
PHYSICAL REVIEW E 104, 064901 (2021)

Numerical measurement of flow fluctuations to quantify cohesion in granular materials
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The flow of cohesive granular materials in a two-dimensional rotating drum is investigated using discrete
element method simulations. Contacts between particles are modeled based on the widely used model of the
spring-dashpot and Coulomb’s friction law. A simplified model of intermediate range attraction between grains
(i.e., cohesion) has been used in order to reproduce the flow of electrostatic or wet granular materials. Granular
flow is generated by means of a rotating drum and the effect of the rotation speed, the friction between the
grains, and the cohesion are studied. Significantly different flow behaviors are observed when cohesion is added.
Plug flow appears in the rotating drum for a wide range of rotation speeds when cohesion becomes sufficiently
strong. We propose a measurement of surface flow fluctuations to quantify the strength of cohesion, inspired
by the previous observation of plug flow. Then, we make use of the results to include the effect of cohesion
into a theoretical flow model. A good agreement is obtained between theory and numerical measurements of the
granular bed’s dynamic angle of repose, which allows us to propose a method for estimating the microscopic
cohesion between grains based on the measurement of surface fluctuations.
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I. INTRODUCTION

Many processes in the pharmaceutical, food, and manu-
facturing industries involve granular materials handling [1–4].
Among the large amount of industrial processes with granular
materials, one finds, for instance, the mixing or separation of
different powders as well as pouring or spreading of granular
materials. Up to now, these processes have been investigated
independently to provide rather specific answers on how they
could be affected by the parameters of the granular materials,
such as the shape of the grains or the interactions between in-
dividual grains. Yet most of these manipulations with granular
materials entail a common phenomenon: the flow of granular
materials.

Understanding the granular materials’ flow often requires
the use of a specific experimental setup able to produce a
planar shear, an annular shear, a vertical chute, or a heap
flow, or setups such as an inclined plane or a rotating drum,
which are all reviewed in Ref. [5]. Rotating drums are often
considered as the best way to produce a steady granular flow
under low confinement pressure [4] due to the fact that they
are closed systems with controllable granular flow and a free
interface. Investigating granular dynamics in a rotating drum
often consists in the measurements of mixing or segregation
[6,7], dynamic angle of repose or interface fluctuations [4],
or the determination of the velocity profile in the bulk [5,8].
However, the latter task remains challenging and has moti-
vated the development of sophisticated techniques such as the
particle tracking method [9], observation with a fast camera
[10], positron emission [11,12], and multiple radioactive [13]
particle tracking and magnetic resonance imaging [14,15].
More recently, numerical techniques have been employed in

*Corresponding author: n.preudhomme@uliege.be

order to avoid the difficulties of implementation and the limi-
tations of experimental techniques.

The experimental and numerical studies show that sev-
eral regimes of granular flow exist [16,17]. In the case of
ideal granular materials where grains interact only by steric
contacts, the flow regimes have been extensively studied by
Mellmann et al. [16], whose summarizing table is reproduced
and adapted in Table I. In Table I, one can see that the flow
regime primarily depends on the Froude number (Fr), which
is a dimensionless number defined as the ratio between inertia
and gravity,

Fr = ω2R

g
, (1)

where ω is the rotation speed of the drum, R its radius, and
g = 9.81 ms−2. The Froude number is thus directly related
to the rotation speed of the drum. The flow regimes also
depend on the filling fraction, which is the ratio between the
space occupied by the granular bed and the maximum space
available inside the rotating drum. When considering more
realistic granular materials, one observes differences in this
classification and in the measurements of the velocity profile
or the dynamic angle of repose. That is how the effect of grain
size [4,18], grain shape [19–22], cohesion between grains
[23–27], or the boundaries of the drum [15,28,29] have been
highlighted.

While grain size, grain shape, and the range of boundary
effect can be rather easily quantified, the strength of cohe-
sion between grains requires more sophisticated techniques.
In some experimental studies, cohesion is triggered through
the variation of relative humidity in the air [23,30] or external
magnetic fields are used to induce attractive forces between
ferromagnetic grains [31]. However, the direct measurement
of the strength of cohesion between grains in cohesive granu-
lar materials such as metallic, pharmaceutic, or food powders
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TABLE I. Different possible regimes of granular flow in the rotating drum depending on the filling degree and the rotation speed of the
drum given by the Froude number Fr = ω2R

g , with ω the rotation speed in rad/s, R the drum radius, and g the gravity. A steady granular flow
is obtained only in the rolling and the cascading regimes. Therefore, we performed all of our measurements with rotation speeds of the drum
lying within the limits imposed by these regimes. Table adapted from [16].

