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Quantum counterpart of energy equipartition theorem for a dissipative charged magneto-oscillator:
Effect of dissipation, memory, and magnetic field
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In this paper, we formulate and study the quantum counterpart of the energy equipartition theorem for a
charged quantum particle moving in a harmonic potential in the presence of a uniform external magnetic field
and linearly coupled to a passive quantum heat bath through coordinate variables. The bath is modeled as a
collection of independent quantum harmonic oscillators. We derive closed form expressions for the mean kinetic
and potential energies of the charged dissipative magneto-oscillator in the forms Ek = 〈Ek〉 and Ep = 〈Ep〉, re-
spectively, where Ek and Ep denote the average kinetic and potential energies of individual thermostat oscillators.
The net averaging is twofold; the first one is over the Gibbs canonical state for the thermostat, giving Ek and Ep,
and the second one, denoted by 〈·〉, is over the frequencies ω of the bath oscillators which contribute to Ek and
Ep according to probability distributions Pk (ω) and Pp(ω), respectively. The relationship of the present quantum
version of the equipartition theorem with that of the fluctuation-dissipation theorem (within the linear-response
theory framework) is also explored. Further, we investigate the influence of the external magnetic field and the
effect of different dissipation processes through Gaussian decay and Drude and radiation bath spectral density
functions on the typical properties of Pk (ω) and Pp(ω). Finally, the role of system-bath coupling strength and
the memory effect is analyzed in the context of average kinetic and potential energies of the dissipative charged
magneto-oscillator.
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I. INTRODUCTION

Various generic phenomena from quantum physics such
as wave-particle duality, entanglement of states, decoherence,
the Casimir effect, quantum information, etc., demonstrate
that the quantum world is remarkably different from its classi-
cal counterpart. Still, several new events, properties, and their
way of acting need to be explored. In this context, one can
mention the quantum counterpart of the energy equipartition
theorem for classical systems [1–6], which is still open. The
equipartition theorem for classical systems states that the total
kinetic energy Ek is shared equally among all the energetically
accessible degrees of freedom at thermal equilibrium and is
given by kBT

2 per degree of freedom, with T being the tem-
perature of the system in contact with a passive heat bath (kB

is the Boltzmann constant). If one models the heat bath as
an infinite collection of harmonic oscillators at temperature
T , then one can show that the mean kinetic energy of the
bath per degree of freedom is also Ek = kBT

2 or Ek = Ek; that
is, both the system and thermostat have the same average
kinetic energy per degree of freedom—which is called energy
equipartition. This theorem can be regarded as universal in
the sense that it is independent of the number of particles
in the system, the nature of the potential force acting on the
system, the interacting force working between particles, and
the strength of coupling between system and the bath. Al-
though this classical result has been well studied and has been
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investigated for a long time [7–9], its quantum counterpart has
received attention only recently [1–6].

In the literature, one can find various investigations of the
energetics of quantum systems [10,11], the free energy of
a dissipative quantum oscillator [12–14], the formulation of
the quantum Langevin equation [15], and many other novel
aspects of quantum Brownian motion [16–23]. However, these
studies are not directly related to the quantum counterpart of
the energy equipartition theorem. Recently, there have been
some advancements in the articulation of the quantum analog
of the energy equipartition theorem [1–6]. It has been shown
that unlike the classical case, the average energy of an open
quantum system can be understood as being the sum of con-
tributions from individual thermostat oscillators (the bath is
modeled as an infinite collection of independent harmonic os-
cillators) distributed over the entire frequency spectrum. The
contribution to the mean energy of the system from bath os-
cillators lying in the frequency range between ω and ω + dω

is weighted by a certain probability distribution P (ω). Fur-
ther, this distribution function P (ω) is highly sensitive to the
microscopic details of the thermostat and coupling between
the system and the bath [2]. However, there is still room
for novel advancement in this direction. (a) In the present
paper, the effect of an external magnetic field and the impact
of quantum dissipation via Gaussian decay and Drude and
radiation bath spectral density functions on the distribution
functions P (ω) are carefully studied. (b) We explore the role
of the system-bath coupling strength and memory time in
the kinetic and potential energies, Ek and Ep, respectively, of
the charged magneto-oscillator. (c) In addition, we demon-
strate explicitly that this theorem can be derived from the
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fluctuation-dissipation relationship within the framework of
linear response theory. (d) Finally, our derivation is based on
the Heisenberg picture of the generalized Langevin equation
and the derived expressions for P (ω), which are highly depen-
dent on the generalized susceptibility of the system, which is
an experimentally measurable quantity.

For this purpose, we consider a paradigmatic model of
dissipative diamagnetism: a charged particle moving in a
harmonic potential in the presence of an external magnetic
field and coupled with a heat bath which is modeled as a
collection of infinite harmonic oscillators. The magnetic re-
sponse of a charged quantum particle has wide and important
relevance in Landau diamagnetism [24–28], the quantum Hall
effect [29,30], atomic physics [31], and two-dimensional elec-
tronic systems [32–35], to name just a few. The effect of
quantum dissipation due to the coupling with an infinitely
large collection of quantum harmonic oscillators was investi-
gated in a series of papers by Ford et al. from the point of view
of the quantum Langevin equation [36,37]. These authors not
only considered the diamagnetic response but also provided
a treatment for the free energy expression from which all
thermodynamic attributes can be evaluated. By considering
such a physically relevant model system, we not only bring
this problem to the arena of real three-dimensional systems
but also incorporate the effect of external magnetic field, the
impact of different forms of quantum dissipation (via several
spectral density functions of the bath), and the effect of a
higher number of spatial dimensions.

