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Bootstrapping time correlation functions of molecular dynamics
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Molecular dynamics is often considered as a numerical experiment. The error bars on the results are therefore
mandatory, but sometimes difficult to determine and computationally demanding. As a low-cost approach, we
describe the application of the bootstrap (BS) method to the quantification of uncertainties pertaining to the time
correlation functions. We chose the autocorrelation functions of velocity and interdiffusion current for a binary
ionic mixture as a test bed, and we assessed the merit of the Darken approximation relating both of them. The
intrinsic errors related to phase space sampling is investigated comparing the BS method with the reference
method of replica. We also study how the BS method can assist in addressing the finite-size effects.
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I. INTRODUCTION

Molecular dynamics is one of the most realistic simula-
tion tools available to study the behavior of matter. Since its
inception in the 1950s, with the high computing power of
the new electronic devices, it has laid down new perspectives
for the advancement of science [1]. Nowadays, this method
reaches a mature state with still ongoing research and devel-
opments. This is accompanied by an emerging plea to take full
advantage of statistical methods to quantify uncertainties of
simulation results [2—11]. Such error analysis becomes a crit-
ical issue to advance progress in the theoretical framework as
well as in the applications of the method. This is a particularly
acute issue for transport coefficients in the extreme conditions
met in inertial confinement fusion (ICF) experiments [12], but
a proper account of uncertainties could also be beneficial to
the modeling of equation of state [13].

Actually, the quantification of uncertainties is more nu-
merically demanding for dynamical quantities, like transport
coefficients and sound speed, than for static quantities, like
pressure and energy. Indeed, the static properties are related to
average of the instantaneous values of observables, whereas
the dynamical quantities are related to their time correlation
functions. This dichotomy is not always the rule when en-
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tropy is computed from the velocity correlation function, for
instance [14-16].

The time correlation functions of molecular dynamics
simulations incorporate the relaxation of fluctuations around
equilibrium, as if they were small external excitations of the
system. Their analysis gives access to the preferential modes
of excitation of the system such as sound waves [17]. The
fluctuation-dissipation theorem also allows us to relate some
of these functions to the transport coefficients of the hydrody-
namic equations [18].

It is computationally demanding to quantify the uncertainty
on these time correlation functions, since the estimate based
on grouping time sequences by blocks and performing a statis-
tical analysis of the deviations between blocks requires very
long duration of the simulation [19,20]. Within this “block
averaging” method [21,22], the blocks can also be replaced
by several simulations, considered as “replica,” starting with
different initial values to enhance the sampling of phase space.
This requirement of long simulation and/or several replicate
simulations is even more challenging for costly ab initio sim-
ulations, where the potential energy surface is recomputed at
each time step.

Besides the need to sample thoroughly phase space, the
molecular simulations also face an issue of finite-size effects
due to the practical limitation on the number of atoms to
evolve in the simulation box. This is particularly acute in
critical-point conditions [23]. When periodic boundary condi-
tions are used as a remedy to approximate the thermodynamic
limit of large number of particles, artifacts incompatible with
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a fluid behavior may appear [24]. Furthermore, spatial length
scale of correlation can also be squeezed in a too small simu-
lation box [9,25]. To our knowledge, the only way to control
the finite-size effect is to perform simulations with larger and
larger number of atoms. Since this solution can become pro-
hibitively costly, extrapolation procedures have been proposed
with more or less success [24,26-31].

As a less expensive alternative to the computationally ex-
pensive quantification of uncertainty related to phase space
sampling, we investigate in this paper the bootstrap (BS)
method [32,33]. It is very simple to implement as a postpro-
cessing. With only one single simulation, it provides the poor
man’s tool to begin with. For ab initio simulations, it might
be the only path to uncertainties quantification at a reasonable
cost. As compared to other methods, the bootstrap approach
is a very economical and fast way to estimate the error bars,
providing the metric to investigate finite-size effects.

The BS method is based on resampling without adding new
information. To approximate the sampling distribution of a
statistic, one gets “surrogate population” by resampling with
replacement from the sample data at hand, creating a large
number of synthetic samples known as bootstrap samples.
The sample summary (mean value of some observable, for
instance) is then computed on each of these BS samples. The
histogram of the set of computed values is the bootstrap distri-
bution of the statistic. This approach to uncertainty quantifica-
tion makes no assumption about the particular statistic of the
observable of interest, apart for independence of the samples.

Since the BS method assumes that the sample data are
uncorrelated, it needs some adaptation when applied to time
series, such as the time correlation functions of molecu-
lar dynamics. In this paper, we adapt to the autocorrelation
functions (ACFs) of molecular dynamics the scheme of
moving-block bootstrap [34,35], where the resampling is per-
formed on blocks of consecutive data, in order to preserve the
underlying structure of correlation.

BS technics is rarely applied in the context of molecular
dynamics for the properties of systems in thermodynamic
equilibrium. Only recently its efficiency was probed by Cry-
sup and Shanbhag [36] for the self-diffusion coefficient as
obtained from the mean square displacement, according to
Einstein’s relation [18]. To our knowledge, a bootstrap analy-
sis of time correlation functions has not yet been performed.
The uncertainty pertaining to their determination by molec-
ular dynamics is often estimated according to Zwanzig’s
analysis [7,9,37] under the assumption that the observable
follows a Gaussian process.

In this paper, we assess the merit of the BS method at
providing with reasonable numerical resources some reliable
estimates of error for the interdiffusion current autocorrela-
tion function (JACF) and the velocity autocorrelation function
(VACF) giving respectively the mutual diffusion and the
self-diffusion coefficients in the Green-Kubo formalism [18].
The former is an essential transport property for the hydro-
dynamic modeling of mixing layers between two different
media, with numerous applications in technology [38], ICF
[39,40], and astrophysics [41]. The latter is useful in obtaining
approximation to the mutual diffusion through the Darken
relation [42,43], which relates this coefficient solely to the
self-diffusion coefficients of each component in the mixture.

This approximation is tested in many recent papers [44-49] as
a robust estimate.