Regime Sliding Surging Slumping Rolling Cascading Cataracting Centrifuging

Schematic

Froude number
(Fr)

0 < Fr < 10−4 10−5 < Fr < 10−3 10−4 < Fr < 10−2 10−3 < Fr < 10−1 0.1 < Fr < 1 Fr ≥ 1

Filling degree f < 0.1 f > 0.1 f < 0.1 f > 0.1 f > 0.2

can hardly be achieved. Still, these types of granular materials
are encountered in many applications.

A way to circumvent this difficulty consists in reproducing
this particular type of granular flow using numerical simula-
tions and modeling [26,32]. By performing the measurements
described above, one observes that cohesion strongly influ-
ences granular flow and creates avalanching in the steady flow
cascading regime [23]. What is called avalanching is the inter-
mittent flow that appears with cohesion in granular materials.
It is characterized by the apparition of grain aggregates that
periodically slide at the surface of the granular bed. These
aggregates look like avalanches and produce fluctuations in
the height of the granular bed’s surface.

In the present paper, a method to measure the granular bed
surface fluctuations is proposed and related to the strength of
cohesion in the granular material. This study is based on two-
dimensional (2D) numerical simulations of granular flow in a
rotating drum. In 3D rotating drums, end walls have an effect
on the flow of granular materials [15,33,34], but it has been
shown that this effect was limited to the vicinity of the end
walls and could be even further reduced by using smooth end
walls [35]. Many experiments or numerical simulations are
thus performed in 2D or quasi-2D rotating drums [8,36,37].
First, we describe our numerical model and the implementa-
tion of the cohesive interactions between particles. We show
that a simplified model for cohesion between grains could be
used for such numerical simulations. In the following section,
we investigate the effect of the rotation speed, the coefficient
of friction between grains, and, most importantly, cohesion.
Finally, based on the measurement of surface fluctuations, we
adapt the theoretical model of granular flow by Dury et al.
[15] to take cohesion into account.

II. NUMERICAL MODEL

In order to reproduce granular flow inside a rotating drum,
an in-house algorithm based on the soft-sphere discrete ele-
ment method (DEM) has been developed.

Normal contact forces are modeled using a linear spring
dashpot. Each time two grains overlap, a springlike force is
applied on each grain involved in the collision. As collisions
between grains are inelastic, dissipation is also taken into
account by this model via a viscous damper. If two grains
come into contact, the expression of the repulsive force on

each grain is given by

FN = −kNδn̂ − ηvN n̂, (2)

where kN is the spring stiffness, δ is the surface to surface
distance between grains, n̂ is the unitary vector pointing from
one grain to another, vN is the normal component of the rela-
tive speed at the point of contact, and η is the viscosity given
by η = −2 ln ε

√
mkN/(ln2 ε + π2), with ε the coefficient of

restitution and m the effective mass of the grains involved in
the collision [38,39]. The value of the spring stiffness has been
fixed to tolerate a maximum overlap of r/100, with r being the
grain radius. The same force is used for the contacts between
the grains and the drum.

Friction has been implemented in a similar way. Once two
grains are in contact and slide onto one another during one
time step dt with a relative tangential velocity vT , a tangen-
tial springlike force is added on both grains to mimic static
friction. As the spring stretches, this force can increase up to
a saturation value which corresponds to the dynamic friction
regime. The tangential friction force acting on sliding grains
is thus

FT =
{−kT δT t̂ if kT δT < μFN

−μFN t̂ else,
(3)

where kT = 2kN/7 is the tangential spring stiffness, μ is the
coefficient of friction, t̂ is the unitary vector tangential to the
surface of the grains and directed in the opposite direction
from the tangential velocity vT , and δT is the tangential dis-
placement between the grains defined as

δT =
∫ t ′

t
vT dt, (4)

where we have t ′ = t + dt . The same force is applied on
grains sliding on the drum.

