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Enhancement in breaking of time-reversal invariance in the quantum Kkicked rotor
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We study the breaking of time-reversal invariance (TRI) by the application of a magnetic field in the quantum
kicked rotor (QKR), using Izrailev’s finite-dimensional model. There is a continuous crossover from TRI to
time-reversal noninvariance (TRNI) in the spectral and eigenvector fluctuations of the QKR. We show that the
properties of this TRI to TRNI transition depend on a?/N, where « is the chaos parameter of the QKR and N is
the dimensionality of the evolution operator matrix. For o> /N = N, the transition coincides with that in random
matrix theory. For «?>/N < N, the transition shows a marked deviation from random matrix theory. Further, the
speed of this transition as a function of the magnetic field is significantly enhanced as o> /N decreases.
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I. INTRODUCTION

The quantum kicked rotor (QKR) has been a prototype
model for quantum chaos. It was first introduced by Casati
et al. [1] as a quantum analog of the classical kicked rotor
(CKR). An important paradigm of quantum chaos states that
the spectral properties of quantum chaotic systems should
follow the predictions of random matrix theory (RMT) [2-7].
For time-independent systems, Gaussian ensembles of ran-
dom matrices are appropriate. In contrast, for time-periodic
systems, circular random matrix ensembles are more useful.
Izrailev [8,9] introduced a model for the evolution opera-
tor of the QKR in N-dimensional Hilbert space and found
that the quasienergy fluctuations agree with RMT. The dis-
crete symmetries present in the QKR classify the spectral
statistics according to the universality classes of RMT. In
the case where the QKR maintains time-reversal invariance
(TRI), the statistics is described by circular orthogonal en-
sembles (COEs). The TRI is broken by applying a strong
magnetic field and the spectral statistics then becomes consis-
tent with that of circular unitary ensembles (CUEs). However,
at moderate perturbation strengths, it is found that the spectral
fluctuations exhibit intermediate statistics and the TRI is said
to be partly broken [10,11].

Over the decades, breaking of TRI in quantum chaotic
systems has received special attention in the literature [6,
12-14]. According to the von Neumann—-Wigner theorem,
TRI breaking is accompanied by increased level repulsion in
the spectrum [4,5]. Berry and Robnik [15] studied chaotic
billiards with a single line of magnetic flux as a perturbation
and confirmed this level repulsion. The eigenvector properties
also change during the breaking of TRI [16-19]. When TRI
is preserved, the absolute-squared eigenvector component has
a X12 distribution. This becomes a X22 distribution when TRI
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is completely broken [3,16]. (We will provide the functional
forms of the X12 and Xzz distributions later.) In the crossover
regime, the distribution is intermediate to X12 and Xzz_ This TRI
to time-reversal noninvariance (TRNI) transition is driven by a
control parameter (say, A), which measures the strength of the
applied field. The influence of A depends on the dimension-
ality N. In the semiclassical limit (N — 00), the transition is
discontinuous in A. One identifies a local transition param-
eter, which smoothens the transition for systems with large
N. This parameter is further useful in comparing the tran-
sition in different systems. It depends on the near-diagonal
matrix elements of the TRI-breaking perturbation and the
mean level spacing of the unperturbed spectrum [17,20]. In
the context of classical RMT, Pandey and Mehta [21,22] have
investigated the spectral transition from Gaussian orthogo-
nal ensemble (GOE) to Gaussian unitary ensemble (GUE).
Using Dyson’s Brownian motion model [4,23], they studied
the continuous crossover from GOE to GUE. Later, Pandey
and Shukla [24,25] extended the idea of Brownian motion to
unitary ensembles and studied the COE to CUE transition.

In the present paper, we investigate the effect of the TRI to
TRNI transition on the spectral and eigenvector fluctuations
of the QKR. We report results from a detailed numerical
study of this transition. The motivation for this work comes
from our recent proposal of finite-range Coulomb gas (FRCG)
models for random matrix ensembles and their applicability
to a finite-dimensional matrix model of the QKR [26-28].
The CKR is characterized by a parameter «, with the system
being highly chaotic for & >> 1. The relevant parameter in the
QKR is o? /N, where N is the size of the evolution operator
matrix [26,29]. In our recent work [26-28], we proposed that
the spectral statistics of the QKR with chaos parameter « is
described by FRCG model of range d = a*/N. These FRCG
models are generalizations of Dyson’s Coulomb gas model to
the case where eigenvalues have a restricted interaction range.