As an illustration of the BS method, we chose to reproduce
the results obtained by Hansen, Joly, and McDonald [50] in
1985 for a binary ionic mixture (BIM) of ionized hydrogen
and helium. Since the Darken relation can be derived by ne-
glecting all cross-correlations between different atoms, there
is a relation between the JACF and the VACFs, that Hansen
et al. tested in three situations of weak, intermediate, and
strong correlations among the ions. These correlations are
quantified by only one dimensionless coupling parameter I,
which gives the magnitude of the Coulomb potential energy of
neighboring particles relative to their kinetic energy, defined
later. Interestingly, the Coulomb potential is the power-law
interaction with the longest range exacerbating the possibility
for the large spatial correlations not to accommodate within
the finite size of the simulation box. For potentials with shorter
range, cooperative effects lead to hydrodynamic-like interac-
tion that are also long-range [51]. Nowadays, it is possible
to perform many replica simulations in order to investigate
how the BS method is efficient at providing error estimates. It
is also possible to increase the number of atoms used in the
study of Hansen et al. to evaluate finite-size effects and the
convergence to the thermodynamic limit using BS errors. This
investigation can serve as a reference for extrapolating the
efficiency of the BS method to more numerically demanding
ab initio simulations.

We first recall the basics, the definition of the VACF and
the JACF, and the method of replica in Sec. II. This serves
to introduce the correlation time of ACF and how it is used
in the partition of the simulation into uncorrelated sequences.
The application of the BS method to the ACFs of molecular
dynamics is described in Sec. III with specific issues for the
average in time and the influence of particles. Our molecular
dynamics simulations of the BIM are described in Sec. 1V,
and the results of our analysis in Sec. V.

II. THEORY
A. Zwanzig’s analysis of ACF

For the sake of completeness, and to introduce the concepts
and notations, we recall Zwanzig’s analysis [7,9,37] of the sta-
tistical uncertainty quantification for ACF under the Gaussian
process approximation.

Consider a dynamical variable a(#) whose evolution in
time is given by molecular dynamics. In classical statistical
mechanics, its time correlation function C(¢) is defined as

C@t) = {a(s)a(s +1)), )

where the average denoted by () is an ensemble average
over an equilibrium distribution of initial system points in
phase space. According to Liouville’s theorem, C(¢) does not
depend on the arbitrary time origin s [18].

When using only one molecular simulation, the ensemble
average is replaced by a time average under the ergodic as-
sumption

C@t) = lim Cr(t), (2a)

T —tmax
Cr(t) = T—;/o dsa(s)a(s+1),  (2b)
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where fy,,x is the maximum time lag one wants to compute,
for which C(tyx) =~ 0. In the time average, the limiting factor
to convergence is the duration 7 of the simulation.

When the duration T of a simulation is not long enough to
completely sample the phase space, the ACF is estimated with
aresidual error €7 (7) given by

er(t) = Cr(t) — C(),
1 T

=?/ dsla(s)a(s +1) — (a(s)a(s + D). ()
0

where the invariance of C(¢) with the time origin s has been
used, and we redefine the duration (7' — ;) to T for the sake
of readability. The ensemble average of this deviation van-
ishes, (er(t)) = 0, but its second moment gives the standard
error oy (¢) in the estimation of C(¢)

o7 (t) = (e (1)). (4)

This variance involves computing a fourth-order correla-
tion function of a(t) since

1 T T
o7 (t) = ﬁ/ dsy / dsy [{a(sy) a(sy +1t)a(sy)a(sy +1))
0 0

— (a(s1) a(s1 +1)){a(s2) a(sz +1))]. (&)

Zwanzig and Ailawadi [37] proposed to assume that the
observable a(¢) follows a Gaussian process to simplify
the expression of the standard error o7 (¢). Indeed, in this
case, a fourth-order correlation is given by second-order
correlations according to (aja;aszas) = (a) az) (azaq) +
(a1 a3) (ar as) + (a1 a4) (a» a3). Since the second-order cor-
relations are nothing else than the ACFs, C(t), which are
independent of the time origin, it is possible to perform one
of the two integrations with the change of variable s = s, — s
giving rise to the following approximation to o7 (¢), using the
subscript “Z” for Zwanzig:

T
a%(t):%/o ds[C*(s)+C(t +5)C(t —s)], (6)

where the parity of the integrand has been used. The estimator
of the standard error oz(#) can be evaluated by using Eq. (6)
with the ensemble average C(¢) replaced by the time average
Cr(t) obtained in the molecular simulation at hand.

Zwanzig and Ailawadi [37] defined a mean relaxation

timescale T by
+00 CZ(S)
’ /0 0 @

and concluded that the standard error o7 (¢) is proportional to
/2t /T. Indeed, for T chosen high enough, it varies from
V2t /TC0) at t =0 to /t/T C(0) at t =T according to
Eq. (6). The defining equation (7) of 7 is an exact result if
the ACF decays exponentially as exp(—¢/t). We shall use it
in the numerical analysis of molecular dynamics simulations.

Zwanzig and Ailawadi [37] also evaluated the standard
error &7(t) of the ACF, Cr(t), normalized by its value at null
time lag Cr(0), with the use of the time average instead of the
ensemble average C(0) = (a(s) a(s))

Cr(t)
Cr(0)

Cr(t) = ®)

They showed that this standard error &7 (¢) is greatly reduced
as compared to o7 (t) for the ACF values at short time range.
They proposed the following approximation to &7 (¢):

520y~ 2% |1
"Z()N_[ N0

T ©))

In obtaining this result, the main approximation is to replace
C7(0) by C(0) + €7(0) in order to Taylor-expand the denom-
inator of Cr(¢) to first order in €7 (0)/C(0).

One could argue that no gain in accuracy is obtained by
the latter estimator, Cr(¢), unless a better estimate of C(0)
than C7(0) is available. Nevertheless, this partition of the
uncertainty between Cr(0) and Cr (¢) is useful if an analytical
fit of Cr(t) is required as is often the case to compute transport
coefficients from the integral in time of ACFs following the
Green-Kubo formulas [11]. Indeed, this time integral suffers
from propagation and accumulation of errors [9], which can
be alleviated using Cr(¢) instead of C(¢) to find an appropriate
fit to the ACF.

