibility, pr is the mean
fluid density, and ¢ denotes the velocity potential. Acoustic
pressure, density, and velocity fields are time-harmonic,

p=pxe’, 3

where ¢, o, and x denote the time, angular frequency, and
position vector, respectively.

In the Rayleigh limit, the monopole-dipole approximation
of the scattering field of a sphere is given as [2,19,24]

p=cip. hp=—p/V-v, p=—prio.

p=pxe ", v=v(x)e ",

3 kr 3 Jkr
a e a’ e
O X — ; Sf10:pi __AV'<f2Vi >,
f
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Ky 205 + py

where p; and v; denote the value of incident density and
velocity fields, respectively, a, denotes the sphere radius, r
is the radial distance measured from the center, p; and «;
denote the density and compressibility of the scatterer, respec-
tively, and k = w/cy denotes the wave number. To generalize
this approach to arbitrary small objects, including those ex-
hibiting Willis coupling, we employ the method of multipole
moments, up to dipole accuracy and express the scattered
pressure as [46,50]

Jjkr
Py A —?QMG + ?V - (QDG), G = G(kr) = ~—,
dmr
Ps
g =, 5)
Jjore

where G denote the Green’s function in the 3D domain, and M
and D denote the volumetric monopole and dipole moments,
respectively. The term @ from Eq. (4) is generalized to the
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volume of the object, denoted 2. Furthermore, a characteristic
size, denoted by a, is required for nonspherical shapes to
calculate the Rayleigh index of ka. For this study, we propose

a=3 o (6)
where T" is the outer surface area. This allows us to in-
corporate the volume and surface area as two measures of
three-dimensional geometries in our numerical analysis. A
factor of 3 is included to normalize a to the radius a, for the
case of a spherical object.

The scattering moments are expressed in terms of incident
pressure p; and velocity v; fields through the polarization
tensor « as follows:

o
M _ i Upp “;v Di - agv
D Q\owyp /| Vi ’ e o

pv_
x XX Xy Xz (7)
%op oy Oy Q)
— Y _ yx yy yz
Qyp = | Cyp |, Oy = | Ky Oy Oy |,
N 2x 2y 2z
Yop aby oy o

where «, and o, denote the Willis coupling coefficients, «,,
denotes direct-dipole polarization tensor, and superscript T
denotes the transpose operator. The Cartesian form of these
subtensors are given in Eq. (7). The entries of o are often
normalized as follows [46]:

[_ﬁM}=z[%pi] A
jkD QLlprervi ke,  Lay,

prer

()

By employing the reciprocity principle for Green’s function,
it has been proven that [46]

=o' = ( Fop __&gp) ©)
_apv Qyy

This yields the relation between the Willis coupling co-
efficients o,, = —a,,, which are later required for the
formulation of the acoustic radiation force and the acoustic
radiation torque. By substituting Eq. (7) into Eq. (5) and
comparing the results with Eq. (4), the monopole and dipole
moments for a spherical scatterer become [2,24]

= = 3jQ )
D sphere Q 0 - 2]_w'0ff21 Vi

where 0 and I denote the zero column vector and the identity
matrix of size three, respectively. The polarizability tensor can
be expressed as sum of two tensors, as follows:

o 0’ 0 al
O = Qsym + Casym = ( (I)W avv) + <avp 0 QUI>7 (11)

where agy, denotes the tensor that includes only the direct
polarizability coefficients, and o,m denotes the tensor of
polarizability arising from pure Willis coupling effect. We
will utilize this decomposition later to characterize the role
of direct and Willis coupling coefficients in determining the
acoustic radiation force and radiation torque. Subscripts sym
and asym refer to direct and Willis coupling polarizability
hereinafter.

Considering the Green’s function identity (V2 4+ k*)G =
—4&(r), one can write
( , 1 ) jw jw
Vo= =0 s = ——QMS + =—V - (QDs), (12)

Cr or Pf

where § denotes the Dirac delta impulse, and r denotes the
distance from the center of the smallest sphere enclosing the
scatterer. We will use Eq. (12), which gives the approximation
of the scattered field by a set of monopole and dipole sources,
to derive the acoustic radiation force and torque.

B. Acoustic radiation force in the Rayleigh limit

Using Gorkov’s far-field approach [2,19,24,51] (see Sec. I
of Ref. [52] for details of force and torque derivations), the
acoustic radiation force acting on a subwavelength particle
can be expressed as follows:

F= —pf/ <vl~ [vz — %at,}¢s>dsz, (13)
Qoo Cy

where 2, denotes the unbounded volume of the fluid domain,
and (-) denotes the time-averaging operator over one wave
period. For any two harmonically varying fields F and G, the
time-averaged product is (FG) = %Re[}' G*] with Re denot-
ing the real part of a complex quantity and the asterisk (x)
denoting the complex conjugation operator. By substituting
Eq. (12) into (13) and making use of the properties of the
Dirac delta impulse [2,24], the force expression changes to

F = (joQMv;),—o + (joD - Vv;),—. (14)

Substituting Eq. (7) into (14), the radiation force expression
expands in terms of incident fields to
F = (jowop,pivi)r=0 + (jootp, - Vivi) =0

) ) (15)
+ (]wpiavp “VVi)r=0 + (joo,,Vi - VVi),=0.

Using Vp; = jopsvi, (joFG) = —((8,F)G) = (F(8,9)) =
—(FjwG) and rearranging the terms, the force expression
reads

Upp .