With this motivation, the plan of this paper is as follows.
In the next section, we consider the Langevin dynamics of
a three-dimensional quantum particle placed in a harmonic
trap with eigenfrequency ω0 and an external magnetic field
B. From its equation of motion, we compute the kinetic and
potential energies of the oscillator at large times and obtain the
corresponding exact expressions for Pk (ω) and Pp(ω), which
correspond to the probability distribution functions associated
with the mean kinetic and mean potential energies, respec-
tively, for an arbitrary passive heat bath. Following this, we
carefully analyze the behavior of these distribution functions
for a few different dissipation mechanisms and bring out the
effect of the external magnetic field in Sec. III. In Sec. IV, we
represent our average kinetic and potential energies in terms of
infinite series and present important insights about the average
energy of the quantum oscillator. We end with remarks in the
final section.

II. MODEL, METHOD, AND MEASURES

The system of interest is a three-dimensional quantum
harmonic oscillator of mass m and electric charge e placed
in a uniform magnetic field of strength B and is linearly
coupled through coordinate variables with a bosonic heat bath
that is composed of an infinite number of quantum harmonic
oscillators. Thus, the total Hamiltonian is given by

H =
(
p − eA

c

)2

2m
+ 1

2
mω2

0r2

+
∑

j

[ p2
j

2mj
+ 1

2
mjω

2
j

(
q j − c j

mjω
2
j

r
)2]

, (1)

where the symbols have their usual meanings with p =
(px, py, pz ) and r = (x, y, z). The usual commutation relations
between coordinates and momenta hold. The resulting equa-
tion of motion for the oscillator reads (see, for example, [15]
and references therein),

mr̈(t )+
∫ t

−∞
μ(t − t ′)ṙ(t ′)dt ′+ mω2

0r(t )− e

c
(ṙ × B) = F(t ),

(2)
where F(t ) is an operator valued random force (or quantum
noise) and μ(t ) is the dissipation kernel, which is, by con-
vention, defined to vanish for t < 0 in order to respect the
causality principle. Typically, the quantum noise is specified
by the initial conditions, i.e., {q j (0), p j (0)} on the bath oscil-
lators, making the process non-Markovian. For this particular
choice of uniform magnetic field and harmonic confining
potential, upon using linear-response theory by considering a
c-number generalized perturbing force f (t ) in addition to the
random force, one can solve Eq. (2) using a Fourier transform
to get [38,39]

r̃ρ (ω) = αρσ (ω)[ f̃σ + F̃σ ], (3)

where

αρσ = [λ(ω)]2δρσ − (ωe/c)2BρBσ − i eω
c λ(ω)ερσηBη

det[D(ω)]
, (4)

with

det[D(ω)] = λ(ω)[λ(ω)2 − (eω/c)2B2], (5)

λ(ω) = [
m

(
ω2

0 − ω2
) − iωμ̃(ω)

]
, (6)

r̃ρ =
∫ ∞

−∞
dteiωt rρ (t ), (7)

μ̃ =
∫ ∞

0
dteiωtμ(t ), (8)

and ερση being the Levi-Civita antisymmetric tensor. The
Greek indices stand for three spatial directions (i.e., ρ, σ, η =
x, y, z), and the Einstein summation convention is used. Fur-
ther, the Fourier transform of a dynamical variable is denoted
by a tilde. The memory function μ(t ) vanishes for nega-
tive times, and the c-number generalized susceptibility tensor
αρσ (ω) determines the dynamics of such a linear system in a
unique way.

We now introduce the symmetrized position autocorrela-
tion function, which can be obtained from the fluctuation-
dissipation relationship as follows [38,39]:

ψρσ (t − t ′) = 1

2
〈rρ (t )rσ (t ′) + rσ (t ′)rρ (t )〉

= h̄

π

∫ ∞

0
Im[αs

ρσ (ω + i0+)] coth

(
h̄ω

2kBT

)

× cos[ω(t − t ′)]dω

− h̄

π

∫ ∞

0
Re[αa

ρσ (ω + i0+)] coth

(
h̄ω

2kBT

)

× sin[ω(t − t ′)]dω, (9)

where αs
ρσ (ω) and αa

ρσ (ω) are the symmetric and antisym-
metric parts of the generalized susceptibility tensor. For
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definiteness, we now choose the direction of the magnetic field
to be the z direction in calculations throughout this paper. Due
to the cylindrical symmetry of the system, the only nonzero
elements of the generalized susceptibility tensor αs

ρσ (ω) are
αs

xx(ω), αs
yy(ω), αs

zz(ω), αxy(ω), and αyx(ω). The nonvanishing
elements are given as follows:

αs
xx(ω) = αs

yy(ω) = [λ(ω)]2

det D(ω)
, αs

zz(ω) = 1

λ(ω)
,

αxy(ω) = −αyx(ω) = −iω
e

c

Bλ(ω)

det D(ω)
. (10)

One can obtain the position autocorrelation functions (also
called dispersions) of the motions perpendicular and parallel
to the magnetic field B and use them to obtain the potential
energy of the system for t = t ′ at long times,

〈x2〉 = 〈y2〉 = h̄

π

∫ ∞

0
dωIm

[
αs

xx(ω + i0+)
]

coth

(
h̄ω

2kBT

)
,

〈z2〉 = h̄

π

∫ ∞

0
dωIm

[
αs

zz(ω + i0+)
]

coth

(
h̄ω

2kBT

)
. (11)

Next, differentiating Eq. (9) first with respect to t and then
with respect to t ′ and finally setting t = t ′, one may obtain the
expressions