B. Uncorrelated sequences

The ACF obtained by time average, Cr(t), can be given
a more practical expression that emphasizes the role of the
correlation time 7, Eq. (7) [11],

s
Crt) = — a(sy) alsg +1),
iy 2
si=k-—-1Dart, (10)

where the possibility is open to omit the values of time origin
s, which are redundant due to correlation.

The parameter « is the number of correlation times T
between consecutive time origins, s; and sy . It controls how
the molecular dynamics trajectory is partitioned into more
or less independent sequences. Apart from the time savings
afforded by this reduction in time origins to use, it is important
to realize that, if the value of « is too low, the redundant time
blocks do not bring information, whereas, if it is too large,
some information is missing in the time average. We shall see
in Sec. V B that the best compromise is given by &« = 1 when
a benchmark is done against the replica method.

The number My of time origins s; depends on the ratio
between the duration 7' of the trajectory and the lag, equal
to « T, between them, but it depends also on the largest time
value f,,x for which the ACF Cr(t) is computed, otherwise
(Sm; + tmax) may exceed the total duration 7. It is practical to
introduce a parameter 8 by fmax = B 7. It controls the loss of
correlation where Cr (tnax) =~ 0. It should exceed at least 4 t.
In this study, we adopt the conservative choice of § = 157.
In Fig. 1 a scheme shows the partition of the duration of the
simulation into a sequence of time origins, and explains why
the value of M7 must fulfill the following constraint:

oMr—1)+B8<T/t <aMr+B. (11D

C. Replica sampling

A reference value of the standard error o (¢) can be ob-
tained by an ensemble average over R replicate simulations.
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FIG. 1. Positions of the time sequences of duration Bt used
in the calculation of the ACF. The successive time origins s; are
separated by 7. The last time sequence verifies sy, + 8t < T and
Suy + Bt +at > T, where T is the duration of the simulation.

For each replicate simulation (r), a new value of the ACF is
computed

My
r 1 r r
C0 == a0 a s +1),
T k=1

si=(k—-1Dar. (12)

The distribution of replicas is characterized by its mean
C}R)(t) and its variance a,%(t) given by

R
CP) = 1% > o, (13a)
r=1
> L oo R®) (]2
ox() = 57— Yo -cP®].  a3b)

r=1

As the number R of replicas increases, the convergence of
phase space sampling improves and C;R)(t) tends to the
ensemble average C(t), while the standard deviation over
replicas og(t) divided by ~/R approaches the standard devi-
ation of the mean C(¢). In this limit of large number R of
replica, og(?) tends to the intrinsic error o7 (¢) on each replica
simulation due to the finite duration T of the simulation

or(t) = lim ox(t). (14)

To a given value of the parameter ¢, corresponds a partition
in time origins, and Eq. (14) provides the corresponding error.
In Sec. VB varying « unveils the partition into uncorrelated
sequences that leads to the lowest error without redundancy.

D. Velocity and interdiffusion current ACFs

We shall focus our investigation on two qualitatively differ-
ent dynamical variables a(¢) of a binary mixture: the velocity
me)(t) of each particle i of the component m as an individual
property of the particles, and the interdiffusion current J(r)

between the two components as a collective property of parti-
cles. A time correlation function is defined for each spatial
component vl.(f() and J, with x standing for the Cartesian
coordinates x, y, z:

Cyom (1) = (0" () v} (5 + 1), (15a)
Cr, (1) = (Jy () I (s + 1)), (15b)
with
Jy = —= iy = ] (150)
VN
where
Nin
Ty = 0. (15d)
i=1

Here the binary mixture contains N; atoms of one species and
N, atoms of the other species. Each species has an atomic con-
centration x,, = N,,/N, with N = N; + N,. The factor 1//N
ensures that Cy, (¢) does not scale with N [52].

In a fluid, the isotropy can be exploited to reduce fluctua-
tions by averaging over the directions [11]

Cyn(®) = 3[Con(®) + Cyon (1) + Con ()], (162)
Cy(1) = 5[C, (1) + Cp, (1) + CL(D)].

The mutual diffusion coefficient is given by the Green-Kubo
relation [18]

(16b)

oo

D=7 ["arcu, (17)

X1X2 Jo
where 7 is a thermodynamic factor

9%(G/NkgT)

, 18
37n (18)

P,T,N

J = x1x2

where T is the temperature (kg, Boltzmann constant), P the
pressure, and G the Gibbs free energy of the mixture. This
factor expresses the fact that diffusion is driven by the gradient
of chemical potential, and that this gradient is driven by the
gradient of atomic concentration. Other sources of diffusion
include chemical potential gradients induced by temperature
and pressure gradients [53].

At contrast to the interdiffusion current ACF, the velocity
ACEF can be further averaged over the particles

m

N,
1
Cyn (1) = N ;CVIW) (). (19)

This VACF is then used to compute a characteristic self-
diffusion coefficient D,, of each component, using the
Green-Kubo relation [18]

Dm - / dt Cv(m) (t). (20)
0

At this stage, it is worthwhile noting the different way
the numbers N,, of particles enters the calculation of the
self-diffusion and mutual diffusion coefficients, D,, and Di,.
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It is often stated that the VACEF, respectively D,,, is more
accurately determined than the JACF, resp. D,, due to the
average over N, particles, with a statistical error reduced by
a factor 1/4/N,,. This is warranted only if the trajectories
of the particles are uncorrelated. Unfortunately, the interac-
tions among the particles create such correlation, and the gain
in accuracy is not obvious as demonstrated by Kim et al.
[7]. Moreover, an accurate determination of these coefficients
using molecular dynamics simulations presupposes that the
thermodynamic limit is reached, i.e., that the results do not
vary as N increases with N/V constant, where V is the volume
of the system.

Using the BS method, we shall see in Sec. VB and V C that
the VACF is indeed far more accurately determined than the
JACF. We shall also investigate in Sec. V C how bootstrapping
over the time origins and the particles provides a metrics to
assess the convergence toward the thermodynamic limit as the
number of atoms increases.