Let us next consider the TRI to TRNI transition in the
QKR. For «?/N > N, this is described well by the COE
to CUE transition of RMT [10,30,31]. This is because the
TRI-breaking perturbation, when represented in the diagonal
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basis of the TRI-preserving part, belongs to the Gaussian
RMT ensembles. However, when o2 /N < N, the perturbation
is no longer completely random. There has been almost no
investigation of this crossover when a?/N < N. This is the
open problem which we address in this paper. As we will show
later, the perturbation matrix takes the form of a power-law
random band matrix [32,33], whose bandwidth depends on the
parameter o> /N. The significant perturbation matrix elements
lie inside the band and determine the nature of the transition.

The main observations of our study are as follows.
(a) For small values of o2 /N, the TRI to TRNI transition
in the spectral fluctuations of QKR does not obey the usual
COE to CUE transition. Further, the speed of the transition
is enhanced with the decrease in o2/N. (b) The transition in
one-point eigenvector statistics also does not obey the COE
to CUE transition for any fixed value of &>/N < N. As in the
case of spectral fluctuations, the transition is enhanced with a
decrease in o?/N.

This paper is organized as follows. In Sec. II we discuss
TRI-breaking transitions in RMT using a Brownian motion
model and introduce the local transition parameter. In Sec. I1I
we briefly review the QKR and discuss its spectral properties.
In Sec. IV we study the matrix elements of the TRI-breaking
perturbation in the QKR. The transition in spectral fluctua-
tions of the QKR is studied in Sec. V. In Sec. VI the one-
point eigenvector fluctuations are analyzed. In Sec. VII we
summarize this paper and discuss our results.

II. BREAKING OF TIME-REVERSAL INVARIANCE:
LOCAL TRANSITION PARAMETER

The TRI-breaking transition in time-periodic quantum sys-
tems is driven by an external magnetic field of strength A. The
time-evolution operator of the system can be expressed as

U = Upe™, (1)

where U is the unperturbed part and V is the TRI-breaking
perturbation.

It is known that quantum systems possessing TRI and/or
exact symmetries are often modeled by the stationary
ensembles of classical RMT. In such systems, the partial
violation of TRI and/or an exact symmetry results in a
crossover between local fluctuation properties. The system,
during this crossover, follows intermediate Brownian motion
ensembles (BMEs) [23,24]. In the context of quantum maps,
which we study in this paper, the relevant ensembles are the
unitary BMEs. These are parameter-dependent ensembles of
N-dimensional unitary matrices U (t), where t plays the role
of fictitious time. The evolution of U(t) under Brownian
motion is described as follows:

Ut +8t) = U(r)eVo V@), )

Here 6t is the infinitesimal time increment. At each T,
a random perturbation is introduced via an N-dimensional
Hermitian random matrix V(r). In Dyson’s model for cir-
cular ensembles, the perturbation V(t), when represented in
the U(7) diagonal basis, belongs to Gaussian ensembles of
random matrices. In contrast, in FRCG models, V (7) takes
the form of band matrices [26—28]. The Brownian motion of
matrix elements in Eq. (2) implies that the quasienergies of

the parameter-dependent ensembles execute Brownian motion
under two-body Coulomb gas repulsion.

Under a nonlinear rescaling between the fictitious time
7 and the TRI-breaking parameter A with T = A% and 87 =
(81)%, Eq. (2) is appropriate to model TRI breaking in the
quantum system. As stated earlier, the transition in terms of
A is dependent on the dimension N and is discontinuous for
N — o0 [15,21]. To obtain a smooth transition, one has to
parametrize the transition in terms of a local transition pa-
rameter. This parameter is obtained from perturbation theory
[17,20] as follows:

A= 3)

Here D is the mean level spacing of the quasienergy spectrum
in the unperturbed case. Further, v? denotes the variance of
near-diagonal matrix elements of the TRI-breaking perturba-
tion V(1) in the diagonal basis of the TRI part. The transition
in nearest-neighbor fluctuations is complete when Av is nearly
equal to the mean level spacing D, i.e., A ~ O(1). Equation
(3) demonstrates the strong dependence of the transition on
the perturbation matrix elements.

III. QUANTUM KICKED ROTOR

In the presence of a magnetic field of strength A, the
Hamiltonian for the CKR is given by

_ (=

5 + a cos(9 + 6py) Z 8t —nT), &)

n=—00

H

where 6 and p are position and momentum variables. The
parameter « is the kicking strength, which introduces nonin-
tegrability in the system. Therefore, it is known as the chaos
parameter. The period between two consecutive kicks is de-
noted by T'. The time reversal (p — —p,t — —t) and parity
(6 - —6, p — —p) invariance are broken by parameters A
and 6y, respectively.