Finally, we introduce intermediate range attraction to re-
produce cohesion. In order to facilitate control over the
strength and range of such interactions, we propose a model
which considers a maximum attraction at contact that de-
creases quadratically with δ. Curvature is chosen so that the
attractive force vanishes at a fixed range corresponding to
the radius of a grain, i.e., when δ = r. The intensity of this
attraction force is expressed via the Bond number denoted Bo.
This dimensionless number is defined as the ratio between the
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FIG. 1. Force-displacement model used in the simulations,
where F is the normal force acting on a grain as a function of the
interdistance δ to another grain. The linear repulsion is represented
in blue and multiple attraction intensities are represented by the
color-graded red curves: light red for Bo = 1, red for Bo = 2, and
dark red for Bo = 3.

attractive force at contact F0 and the weight of the grains,

Bo = F0

mg
. (5)

We thus define the attractive force between grains as follows:

Fc = F0

[(
δ

r

)2

− 1

]
n̂. (6)

On one hand, we have the maximum intensity of cohesion,
which is given by F0 = mgBo. The cohesive force is thus
a multiple of the weight of the grains. On the other hand,
we have the expression (δ/r)2 − 1, which gives the desired
parabolic potential with a maximum range of one grain radius
r. To sum up, the force-displacement model chosen is shown
in Fig. 1. In addition to the interactions between grains or
between grains and the drum, all grains undergo weight with
terrestrial gravity.

At each time step, the sum of all forces acting on each
grain is calculated. Newton’s equations of motion are then
solved numerically using a leapfrog integrator [38]. The main
parameters are the speed of rotation of the drum ω, the coeffi-
cient of friction μ, and, most importantly, the Bond number
Bo. The range of variation for the rotating speed has been
chosen so that 20 < ω < 100 rpm. The Bond number has a
maximum value of 4 in order to avoid creating large bodies of
grains rolling in the rotating drum. The coefficient of friction
is varied between 0.2 and 1. The fixed parameters are drum
radius R = 0.05 m, slightly polydisperse grains 0.001 < r <

0.0011 m with a mass m = 4 × 10−6 kg, coefficient of restitu-
tion ε = 0.9, and normal spring stiffness kN = 200 N/m. For
every simulation, the drum has been filled with 1000 grains
to have a drum filling fraction of approximately 50%. Their
movement inside the drum has been reproduced during 10
seconds for each set of parameters and data is collected at
20 frames per second. The simulations were run either on
a Linux Intel Core i7 computer or on the general comput-
ing server Linux Intel X86-64bit from the Service Général
d’Informatique (SEGI), University of Liège. Some snapshots

Θ

R

ω

v
d

R

FIG. 2. Reference frame for the measurement of the dynamic
angle of repose � and the velocity profile v(d/R) (radius R and
rotating speed ω). The measurements are performed on the central
part of the flow surface delimited by the red dashed lines.

of the resulting granular flow are shown in Table II. We can
directly see the influence of the cohesion and the rotation
speed on the surface of the flowing granular material. That
is the reason why, in the following section, measurements are
exclusively performed on the surface of the granular bed.

III. GRANULAR FLOW MEASUREMENTS

In the case of noncohesive granular materials, the most fre-
quent measurements carried out are the measurements of the
dynamic angle of repose [1,4,15,35] and the velocity profile
[10,12,14,40,41]. These measurements were also performed
in our study, but required an adaptation to remain relevant in
the case of cohesive granular materials. Indeed, as shown in
Refs. [25,26], depending on the strength of cohesion between
grains and the rotation speed of the drum, the shape of the
grain-air interface might become convex. For this reason,
the linear fit of the surface flow required for the following
measurements should be performed on a limited region of the
surface, as suggested by [26]. For our study, we selected the
central part of the granular bed to determine the mean surface,
as shown in Fig. 2. Each simulation with a set of parameters
was reproduced 10 times to avoid statistical errors and more
accurately highlights the influence of each parameter on gran-
ular flow.