III. BOOTSTRAPPING

The BS method is applied whenever a complete explo-
ration of the statistic is impractical. It provides information
on the statistic from a limited sample of data. In this paper,
we apply it to a single molecular dynamics simulation, and
try to assess its merit as compared to more expensive ap-
proaches, which use many replica simulations with different
initial conditions to improve the sampling of phase space, or
simulations with larger and larger number of particles to get
rid of finite-size effects and reach the thermodynamic limit.

Since phase space sampling encompasses the trajectories
of every particle, a complete quantification of uncertainties is
obtained by a simultaneous BS in time and particles. From the
distribution of BS samples of an ACEF, its uncertainty can be
quantified as well as the uncertainty of any functional of this
ACEF, in particular, the transport coefficient given by its time
integral.

A. Bootstrapping time origins
Bootstrapping the values of time origin s; allows one to
preserve the underlying correlation of the time series a(t) in
the spirit of the moving-block BS method [34,35]. A number
B of BS samples is generated by drawing with replacement
M7 time origins s,(f’) from the original set. Each BS sample (b)
is used to compute a new value of the ACF

My

1
Pt =— Z a(sP)a(s? +1),
Mr i3
sk=k—-Dar. (21

The BS distribution is characterized by its mean C}B)(t) and
its variance o (t) given by

B
C}B)(t) = é ZC}b)(t), (22a)
b=1
1 5 2
ol(1) = 5T Yo —cPo].  (2b)
b=1

As the number B of BS samples increases, the bias between
C;B ) (t) and Cr (¢) is expected to vanish, while the BS standard
deviation op(¢) approaches the standard error o7 (¢). We shall
see in Sec. VB that this is warranted only for values of «
greater than unity that exclude correlated sequences.

B. Bootstrapping particles

Bootstrapping the particles allows one to estimate the in-
fluence on the ACFs of the limited number of particles in the
simulation. Doing so, we address several interrelated ques-
tions: how do fluctuations among the trajectories of particles
affect the average over N,, individual VACFs to produce a
global VACF, Eq. (19)? How do they affect the collective
variable J, Eq. (15d), and as a consequence the JACF? Are
there significant artifacts due to the periodic boundary condi-
tions? At constant density, is the number of particles enough
to get a large enough simulation box to accommodate all the
correlation length scales? The brute-force approach to tackle
globally these issues is to perform simulations with increasing
number of particles and to monitor the convergence of the
ACFs. We shall see in Sec. V C that the BS method provides
a metrics to answer these questions.

A number B of BS samples is generated by drawing with
replacement N particles from the original set. Each BS sample
(b) is used to compute a new value C®(t) of an ACF C(¢).
The BS distribution is characterized by its mean C®(¢) and
its variance o3 (¢) given by analogs of Eqs. (22a) and (22b).

In the case of the VACF, C = Cyu», the BS method provides
an estimator of the mean, since according to Eq. (19) the
VACEF is the average of N, individual VACFs of each atom of
species m. As the number B of BS samples increases, the bias
between C‘(f)) (t) and Cyn (t) is expected to vanish, while the
BS standard deviation o(t) is a measure of the fluctuations
among the particles present in the simulation box.

In the case of the JACF, C = Cy, the BS method is no
longer an estimator of the mean, and the expectation of this
estimator C;B)(t) does not coincide with Cy(z). In order to
interpret its variance og(t) as a measure of the fluctuations
among the particles, it is necessary to renormalize each BS
sample by a factor which restore the correct expectation.

To illustrate the difference between individual and col-
lective correlations, and explain how the bootstrap method
is adapted in each case, we consider a simplified situation
corresponding to a set of N independent random variables x;
of vanishing expectation and equal variance o2,

E(x) =0,

E(xixj) = 0'2 8,‘.]'.

(23a)
(23b)

This last assumption of independence of the random variables
x; amounts to neglect cross-correlations between different
particles. This is the very hypothesis leading to the Darken
relation.

The correlation function of an individual variable is repre-
sented by the summation S, of the square random variables

N
A\

Il
&

(24)
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whereas the correlation function of a collective variable is
represented by the square of the summation S; of the random
variables

N 2
52 = [Z xi] . (25)
i=1

The expectation values of S and S? are the same in this
oversimplified example:

E(S)=E(S}) =No". (26)

The goal of the bootstrap method is to provide a simple and
economical way to estimate the variance of S, and Sl2 by
sampling with replacement the random variables x;. This gives
rise to a distribution of bootstrap samples whose expectation
and variance are expected to approximate those of S, and S%.

Selecting bootstrap samples can be represented by a set of
independent random variables /; with values ranging from 1
to N, and equal probability

1
Pl =j)= N 27)

Here i is the index of the selection of one particle, i =
1,...,N, and j is the index of the picked particle, j =
1,...,N.
When bootstrapping, the quantity S, is represented by
N
b= Y
i=1

(28a)

and the quantity S% by

N 2 N N
B% = |:le1.:| = Z lei .X1j.
i=1

i=1 j=1

(28b)

Since the random variables /; are independent, it is advanta-
geous to separate the diagonal terms from the others in the
above double sum, leading to

N N N
B% = Zx,z + Z Z Xp Xy«
i=1 i=1 j=1,j#i

For the quantity B,, associated with correlation functions

of individual variables, the bootstrap method provides an es-

timation for the error of the mean. In particular, it is assumed

that there is no bias between the expectation values of B, and
S,. Indeed, in the present simple case,

(28¢)

N
E(By) =} E(x}), (29)
i=1
with, according to the law of total expectation,
N
E(x}) =Y E(x}|; = k) PU; = k), (30)
k=1

where E (x} |I; = k) = E(x) = o is the conditional expecta-
tion of x,zi knowing that the value of I; = k. Therefore

N
E(x)=Y_o’PUi=k) =0’ 31
k=1

and
E(By) = No? = E(S,). (32)

The situation is different for the quantity B2, associated
with the correlation functions of collective variables, where
the expectation value E (B%) is different from E (Sf). A cor-
rection to this bias involves scaling each bootstrap sample by
the following factor:

(33)
with

N N N
EBD =) E(x)+>Y_ > E@x) (34
i=1

i=1 j=L.j#i

The first term on the right-hand side is equal to E(B;). To
compute the second term, we apply again the law of total
expectation

N N
Eo) =Y ) ECoxll =k 1j =D

k=1 I=1
xP(I; = k)P(I; = 1), (35)

using the independence of the random variables /;. Again, the
conditional expectation can then be evaluated,

E(xyll =k 1 =1) = E(qx) =084,  (36)
leading to
N 2

EGyx) =Y 0P = HPU; = k) = % (37)
k=1

and the final expression
E(B})= (2N —1)o”. (38)

The scaling factor f5 = N/(2N — 1) tends to the value of 1/2
as N increases.