The corresponding quantum dynamics can be understood
in terms of a quantum map, known as the QKR map, which
describes the evolution of a state |1/;) as follows:

|¢t+T> =u|1/ft>- (5)

Here U/ is the evolution operator defined over one period of
time. It can be written as ./ = BG, where

i 0+ 6
B =exp |:_—zoz cos(® + 0):| (6)
h
describes instantaneous kicking. Further,
iT(p— 1)
G= - 7
R 0

corresponds to the free motion of the rotor between two con-
secutive kicks. The position and momentum variables 6 and p
are now operators.

When dealing with TRI breaking in quantum maps,
the symmetric form of U/ is more convenient to work
with. This is related to other representations by a unitary
transformation, i.e.,

U = BY*GB'/?. 8)
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The chosen form of ¢/ is manifestly TRI at A = 0. For any
nonzero A, U is TRNI. Thus, the momentum operator p is
the TRI-breaking perturbation in the system. If we write U
in a basis in which B is diagonal, i.e., position basis (see the
Appendix for details), we obtain the matrix elements

Uy = exp [—iza—h{cos(éq + 6o) + cos(By + 90)}]

> T
x 3 exp [—iﬁ(lh _ /\)2] explil(6, — 0,)]. (9)
I=—00

Since the momentum basis for the QKR is unbounded,
the eigenvalues of the infinite matrix I/ depend on the
continuous parameters 6, and 6,. For a discrete spectrum
[9,34], one is often interested in the level fluctuations. How-
ever, there are infinite quasienergies in the interval (0, 27).
Therefore, the mean level spacing is zero and the mean
level density is infinite, i.e., the fluctuations are Poissonian.
To observe level repulsion analogous to that in bounded
time-independent quantum chaotic systems [2,5], we need a
finite-dimensional model of the QKR. Such a model was first
formulated by Izrailev [8]. (We will discuss later that, even in
a finite-dimensional model, the spectral fluctuations can be
Poissonian.) In his model, an additional periodic boundary
condition is imposed on the momentum basis, i.e., the cor-
responding classical phase space becomes bounded in both
position and momentum [35]. [There also exist other possible
ways to approximate Eq. (9), e.g., truncation of the infinite
matrix U [9].] In Izrailev’s model, the representation of I/ is
chosen in a generic basis with a finite number of levels (say,
N). In the limit N — oo, this model approaches the original
infinite-dimensional QKR in Eq. (9). (See also the work of
Manos and Robnik [34,36].)

To employ periodic boundary conditions in the momentum
basis, we consider the momentum eigenstates to obey the
condition |l) = |l + N), where the label / is an integer. This
gives discrete values for the eigenvalues of 6:

Qm = 277_’"7
N
Note that 8,, can take N discrete values in the period 8 —
6 + 2. Now both the position and momentum bases are
periodic, and both have a finite number of basis vectors N.
In this case, the evolution operator ¢/ in the position basis is
the N-dimensional matrix:

U, : e & cos 271m+9 + cos 2mn + 6
mn — 5 €X —l= — ——
NPT N N 0

& (1 (m — n)
x Zexp[—z<3—,\z—2n1 v )} an

I=—N,

m=0,=%1,£2,.... (10)

Here Ny = (N — 1)/2 and the indices m,n = —N;, —N; +
1,..., Ny — 1, N;. Without loss of generality, we have set
T =h=1.For N - oo, the model in Eq. (11) converges to
the infinite-dimensional model in Eq. (9) (see the Appendix).

For the CKR, we know that the dynamics depends entirely
on «. If @ > 1, the stroboscopic map of the CKR is fully
chaotic. The spectral properties of the corresponding quantum
map are expected to follow RMT predictions [2], but this
statement is only partly true. As discussed above, the original

QKR (which has an infinite-dimensional matrix for the time-
evolution operator (/) has Poissonian quasienergy statistics for
all . This occurs due to the localization of eigenstates of the
evolution operator in the momentum basis. This phenomenon
is known as dynamical localization and is analogous to An-
derson localization in the one-dimensional infinite lattice with
disorder [37,38]. The traces of dynamical localization also
appear in the N-dimensional model of the QKR with finite
but large N. This is analogous to Anderson localization in
the one-dimensional finite lattice [29]. Therefore, the quantum
dynamics actually depends on two parameters: o and N. For
applicability of RMT, apart from the requirement of chaotic
classical dynamics, the eigenstates of the evolution operator
should also be fully extended in the momentum basis. This
second requirement depends on the parameter o> /N [26,29].
When a?/N 2 N, all the eigenstates are extended. However,
when o2 /N decreases below N, the eigenstates start to become
localized. This gives rise to level crossing in the spectrum and
the spectral statistics is then intermediate to Poisson statistics
and RMT.