A. Velocity profiles

The velocity profile gives the average speed of the grains
as a function of the depth d in the granular bed, as shown in
Fig. 2. It is calculated in the rotating reference frame of the
drum by subtracting the linear speed of the drum at position
d . If we first compare our results with experimental velocity
profiles, we observe that the noncohesive curve in Fig. 3(a)
is very similar to those obtained experimentally [5,10,40].
Indeed, the characteristic linear decrease of velocity in the
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TABLE II. Snapshots of the numerical simulations obtained with the algorithm described in Sec. II. Colored curves indicate the mean
surface of the granular bed during the whole simulation, with a color code corresponding to the rotation speed of the drum: blue for 10 rpm,
green for 30 rpm, yellow for 50 rpm, and red for 70 rpm. Results are obtained at Bo = 0 (noncohesive granular material, represented by empty
symbols for the mean surfaces) or Bo = 2 (cohesive granular material, represented by filled symbols for the mean surfaces) at different rotation
speeds of the drum ω.

Bo
ω(rpm)

10 30 50 70

0

2

flowing layer followed by the exponential decrease in the solid
central region is also obtained with our model for noncohesive
granular materials. We notice in this same figure that when the
cohesion between grains increases, the velocity profiles tend
to flatten and stretch. That tendency to flatten at higher Bo is
also observed in the numerical simulations of Brewster et al.
[26] and is due to a well-known distinctive feature of cohesive
granular materials: plug flow. As the cohesion increases, the
nearly flat velocity profile appearing at the surface of the
granular bed (e.g., at d/R ∼ 0) means that the grains begin
to flow with the same velocity. Some larger clusters of grains
are thus sliding on the granular bed. This effect is called plug
flow. We also notice that the velocity profiles stretch when the
cohesion increases, which means that the surface of the gran-
ular flow is rising. When Bo increases, the surface changes
from a concave S shape to a convex shape, which explains this
elevation of the surface interpreted from the velocity profiles.
This effect of the cohesion was also expected as it is the reason
why we adapted the measurement techniques as explained
above.

The effect of the rotation speed on the flow of cohesive
granular materials is shown in Fig. 3(b). We first observe that
a constant velocity profile seems to develop at the surface of
the granular bed when the rotation speed is increased. As clas-
sified by Mellmann [16], the granular flow for large rotation
speeds is in the centrifuging regime. For the largest values of
ω chosen here, we are at the limit of this regime and hence the
grains might begin to fly away from the surface in a parabolic
motion. With the action of cohesion, larger clusters are formed
and flow down. We can thus assume that plug flow is enhanced
by large rotation speeds in cohesive granular materials.

Second, we notice that when the rotation speed becomes
relatively large, the grains in contact with the drum (e.g., at

d/R = 1) move slightly slower than the drum itself because
the grains have a velocity relative to the drum which is not
equal to zero at this position. This tells us that grains are
sliding on the drum. Once the rotation speed is too large, the
granular bed is no longer able to follow the drum rotating
beneath it.

Increasing the coefficient of friction allows the grains to
stick to the drum, as shown in Fig. 3(c). On this graph, we
actually notice that when μ is large, the grains at contact with
the drum and the drum move at the same velocity. The straight
line obtained at μ = 0.2 tells us that all the grains of the
granular bed are sliding and thus motionless in the laboratory
reference frame. Indeed, as the velocity is measured in the
reference frame of the drum, when the drum rotates and all
the grains stay at their position, the velocity profile obtained
is actually given by ωd .

B. Dynamic angle of repose

The dynamic angle of repose � is easily obtained with
the fit of the mean surface, as shown in Fig. 2. The effects
of the three main parameters have been investigated and the
results are shown in Figs. 4(a)–4(c). Ignoring momentarily the
dashed curve obtained with the theoretical model which will
be presented in Sec. III D, we first notice in Fig. 4(a) that the
dynamic angle of repose for a noncohesive granular material
evolves linearly with the rotation speed with a change of slope
at around 50 rpm. These results are similar to the experimental
results reported by [15,35], which identified the change of
slope as a transition to the S-shaped surface. The value of
50 rpm that we obtain with our system also corresponds to
the critical Froude value for the transition from the rolling
regime to the cascading regime calculated by Mellmann [16].
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FIG. 3. Numerical measurement of the velocity profiles for dif-
ferent values of the parameters studied. (a) Influence of cohesion at
ω = 30 rpm and μ = 0.6, (b) influence of the rotation speed of the
drum at Bo = 2 and μ = 0.6, and (c) influence of the coefficient of
friction at Bo = 2 and ω = 30 rpm.