〈ẋ2〉 = 〈ẏ2〉 = h̄

π

∫ ∞

0
dωω2Im

[
αs

xx(ω+ i0+)
]

coth

(
h̄ω

2kBT

)
,

〈ż2〉 = h̄

π

∫ ∞

0
dωω2Im

[
αs

zz(ω+ i0+)
]

coth

(
h̄ω

2kBT

)
. (12)

Exact relations of this kind can be found in Ref. [40], although
the notion of energy partition was not discussed there. These
expressions will allow us to compute the average kinetic and
potential energies at long times for the charged dissipative
oscillator placed in an external field, which are respectively
given by

Ek = m〈ṙ2〉
2

= m〈ẋ2〉 + m〈ẏ2〉 + m〈ż2〉
2

,

Ep = mω2
0〈r2〉
2

= m〈x2〉 + m〈y2〉 + m〈z2〉
2

. (13)

Consequently, they can be expressed conveniently as

Ek =
∫ ∞

0
Ek (ω)Pk (ω)dω (14)

and

Ep =
∫ ∞

0
Ep(ω)Pp(ω)dω, (15)

where Ek (ω) and Ep(ω) are given by

Ek (ω) = Ep(ω) = 3h̄ω

4
coth

(
h̄ω

2kBT

)
, (16)

which are equivalent to the average kinetic and potential en-
ergies of the three-dimensional oscillators of the thermostat.
Let us note that these average energies [Ek (ω) and Ep(ω)] are
obtained by averaging over the canonical ensemble (Gibbsian
distribution) of the thermostat so that the mean energy is equal
to the total energy of each thermostat oscillator and is given
by

E (ω) = Ek (ω) + Ep(ω) = 3h̄ω

2
coth

(
h̄ω

2kBT

)
, (17)

which is a well-known result from elementary statistical me-
chanics. Now, the expressions for the distribution functions
Pk (ω) and Pp(ω) can be straightforwardly expressed in the
following forms using Eqs. (11)–(16):

Pk (ω) = 2mω

3π
Im[αs

ρρ (ω + i0+)] (18)

and

Pp(ω) = 2mω2
0

3ωπ
Im[αs

ρρ (ω + i0+)]. (19)

For the present case in which we have taken the magnetic
field to be in the z direction, we can write Im[αs

ρρ (ω)] =
Im[αxx(ω)] + Im[αyy(ω)] + Im[αzz(ω)], with

Im[αxx(ω)] = Im[αyy(ω)] = 1

2m

[
ωRe[μ̃(ω)]/m{

ω2
0 − ω2 + ωωc + ωIm[μ̃(ω)]/m

}2 + {ωRe[μ̃(ω)]/m}2

+ ωRe[μ̃(ω)]/m{
ω2

0 − ω2 − ωωc + ωIm[μ̃(ω)]/m
}2 + {ωRe[μ̃(ω)]/m}2

]
(20)

and

Im[αzz(ω)] = 1

m

[
ωRe[μ̃(ω)]/m{

ω2
0 − ω2 + ωIm[μ̃(ω)]/m)

}
2 + {ωRe[μ̃(ω)]/m}2

]
. (21)

Here μ̃(ω) = Re[μ̃(ω)] + iIm[μ̃(ω)] is the Fourier transform
of the dissipation kernel μ(t ). Thus, using Eqs. (20) and (21)
for different dissipative environments, one can compute the
exact structure of the distribution functions Pk (ω) and Pp(ω)
in the closed form according to which the thermostat oscilla-

tors contribute to the average kinetic and potential energies of
the system. Although we are naively demanding that Pk (ω)
and Pp(ω) be the probability distributions according to which
the thermostat oscillators contribute to the average energy
of the dissipative charged magneto-oscillator, the function
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Pi=k,p(ω) is a probability density if and only if it is non-
negative and normalized on the interval (0,∞). One can
further demand from probability theory that a random variable
ξω exists for which Pi=k,p(ω) is the appropriate probability
distribution function. In the present problem, this random vari-
able can be interpreted as the eigenfrequency of thermostat
oscillators. In the thermodynamic limit for the bath, there
are infinitely many oscillators with a continuous spectrum of
eigenfrequencies which contribute to Ek and Ep according to
Pk (ω) and Pp(ω), respectively. In the two sections below, we
prove that the functions Pi=k,p(ω) are indeed nonnegative and
normalized in the interval (0,∞).

A. Nonnegativity of Pi=k,p(ω)

Let us first consider the nonnegativity of the distribution
functions Pi=k,p(ω). Following Ref. [38] (see Appendix C
therein), we can write the work done by an external c-number
arbitrary force f (t ) (besides the magnetic field) as

W =
∫ ∞

−∞
dt fρ (t )〈vρ (t )〉 = 1

2π

∫ ∞

−∞
dω f̃ρ (ω)〈ṽρ (−ω)〉,

(22)
where vρ (t ) is the velocity operator of the particle and the
external force f (t ) vanishes in the distant past and future.
The second equality of Eq. (22) is obtained using Parseval’s
theorem. We also know that ṽρ (ω) = −iωrρ (ω), ṽρ (−ω) =
ṽ∗

ρ (ω) (the reality condition), and r̃ρ (ω) = αρσ [ f̃σ + F̃σ (ω)].
Utilizing these relations, we can show that

W = 1

4π i

∫ ∞

−∞
dωω[αρσ (ω) − α∗

σρ (ω)] f̃σ (ω) f̃ ∗
ρ (ω)

= 1

π

∫ ∞

0
dωRe[μ̃(ω)]

∑
μ

|〈ṽμ(ω)〉|2, (23)

which implies W is a positive quantity consistent with the sec-
ond law of thermodynamics. Considering the fact that f̃ρ (ω)
is arbitrary and may be chosen to be a real and even func-
tion of ω and utilizing αρσ (ω) − α∗