We emphasize that the dynamics of the CKR is invariant
under a change in parameters A and 6, [10,30]; however,
the corresponding quantum dynamics is not invariant. The
quantum dynamics has TRI for A = 0, but this is destroyed
for A #£ 0. In the latter case, if 6y = 0, TRI remains broken but
an additional TP invariance holds (TP is the product of time
reversal and parity operators). This TP invariance of the QKR
is broken by setting 6y % 0. Further, when both A = 0 and
6o = 0, the parity operator commutes with the Hamiltonian
and both can be diagonalized in a common basis. On the other
hand, for 6y # 0, the parity operator no longer commutes with
the Hamiltonian.

The spectral properties of the evolution operator can be an-
alyzed in terms of the number variance statistics £2(r), which
is defined as the variance of the number of quasienergies n
in an interval of size rD, where D is the mean level spacing
(equal to 27t /N):

22(r) = n2 — 7. (12)

Here the bar denotes the spectral or ensemble average. To
numerically calculate >2(r) from Eq. (12), we first find the
quasienergy spectrum by diagonalizing ¢/ in Eq. (11). The
quasienergies are then unfolded using the mean level density
N/2m. We consider a range of values for «?/N, with o > 1
and a fixed N = 2001. Statistical averages are performed on
an ensemble of 50 independent spectra, obtained by locally
varying o in the range [ — 5, o + 5]. This slight variation
of « is adequate to ensure the statistical independence of
the spectra. The central value of « will be used to label the
corresponding spectra.

We first discuss the spectral properties of QKR when TRI
is preserved (A = 0) and when TRI is fully broken (A ~ 1). In
both cases, 6 is fixed to a nonzero value: 6y = 7 /2N . In Fig. 1
we plot X2(r) vs r for various values of «?/N. In Fig. 1(a)
we show the case with A = 0. Since TRI is maintained, we
expect the number variance to follow COE predictions for
a?/N ~ O(N) [8], which is seen in the figure. For small
values of 2 /N < N, we see a clear deviation from the COE
in the direction of the Poisson result. As «?/N is reduced,
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FIG. 1. Number variance %2(r) vs r for various values of o> /N
(with N = 2001) for (a) . = 0 and (b) A = 0.9. The dashed and solid
curves denote the Poisson and RMT results, respectively.

the deviation from the COE is stronger at larger values of r.
Note that, for any value of «>/N < N, %2(r) attains the RMT
limit (the COE, in this case) in the interval size r < «?/N and
becomes Poisson-like (X2 ~ r) for r > o /N [26,28].

In Fig. 1(b) we show analogous results for A = 0.9. In this
case, TRI is completely broken due to a strong magnetic field,
and X%(r) vs r for «?/N ~ O(N) coincides with the CUE
result. For a>/N < N, £%(r) is higher than the CUE value and
approaches the Poisson result, similar to Fig. 1(a). Comparing
the data sets at a fixed value of «? /N in Figs. 1(a) and 1(b),
we conclude that the spectrum is more rigid in the TRNI case.

IV. PERTURBATION MATRIX ELEMENTS

In the preceding section we discussed the spectral proper-
ties of the QKR for zero- and strong-field strengths. However,
when TRI is broken by the application of moderate-field
strengths (A < 1), the local fluctuations exhibit intermediate
statistics. We need to calculate the local transition parame-
ter A (introduced in Sec. II) to characterize the crossover
obtained by varying field strength. It depends on the near-
diagonal matrix elements of the TRI-breaking perturbation,
which is the momentum operator p. For a®>/N > N, the off-
diagonal elements of p in the /(A = 0) diagonal basis are
Gaussian random variables with zero mean and uniform vari-
ance, i.e., ip is a typical member of the GOE [10,30]. The
variance of these matrix elements depends linearly on N,
v2 >~ h’N/12. Then the transition parameter A using Eq. (3)
is given by

AZN3
T 4872

where the mean level spacing of the quasienergies of /(A =
0)is D = 2m /N, and / is set to unity.

13)

The above form of A is valid for «?>/N > N. When «?/N
decreases below N, the operator p in the diagonal basis of
U (X = 0) is not fully random. In fact, it has a banded structure
with significant matrix elements lying inside a band around
the diagonal. The matrix elements are Gaussian distributed
with mean zero, but the variance depends on the distance from
the diagonal.