A constant linear increase is observed when cohesion is added
and the change of slope disappears, which shows that the
transition to the S-shaped regime does not occur at the same
rotation speed when there is cohesion between grains.

The effect of the cohesion is shown in Fig. 4(b). We ob-
serve that as Bo increases, the dynamic angle of repose starts
to saturate. This tendency was also observed in the numerical
simulations of Brewster [26] and interpreted as a competition
between the speed of rotation of the drum and the cohesion
between the grains. Due to cohesion, the surface changes
from a linear shape or S shape, if the rotation speed is high
enough, to a convex shape. Once the cohesion is too high, the
attractive forces completely overcome inertia and the surface

20 40 60 80 100
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(c)

FIG. 4. Numerical measurement of the dynamic angle of repose
as a function of (a) the rotation speed of the drum ω, (b) the cohesion
given by Bo, and (c) the coefficient of friction μ. Dotted lines are the
results of the theoretical model developed in Sec. III D.

remains identical if Bo is further increased. We also notice
that if the surface is initially S shaped (i.e., at 50 and 70 rpm),
the dynamic angle of repose slightly decreases at small Bo.
We observe at the minimum of these curves that the S-shaped
surface has completely disappeared.

The effect of the coefficient of friction in cohesive granular
materials is also considered in this study and its effect on the
dynamic angle of repose is shown in Fig. 4(c). We notice
that the angle slowly increases with μ until the coefficient
of friction reaches 0.6, and then remains roughly stable. As
this coefficient of friction is also applied for contacts with
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the drum, we assume that the smaller values of � at a low
coefficient of friction are due to sliding on the drum. As μ

increases, the grains progressively adhere on the surface of the
drum and are thus carried further away. The dynamic angle of
repose shall consequently increase.

With these measurements of the dynamic angle of repose
and the velocity profile, we can conclude that our relatively
simple model developed to reproduce the flow of cohesive
granular material inside a rotating drum is accurate. Indeed,
our numerical simulations present similar trends as previous
experimental studies. Such qualitative agreement was also
observed by Sunday et al. [42] and constitutes a validation of
our approach. We also notice that the main feature of cohesive
granular materials is the plug flow that helps us interpret the
results we obtain in both measurements.

C. Surface fluctuations

In order to quantify the avalanches which occur when
cohesive granular material flows inside the rotating drum,
we measured the fluctuations of the surface. To measure the
surface fluctuations, we determine at each time the grain-air
interface of the granular bed. Then, we cumulate the data
points over the whole simulation so that we obtain a cloud
of points showing the surface layer in the rotating drum at all
times. We divide the drum into J columns with a width of one
grain diameter. Let yi be the vertical position of point i in a
certain column of the flowing layer composed of N points and
ȳ the average height of the surface layer in that column. The
standard deviation of the vertical position is then given by

σ =
√√√√ 1

N

N∑
i=1

(yi − ȳ)2. (7)

Once this calculation is done for each column, we plot the
surface fluctuations as a function of the horizontal position x
in the drum. We normalize the position x by the radius of the
drum to obtain the measurement of σ 	( x

R ) shown in Figs. 5(a)–
5(c). If we compute the average over all the x positions, we
obtain the mean surface fluctuations,

〈σ 	〉 = 1

J

J∑
j=1

σ 	
j , (8)

which are shown in Fig. 6. A similar measurement has been
performed by Espiritu et al. [1], who looked instead at the
surface roughness by measuring the length of the flowing
surface.