σρ (ω) = 2iIm[αs
ρσ (ω)] +

2Im[αa
ρσ (ω)] [with αs

ρσ (ω) and αa
ρσ (ω) being the symmet-

ric and antisymmetric parts of αρσ (ω)] in Eq. (23), together
with noting that Im[αs

ρσ (ω)] is an odd function of ω, while
Im[αa

ρσ (ω)] is an even function of ω, we finally obtain

W = 1

π

∫ ∞

0
dωωIm[αs

ρσ (ω)] f̃ρ (ω) f̃ ∗
σ (ω). (24)

Hence, the positivity condition of W implies the
integrand of Eq. (24) must be positive for all ω,
i.e., Im[αs

ρσ (ω)] f̃ρ (ω) f̃ ∗
σ (ω) > 0 ∀ ω > 0. As a result,

Im[αs
ρσ (ω)] f̃ρ (ω) is positive definite for all ω > 0. Finally,

we demand that both ωIm[αs
ρσ (ω)] f̃ρ (ω) and

Im[αs
ρσ (ω)] f̃ρ (ω)

ω

are positive definite for all ω > 0. These results suggest the
positivity condition of Pi=k,p(ω). Next, we move to the proof
of the normalization of Pi=k,p(ω).

B. Normalization of Pi=k,p(ω)

Let us first consider the distribution function corresponding

to the potential energy, which is Pp(ω) = 2mω2
0

3π

Im[αs
ρρ (ω+i0+ )]

ω
.

Hence, we need to prove that
∫ ∞

0 dωPp(ω) = 1. Now,∫ ∞

0
dωPp(ω) = mω2

0

3

2

π

∫ ∞

0
dω

Im[αs
ρρ (ω + i0+)]

ω
. (25)

Next, we recall the following relation from Ref. [41]:

αρρ (iω) = 2

π

∫ ∞

0
dv

vIm[αρρ (v)]

v2 + ω2
. (26)

Setting ω = 0 in Eq. (26), we obtain for the symmetric part of
the generalized susceptibility tensor

αs
ρρ (0) = 2

π

∫ ∞

0
dv

Im[αs
ρρ (v)]

v
. (27)

Combining Eqs. (25) and (27), we get∫ ∞

0
dωPp(ω) = mω2

0

3
αs

ρρ (0). (28)

Thus, we observe that the problem of normalization of Pp(ω)
is converted to the condition of whether the equality αs

ρρ (0) =
3

mω2
0

holds or not. Now, we know that the symmetric part of the
generalized susceptibility tensor for our system is given by

αs
ρρ (ω) = [λ(ω)2 − (eω/c)2B2]

λ(ω)[λ(ω)2 − (eω/c)2B2]
= 1

λ(ω)
. (29)

But since λ(ω) = m(ω2
0 − ω2) − iωm̃u(ω), we have αs

ρρ (0) =
αs

xx(0) + αs
yy(0) + αs

zz(0) = 3
mω2

0
. This proves that Pp(ω) is

normalized.
Next, let us consider Pk (ω) = m

3
2
π
ωIm[αs

ρρ (ω + i0+)].
Since Im[αs

ρρ (ω + i0+)] is an odd function of ω, Pk (ω) is an
even function of ω. Thus, we can write

Pk (ω) = 2

π

∫ ∞

0
dtχ (t ) cos(ωt ) = χ̃FC (ω), (30)

which is nothing more than the Fourier cosine transform of
the response function χ (t ), while the inverse Fourier cosine
transform is defined as

χ (t ) =
∫ ∞

0
dωχ̃FC (ω) cos(ωt ). (31)

Setting t = 0 in Eq. (31) we obtain

χ (0) =
∫ ∞

0
dωχ̃FC (ω) =

∫ ∞

0
dωPk (ω). (32)

Now, from the initial value theorem of the Laplace trans-
form [42], we can write

lim
s→∞ sχ̃L(s) = lim

t→0
χ (t ) = χ (0). (33)

Further, taking a Laplace transform of Eq. (2), we can show
that

χ̃ (s) = ms[
ms2 + mω2

0 + (μ̃(s) + ωc)s
] , (34)

where ωc = eB/mc is the cyclotron frequency and B = Bẑ.
Thus,

χ (0) = lim
s→∞ sχ̃L(s) = lim

s→∞
ms2[

ms2+ mω2
0 + (μ̃(s)+ ωc)s

] = 1.

(35)
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This proves the normalization of Pk (ω). Starting from the
quantum Langevin equation of the paradigmatic model of dis-
sipative diamagnetism in the presence of a c-number arbitrary
force f (t ), we obtain the distribution functions Pi=k,p(ω) in
the framework of the linear-response theory. In the process we
use the fluctuation-dissipation theorem to establish a relation-
ship between the generalized susceptibility tensor Im[αs

ρρ (ω)]
and the probability distribution functions Pi=k,p(ω). This im-
plies that one can infer different properties of the quantum
environment, its coupling to a given quantum system, the
effect of dissipation, and the effect of external magnetic field,
which characterizes Pi=k,p(ω), by experimentally measuring
relevant quantities (like susceptibility) of the system using the
linear response of the system of interest against an applied
perturbation.

Note that we have not yet specified the exact functional
form of μ̃(ω), which depends on the particular dissipation
model being considered. In what follows, we shall consider
three different kinds of heat baths, namely, the Gaussian decay
and Drude and radiation baths, and investigate their impact on
Pi=k,p(ω) in the following section.