F= —<—PiVPi> + {(Jway, Vi - Vi) —o
,Of r=0

(16)

1 :
— <—0lpu 'Vivpi> + {joay, - (piVVi))r=o.

'Of r=0
Considering, from (8) and Eq. (9), the relation between Willis
coupling coefficients «,, = jopsa,,, the force expression

simplifies further to

F= —<@v

2 + {(Jway, Vi - Vi) —o
Pr

r=0

1))

| (17)
+ <—apv ~(piVv; — vin,-)>
Pr

r=0
This general expression of the radiation force holds true for
an object of arbitrary shape and of subwavelength size.

1. Acoustic radiation force of a spherical object

Due to the symmetry, the Willis coupling terms o, and
a,, become zero. Furthermore, «,, = a,,I; hence, the second
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term on the right-hand side of Eq. (17) changes to

owvi- Ve = (j0tV[]) o a8)
r=0
where v; is the magnitude of the velocity vector and v? = v; -
v;. Finally, Eq. (17) becomes

o
<2Pf (v?)
Substituting Eq. (10) into Eq. (19), one could derive the
Gorkov force potential, basis of the radiation force potential
theory [2,19,24,51], F = —VG, with
_ 4 a3 <f1 B 3f2 2>

G = 2 — 20250
3\ P T TPt

Lt ( jw%v(v,?))rzo. (19)

(20)

2. Nonspherical scatterer with rotational and mirror symmetry

Next, we look at nonspherical geometries which still hold
axial or mirror symmetries, such as prolate (elongated) and
oblate (flattened) spheroids. Again, due to mirror symmetry,
the Willis coupling coefficients become zero. The three terms
on the diagonal of «,, are no longer all equal, and Eq. (18) is
invalid for an incident wave with an arbitrary 3D wavefront.
However, for incident plane waves normal to the object’s
planes of symmetry, Eq. (18) can be employed to derive the
force potential since the force acts only in the direction of in-
cidence. For nonspherical scatterers with rotational and mirror
symmetry, the force expression becomes

R vrallal)

+ <jwavvvi . VVi)r:O- (21)
2,of

r=0

The expression in Eq. (21) shows that the Gorkov force po-
tential theory is no longer applicable owing to «,,v; - Vv; #
oy V(V; - v;), despite the rotational or mirror symmetry of the
scatterer.

3. Acoustic radiation force for objects of arbitrary shape

A lack of symmetry in the shape of scatterer with respect
to the incident field results in Willis coupling. Since generic
shapes can always be found in real life, it is important to
investigate the role of shape complexity and asymmetry. For
instance, red and white blood cells and wormlike bacteria in
bioacoustophoretic applications or bianisotropic metamateri-
als in acoustic or photonic beam forming, wave manipulation,
and holography show natural or engineered asymmetries,
which are yet to be investigated in the context of acoustic
radiation force and radiation torque. Equation (17) applies to
this general case as long as the characteristic length of the
object is within the Rayleigh limit. Finally, it is evident from
Eq. (17) that Gorkov potential for acoustic radiation force
is inapplicable to the general case of objects with arbitrary
shapes; hence, the force is required to be calculated directly
from Eq. (17).

C. Acoustic radiation torque

Acoustic radiation torque T is obtained from the radiation
stresses using the far-field approach (see Sec. I of Ref. [52]
for details of force and torque derivations) [2,19,27,28,53] as
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FIG. 2. Schematic of nonspherical shapes for the study Willis
coupling with engineered asymmetry along the z-axis by adding,
(+), or removing, (—), material at one side. Square and circle cross
sections are considered, as shown in panels (a) and (b), respectively,
to reduce the spherical symmetry to mirror symmetry in x- and
y-directions and axisymmetric, respectively. Results for the ones with
circle cross section are provided in Sec. III of Ref. [52]. For the study
of size effects, the design with the tail and square cross section is
considered for the given scaling ratios in panel (c), the largest being
10:1 compared to the reference size.

follows:

1
T= _pf/ X X <v,~ |:V2 — —28n}¢§> dg, (22)
Qoo Cf

where x denote the position vector. Substituting Eq. (12) into
Eq. (22) and using x x n = 0, the torque expression becomes

T = (joQ2D x Vi),—o. (23)

This expression is the same as Eq. (11) in Ref. [54], in which
the radiation force and the radiation torque were derived from
their canonical momentum and spin densities. Finally, using
Eq. (7), we obtain the radiation torque for an arbitrarily shaped
scatterer, as follows:

T= <jwpiavp X vi)r:O + (jw[avvvi] X Vi)r:O- (24)

This formulation of radiation torque not only gives the term
corresponding to the spin density, which is proportional to
(vi x v;) [54], but also shows the role of Willis coupling
effects distinctively. See Sec. II of Ref. [52] for details of how
to calculate the polarizability tensor from the scattering of in-
cident standing waves in three dimensions using the boundary
element method (BEM).

065003-4



ACOUSTIC RADIATION FORCE AND RADIATION TORQUE ...