In this section we numerically investigate the perturbation
matrix elements. For a value of (xz/N (with fixed N = 2001),
we first write the operator p in the /(A = 0) diagonal basis.
The obtained matrix of p is imaginary and antisymmetric, as
the diagonal basis of ¢/ in Eq. (8) is time-reversal invariant at
A = 0. To obtain good accuracy in the statistics, we construct
an ensemble of 50 independent matrices of p as described in
Sec. III. The matrix elements are denoted by p;;. We have
p:ij = 0, where the double bar denotes an ensemble average
and an average over elements at the same distance L = |i — j|
from the diagonal. In Fig. 2(a) we plot the variance of off-
diagonal matrix elements Var(L) vs L for different values of
a?/N.For a?/N ~ 1, Var(L) begins to fall as L increases from
1. For higher values of ?> /N, Var(L) is nearly constant inside
a band around the diagonal with |i — j| < b and decays for
|i — j| > b. We define b as the value of L where Var(L) decays
to half of Var(l). The bandwidth b increases linearly with
«?/N, and Var(L = 1) ~ N/a? [see Figs. 2(b) and 2(c)]. The
fall of Var(L) outside the band for a fixed value of «?/N < N
is linear on the log-log scale of the figure, showing that it has
a power-law decay with L. (This power-law behavior will be
further analyzed shortly.) Now, looking at data for a?/N ~
O(N) in the same figure, we see that the band has covered the
entire matrix, b >~ N/2. Therefore, the matrix p becomes fully
random with Var(L) fluctuating around the theoretical value
(~N/12) for all L.

In Fig. 2(d) we plot the scaled variables y = Var(L)/Var(1)
against x = (L — 1)/b on a log-log scale. This yields an ex-
cellent data collapse. The solid line denotes the best fit to the
collapsed data and has the form

1
Tl

y (14)

with the exponent m =~ 1.35. At large x, Eq. (14) has a power-
law decay: y ~ x~". This peculiar behavior of Var(L) shows
that the TRI-breaking perturbation, when represented in the
U (A = 0) diagonal basis, belongs to a more general class of
random matrices, known as power-law random band matrices
(PRBMs) [32,33]. In PRBMs, the variance of off-diagonal el-
ements decays as a power law with distance from the diagonal.

We next discuss the main theme of this paper. Figure 2(b)
shows that Var(L) near the diagonal (at L = 1) is higher for
smaller values of o?/N. The reason behind this increase is
the enhancement of overlaps between neighboring eigenstates
of U(x = 0) with a decrease in «?/N. The matrix elements
pij fluctuate strongly when p is represented in such highly
correlated neighboring eigenstates. Therefore, the variance of
pij has higher values near the diagonal. One can see from
Eq. (3) that, even for a small perturbation strength A, the
transition parameter A becomes large due to an increase in
the variance. Therefore, the TRI to TRNI transition in terms
of A is enhanced for small values of «®>/N. (We remind the
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FIG. 2. (a) Plot of Var(L) vs L on a log-log scale for different
values of a?/N. The solid line denotes the semiclassical result:
Var(L) ~ N/12 with N =2001. (b) Plot of Var(1) vs «?>/N on a
log-log scale. The solid line denotes the slope —1. (c) Plot of b vs
a?/N on a log-log scale. The solid line denotes the slope +1. (d) Plot
of Var(L)/Var(1) vs (L — 1)/b on a log-log scale for the data sets in
(a). The dashed curve is the best fit to Eq. (14) with m >~ 1.35.

reader that the TRI to TRNI transition only coincides with the
COE to CUE transition in the limit o>/N ~ N.)

In Table I we present values of variance v? for different
a?/N. We compute v? as the variance of all elements of matrix
p up to the bandwidth b. These values will be used to obtain
the transition parameter A in the following discussion.

V. TRANSITION IN SPECTRAL FLUCTUATIONS

When TRI breaking takes place in the QKR, the resistance
of levels to crossings in the spectrum becomes greater, i.e., the
rigidity of the spectrum is increased. In the preceding section
we predicted an enhancement in the TRI to TRNI transition

TABLE 1. Variance v? of significant matrix elements around the
diagonal for different values of «>/N with N = 2001.

a?/N v?

5 8227.92
10 3822.59
25 1515.06
50 778.40
100 428.63

for small /N, which can be observed via a rapid increase
in rigidity of the underlying spectrum. For this, we investigate
the transition curves of the number variance X2(r), defined
in Eq. (12), as a function of the transition parameter A for
different values of o /N.

The TRI to TRNI transition curves for two-point fluctua-
tions in Gaussian ensembles were obtained in [21,22]. These
are also valid for the COE to CUE transition in the large-N
limit [24]:

22(r, A) = Z%(r,00) — 2 /rds(r — $)[Ya(s, A) — Ya(s, 00)].
0
(15)

Here Y;(s, A) is the two-level cluster function for the transi-
tion ensemble

1
Yo(s, A) = Ys(s, 00) — |:/ dx &My sin(wxs)
0

. .
x / dy e A @} (16)
1

In Fig. 3 we present numerical results for the transition
curves of £2(r, A) vs A for various values of /N in interval
sizes r = 1 and 2. The transition parameter A for different
values of A is calculated from Eq. (3). The analytical result
for the COE to CUE transition is obtained by numerically
integrating Eqs. (15) and (16).