III. IMPACT OF DISSIPATION, MEMORY TIME,
AND MAGNETIC FIELD

It is well known from the classical equipartition theorem
that the average energy of a system equals kBT/2 per degree of
freedom, so that all the degrees of freedom contribute an equal
amount to the total average energy, which does not depend
on the frequency of the thermostat oscillators. On the other
hand, we observe that the average kinetic or potential energy
of an open quantum system receives contributions from the
bath degrees of freedom such that bath oscillators of various
frequencies subscribe to Ei=k,p with different probabilities.
Naturally, we will be interested to investigate which frequen-
cies contribute to the mean energy of the system more than
the others depending on the dissipation mechanism, external
magnetic field, and memory time. The influence of different
dissipation mechanisms can be investigated via specification
of the spectral density J (ω) of the bath or the dissipation
kernel μ(t ). In this section, we examine the properties of the
probability distributions Pi=k,p(ω) for a few different classes
of μ(t ).

A. Gaussian decay

We will begin with a dissipation kernel which decays as
a Gaussian (see, for example, [2]). To this end, we recall
the definition of the bath spectral function characterizing the
nature of the dissipative environment, which is related to the
dissipation kernel μ(t ) by the cosine transform,

μ(t ) = 2

π

∫ ∞

0

J (ω)

ω
cos(ωt )dω. (36)

For the present case, we take

J (ω) = mγ0ω

π
e−ω2/4ω2

cut , (37)

where γ0 is the friction coefficient which defines the coupling
strength between the system and the thermostat and ωcut is a
cutoff frequency scale. The associated dissipation kernel takes

the following form:

μ(t ) = mγ0√
πτc

e−(t/τc )2
, (38)

with τc = 1/ωcut being the timescale associated with the cut-
off frequency. It should be noted that in the limit ωcut → ∞,
the dissipation kernel reduces to that for the strictly Ohmic
or memoryless case. Thus, the larger the value of ωcut is (or
the smaller τc is), the closer we get to Ohmic dissipation.
There are two other control parameters defined by the con-
fining potential frequency ω0 and the cyclotron frequency ωc.
Since the imaginary part of the memory kernel vanishes, the
distribution functions Pk (ω) and Pp(ω) admit a rather simple
form. If we define w = ω/ω0 and other dimensionless pa-
rameters a = γ0/ωcut, ω̃0 = ω0/ωcut, and ω̃c = ωc/ωcut, then
these distribution functions can be greatly simplified, and they
can be expressed in the following dimensionless form:

P̃k (w) = 3πωcut

a
Pk (wωcut ) = w2e−w2/4F1(w) (39)

and

P̃p(w) = 3πωcut

aω̃2
0

Pp(wωcut ) = e−w2/4F1(w), (40)

where the function F1(w) is given by

F1(w) =

⎡
⎢⎣ 1(

ω̃2
0 − w2 + ω̃cw + aw×erfi

[
w
2

]
2

)2 + (
awe− w2

4

2

)2

+ 1(
ω̃2

0 − w2 − ω̃cw + aw×erfi
[

w
2

]
2

)2 + (
awe− w2

4

2

)2

+ 1(
ω̃2

0 − w2 + aw×erfi
[

w
2

]
2

)2 + (
awe− w2

4

2

)2

⎤
⎥⎦. (41)

The distribution functions are plotted in Fig. 1 for different
values of the rescaled magnetic field strength ω̃c. The plots
clearly demonstrate inhomogeneous contributions of ther-
mostat oscillators to Pi=k,p(ω) and there are most probable
values of P̃i=k,p(w) at which one can find the largest contri-
butions to the kinetic and potential energies of the charged
magneto-oscillator. One interesting feature which needs to
be highlighted is that as one increases the rescaled magnetic
field strength ω̃c, one finds an increase in the number of the
most probable values (up to a total of three). Clearly, upon
increasing ω̃c from 0.1 to 0.3, one can move from a single peak
to three distinct peaks. Thus, by tuning the external magnetic
field strength, one can control the most probable frequencies
w = wm, which make the highest contributions to the kinetic
and potential energies of the system. This is a unique feature
of the dissipative diamagnetic system.

We also present P̃i=k,p(w) as a function of the rescaled
frequency w of the thermostat oscillators in Fig. 2 for selected
values of the dimensionless parameter a = γ0/ωcut. We ob-
serve that the variation of a impacts both P̃k (w) and P̃p(w). As
we decrease γ0/ωcut = τc/τν , both probability distributions
P̃k (w) and P̃p(w) develop sharper peaks around the most prob-
able frequencies. Here, τν = 1/γ0 is the dissipation timescale
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FIG. 1. Variation of (a) P̃k (w) and (b) P̃p(w) as a function of rescaled thermostat oscillator frequencies w for a bath whose dissipation
kernel decays as a Gaussian with selected values of ω̃c while keeping ω̃0 = 0.5 and a = 0.2.

(classically, the time between collisions in Brownian motion).
This means that the smaller the cutoff timescale of the bath
gets with respect to the dissipation timescale, the greater the
contributions to the mean kinetic and potential energies from
the most probable frequencies are, while the other frequencies
become less important.