PHYSICAL REVIEW E 104, 065003 (2021)

)
13 x10 Q
2@ ML O
1Mt 6\9\9\9\‘ @
-
A 10+ - TN —e—a__(tail)
X ) ep

a- e
A~ ( B i ( 4=
F > T L \ \}{ i —_— EC: (tail)
T s &
m @) @ — o @ (tail)
8r @ a2 (tail)
—-A Epp (hole)

[ —-A @, (hole)

A & (hole)

IRe(a@)| / (67 / c
ﬂ

6r a2 (hole)
5 |
10-12 L ijp (tail)
&, (hole)
D ‘ ‘ o
0.016 0.018 0.02 0.022 0.024 0.026 0.028

ka

x107"1
6 (b) G\s\e\‘
A= ——
5¢ .- A= —e—app (tail)
A — ™ (tail)
m: 4t o a¥ (tail
Nu.._ E:f, (tail)
~ =A- a__(hole)
3r PP
‘S - E:: (hole)
: A @Y (hole)
™ E:f, (hole)
E .l
E
A == = = A = = == =5E=70
a® (tail)
8l e
10 E:p (hole)
010 D s ‘ AN :
0.016 0.018 0.02 0.022 0.024 0.026 0.028
ka

FIG. 3. Changes of (a) real and (b) imaginary parts of the nonzero polarizability coefficients, given in Eq. (7), with respect to the deviation

from spherical shape by adding a tail or hole with square cross section.

III. RESULTS

A. Case of standing plane wave

The incident pressure, velocity, and their derivative fields
are expressed as

il
prey

pi = Pycos(kz)e ™, v; = et

sin(kz)e e,

JPa

prey

Vp; = —Pksin(kz)e e, Vv; = cos(kz)e ' e.e..

(25)

Without loss of generality, the propagation direction is as-
sumed to be along the z-axis, denoted by e,. Substituting
Eq. (25) into Eq. (17) and time averaging, the force and torque
acting on an arbitrarily shaped object become

F'ez :Fsym +Fasyma

kE [Re(a,,,,)

Fym = — kepIm(ayye;) - ez] sin(2kz),
prl ks

EA
Fasym = p—leIm(Z%u - ;) cos(2kz),
f

(26)
T= Tsym + Tasym’

kE; 5
Tyym = ——c;yIm2ay,€;) x €;sin”(kz),
O

kE; [ 1 .
Taym = — | —Re(a,p) X €; | sin(2kz),
pr LKy

A
incident wave, and Im denotes the imaginary part of a com-
plex variable. Subscripts sym and asym, previously defined
in Eq. (11), refer to the contributions from direct and Willis
coupling coefficients, respectively. Fyym and Taym denote
partial force and torque terms that arise from the Willis
coupling representation of shape complexity. The spatial de-
pendence of partial force Fyym is cos(2kz), which gives
the stable zero-force location with negative force gradient
at A/8. Compared to Fyyy,, which is classically referred to
as the acoustic radiation force, with sin(2kz) leading to the
prediction of acoustic traps at pressure or velocity nodes
under plane standing waves for subwavelength spherical and
spheroidal particles [18,19,24,31,33,51], the location of zero
net force is shifted by up to A/8 along the wave direction.
The effects of geometrical complexity on the primary ra-
diation force are the largest at pressure and velocity nodal
planes, where sin (2kz) = 0. Furthermore, the actual location
of stable zero force for acoustic traps in a plane stand-
ing wave, considering the contribution of Willis coupling,
is shifted from the nodal locations as a result of the addi-
tional force induced by Willis coupling. However, this shift
depends on how large the Willis coupling effect is. This re-
sult implies that it is possible to obtain anomalous force and
torque fields by engineering the Willis coupling coefficients
through shape manipulation. Finally, it is noted that changing
the object symmetry also changes the «,, and «,,, since a
portion of the scattered energy goes to the Willis coupling
effect.

where E; = denotes the acoustic energy density of the
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FIG. 4. Normalized force and torque for the case of a sphere with a rectangular tail or hole, oriented at 7 /4 in the y-plane. Panels (a) and
(c) shows the parts corresponding to the direct polarizability coefficients, Fyy, and Ty, respectively, while (b) and (d) are those arising from

the Willis coupling coefficients, Fygym and Tygym, respectively.

B. Case of traveling plane wave

For a traveling wave in the z-direction, the incident pres-
sure, velocity, and their derivative fields are expressed as

a ejkzefjwte
pref

pi = Peee I v, =

Z9

27
JPake/kz 7Jwte e..
prer

Vp;i = —jkPe/*e e, Vv,

Substituting Eq. (27) into (17), the force and torque under a
plane traveling wave becomes

2F;
F=—"" (—Im[@}eZ + kche[awez])y
o Ky

2kE;
T=—-— <—Im[ozvp] x e, + crlm[ay,e.] x ez) (28)
Py \Ky

This expression shows that the direct contribution of the Willis
coupling terms a,, and a,,, to the force under traveling wave is
zero. However, the force generally has also transverse compo-
nents in the x- and y- directions due to the «,,, e, term, despite
the incident wave’s one-dimensional propagation line.

C. Numerical results

The shapes of objects are constructed by adding a taillike
attachment (protrusion) to or by creating a hole (intrusion) in a
sphere to engineer a geometrical asymmetry in one direction.
The circular tail or hole as shown in Fig. 2 is considered
to generate a nonspherical and axisymmetric shape. The ap-
parent symmetry is further reduced by considering the cross
section of the attachment being a square but having the same
edge length as the diameter of the circular one; however, they
both exhibit zero Willis coupling in the normal to the length
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FIG. 5. Variation of (a) real and (b) imaginary parts of the nonzero polarizability coefficients in terms of size for the case of adding a tail

with square cross section.

directions due to the mirror symmetry. The latter design was
used to investigate the shape effects over a given range of
size within the Rayleigh limit, which in practice is reasonably
ka < 0.3 [55].