We first observe in Fig. 5(a) that when Bo is set to 0 (purple
points), the surface fluctuations remain roughly constant along
the surface and equal to 2 grain radius. This means that the
height of the flowing layer oscillates with an amplitude of
the order of a grain size. This result tells us that the flow is
continuous and that no plug flow could be observed which is
coherent as the cohesion is set in this situation to 0. Once the
Bo value is increased, we observe that the surface fluctuations
increase proportionally. However, the growth rate seems to
be more important when x/R ∼ −0.6 and, to a lesser extent,
when x/R ∼ 0.4. If we refer to the illustrations shown in
Table II to localize those fluctuations on the surface of the
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FIG. 5. Numerical measurements of flow fluctuations as a func-
tion of the position x in the laboratory reference frame and
normalized by the drum radius R. The flow fluctuations σ have also
been normalized by the grain radius σ ∗ = σ/r. (a) Effect of the
rotation speed at Bo = 2 and μ = 0.6. (b) Effect of the cohesion
at ω = 30 rpm and μ = 0.6. Inset is a reproduction of Fig. 4(b).
(c) Effect of the coefficient of friction at Bo = 2 and ω = 30 rpm.

granular bed, they correspond, respectively, to the bottom of
the surface on the left, where grains collide with the wall
of the drum, and to the top on the right, where grains are
fed to the surface. It can be interpreted as follows: firsty, the
overall increase of the surface fluctuations tells us that plug
flow is accentuated when cohesion is added. In other words,
the size of the clusters flowing down on the surface increases
with Bo. Second, the maximum at x/R ∼ 0.4 is interpreted by
the fact that when Bo is increased, the clusters are strongly
bonded to the granular bed. A higher shear stress is thus
required to detach the bigger clusters of grains. This shear
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FIG. 6. Measurement of the mean surface flow fluctuations ob-
tained from the results shown in Fig. 5 for μ = 0.6. The black dashed
line is a linear fit whose expression is given by Bo + 2.

stress comes from the weight of the cluster and increases with
the angle of repose. As the cluster of grains is carried up by
the drum, the shear stress, which is responsible for the creation
of an avalanche, gradually increases up to the critical value to
detach this cluster. The surface at this position consequently
lowers. We also observe in Fig. 5(a) that surface fluctuations
are relatively small near the center of the drum. This can be ex-
plained by the fact that once the avalanche has been triggered,
the cluster of grains which flows down on the granular bed
is still attracted by this granular bed. Due to friction between
the flowing layer and the granular bed, a frictional shear stress
exists between these two granular bodies. This shear stress
tends to flatten the cluster of grains, and hence the lower
surface fluctuations at the center of the drum. The sheared
cluster of grains finally reaches the position x/R ∼ −0.6 at the
bottom of the granular bed where it hits the boundary of the
drum. Depending on the rotation speed of the drum, it takes
some time to transport this cluster of grains back up to the
surface. As the rotation speed is set to a constant value but the
size of the clusters flowing down is increased with the Bond
number, we observe a second peak in surface fluctuations at
the bottom of the granular bed as Bo increases.

That interpretation of cluster formation due to shear stress
could also explain what we observe in Fig. 5(b). When ω

increases, the surface fluctuations rapidly decrease. If we refer
to the measurement of the dynamic angle of repose in the
inset, we observe that the largest angles of repose are reached
when the rotation speed is high. As the angle of repose is
directly related to the shear stress responsible for plug flow,
we observe that surface fluctuations around x/R ∼ 0.4 de-
crease when ω is large. Also, when the rotation speed is large,
we observe that the aggregates of grains at x/R ∼ −0.6 are
more rapidly evacuated as the fluctuations decrease when ω

increases. We could thus assume that increasing the rotation
speed of the drum reduces the intermittence of the flow.

Finally, we varied the coefficient of friction in a cohesive
granular material and measured the surface fluctuations, as
shown in Fig. 5(c). When the coefficient of friction is equal to
0.2, large fluctuations are observed at x/R = ±0.8 and nearly
no fluctuations at the center of the drum. This tells us that
the granular bed is actually in a stick-slip motion, which was
impossible to observe in the previous average measurements

Ff

N

FcP
Θ0

FIG. 7. Model for the forces on a cluster of grains flowing down
on the granular bed represented by an inclined plane at an angle �0.
Fc is the cohesive force exerted by the granular bed on the cluster, Ff

is the friction force exerted by the granular bed on the cluster, N is
the normal force exerted by the granular bed on the cluster, and P is
the weight of the cluster.

of the angle of repose and the velocity profile. When μ is
increased, the surface fluctuations rapidly collapse on one
single curve, meaning that the coefficient of friction does not
have a significant effect if it is high enough to avoid slipping.