Let us first consider Fig. 3(a) for r = 1. When o?/N is
small (equal to 5), we can see a smooth transition in terms
of A, but lying above the COE to CUE transition curve. The
limit A = O corresponds to the TRI-preserved case and A = 1
to the completion of the TRI to TRNI transition. For large
a?/N > 25, the transition curves of £2(1, A) follow the COE
to CUE transition. In Fig. 3(b) we examine the transition
curves for £2(2, A). We observe again that the transition in
terms of A is smooth. However, due to the larger interval
size, the curves for small «?/N are now more separated from
the COE to CUE curve. For large a®/N, the transition curves
again coincide with the COE to CUE curve. We have exam-
ined the transition curves of X?(r, A) in even larger intervals
of size r = 5, 10 (not shown here). For a fixed r, the TRI to
TRNI transition reduces to the COE to CUE transition in the
limit o2 /N > r. However, at a fixed value of a? /N < N, the
transition starts deviating significantly from the COE to CUE
transition for r ~ o /N.

The contribution from the variance of significant pertur-
bation matrix elements in A is dependent on the parameter
«?/N and is large for small o>/N (see Table I). Therefore,
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FIG. 3. Transition curves of number variance X?(r, A) vs A for
different values of @?/N when (a) r = 1 and (b) r = 2. The parameter
A is estimated using Eq. (3). The solid curves are theoretical results
for the COE to CUE transition. The dashed lines indicate the COE
and CUE limits.

the required perturbation strength X for a fixed value of A is
smaller for smaller a?/N [see Eq. (3)].

Let us obtain a more quantitative understanding with the
present scenario. We obtain the values of A where the number
variance has decayed from %2(r, 0) to [2%(r, 0) + 22(r, 1)]/2
for the data sets in Figs. 3(a) and 3(b). In Table II we list these
values of A for different «?/N. For both r = 1 and 2, the value
of A needed to drive transitions from A = 0 to A = 1 becomes
lower with a decrease in o2 /N. Therefore, we conclude that
the TRI to TRNI transition in spectral fluctuations is enhanced
when «? /N is decreased below N.

VI. EIGENVECTOR FLUCTUATIONS

We next study the eigenvectors of the evolution operator.
Since the transition in eigenvector fluctuations is also gov-
erned by A [17,20], an enhancement in the TRI to TRNI
transition should also show up in eigenvector fluctuations. We
will work in a basis where the eigenvectors of /(A = 0) are

TABLE II. Perturbation strength A where X2(r, 0) decays to
[X2(r, 0) + X2(r, 1)]/2 for different values of «?/N with N = 2001.

A x 10°
az/N r=1 r=2
5 0.46 0.69
10 0.83 1.04
25 1.32 1.65
50 1.85 2.32
O(N) 3.84 5.16

V-V &’N=5
A-A 2N=-10
OO IN=25
O-8«N=50
X=X o’/N -~ O(N)

S
=~

— XIA

P(log,,(¥))

o
o

V-V /N=5 1
A-APN=10
OO uIN=25
O-8dN=50
X—X o’/N ~ O(N)

2
—,

P(log,,(¥))

V-V «’/N=5
OO oN=25
08 N=50
X—X o’/N ~ O(N)

2

P(log,,(¥))

050 05 1
log,,(¥)

FIG. 4. Probability distribution P(log;,(y)) vs log,(y) for var-
ious values of a?/N. (a) A = 0. The solid curve denotes the X12
distribution. The inset magnifies the peak region. (b) A = 0.9. The
solid curve denotes the 7 distribution. (c) A = 1.719 x 1075. The
solid and dot-dashed curves denote the x? and yx? distributions,
respectively.

real. Then the speed of the TRI to TRNI transition describes
the rate at which an eigenvector becomes complex with an
increase in A from A = 0.

Let us consider the one-point eigenvector fluctuation mea-
sure, i.e., the probability distribution of the absolute square
of an eigenvector component y = |c,|?, with ¢, denoting the
nth component of an eigenvector. In RMT, the probability
distribution function (normalized to the unit mean) of y has
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TABLEIII. Values of A at A = 1.719 x 1073 for different values
of @?/N with N = 2001 and corresponding values of o2(1 = 0) —
o2(h = 1.719 x 10°%).

o?/N A 2L = 0) — o2(A = 1.719 x 107%)
5 0.25 0.92
10 0.11 0.80
25 0.05 0.52
50 0.02 0.35
O(N) 0.005 0.12

the form [3,16]

_ (v/2)"? v/2—1 —vy/2
P@y) = W)’ e s, o))

where v = 1 for the COE and 2 for the CUE, respectively.
The function P(y) changes from a X12 distribution with large
variance (6% = 2) to a X22 distribution with smaller variance
(62 = 1) during the COE to CUE transition. The variance
o? in terms of A continuously changes from 2 to 1 in this
transition [20]. We stress that RMT results for eigenvector
statistics in the crossover regime are still not fully available.
There are a few preliminary works, but these do not precisely
capture the intermediate regime (see [19,39] and references
therein).