We consider a standing plane wave and assume that objects
are sound hard and immovable, allowing us to focus only on
the effects of scatterer’s exterior shape. An incident pressure
field with 10 mm wavelength in air with ¢y = 343.140 ms™"
and p; = 1.204 kgm™ is considered. The acoustic radiation
force and torque results are normalized, as follows:

F T
y/

-, =, 29
Q= Zxe EQ 29

where Q and Z are dimensionless vector quantities, as shown
in Fig. 1. For one-dimensional problems such as a sphere in
plane waves, these quantities reduce to a scalar value, which
has been referred to as force contrast factor an torque contrast
factor, respectively, and used to determine the direction of the
force and torque [18,21,24,56-60].

To study the effect of asymmetry in the axial direction z,
the objects are perturbed from sphere by adding a tail or hole
with square cross section. The nonzero polarizability coeffi-
cients are shown in Fig. 3, which indicate that the real parts
of Willis coupling coefficients are negligible for the small
object sizes considered here. For shapes with z-symmetry,
i.e., the reference sphere and the case with a hole all the way
through, both real and imaginary parts of the Willis coupling
coefficients become zero, marked by the red circles on the hor-
izontal axis in Fig. 3. The polarizability coefficients are larger
for the cases with the tail, added material volume (4), than
those with the hole, subtracted material volume (—). Consid-
ering Eq. (26) which shows the relation between polarizability
coefficients and the acoustic radiation force and torque, it is
expected that addition of a tail produces larger magnitude of
the torque than the cases with a hole. Finally, a comparison
between the cases with square and circular cross sections is
given in Sec. III of Ref. [52], showing that the polarizability

coefficients are smaller for the square cross section, for any
given tail length or depth hole in the studied range of 0 to 2a;.
To investigate the radiation force and torque further, nor-
malized values Q,, Q., and Z, are shown in Fig. 4, for the
object oriented at 77 /4 with respect to the incidence direction,
in the y-plane. This means that the radiation force has the
same components in the x- and z-directions, and the torque
has only one component in the y direction. The spatial de-
pendence of the force and torque components is according
to Eq. (26). The normalized values of the partial force Fyym,
due to direct-polarization coefficients, in Fig. 4(a), show that
the magnitude change is negligible compared to the reference
sphere. However, it was observed that the cases with a tail
experience almost similar forces as the reference sphere. For
those with a hole, the force increases with increasing hole
depth, except for the case of through-hole, which shows a
sudden force reduction, due to the topological change of
shape from regular to toroidal, which results in a decrease
of the amplitude of scattered pressure. In contrast, the Willis-
coupling force Fygym varies more significantly as the tail length
or the depth hole increases. The only exception is the case
of through hole, /;,/a; = 2, which gives zero Willis-coupling
force due to z-symmetry. Nonetheless, the Willis-coupling
force Fygym is at least two orders of magnitude smaller than
the direct-polarization force Fyyn; hence, it could be neglected
for estimating the radiation force for practical applications.
The results of torque contrast factor Z,, in Figs. 4(c) and
4(d), shows that radiation torque is more sensitive to the
deviation from spherical shape. The changes of Ty, are larger
for the case with the tail, experiencing a negative torque
that aligns the tail with the direction of the incident wave
vector. Those with a hole are subjected to a positive torque
that tends to align the hole in the normal to the wave vector
direction. The case with a through hole is an exception as
it experiences a large negative torque, similar to the cases
with a tail. These results imply that the partial torque Typ,
due to direct polarization effect, tends to bring the object to
the orientation with the smallest cross section normal to the
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incident wave direction. A similar relation between object
orientation and the radiation torque was observed for prolate
and oblate spheroids [33].

However, as shown in Fig. 4(d), these nonspherical objects
are also subjected to the Willis-coupling torque Tysym, as ex-
pressed in Eq. (26). Unlike the large difference between partial
radiation forces, this partial torque is just smaller than the Ty,
by less than an order of magnitude. It was found that Tisym
opposes and reinforces the Ty, before and after the pressure
node at z/A = 0.25, respectively. Therefore, the orientation
of the objects under the action of the radiation torque needs
to be determined by accounting for both components. These
observations are particularly of interest as it captures not only
the contribution of Willis coupling, but also the significance of
calculating radiation torques in capturing the essence of shape
complexity, even for subwavelength objects with ka < 1.

The changes of polarizability response in terms of size
were investigated for the case of a tail with square cross
section and [, /a; = 2. A scaling ratio from 1:1 to 1:10 was
applied, indicating an increase of size by one order of mag-
nitude, as shown by the ka values in Fig. 5. It was found
that both real and imaginary parts of the nonzero polarization
coefficients increase with increasing size ratio. The real part of
Willis-coupling coefficients o, increases by at least seven or-
ders of magnitude, while the direct polarizability coefficients
grow by three. For the imaginary parts in Fig. 5(b), the growth
of Willis coupling is around four orders of magnitude, while
it is six orders for the direct polarizability coefficients. These
change of polarizability coefficients influences the radiation
force and torque, as can be seen in Eq. (26). Moreover, our
results of o}, and o5, indicate that the reciprocity principle for
the acoustic polarization, as expressed in Eq. (9), was satisfied
within the computational margin of accuracy over the given
size range.