The calculations corresponding to the interdiffusion cur-
rent ACF follow the same line of arguments, leading to a
scaling factor

_ XNyo} + XN o}
3 (2N — Dol + x} (2N, — 1)o3’

/B (39)
which also tends to 1/2 as N; and N, increase.

Although the correlations between the atoms in the simu-
lation are more intricate than in the preceding derivation, the
ratio between C}B )(t) (computed without the renormalization)
and Cy(¢) leads to the same value of 1/2.

IV. BIM SIMULATIONS

As a test bed to the BS method, we chose a binary mixture
of ions in Coulomb interaction.

A. BIM system

The binary ionic mixture (BIM) model is an extension
for mixtures of the one component plasma (OCP) model.
The OCP is the simplest model of a Coulomb system, that
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consists of a single species of ions immersed in a neu-
tralizing background of electrons [54—58]. This corresponds
to a limiting case of real matter under the extreme condi-
tions of white dwarfs interiors [59], for instance, where the
electrons are fully degenerate. Although this model is an over-
simplification when electrons pile up around ions, an effective
OCP can still be defined to serve as a prototype similar to
the hard-sphere model in the theory of simple liquids [58].
Since its properties are either analytical or tabulated, it is
used as a practical representation of Coulomb coupling in
many situations encountered in hot dense plasmas. Its static
and dynamical properties depend on only one dimensionless
parameter, the Coulomb coupling parameter I,
2
= Q , (40)
kBT a

in atomic units, where a = (4rn/3)~'/3 is the Wigner-Seitz

radius, n is the ionic density, Q is the ionization, and T is
here the temperature. As I' increases, the OCP transits contin-
uously from a nearly collisionless, gaseous regime for I' < 1
to an increasingly correlated, liquidlike regime when I' 2> 1,
up to the Wigner crystallization near I' = 175.

The modeling of the BIM introduces three additional pa-
rameters: the atomic concentration x; (x, = 1 — x1), the mass
ratio M, /M, and the charge ratio Q,/Q;.

There is a practical OCP system of units. Using the
Wigner-Seitz radius a as the length scale, a natural timescale
is the inverse of the plasma frequency wp, defined in atomic
units by

4mn Q?

w
where M is the mass of ions. Indeed, Newton’s equations of
motion are then independent of the mass M and the charge Q.
Moreover, the density n = 3/4m is constant and the temper-
ature T = 1/3I" is a measure of the coupling. In these OCP
units, all properties depend only on the Coulomb coupling
parameter I" (see Appendix A for details).

For the BIM of hydrogen (H) and helium (He), we adopted
the plasma frequency wp computed with the mass M; and the
charge Q1 = 1 of H, leading to Newton’s equations of motion
parameterized by I', M /M| = 4, and Q,/Q; = 2.

(41)

2 _
wp =

B. Molecular dynamics

The simulations comprise Ny H ions and N, He ions in a
cubic box periodically replicated in all directions. The initial
particle positions are on a body-centered cubic lattice. Their
initial velocities are assigned randomly from a Maxwell-
Boltzmann distribution at the desired temperature.

In a microcanonical (NVE) simulation, at constant energy
E, the particle trajectories are determined by solving New-
ton’s equations of motion with the velocity Verlet integrator
[60]. Since the range of the Coulomb interaction is larger than
the simulation box, the force on each ion needs to include
its interaction with the ions in the simulation box and in the
periodically replicated cells. To this end, it is calculated using
the Ewald summation technique [21].

Two thermostats are used: a simple velocity scaling is
first performed at every time step of the equilibration phase

TABLE I. Conditions of molecular dynamic simulations: I' is
the coupling parameter, Ar the time step in unit of inverse plasma
frequency wp, Teq the duration of the equilibration phase, Tja the
duration of the production phase, and Azacr the time step used to
compute the ACFs.

r L!)PA[ Teq/At ]})md/At A[ACF/At
0.397 0.02 5000 15 000 6
3.992 0.025 6000 30 000 6
39.738 0.05 3000 15 000 3

to maintain the desired temperature until the spatial struc-
ture of the ions reaches equilibrium configurations; then the
simulation transitions to the production phase in either NVE
ensemble or the Gaussian isokinetic ensemble (NVK), at con-
stant kinetic energy K [61-64]. The NVK thermostat is useful
to compare the results with the microcanonical simulations
of Hansen et al. [50] at given coupling parameter T, i.e., at
given temperature 7 in OCP units (see Appendix A). It is also
useful when comparing simulations with different numbers of
atoms to avoid fluctuations of temperature (see Sec. V C). We
adapted the velocity Verlet algorithm to the NVK ensemble
using an even simpler discretization than Zhang’s one [65],
which is based on the leap-frog algorithm (Appendix B).

Hansen et al. [50] presented simulations of equimolar mix-
ture of H and He at three values of the coupling parameter
I" equal to 0.4, 4, and 40, spanning a large range of correla-
tions from weak to strong couplings. We tried to keep their
conditions of simulation with a number of 250 atoms but the
NVK thermostat needed smaller time steps At listed in Table I
with the duration of the equilibration phase, T4, and of the
production phase, Tq. The time step Afacr used to compute
the ACFs is closer to Hansen’s values.

The replica simulations, presented in Sec. V A, were per-
formed keeping the number of 250 atoms with different
random seeds to generate the initial velocities. Some replica
simulations were also conducted at larger number of atoms,
corresponding to the evaluation of finite-size effects presented
in Sec. V C, where the number of atoms was increased to: 432,
1024, 2000, and 3456. These larger simulations used the same
time steps as at 250 atoms.