In order to quantify the average size of the surface fluctua-
tions, we measured the mean surface flow fluctuations 〈σ ∗〉, as
shown in Fig. 6. This measurement is defined by Eq. (8) and it
provides an approximate size for the aggregates flowing at the
surface of the granular bed as a function of Bo. If we compare
the results obtained for different rotation speeds, we observe
that the data seem to follow a linear law given by Bo + 2
(dashed line in Fig. 6). Thus, we obtain with this scaling that
measuring the surface flow fluctuations gives a quantification
of cohesion in the granular materials. It is interesting to note
that the data deviate from this scaling at too high rotation
speeds, meaning that this average size of plug flow is not as
accurate in the cataracting regime, as discussed earlier with
the velocity profiles.

D. Model for cohesive granular flow

A model has been derived by including cohesion in a
theoretical development by Dury et al. [15]. By looking at
the surface flows in a thin inclined layer or in the rotating
drum, they obtained a relation for the dynamic angle of re-
pose in noncohesive granular materials given by the following
equation:

(y′)3 − (y′)2 tan �0 + y′ + cω(y2 + x2 − R2) = tan �0, (9)

where y′ = tan �, �0 = arctan μ is the repose angle, x and y
are position variables, and c is a parameter which is defined
as granular viscosity. Since the repose angle is influenced by
cohesion, a new expression of tan �0 has to be found as the
required repose angle for triggering an avalanche is influenced
by cohesion, as discussed in Sec. III C. To determine the
expression of tan �0, we applied Newton’s Second Law of
Motion on a cluster of grains flowing at the surface. All the
interactions between the cluster and the granular bed, both
made of cohesive granular material, are represented in Fig. 7.
One obtains (see the Appendix for detailed development)

tan �0 =
(

1 + Fc

P

)
μ. (10)

In this equation, both Fc and P, the weight of the avalanch-
ing cluster, depend on the number of grains, N	, that constitute
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the cluster [see Eq. (A10) in the Appendix]. As mentioned
before, the surface’s height is fluctuating in average as 〈σ 	〉 ∼
Bo + 2. Considering that those fluctuations are due to plug
flow, we can assume that this relation is directly related to
the size of the clusters flowing at the surface. We obtain that
clusters are made of N	 = (Bo/2 + 1)2 grains. Based on that
approximation, we find an expression for the ratio Fc/P given
by

Fc

P
= √

π
Bo

Bo + 2
. (11)

The expression of tan �0 now includes the strength of co-
hesion given by Bo. We can introduce this expression into the
model of Dury et al. given by Eq. (9) and solve it to determine
how the dynamic angle of repose evolves with respect to ω,
μ, and Bo. The solution is given in the Appendix in Eq. (A9).

If we plot this function with our numerical results, we
can see in Figs. 4(a)–4(c) that the model perfectly fits the
data. This result confirms the hypotheses we have made: we
can assume that the flow of cohesive granular materials is
characterized by an intermittent plug flow. In this context, the
mean surface fluctuations represent a relevant measurement
as they provide a correct approximation of the plug flow’s
magnitude, which depends on the strength of cohesion.

IV. CONCLUSION

We show that a simple attraction model for cohesion is able
to reproduce the characteristic features of cohesive granular
flow in the rotating drum. By performing the measurements
of velocity profiles and dynamic angle of repose, we show
indeed that the model leads to plug flow and the apparition
of a convex grain-air interface, which are the characteristics
of cohesive granular flow. We propose a measurement of sur-
face flow fluctuations to capture, in the most efficient way,
the effect of cohesion on granular flow. This measurement
provides information about the dynamics of cluster formation
at the surface of the granular bed which are at the basis of
avalanches and plug flow. We also show that there exists a
linear relation between surface fluctuations and the strength
of cohesion in the granular material. Based on that scaling, we
generalize the model for noncohesive granular flow by Dury
et al. [15] to include cohesion and we compare it to numerical
measurements. We obtain excellent agreement between theory
and numerical data.

Beyond the fundamental character of the present study, the
results and the associated model give a stronger theoretical ba-
sis for the interpretation of measurements made with rotating
drums to characterize powder flow in industries. In particular,
a better interpretation of the cohesive index measured with a
GranuDrum instrument [4] can be achieved. This work could
also find an application in additive manufacturing (AM) pro-
cesses, as powder flowability is a key parameter to reach the
high-quality standards fixed by industries [43]. In a previous
publication [44], we have shown that numerical simulations of
cohesive granular materials in the rotating drum could help to
estimate the flowability of the powders used for AM. Finally,
powder flow is also a topic of interest in planetary science,
as the observation of sand dunes on planets could be used to
determine the microscopic properties of soils [45–47].