Inspecting Eq. (26), we expect the changes of polarizabil-
ity coefficients with size to influence the radiation force and
torque, and our results are shown in Fig. 6. Although the
Willis coupling increased for larger objects, its contribution
to the radiation force is still negligible. The radiation force is
less sensitive to size increase as the spread of forces is rather
narrow, indicating almost the same magnitude for the given
size range. Tsym increased to one third of Tgyy,, which implies
a greater contribution from the Willis coupling for larger
objects. Both parts of the radiation torque increase faster for
ka > 0.05, which shows a nonlinear change with respect to
the size factor. These results demonstrate that the effects of
size and shape on the radiation torque are more prominent
than the radiation force.

IV. DISCUSSION

In the presented formulation, the assumption of a sub-
wavelength scatterer, ka < 1, led to the monopole-dipole
approximation of the scattering field. For ka > 1, a more
accurate approximation including the quadrupole and higher
order multipole moments is required to obtain the analyti-
cal expressions of the acoustic radiation force and radiation
torque. This could be achieved by incorporating the Willis
coupling factors into the partial-wave expansion series and
adjusting the scattering coefficients accordingly.
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FIG. 6. Variation of normalized (a) radiation force and (b) radia-
tion torque in terms of size for the case of a sphere with a rectangular
tail, oriented at v /4 in the y-plane. Solid lines indicate Fyyy, and Tyyp,
and the rest show Figyym and Togym.

We also observed that the normalized force, also called
the contrast factor, shows far less variation across the pre-
sented range of ka values (Rayleigh index), when k2 is
used instead of the choice of ma®. The difference is be-
cause kQ o ma® x ka. In previous studies mainly focused on
spheres or spheroids, the extra ka factor was always applied
to the contrast factor, leading to a size dependence which
bears no helpful information [18,22,24,56,60]. Therefore, it is
concluded that the normalization of radiation force and torque
with the respect to volume, as expressed in Eq. (29), better
indicates the dependence on the shape and size features when
it comes to nonspherical objects.

The assumptions of sound-hard immovable scatterers were
made to focus this study on the effects of shape and size.
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However, including the effects of material properties and wave
refraction is straightforward, since these can be readily incor-
porated into the multipole moments of scatterers. Our choice
of numerical approach for solving the scattering problem was
using the BEM, which was combined by the analytical multi-
pole translation and rotation to obtain the multipole moments
from the four reference cases of the plane standing wave.
The alternative approach is to use the finite element method
(FEM), which is available in commercial software packages,
and use the polarizability retrieval techniques [47,50], based
on surface integral of scattering pressure with appropriate
spherical harmonics as weight functions. Nevertheless, it is
noted that the discretization of the scatterer’s surface for either
of these methods requires extra care to ensure a uniform
distribution of element size and aspect ratio across the sur-
face. Our results were obtained after a numerical convergence
test to achieve the optimal element size. The BEM scattering
results were verified by comparing against FEM simulation of
pressure on a fictitious spherical surface at 2a, and A distances
for nonspherical objects. See Sec. IV of Ref. [52] for details
of the verification study for the BEM scattering results and a
summary of the BEM code implementation.

The advantage of using the presented formulation is its
ability to calculate acoustic radiation force and acoustic ra-
diation torque straightaway from the polarizability tensor, as
a measure of acoustic transfer function and being independent
of the incident wave field. If nonplanar acoustic waves such
as Bessel or Gaussian beams are of interest, one could simply
calculate the radiation force and torque from the incident field
values at the centroid of the object. Moreover, the effect of
the angle of incidence is easily included by rotation of the
polarizability tensor. For subwavelength objects, our explicit
force and torque expressions can be implemented into com-
mercial software packages such as COMSOL for multiphysics
simulations of acoustofluidic processes. Our results show that
geometrical complexities have no effects on the radiation
force that is induced by a plane traveling wave. However, in
the case of two counterpropagating waves, which gives the

plane standing wave scenario, the radiation force and radia-
tion torque will be influenced by such shape effects. This is
an indication of the nonlinear nature of radiation force and
radiation torque, for which the wave superposition principle
becomes inapplicable.

V. CONCLUSION

The theory of acoustic radiation force and torque was
revisited to incorporate the Willis coupling arising from the
shape complexities of an arbitrary object in incident acoustic
fields. The mathematical expression of the acoustic radiation
force and radiation torque were provided in terms of polar-
izability coefficients, applicable for any choice of incident
pressure field. As examples, we derived these expressions for
plane standing and traveling waves to characterize the impact
of Willis coupling and changes to the polarizability tensor
as compared to the case of a simple sphere. The radiation
torque is more sensitive to shape effects than the radiation
force. As the size factor ka increases, the contribution of
the Willis coupling effect becomes larger for the radiation
torque, while it remains largely negligible to the radiation
force. The combination of acoustic radiation torque and force
significantly influences the dynamic equilibrium and stability
of a nonspherical object. Object positioning and global dy-
namics as related to particle interactions especially require
further thorough investigation. Knowing the acoustic radia-
tion torque, as shown here, becomes imperative when the
geometry of the object is accounted for. This even holds true
within the Rayleigh limit and considering locations within
a standing wave field, with stable angular balance and zero
radiation torque, important factors for the design and control
of acoustophoresis processes.