V. RESULTS

We start the presentation of results with the reference
method of replica. The error estimations from replica is then
compared with what can be obtained from only one simu-
lation using the BS method. The merit of the BS method is
further assessed as concerns the finite-size effects. Finally, as
an illustration of the use of the BS approach, we reexamine
the comparison of Hansen et al. [50] between the ACF of the
interdiffusion current and the Darken relation involving the
VACFs of each species.

A. Replica

We performed 200 replica simulations for each value of
the coupling parameter I" to obtain an estimate of the intrinsic
error o, of an ACF determination due to the finite duration
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1 T T T T T T T T T T T T | T T T T
& t8 o,
— 1 replica
0,5 — — 200 replica

Hansen

FIG. 2. ACFs at I' = 0.4 as functions of time lag ¢, in unit of
inverse plasma frequency wp, with error bars estimated using replica
standard deviation o,: (a) VACF of H, (b) VACF of He, (c) JACF. All
simulations use 250 atoms. Solid black lines with error bars represent
only one replica, dashed red lines the average over 200 replicas, open
circles the data of Hansen et al. [50].

T of a simulation, according to Eq. (14). In agreement with
Zwanzig’s analysis presented in Sec. Il A, the error is almost
constant for all time lags, within a factor of 2. It suffices only
to monitor its mean value. Whatever the ACF and the coupling
value, by 50 replicas, the errors begin to converge and they no
longer vary after 100 replicas. The case of weak coupling, at
I' = 0.4, is the slowest to converge.

The VACFs of H and He, and the JACF of the mixture are
represented in Figs. 2—4 for one replica with the error bars
derived from 200 replica. Since we are primary interested
in the intrinsic errors, the error bars comprise sometimes a
very large multiple of the standard deviation o, of Eq. (14),
for the three cases of coupling at I' = 0.4, 4, and 40. This
renders visible the errors when they are too small, here and
in the following, even though there is no statistical sense in
providing error bars larger than 2 — 4 o.

At weak coupling (I' = 0.4), the ACFs decrease with time
lag monotonously with a somewhat larger correlation times
than at stronger coupling (see Table II). Oscillations of the
ACFs in time lag appear at intermediate coupling (I' = 4)
and develop into features of anticorrelation, where the ACFs
exhibit negative values, at strong coupling (I' = 40). These
anticorrelations originate from a caging effect when a particle
bounces against its nearest neighbors. We also plotted the data
of Hansen et al. [50], which are reproduced with small but
significant deviations, that we found difficult to interpret in
absence of error bars in their paper. The averages over 200
replica are also plotted. Overall, they lie within 2 o, from the
results of only one replica. Comparing the error bars, it is

T T T T T T T T T T I T | T T T T
20 o,

— 1 replica

— — 200 replica

O Hansen

I N I O Y |

FIG. 3. ACFs at I' =4 as functions of time lag ¢, in unit of
inverse plasma frequency wp, with error bars estimated using replica
standard deviation o,: same conventions as in Fig. 2.

evident that the VACFs are determined with higher accuracy
than the JACF.

Table II gathers the mean errors o, obtained with replica.
As expected, the ratio between the errors on the VACFs, as
ACF of individual observables, and the ones on the JACF,

0,01 T T T T T T T T T T T T T T T T T
& +200,
0,005 [~ — 1 replica. ]
C —— 200 replica
B Hansen B
(U D

FIG. 4. ACFs at I' =40 as functions of time lag ¢, in unit of
inverse plasma frequency wp, with error bars estimated using replica
standard deviation o,: same conventions as in Fig. 2.
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TABLE II. Comparison between the estimates of the mean in-
trinsic errors obtained with the replica method, o,, the BS on time
origins, o, for « = 1, the BS on time origins and atoms, o;,, and
Zwanzig’s Gaussian process approximation, oz, for the ACFs, C(t),
of velocities for species H and He, and the JACF of the mixture. I" is
the coupling parameter. T is Zwanzig’s correlation time, Eq. (7), in
unit of inverse plasma frequency wp. In the case of the VACFs, o, =
/2T /N;T C(0) whereas in the case of the JACF o, = /2t /T C(0),
where T is the duration of the simulation. All simulations of the
equimolar mixture used 250 atoms (N; = 125).

c) I wpr CO) 0,/C0) 0,/C(0) 014/C(0) 07/C(0)
(%) (%) (%) (%)
VACFH 0.397 6.1 0.833 1.2 0.8 1.5 1.8

3992 2.7 0.0843 0.3 0.3 0.6 0.7
39.738 2.7 0.0084 0.4 0.3 0.6 0.7

VACF He 0.397 7.7 0.210 1.3 1.0 1.9 2.0
3992 48 0.0205 05 0.4 0.8 1.0
39.738 3.6 0.0021 0.5 0.4 0.7 0.8

0.397 7.1 0.148  13. 11. 15. 21.
3.992 33 0.0128 45 3.6 5.7 9.3
39.738 3.1 0.0014 3.8 3.8 5.1 9.2

JACF

as ACF of collective observable, is close to 1/4/N; ~ 1/10,
where N; = 125 is the number of H or He atoms. The errors
on ACFs are larger at I' = 0.4 where the correlation time
is longer. Zwanzig’s Gaussian process approximation, oz, is
included. It overestimates the replica results by around a factor
of 2. The mean errors o, obtained with BS on time origins are
included anticipating the results of Sec. V B. The latter are
close to the replica ones. The mean errors o;, obtained with
BS on time origins and atoms are also included anticipating
the results of Sec. V C. Bootstrapping also the atoms leads to
mean errors larger by a factor between 1.3 and 2.

B. BS on time origins

The BS method is applied here as a post-processing of the
simulation where the ACFs are recomputed from different sets
of time origins, drawn with replacement from the origin set.
The convergence of the error estimate on the VACFs and the
JACEF is rapid. Whatever the ACF and the coupling value, by
20 samples, the errors begin to converge and they no longer
vary after 40 samples. The case of weak coupling, at I' = 0.4,
is the slowest to converge. From now on, all the results are
presented for 50 samples.