B. Drude dissipation

As a second example we consider the Drude dissipation
mechanism, which is described by the following form of the
bath spectral function:

J (ω) = mγ0
ω

1 + (ω/ωcut )2
, (42)

where γ0 is a constant with appropriate dimensions and ωcut

is a frequency scale characteristic of the specific thermostat.
Consequently, from Eq. (36), μ(t ) takes the following form:

μ(t ) = mγ0

τc
e−(t/τc ), (43)

where τc = 1/ωcut has dimensions of time and is a charac-
teristic timescale associated with the bath. One may note that
the memory function contains two nonnegative parameters, γ0

and τc. The first one signifies the coupling strength between
the system and the bath, while the latter provides a measure
of the timescale over which the open system demonstrates
dissipation memory or a non-Markovian nature. It is now

straightforward to compute the Fourier transform of μ(t ),
which reads

μ̃(ω) = mγ0ω
2
cut

ω2
cut + ω2

+ i
mγ0ωcutω

ω2
cut + ω2

. (44)

With these expressions, we can find the expressions for Pk (ω)
and Pp(ω) now. Upon defining w = ω/ωcut and the dimen-
sionless parameters a = γ0/ωcut, ω̃0 = ω0/ωcut, and ω̃c =
ωc/ωcut, the expressions for the distribution functions can be
made dimensionless as

P̃k (w) = 3πωcut

2a
Pk (wωcut ) =

(
w2

1 + w2

)
F2(w) (45)

and

P̃p(w) = 3πωcut

2aω̃2
0

Pp(wωcut ) =
(

1

1 + w2

)
F2(w), (46)

where F2(w) is given by

F2(w) = 1(
ω̃2

0 − w2 + ω̃cw + aw2

1+w2

)2 + (
aw

1+w2

)2

+ 1(
ω̃2

0 − w2 − ω̃cw + aw2

1+w2

)2 + (
aw

1+w2

)2

+ 1(
ω̃2

0 − w2 + aw2

1+w2

)2 + (
aw

1+w2

)2 . (47)

FIG. 2. Variation of (a) P̃k (w) and (b) P̃p(w) as a function of rescaled thermostat oscillator frequencies w for a bath whose dissipation
kernel decays as a Gaussian with selected values of a while keeping ω̃c = 0.5 and ω̃0 = 0.5.
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FIG. 3. Variation of (a) P̃k (w) and (b) P̃p(w) as a function of rescaled thermostat oscillator frequencies w for Drude dissipation with
selected values of ω̃c while keeping ω̃0 = 0.5 and a = 0.2.

The effect of an external magnetic field is quite remarkable on
both P̃k (w) and P̃p(w), which can be seen from Fig. 3. As a
matter of fact, for a nonzero magnetic field, the distribution
functions peak at up to three different frequencies. This is
in sharp contrast to the case in zero magnetic field (see, for
example, [2,3]), where both P̃k (w) and P̃p(w) peak at one
single frequency. We strongly emphasize the fact that just like
in the previous example, the existence of up to three peaks in
the distribution functions is not merely because the oscillator
is in three dimensions but is rather an effect due to the applied
magnetic field. More precisely, they come from the poles of
the susceptibility tensor.

FIG. 4. Variation of (a) P̃k (w) and (b) P̃p(w) as a function of
rescaled thermostat oscillator frequencies w for Drude dissipation
with selected values of a while keeping ω̃0 = 0.5 and ω̃c = 0.5.

In Fig. 4, we demonstrate the distribution functions
P̃i=k,p(w) as a function of rescaled frequency w for selected
values of a. The dimensionless ratio a = γ0/ωcut = τc/τν di-
rectly compares the dissipation timescale τν with the bath’s
characteristic memory timescale τc and has remarkable con-
trol over the overall behavior of the distribution functions
P̃k (w) and P̃p(w). We may observe that for small values of the
parameter a, or, equivalently, when τc is small with respect to
τν , the distribution P̃k (w) notably peaks around the three most
probable values. The contribution of higher frequency modes
is larger in P̃k (w). As a consequence we may infer that rapidly
vibrating thermostat oscillators contribute significantly to the
kinetic energy of the particle. It may further be verified (like
for the previous example) that for τc 
 τν , the probability
distribution function approaches three δ function peaks at
the three most probable (rescaled) frequencies w = wm. The
situation is quite different for large memory times where τc

is greater than or equal to τν (or large values of a) where the
distribution functions are flattened. This implies that a much
wider window of oscillator frequencies contributes to Ek in a
similar way. The basic features for P̃p(w) are the same as those
of P̃k (w). The only difference is observed for small memory
times for which the low frequency bath oscillators contribute
notably to the average potential energy Ep.

In general, we observe that the thermostat oscillators con-
tribute to Ek as well as to Ep in an inhomogeneous way. Three
optimal thermostat oscillator frequencies w = wm make the
largest contributions to Ek . A similar observation exists for
Ep, but in general these optimal frequencies are different from
those of the kinetic energy. The values of wm for Ek and Ep

are highly dependent on the system parameters ω̃c, ω̃0, and a.

C. Radiation bath

We now consider the third and final bath spectrum, which
is a radiation bath [12,13] for which we take the following
expression for μ(t ):

μ(t ) = 2e2�2

3c3
[2δ(t ) − �e−�t ], (48)

and correspondingly, the expression for μ̃(ω) reads

μ̃(ω) = 2e2ω�2

3c3(ω + i�)
= Mω�

(ω + i�)
, (49)
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FIG. 5. Variation of (a) P̃k (w) and (b) P̃p(w) as a function of rescaled thermostat oscillator frequencies w for a radiation bath with selected
values of ω̃c while keeping ω̃0 = 0.5.

where � plays the role of a cutoff frequency scale character-
istic of the bath and M is a rescaled mass given by M ≈ 2e2�

3c3

in the large cutoff limit (� → ∞). Subsequently, the real and
imaginary parts of μ̃(ω) are given by

Re[μ̃(ω)] = Mω2�

(ω2 + �2)
, Im[μ̃(ω)] = − Mω�2

(ω2 + �2)
. (50)

Now, substituting these into Eqs. (20) and (21) and upon defin-
ing w = ω/�, ω̃0 = ω0/�, and ω̃c = ωc/�, we can derive the
following dimensionless forms of the distribution functions:

P̃k (w) = 3π�

2
Pk (w�) =

(
w4

1 + w2

)
F3(w) (51)

and

P̃p(w) = 3π�

2ω̃2
0

Pp(w�) =
(

w2

1 + w2

)
F3(w), (52)

where

F3(w) = 1(
ω̃2

0 − w2 + ω̃cw − w2

1+w2

)2 + (
w3

1+w2

)2

+ 1(
ω̃2

0 − w2 − ω̃cw − w2

1+w2

)2 + (
w3

1+w2

)2

+ 1(
ω̃2

0 − w2 − w2

1+w2

)2 + ( w3

1+w2 )2
. (53)

The dimensionless distribution functions P̃k (w) and P̃p(w)
are plotted in Fig. 5 for different values of ω̃c. Once again,
we can notice that the increase in magnetic field changes
the single peaked P̃i=k,p(w) into a trimodal distribution. In
fact, as we increase the magnetic field strength, the low fre-
quency or slowly vibrating thermostat oscillators contribute
significantly to the kinetic and potential energies of the dissi-
pative magneto-oscillator. On the other hand, we plot P̃k (w)
and P̃p(w) in Fig. 6 for selected values of ω̃0. The resulting
distribution functions are typically trimodal in nature. As we
increase the values of ω̃0 (in other words, the confining poten-
tial frequency), the trimodal distributions move towards the
high frequency regime; that is, the high frequency bath oscil-
lator contribution to the average kinetic as well as potential
energy increases.

IV. AVERAGE KINETIC AND POTENTIAL ENERGIES
AS AN INFINITE SERIES

We have already demonstrated that the average kinetic
and potential energies of the charged dissipative magneto-
oscillator can be represented as follows:

Ek = 〈Ek〉 =
∫ ∞

0
dωEk (ω)Pk (ω),

Ep = 〈Ep〉 =
∫ ∞

0
dωEp(ω)Pp(ω). (54)

However, it is quite difficult and nontrivial to infer the de-
pendence of the average kinetic energy and potential energy
on the system parameters from Eqs. (54). We can represent
Eqs. (54) in the form of a series with the result being physi-
cally more intuitive. For instance, after performing the contour
integrations of Eqs. (11), one can obtain the equilibrium posi-
tion dispersion for the Drude model, and the average potential
energy can be written in terms of the bosonic Matsubara
frequencies νn = 2πn

h̄β
(with β = 1/kBT ) as

Ep = 3

2β
+ 2ω2

0

β

∞∑
n=1

An

A2
n + (ωcνn)2

+ ω2
0

β

∞∑
n=1

1

An
, (55)

where An = ν2
n + ω2

0 + νnγ0ωcut

νn+ωcut
and n = 1, 2, . . . . Thus, we are

able to represent the average potential energy in terms of an
infinite series, and some conclusions about Ep can be inferred
from this form. The first term in Eq. (55) is the classical
contribution, whereas the other two terms are of quantum
mechanical origin. Using the fact that γ (νn) > 0 and An > 0
for n � 1, all the terms under the sum are nonnegative, and
hence, one can say that 3kBT/2 is the lower bound of the mean
potential energy Ep. Therefore, the potential energy of a quan-
tum charged dissipative magneto-oscillator is always greater
than that of its classical counterpart. We observe that the terms
under the sum are rational functions of five characteristic
energies: kBT , h̄ωc, h̄ω0, h̄γ0, and h̄ωcut. One can find that the
numerator and denominator under the sum are the products
of the energy to the power of four terms, except the energy
term related to magnetic field h̄ωc. Thus, it is easy to show
that each term under the sum is a nonincreasing function with
respect to magnetic field because it occurs only in the denom-
inator. On the other hand, it can be demonstrated that partial
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FIG. 6. Variation of (a) P̃k (w) and (b) P̃p(w) as a function of rescaled thermostat oscillator frequencies w for a radiation bath for selected
values of ω̃0 while keeping ω̃c = 0.5.

derivatives of the terms under the sum with respect to γ0,
ωcut, and ω0 are nonnegative, and it follows that all terms are
nondecreasing with respect to these variables. Thus, one may
conclude that Ep is a nondecreasing function of γ0, ωcut, and
ω0 and a nonincreasing function of the magnetic field B. All
these properties are inferred straightforwardly from Eq. (55).
We plot the dimensionless potential energy Ẽp = βEp as a
function of the rescaled magnetic field ω̃c = ωc/ωcut in Fig. 7.
The dependence of the mean potential energy of the oscillator
on the external magnetic field is clearly demonstrated. As
anticipated, the mean potential energy of the oscillator is a
nonincreasing function of ωc.

FIG. 7. Variation of Ẽp = βEp as a function of the rescaled
magnetic field ω̃c = ωc/ωcut with (a) ω0/ωcut = 1, β h̄ωcut = 1 for
different values of a = γ0/ωcut and (b) γ0/ωcut = 1, β h̄ωcut = 1 for
different values of ω̃0 = ω0/ωcut .