In this section we numerically investigate the eigenvector
fluctuations for different values of 2 /N, where N = 2001.
Note that the eigenvector statistics is basis dependent. There-
fore, we chose a generic basis, i.e., the position basis. We first
calculate the eigenvectors of the evolution operator matrix &/
in Eq. (11) using the standard LAPACK routines [40]. Then
we find the absolute squares |c,|> from all the eigenvectors
of a single matrix and normalize them to mean unity. For
eigenvector statistics, a single realization of the I/ matrix
(yielding 2001 x 2001 eigenvector components) is sufficient
to achieve good accuracy in data. To compare the probability
distributions P(y) for different a>/N, we plot P(log;,(v)) vs
log,((»). The RMT results for the COE to CUE transition are
obtained numerically by using an interpolating ensemble of
large Gaussian random matrices.

In Fig. 4(a) we plot P(log,,(y)) against log,,(y) for dif-
ferent «?/N at A = 0. The data sets for small &?/N (=5, 10)
show a small departure from the x; distribution around the
peak; this region is amplified in the inset. In contrast, for
a®/N > 25, the data show excellent agreement with the X12
distribution (COE). In Fig. 4(b) we show data for different
a?/N at A = 0.9. In this case, all data sets are in good agree-
ment with the X22 distribution (CUE). This shows that the
eigenvectors become complex random states (irrespective of
a?/N) when TRI is broken by a strong magnetic field. We
stress that the one-point eigenvector fluctuations capture only
the symmetries present in the evolution operator.

In Fig. 4(c) we show the corresponding data for a small
perturbation strength A = 1.719 x 107>, In this case, we ex-
pect an intermediate behavior between x12 and Xzz, depending
on the value of A. Figure 4(c) shows that the data sets for
smaller values of a?/N approach closer to the limiting 3
distribution. Therefore, the eigenvectors at large a?/N re-

T I T I
VY o’/N=5
AN GN=10 |~
: =
OO a/N=25 Q
2COE BE o'N=50 | &b
i XX /N ~O(N) E’
— COE- CUE
<
= EN
X -2 -1.5 -1 -05 0 05
o) W

FIG. 5. Transition curves of the variance 6>(A) vs A for various
values of a?/N. The solid curve denotes the COE to CUE transition.
The dashed lines indicate the COE and CUE limits. The inset plots
P(log,,(»)) vs log,,(y) for the same values of «? /N and a fixed value
of A = 0.5. The solid curve in the inset is the distribution at A = 0.5
for the COE to CUE transition.

quire larger perturbations to reach the x; or CUE limit. For
the data in Fig. 4(c) we present in Table III the following:
the values of the transition parameter A from Eq. (3) and the
difference between the variances of the distributions at A = 0
and A = 1.719 x 107>, For o> /N =5, A ~ 0.25 with a large
decrease in 0 >~ 0.92. For > /N ~ O(N), A =~ 0.005 and the
change in o? is relatively minor ~0.12. This confirms that
the eigenvector fluctuations for small o /N are more sensitive
to A. The reason behind this behavior is again the increased
variance of perturbation matrix elements, which causes the
strong admixing of imaginary amplitude in unperturbed (real)
eigenvectors.

In Fig. 5 we examine the transition in terms of A. We
plot 0 vs A for different values of o®>/N. The solid curve
denotes the COE to CUE transition. The transition curves for
a?/N < N show a departure from the COE to CUE curve. [For
a?/N ~ O(N), the transition curve is in good agreement with
the COE to CUE curve.] Further, due to the increment in v2,
the speed of the transition is enhanced for small &?/N. In the
inset of the same figure, we plot the distribution P(log,,(y))
vs log,,(y) for A = 0.5. For ozz/N ~ O(N), the distribution is
in very good agreement with the COE to CUE transition. As
a? /N is decreased below N, the distribution shows a deviation
from the COE to CUE curve and becomes broader around the
mean. This fact can be appreciated in the main frame, where
o2(A) is seen to be larger for smaller values of a?/N.