As the BS method assumes that each time origin con-
tributing to the average ACF is independent of the others,
the resulting error estimate depends on the choice of the
parameter & which controls the partition of the simulation into
uncorrelated sequences (Sec. I B). This parameter represents
the number of Zwanzig’s correlation time T between consec-
utive time origins. The higher it is, the less time origins are
used to compute the ACF, with a possible loss of information.
The lower it is, the more time origins are used with possible
redundancies.

We compare in Figs. 5-7 the BS estimates with the replica
results for the mean errors on the VACF of H and He, and on

0302 T 1T | T T T T T TT7 T T
GC—O replica
L — BSontimes |

0,01

0,005

0,05 — —

O 1 111 | 1 1 1 1 1111 | 1 1
10 100
Number of time origins

FIG. 5. Comparison at I' = 0.4 between the BS estimates and the
replica results for the mean intrinsic errors on ACF as functions of the
number of time origins which depends on the value of « (the number
of correlation time t between successive time origins): (a) VACF of
H, (b) VACF of He, (c) JACFE. All simulations use 250 atoms. Solid
black lines represent the BS estimates using only one replica, solid
blue lines with open circles the results using 200 replicas.

T
G—O replica 7

0,001

0,0001

L1111l

0,0001

| AN

le-05

0,001

0,0001

Number of time origins

FIG. 6. Comparison at I' = 4 between the BS estimates and the
replica results for the mean intrinsic errors on ACF as functions of
the number of time origins which depends on the value of «: same
conventions as in Fig. 5.

055310-9



NICOLAS DESBIENS et al.

PHYSICAL REVIEW E 104, 055310 (2021)

(CaS)

replica

— BS on times

0,0001

IIIlII

S0

1e-05

le-05

0,0001

16-05 1 I 1 1 L I T | I 1 1 1
10 100 1000

Number of time origins

FIG. 7. Comparison at I' = 40 between the BS estimates and the
replica results for the mean intrinsic errors on ACF as functions of
the number of time origins which depends on the value of «: same
conventions as in Fig. 5.

the JACF of the mixture as functions of the number of time
origins, corresponding to varying values of «, for the three I"
values of 0.4, 4, and 40.

For the low numbers of time origins, corresponding to
values of « greater than 1, the errors of the methods of BS
and replica are comparable. They decrease with increasing
numbers of origins, corresponding to decreasing values of «,
until o reaches unity, where a bifurcation occurs between the
BS results and the replica ones.

For higher numbers of origins, corresponding to values of
o lower than 1, the replica results plateau, whereas the BS
estimates continue to decrease. This behavior originates from
the inherent neglect of correlation between time origins in the
BS approach, leading to a scaling of the BS error close to
1/+/M, where M is the number of time origins. This scaling
is clearly apparent in Fig. 6 and 7. In the replica approach, the
correlation between successive time origins, that are closer
than a correlation time 7, does not grant more information
when comparing several replica. From a practical point of
view, although one could think using all the time origins in the
BS sampling brings all the available information, this choice
leads to an error estimate 3—4 times smaller than what is
obtained using the reference method of replica.

This comparison between the methods of BS and replica
highlights the need to control the number of time origins
used in the BS approach. As expected, the origins must be
separated by at least one correlation time 7. This leads to the
prescription of the value of the control parameter &« = 1. With
this prescription, the BS method provides reliable estimates
of the intrinsic error of the ACFs from only one simulation,
avoiding to perform several replica simulations.

0,01 C T T T T T T T T | T T T ]
i £200, 7

C — 250ions
0,005 - —— 3456ions ~
0 =

FIG. 8. Comparison at I' = 40 between the ACFs from the sim-
ulations using 250 (solid black lines) and 3456 atoms (dashed red
lines) as functions of time lag 7, in unit of inverse plasma frequency
wp: (a) VACF of H, (b) VACF of He, (¢) JACF. The error bars around
the ACFs of the simulation with 250 atoms represent a multiple of
the standard error o), estimated bootstrapping both the time origins,
with @ = 1, and the atoms.

C. BS on time origins and atoms

We now add to the BS on time origins a BS on atoms to
get error estimates covering all the facets of phase space sam-
pling. As a result, the error bars increase by a factor around
2 (see Table II). This provides a useful metrics to examine
the finite-size effects and on how far from the thermodynamic
limit a simulation is.

The case with the strongest finite-size effects is at the
coupling of I' = 40 as can be seen in Fig. 8, where the ACFs
computed from a simulation with 250 atoms are compared
with the ones computed with 3456 atoms. Error bars are drawn
around the results corresponding to 250 atoms as a multiple of
the standard errors o;, obtained bootstrapping the time origins
(with « = 1) and the atoms. The deviations of the VACFs of
H and He between 250 and 3456 atoms are large reaching 20
oy, whereas the deviation of the JACF stay within 3 o,.

It is instructive to describe a synthesis of the convergence
of the results with the number of atoms, as displayed in
Fig. 9. The maximum deviation of an ACF, obtained from a
simulation with N atoms, from its values when N = 3456 is
compared with the mean error o}, determined by a bootstrap of
time origins (with ¢ = 1) and of the atoms. For each ACF, all
the data for different N are normalized to the corresponding
value of o;, at N = 3456.