Let us now move to the kinetic energy. The kinetic en-
ergy of the particle can be represented in a series form by
completing the contour integrations of Eq. (12), thus giving

Ek = 3

2β
+ 2

β

∞∑
n=1

An × Bn + (ωcνn)2

A2
n + (ωcνn)2

+ 1

β

∞∑
n=1

Bn

An
, (56)

where Bn = ω2
0 + νnγ0ωcut

νn+ωcut
. Since γ (νn) > 0, An > 0, and Bn >

0 for n � 1, all terms under the sum are nonnegative. There-
fore, the lower bound of the kinetic energy is 3kBT/2, and the
kinetic energy of the quantum charged magneto-oscillator is
always greater than that of the classical version. Once again,
kinetic energy is a function of the five characteristic energies
discussed above for the potential energy. But there is a major
difference between the potential energy and kinetic energy.
One may observe that all five characteristic energies appear
both in the numerator and denominator under the sum for the
kinetic energy. Thus, it can easily be shown that each term
under the sum is a nondecreasing function with respect to
all five parameters (ω0, ωc, γ0, ωcut, T ) related to the system
under consideration. To demonstrate the effect of the exter-
nal magnetic field, we plot the dimensionless kinetic energy
Ẽk = βEk versus the rescaled magnetic field ω̃c = ωc/ωcut in
Fig. 8. The fact that Ek is strongly influenced by the external
magnetic field and that it is a nondecreasing function of ωc is
clear from the plots.

V. CONCLUSIONS

Considering a paradigmatic model of dissipative dia-
magnetism, we formulated and investigated the quantum
counterpart of the classical equipartition theorem. Our model
system is quite well studied and is close to the realistic three-
dimensional dissipative diamagnetism [43,44]. However, un-
like most of the previous studies [1–6], we greatly emphasized
linear-response theory and the fluctuation-dissipation theorem
for this archetype model of dissipative diamagnetism which
is formulated in terms of the generalized quantum Langevin
equation for a charged oscillator moving under an external
magnetic field and interacting with a large number of inde-
pendent oscillators that form a thermal reservoir. As a result,
our investigation revealed that the quantum probability distri-
bution functions related to the average kinetic and potential
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FIG. 8. Variation of Ẽk = βEk as a function of the rescaled
magnetic field ω̃c = ωc/ωcut with (a) ω0/ωcut = 1, β h̄ωcut = 1 for
different values of a = γ0/ωcut and (b) γ0/ωcut = 1, β h̄ωcut = 1 for
different values of ω̃0 = ω0/ωcut .

energies are closely related to the generalized susceptibility
tensor, which is an experimentally measurable quantity. Thus,
our method opens up a way to study different aspects of open
quantum systems in an experimental setting. The quantum
probability distributions related to the quantum equipartition
theorem characterize the properties of the quantum environ-
ment and its coupling to a given quantum system, and hence,
they may be experimentally surmised from the measurement
of the linear response of the system to an applied perturbation,
for instance, electrical or magnetic. In particular, our model
system opens a pathway to investigate the influence of various
dissipation mechanisms, external magnetic field, the confining
potential strength, and the memory time on the average kinetic
energy Ek and potential energy Ep of the charged dissipative
magneto-oscillator in three dimensions. In this respect, we
have reinvestigated the recently formulated quantum law for
the partition of energy for dissipative diamagnetism in three
dimensions. We have shown that mean kinetic energy Ek

and the mean potential energy Ep of the dissipative charged
magneto-oscillator can be expressed as Ei=k,p = 〈Ei=k,p(ω)〉,
where (besides Gibbsian state distribution of thermostat oscil-
lators) a second averaging over the frequencies ω of the bath
oscillators is performed according to the probability distribu-
tions Pi=k,p(ω). The latter one is strongly influenced by the
dissipation kernel μ(t ), external magnetic field ωc, confining
potential ω0, and memory time τc.

Our primary focus has been to demonstrate the influence of
the form of the dissipation function (via the spectral density

function) and magnetic field on the characteristic features
of the probability density Pi=k,p(ω). For this purpose we
considered three (Gaussian decay, Drude, and radiation) dif-
ferent dissipation mechanisms which are relevant for the
dissipative diamagnetism. By considering variations of the ex-
ternal magnetic field, we have observed several basic features
of Pi=k,p(ω) for all three dissipation mechanisms, and they
can be summarized as follows: (i) For a sufficiently low mag-
netic field regime one can always find a bell-shaped probabil-
ity distribution Pi=k,p(ω). This implies that there is an optimal
oscillator frequency which makes the highest contribution to
the mean kinetic or potential energy of the dissipative charged
magneto-oscillator. Although the values of this optimum fre-
quency are highly sensitive to the parameters of the relevant
system, they are different for the kinetic energy and the po-
tential energy distributions. (ii) As we increase the magnetic
field, the single peaked distributions divide into trimodal dis-
tributions. With the increase in magnetic field, the trimodal
distribution Pp(ω) shifts towards the low frequency regime.

We have also investigated the influence of the coupling
strength γ0 on the shape of the distribution Pi=k,p(ω). For
large values of γ0 or strong dissipation, the probability
distribution functions Pi=k,p(ω) are usually flat in nature,
which implies all thermostat oscillators contribute in a rather
homogeneous way to the respective energies of the charged
magneto-oscillator. However, in the weak dissipation case (γ0

small) the distribution functions are noticeably peaked around
the three most probable values. The high frequency thermostat
oscillators contribute a much higher amount of energy to Ek ,
but the major contributions to Ep come from the slowly
vibrating thermostat oscillators for this weak dissipation case.
We considered the effect of memory time τc on the shape
of the relevant probability distribution functions. In general,
we find that if the memory time τc is short compared to the
dissipation timescale τν , the probability densities show three
pronounced peaks, whereas for a large τc the distribution
functions are almost flat.

To summarize, it should be noted that we have connected
the problem of the quantum law for energy partition with a re-
alistic three-dimensional system of dissipative diamagnetism
and related the probability distribution functions Pi=k,p(ω) to
an experimentally measurable quantity, i.e., the generalized
susceptibility tensor. As a result our method is a conceptually
simple yet very powerful tool for the analysis of quantum
open systems. We hope that our work will stimulate further
successful applications in this active area and that the present
method will open new doorways of experimental verification
of this quantum equipartition theorem.
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