ACKNOWLEDGMENT

This research is supported by Australian Research Council
Discovery Project No. DP200101708.

[1] H. Bruus, Acoustofluidics 1: Governing equations in microflu-
idics, Lab Chip 11, 3742 (2011).

[2] H. Bruus, Acoustofluidics 7: The acoustic radiation force on
small particles, Lab Chip 12, 1014 (2012).

[3] A. Lenshof, C. Magnusson, and T. Laurell, Acoustofluidics 8:
Applications of acoustophoresis in continuous flow microsys-
tems, Lab Chip 12, 1210 (2012).

[4] H. Bruus, Acoustofluidics 10: Scaling laws in acoustophoresis,
Lab Chip 12, 1578 (2012).

[5] J. Dual, P. Hahn, 1. Leibacher, D. Moller, T. Schwarz, and J.
Wang, Acoustofluidics 19: Ultrasonic microrobotics in cavities:
Devices and numerical simulation, Lab Chip 12, 4010 (2012).

[6] M. Wiklund, R. Green, and M. Ohlin, Acoustofluidics 14: Ap-
plications of acoustic streaming in microfluidic devices, Lab
Chip 12, 2438 (2012).

[7] D. Hartono, Y. Liu, P. L. Tan, X. Y. S. Then, L.-Y. L. Yung, and
K.-M. Lim, On-chip measurements of cell compressibility via
acoustic radiation, Lab Chip 11, 4072 (2011).

[8] A. R. Mohapatra, S. Sepehrirahnama, and K.-M. Lim, Experi-
mental measurement of interparticle acoustic radiation force in
the Rayleigh limit, Phys. Rev. E 97, 053105 (2018).

[9] P. Augustsson, C. Magnusson, M. Nordin, H. Lilja, and T.
Laurell, Microfluidic, label-free enrichment of prostate cancer
cells in blood based on acoustophoresis, Anal. Chem. 84, 7954
(2012).

[10] A. Garcia-Sabaté, A. Castro, M. Hoyos, and R. Gonzilez-
Cinca, Experimental study on inter-particle acoustic forces,
J. Acoust. Soc. Am. 135, 1056 (2014).

[11] A. Bernassau, P. Glynne-Jones, F. Gesellchen, M. Riehle, M.
Hill, and D. Cumming, Controlling acoustic streaming in an
ultrasonic heptagonal tweezers with application to cell manipu-
lation, Ultrasonics 54, 268 (2014).

[12] M. Antfolk, C. Magnusson, P. Augustsson, H. Lilja, and T.
Laurell, Acoustofluidic, label-free separation and simultaneous
concentration of rare tumor cells from white blood cells, Anal.
Chem. 87, 9322 (2015).

065003-9


https://doi.org/10.1039/c1lc20658c
https://doi.org/10.1039/c2lc21068a
https://doi.org/10.1039/c2lc21256k
https://doi.org/10.1039/c2lc21261g
https://doi.org/10.1039/c2lc40733g
https://doi.org/10.1039/c2lc40203c
https://doi.org/10.1039/c1lc20687g
https://doi.org/10.1103/PhysRevE.97.053105
https://doi.org/10.1021/ac301723s
https://doi.org/10.1121/1.4864483
https://doi.org/10.1016/j.ultras.2013.04.019
https://doi.org/10.1021/acs.analchem.5b02023

SHAHROKH SEPEHRIRAHNAMA et al.

PHYSICAL REVIEW E 104, 065003 (2021)

[13] A. Marzo, S. A. Seah, B. W. Drinkwater, D. R. Sahoo, B. Long,
and S. Subramanian, Holographic acoustic elements for manip-
ulation of levitated objects, Nat. Commun. 6, 8661 (2015).

[14] F. B. Wijaya, A. R. Mohapatra, S. Sepehrirahnama, and K.-M.
Lim, Coupled acoustic-shell model for experimental study of
cell stiffness under acoustophoresis, Microfluidics Nanofluidics
20, 69 (2016).

[15] A. Marzo and B. W. Drinkwater, Holographic acoustic tweez-
ers, Proc. Natl. Acad. Sci. USA 116, 84 (2019).

[16] S. Polychronopoulos and G. Memoli, Acoustic levitation with
optimized reflective metamaterials, Sci. Rep. 10, 1 (2020).

[17] L. V. King, On the acoustic radiation pressure on spheres, Proc.
R. Soc. London A 147, 212 (1934).

[18] K. Yosioka and Y. Kawasima, Acoustic radiation pressure on a
compressible sphere, Acta Acustica 5, 167 (1955).

[19] L. P. Gorkov, On the forces acting on a small particle in an
acoustic filed in an ideal fluid, Soviet Phys. Doklady 6, 773
(1962).

[20] S. Sepehrirahnama, K.-M. Lim, and F. S. Chau, Numerical
analysis of the acoustic radiation force and acoustic streaming
around a sphere in an acoustic standing wave, Phys. Proc. 70,
80 (2015).

[21] G. T. Silva and H. Bruus, Acoustic interaction forces between
small particles in an ideal fluid, Phys. Rev. E 90, 063007
(2014).

[22] J. H. Lopes, M. Azarpeyvand, and G. T. Silva, Acoustic interac-
tion forces and torques acting on suspended spheres in an ideal
fluid, IEEE Trans. Ultrasonics Ferroelec. Frequency Control 63,
186 (2016).