VII. CONCLUSION

Let us conclude this paper with a summary and discus-
sion of our results. We have investigated the transition from
time-reversal invariance to time-reversal noninvariance in the
spectral and eigenvector fluctuations of the quantum kicked
rotor using Izrailev’s finite-dimensional model. The local
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fluctuation properties of the QKR depend on the parameter
«?/N, where « is the chaos parameter and N is the dimen-
sionality of the evolution operator matrix. The TRI in the
QKR is broken immediately by the application of a small
magnetic field. However, there is a continuous crossover from
TRI to TRNI in the spectral and eigenvector fluctuations. This
is governed by a local parameter A, which depends on the
magnetic field and the near-diagonal matrix elements of the
TRI-breaking perturbation. For «?/N > N, the TRI to TRNI
transition in the QKR is described well by the COE to CUE
transition of random matrix theory. This scenario applies if
the TRI-breaking perturbation, when represented in the diag-
onal basis of the TRI-preserving part, becomes a member of
Gaussian RMT ensembles.

However, for a>/N < N, the TRI-breaking perturbation no
longer satisfies this. Rather, it has the form of a power-law
random band matrix whose bandwidth grows linearly with
«?/N. The power-law fall of the variance of perturbation ma-
trix elements outside the band has a decay exponent m >~ 1.35,
which is the same for all values of o>/N < N. [This value
of m is reminiscent of so-called subcritical PRBM models
(1 <m <2)[32,41]].

In addition to the PRBM structure, Var(1) increases lin-
early with N/a?. The increased variance for small o?/N
enhances the sensitivity of A to the perturbation strength,
resulting in a faster TRI to TRNI transition as a function of
the magnetic field.

For spectral fluctuations, we investigated the transition
curves of rigidity measure [i.e., number variance X2(r, A),
where r is the size of the spectral interval] by varying A at
fixed r. For small o /N, the transition curve deviates from the
COE to CUE transition. Further, the speed of this transition is
enhanced for smaller values of a>/N. As we increase a?/N,
the COE to CUE transition is approached. The eigenvector
fluctuations were studied via the probability distributions P(y)
of the absolute square of the eigenvector component y. For a
small increment in A, the variance o2 of P(y) changes sub-
stantially for small o?>/N. We also analyzed the transition of
variance o> with respect to the parameter A. For a*/N < N,
the transition curve of o deviates from the COE to CUE
curve. For o2 /N ~ O(N), the TRI to TRNI transition in eigen-
vectors is consistent with the COE to CUE transition. Again,
the speed of the transition in the eigenvector fluctuations is
higher for smaller values of o> /N below N.

A similar enhancement in the TRI to TRNI transition was
predicted by French er al. [42,43] in the context of a nu-
clear Hamiltonian. These authors modeled the TRI-preserving
and TRI-breaking parts of the Hamiltonian as m-particle
embedded-GOE ensembles with k-body interactions. In the
limit m >> k, the near-diagonal variance of the perturbation
matrix was seen to increase. This resulted in an enhancement
of the transition. However, a semiclassical treatment of this
enhanced transition remains an open problem.
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APPENDIX: TIME-EVOLUTION OPERATOR U/ IN
INFINITE-DIMENSIONAL POSITION BASIS

Consider the form of the operator ¢/ in Eq. (8). The ma-
trix elements of ¢/ in position basis {|q) : 6|q) = 6,]q)} are
given by

U,y = (qIB'*GB'?|q). (A1)

The position basis for the QKR is periodic (|g + 27) = |g)).
Then the orthonormality and completeness relations in the
position basis {|g)} can be defined as [44,45]

d
(lq') = 270 5°7(q — ¢, / Y@ =1. A2

(27) 21

where the superscript (27) on the § function indicates 27

periodicity. The integration for variable g is over a 2r interval.
Due to the periodicity of the position basis, the eigenval-

ues of the momentum operator are discrete, i.e., p|l) = [h|l),

I =0,+£1,+£2,.... The orthonormality and completeness re-

lations in the momentum basis are expressed as

l=00
Uy =s, Y III=T.

l=—00

(A3)

Further, the inner products between the basis vectors of the
discrete momentum basis and the continuous position basis
are defined as

(qlly = €"%, (llg) = e "%, (A4)

By using the completeness relations from Eqgs. (A2) and
(A3), the matrix element I, in Eq. (A1) can be written as

1 o0
Y B f / drdr'(qIB1r) I LIGIL')
" (2m)? ZOO en) Jen 1

=

x (I'lr'y(r'|B'?|q'). (AS5)

Here the continuous variables ¢, ¢/, r, and r’ label the position
basis, and the integers / and {’ label the momentum basis.

By using Eq. (7) for G in Eq. (A5) and simplifying the
expression using Eqs. (A2)—(A4), we obtain

=00
uqq/ — Bl/z(é’q)Bl/z(qu) Z e—iT(lﬁ—A)z/Zheil(Qq—gqr)' (A6)
[=—00
Further, recalling the definition of B from Eq. (6), the matrix
elements U/, take the form given in Eq. (9).
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