As a perspective, we will implement realistic attractive
interaction such as electrostatic forces between the grains to
compare it with that simplified interaction potential.
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APPENDIX: DEVELOPMENT OF THE MODEL

The model of cohesive granular flow is based on the Dury
et al. model given by Eq. (9), which gives the dynamic angle
of repose at any position of the granular bed’s surface. To take
cohesion into account in this equation, we have to find a new
expression for tan �0 which includes the strength of cohesion.

Applying Newton’s Second Law of Motion on the cluster
of grains under the action of the forces represented in Fig. 7
yields, along the direction of the inclined plane,

Ff − P sin �0 = 0, (A1)

and along the perpendicular of the inclined plane,

N − P cos �0 − Fc = 0. (A2)

Using Coulomb’s law of friction and injecting Eq. (A2) into
Eq. (A1), one has

μ(P cos �0 + Fc) − P sin �0 = 0. (A3)

The solution of this equation according to μ is then

μ = P sin �0

P cos �0 + Fc
. (A4)

Using trigonometry, this equation becomes

μ = tan �0

1 + Fc
P

√
1 + tan2 �0

. (A5)

As tan �0 must be positive, the only solution to this equation
is

tan �0 = μ

1 + Fc
P

√
1 + μ2

[
1 − (Fc

P

)2
]

1 − (Fc
P

)2
μ2

. (A6)

If μ < 1, then μ2 � 1, so we can neglect terms with μ2. It
remains then

tan �0 = μ
(

1 + Fc

P

)
. (A7)

This new expression for tan �0 including the cohesive force
is then injected in Dury’s theoretical model [15] given by

(y′)3 − (y′)2 tan �0 + y′ + cω(y2 + x2 − R2) = tan �0,

(A8)
where y′ = tan �. This equation is solved numerically with
respect to y′ at the center of the drum where we measure
the dynamic angle of repose (i.e., x = 0 and y = 0), us-
ing Wolfram MATHEMATICA [48]. We obtain the following
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solution:

tan � = μ

3

(
1 + Fc

P

)
− A

3

(
2

B + √
4A3 + B2

)1/3

+ 1

3

(
B + √

4A3 + B2

2

)1/3

, (A9)

where

A = 3 −
(
μ + Fc

P
μ

)2

,

B = 18μ + 18
Fc

P
μ + 27cR2ω.

We still have to evaluate the intensity of the forces Fc and
P that are exerted on the cluster of grains flowing at the
surface. The weight of the cluster P is given by the sum of
each grain’s weight, i.e., N	mg, where N	 is the number of
grains in the cluster and m is the mass of one grain. Let us
consider that the cluster of grains flowing at the surface has
the shape of a square; we obtain that the characteristic length
of the cluster is given by

√
N	πr2. This length corresponds

to the length of contact between the cluster and the granular
bed. The number of grains from the cluster in contact with

the granular bed is then given by
√

N	πr2

2r . Consequently, we
obtain

Fc =
√

N	πr2

2r
mgBo. (A10)

The ratio Fc/P in Eq. (A9) is thus given by

Fc

P
= 1

2

√
π

N	
Bo. (A11)

The number of grains forming the cluster is approximated via
the measurement of the mean surface fluctuations represented
in Fig. 6. Indeed, at equilibrium between inertial forces and
cohesive forces, we obtain a scaling for the mean surface
fluctuations given by 〈σ 	〉 = Bo + 2, as shown by the dotted
line in Fig. 6. As the surface oscillates with an amplitude equal
to Bo + 2 grain radius, we can assume that aggregates flow-
ing down roughly contain N	 = (Bo/2 + 1)2 grains. Equation
(A11) thus becomes

Fc

P
= √

π
Bo

Bo + 2
. (A12)

This relation is then injected in the parameters A and B of
Eq. (A9) to obtain an extended model of the dynamic angle of
repose which includes cohesion with the fitting parameter c.
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