[23] S. Sepehrirahnama, F. S. Chau, and K.-M. Lim, Effects of
viscosity and acoustic streaming on the interparticle radiation
force between rigid spheres in a standing wave, Phys. Rev. E
93, 023307 (2016).

[24] S. Sepehrirhnama and K.-M. Lim, Generalized potential theory
for close-range acoustic interactions in the Rayleigh limit, Phys.
Rev. E 102, 043307 (2020).

[25] S. Sepehrirhnama and K.-M. Lim, Acoustophoretic agglomera-
tion patterns of particulate phase in a host fluid, Microfluidics
Nanofluidics 24, 1 (2020).

[26] A. A. Doinikov, Acoustic radiation interparticle forces in a
compressible fluid, J. Fluid Mech. 444, 1 (2001).

[27] Z. Fan, D. Mei, K. Yang, and Z. Chen, Acoustic radiation torque
on an irregularly shaped scatterer in an arbitrary sound field,
J. Acous. Soc. Am. 124, 2727 (2008).

[28] L. Zhang and P. L. Marston, Acoustic radiation torque and the
conservation of angular momentum (1), J. Acous. Soc. Am. 129,
1679 (2011).

[29] S. Sepehrirahnama, K.-M. Lim, and F. S. Chau, Numerical
study of interparticle radiation force acting on rigid spheres in
a standing wave, J. Acous. Soc. Am. 137, 2614 (2015).

[30] A. A. Doinikov, Acoustic radiation pressure on a compressible
sphere in a viscous fluid, J. Fluid Mech. 267, 1 (1994).

[31] A. A. Doinikov, Acoustic radiation pressure on a rigid sphere
in a viscous fluid, Proc. R. Soc. London A 447, 447 (1994).

[32] D. Foresti, M. Nabavi, and D. Poulikakos, On the acoustic lev-
itation stability behaviour of spherical and ellipsoidal particles,
J. Fluid Mech. 709, 581 (2012).

[33] F. B. Wijaya and K.-M. Lim, Numerical calculation of acoustic
radiation force and torque acting on rigid non-spherical parti-
cles, Acta Acustica 101, 531 (2015).

[34] F. Mitri, Acoustic radiation force on a rigid elliptical cylinder
in plane (quasi) standing waves, J. Appl. Phys. 118, 214903
(2015).

[35] W. Wei, D. B. Thiessen, and P. L. Marston, Acoustic radiation
force on a compressible cylinder in a standing wave, J. Acoust.
Soc. Am. 116, 201 (2004).

[36] W. J. Xie and B. Wei, Dynamics of acoustically levitated disk
samples, Phys. Rev. E 70, 046611 (2004).

[37] A. Garbin, 1. Leibacher, P. Hahn, H. Le Ferrand, A. Studart,
and J. Dual, Acoustophoresis of disk-shaped microparticles:
A numerical and experimental study of acoustic radia-
tion forces and torques, J. Acoust. Soc. Am. 138, 2759
(2015).

[38] F. B. Wijaya, S. Sepehrirahnama, and K.-M. Lim, Interparticle
force and torque on rigid spheroidal particles in acoustophore-
sis, Wave Motion 81, 28 (2018).

[39] Z. Gong, P. L. Marston, and W. Li, T -matrix evaluation of three-
dimensional acoustic radiation forces on nonspherical objects in
Bessel beams with arbitrary order and location, Phys. Rev. E 99,
063004 (2019).

[40] Z. Gong, P. L. Marston, and W. Li, Reversals of Acoustic Radi-
ation Torque in Bessel Beams Using Theoretical and Numerical
Implementations in Three Dimensions, Phys. Rev. Appl. 11,
064022 (2019).

[41] J. H. Lopes, E. B. Lima, J. P. Ledo-Neto, and G. T. Silva,
Acoustic spin transfer to a subwavelength spheroidal particle,
Phys. Rev. E 101, 043102 (2020).

[42] E. B. Lima, J. P. Ledo-Neto, A. S. Marques, G. C. Silva, J. H.
Lopes, and G. T. Silva, Nonlinear Interaction of Acoustic Waves
with a Spheroidal Particle: Radiation Force and Torque Effects,
Phys. Rev. Appl. 13, 064048 (2020).

[43] J. P. Ledo-Neto, J. H. Lopes, and G. T. Silva, Acoustic radiation
torque exerted on a subwavelength spheroidal particle by a
traveling and standing plane wave, J. Acoust. Soc. Am. 147,
2177 (2020).

[44] E. B. Lima and G. T. Silva, Mean-acoustic fields exerted on a
subwavelength axisymmetric particle, J. Acoust. Soc. Am. 150,
376 (2021).

[45] C. F. Sieck, A. Alu, and M. R. Haberman, Origins of willis
coupling and acoustic bianisotropy in acoustic metamateri-
als through source-driven homogenization, Phys. Rev. B 96,
104303 (2017).

[46] L. Quan, Y. Ra’di, D. L. Sounas, and A. Alu, Maximum Willis
Coupling in Acoustic Scatterers, Phys. Rev. Lett. 120, 254301
(2018).

[47] J. Jordaan, S. Punzet, A. Melnikov, A. Sanches, S. Oberst, S.
Marburg, and D. A. Powell, Measuring monopole and dipole
polarizability of acoustic meta-atoms, Appl. Phys. Lett. 113,
224102 (2018).

[48] A. Melnikov, Y. K. Chiang, L. Quan, S. Oberst, A. Alu, S.
Marburg, and D. Powell, Acoustic meta-atom with experimen-
tally verified maximum willis coupling, Nat. Commun. 10, 1
(2019).

[49] Y. K. Chiang, S. Oberst, A. Melnikov, L. Quan, S. Marburg, A.
Alu, and D. A. Powell, Reconfigurable Acoustic Metagrating
for High-Efficiency Anomalous Reflection, Phys. Rev. Appl.
13, 064067 (2020).

[50] X. Su and A. N. Norris, Retrieval method for the bianisotropic
polarizability tensor of Willis acoustic scatterers, Phys. Rev. B
98, 174305 (2018).

065003-10


https://doi.org/10.1038/ncomms9661
https://doi.org/10.1007/s10404-016-1734-1
https://doi.org/10.1073/pnas.1813047115
https://doi.org/10.1038/s41598-020-60978-4
https://doi.org/10.1098/rspa.1934.0215
https://doi.org/10.1016/j.phpro.2015.08.047
https://doi.org/10.1103/PhysRevE.90.063007
https://doi.org/10.1109/TUFFC.2015.2494693
https://doi.org/10.1103/PhysRevE.93.023307
https://doi.org/10.1103/PhysRevE.102.043307
https://doi.org/10.1007/s10404-020-02397-5
https://doi.org/10.1017/S0022112001005055
https://doi.org/10.1121/1.2977733
https://doi.org/10.1121/1.3560916
https://doi.org/10.1121/1.4916968
https://doi.org/10.1017/S0022112094001096
https://doi.org/10.1098/rspa.1994.0150
https://doi.org/10.1017/jfm.2012.350
https://doi.org/10.3813/AAA.918850
https://doi.org/10.1063/1.4936617
https://doi.org/10.1121/1.1753291
https://doi.org/10.1103/PhysRevE.70.046611
https://doi.org/10.1121/1.4932589
https://doi.org/10.1016/j.wavemoti.2018.06.004
https://doi.org/10.1103/PhysRevE.99.063004
https://doi.org/10.1103/PhysRevApplied.11.064022
https://doi.org/10.1103/PhysRevE.101.043102
https://doi.org/10.1103/PhysRevApplied.13.064048
https://doi.org/10.1121/10.0001016
https://doi.org/10.1121/10.0005625
https://doi.org/10.1103/PhysRevB.96.104303
https://doi.org/10.1103/PhysRevLett.120.254301
https://doi.org/10.1063/1.5052661
https://doi.org/10.1038/s41467-019-10915-5
https://doi.org/10.1103/PhysRevApplied.13.064067
https://doi.org/10.1103/PhysRevB.98.174305

ACOUSTIC RADIATION FORCE AND RADIATION TORQUE ...

PHYSICAL REVIEW E 104, 065003 (2021)

[51] M. Settnes and H. Bruus, Forces acting on a small particle in
an acoustical field in a viscous fluid, Phys. Rev. E 85, 016327
(2012).

[52] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevE.104.065003 for derivation of the force ex-
pressions, and details of numerical modeling and verification
results.

[53] G. Maidanik, Torques due to acoustical radiation pressure,
J. Acoust. Soc. Am. 30, 620 (1958).

[54] 1. D. Toftul, K. Y. Bliokh, M. I. Petrov, and F. Nori, Acoustic
radiation force and Torque on Small Particles as Measures of
the Canonical Momentum and Spin Densities, Phys. Rev. Lett.
123, 183901 (2019).

[55] S. Sepehrirahnama, F. S. Chau, and K.-M. Lim, Nu-
merical calculation of acoustic radiation forces acting on
a sphere in a viscous fluid, Phys. Rev. E 92, 063309
(2015).

[56] T. Hasegawa and K. Yosioka, Acoustic-radiation force on a
solid elastic sphere, J. Acoust. Soc. Am. 46, 1139 (1969).

[57] P. L. Marston, W. Wei, and D. B. Thiessen, Acoustic radiation
force on elliptical cylinders and spheroidal objects in low fre-
quency standing waves, in Innovations in Nonlinear Acoustic:
ISNA17 - 17th International Symposium on Nonlinear Acoustics
including the International Sonic Boom Forum, edited by A. A.
Atchley, V. W. Sparrow, and R. M. Keolian, AIP Conf. Proc.
No. 838 (AIP, New York, 2006), pp. 495-499.

[58] G. T. Silva, Off-axis scattering of an ultrasound Bessel beam by
a sphere, IEEE Trans. Ultrason. Ferroelectr. Freq. Control 58,
298 (2011).

[59] F. Mitri, Acoustic radiation force of high-order Bessel beam
standing wave tweezers on a rigid sphere, Ultrasonics 49, 794
(2009).

[60] F. Mitri, Acoustic radiation force on oblate and prolate
spheroids in Bessel beams, Wave Motion 57, 231 (2015).

065003-11


https://doi.org/10.1103/PhysRevE.85.016327
http://link.aps.org/supplemental/10.1103/PhysRevE.104.065003
https://doi.org/10.1121/1.1909714
https://doi.org/10.1103/PhysRevLett.123.183901
https://doi.org/10.1103/PhysRevE.92.063309
https://doi.org/10.1121/1.1911832
https://doi.org/10.1109/TUFFC.2011.1807
https://doi.org/10.1016/j.ultras.2009.07.006
https://doi.org/10.1016/j.wavemoti.2015.04.006