The results of Fig. 8 are reported as red crosses symbols
and red dashed dotted lines at N = 250. The maximum de-
viations between the VACF of H and He reach more than
10 03, whereas it is only around 2 o}, for the JACF. Actually,
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100 ——— . . — T3 TABLEIII. Self- and mutual diffusion coefficients, Dy, Dy, and
g X 3 Dype (with J = 1), for simulations with N = 250 and 3456 ions,
B o - — =04 ] and the different coupling parameters I". In parentheses are given the
10 o) X == = 4' = relative standard deviations o, in percentage, obtained bootstrapping
= (o] -— =40 7 the time origins and the atoms for the corresponding ACFs. The unit
B N ] of the diffusion coefficients is wpa?®, where wp is the inverse plasma
1 (@) = frequency, and a is the Wigner-Seitz radius (see Appendix A).
100 E —t—t+—t++t I -!_ 1+
E x & r N Dy (%) Dy (%) Die (%)
O X + =04 -
10 (o} O r=4 0.397 250 4.60 (9) 1.55 (13) 6.20 (62)
= 6 - X I'=40 3 3456 4.93(3) 1.48 (3) 4.24 (83)
C N ] 3.992 250 0.200(4) 0.108 (5) 0.129 (43)
1= (®) + F — 3456 0.198 (1) 0.112(1) 0.158 (37)
F 1 I f F—————++ 39.738 250 0.0105(5) 0.00600(4) 0.00804 (47)
3 o — 3456 0.0110(1) 0.00675(1) 0.00872 (30)
X

g - i
1 f— —
L (o) + I i
O 1 1 | 1 1 1 1 | 1 | 1 | | 1 11
1000 10000

Number of atoms

FIG. 9. Convergence of the ACFs as the number of atoms in-
creases: (a) VACF of H, (b) VACF of He, (c) JACF. The symbols
represent the maximum absolute deviations between the ACF from
the simulation at the given number of atoms and the one from the
simulation at 3456 atoms: black pluses correspond to I' = 0.4, blue
open circles I' = 4, red crosses I' = 40. The lines represent the mean
errors o, estimated bootstrapping both the time origins, with o = 1,
and the atoms: black solid lines correspond to I' = 0.4, blue dashed
lines I' = 4, red dashed dotted lines I' = 40. For each ACEF, all values
are normalized to the value of ¢}, corresponding to 3456 atoms.

the inspection of Fig. 8(c) shows that the deviations for the
JACEF are often less than this latter factor.

In the case of the JACF of the mixture, the results ob-
tained at N = 250 do not vary when the number of atoms
increases. Given the level of statistical errors obtained with
the BS method, the convergence with N is already reached at
N = 250. The interest in the BS determination of o}, is to
provide a metrics that can relate the results of only two simu-
lations with increased number of atoms. Comparing N = 250
with N = 432, for instance, indicates that there is little to
expect by increasing further the number of atoms. Any attempt
to improve the accuracy of the JACF must pass by an increase
in the duration of the simulation or by the production of
replica.

In the cases of the VACF of H and He, both the maximum
deviations and the BS mean error o}, decrease as the number of
atoms N increases. The decrease of o}, is close to the scaling of
1/+/N expected for the ACF of an individual observable that
is averaged over the number of atoms. It was already observed
in Table IT when comparing the intrinsic errors of the VACF
and the JACF.

At the lowest coupling of I = 0.4, the maximum devia-
tions are close to o3, and consequently all the deviations for
different values of N are within the statistical errors. There-
fore, the finite-size effects are not significant at this level
of statistical errors. Gains in accuracy can be obtained by

increasing the number of atoms, but also the duration of the
simulation or the production of replica.

At the strong couplings of I' = 4 and 40, the ratio between
the maximum deviation and o}, also decreases from around 10
at N = 250 to around 2 at N = 2000. This suggests that finite-
size effects vanish at N = 2000. When comparing only two
simulations with increased number of atoms, the discrepan-
cies between both VACFs can be compared with the values of
BS error estimates op,. It is large when comparing simulations
at N = 250 and 432, and comparable for the simulations at
N = 1000 and 2000. With such kind of comparisons, the BS
method can assist in assessing the convergence of the ACFs
with the number of atoms.

Finally, using the distribution of BS samples of the ACFs,
we evaluated the self and mutual diffusion coefficients of
the different BIMs for N = 250 and 3456 ions, gathered in
Table III with their BS standard deviations. These results re-
flect the findings already obtained about the ACFs. However,
they deserve a more comprehensive analysis, that is out of the
present scope. We plan to investigate in a subsequent paper
how the ACFs can be represented by analytic functions within
a Bayesian approach. Then statistical errors on the transport
coefficients will be examined thoroughly.

D. Darken relation revisited

As an illustration of the BS method in a typical applica-
tion, we reexamine the accuracy of the Darken approximation
giving the JACF of the mixture as a function of the VACFs of
the components. This comparison was performed by Hansen
et al. [50] without error bars. The BS method provides such
error quantification, which informs about the quality of the
approximation, but also how improvements on the conditions
of simulation can lower the errors so as to better constrain the

comparison.
The Darken relation, at the level of the ACFs, reads [50]
~ Cy(t) ~ -
Cy(t) = A xomp Cyon (1) + x1my Gy (1), (42)
C5(0)

with m; = M;/(xi;M + x,M>).

Since the VACFs are much more accurately determined
than the JACF, we decided to neglect the intrinsic error of the
Darken expression. In cases where the expressions to compare
are determined with comparable accuracy, the BS method
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FIG. 10. Comparison between the JACF (black solid lines),
normalized to its value at vanishing time lag, and the Darken ap-
proximation (red dashed lines) as functions of time lag ¢, in unit of
inverse plasma frequency wp, at (a) I' = 0.4, (b) ' =4, (c) I' = 40.
The error bars around the JACFs represent one standard error oy,
estimated bootstrapping both the time origins, with ¢ = 1, and the
atoms.

can be easily applied to any function of the ACFs, naturally
propagating the errors. The Darken expression is compared in
Fig. 10 to the JACF with error bars obtained by bootstrapping
both its time origins (with & = 1) and the atoms.

As predicted by Zwanzig [37] and recalled in Sec. Il A, the
intrinsic error on the normalized JACF are greatly reduced at
short time lag. It suffices to compare Fig. 10 with panels c) of
Figs. 2-4.

The Darken approximation is within 1 — 2o from the
JACF, confirming its pertinence, but at the weakest coupling
of I' = 0.4 the error bars are much larger than at stronger
coupling. There is room for improvement in this low coupling
case to reduce the error bars by performing longer simulation
and/or additional replica, as was discussed in the preceding
sections.

The finite-size effects must also be examined since the
VACFs are more sensitive to them than the JACF (see
Sec. VC). We checked that the picture obtained with
N = 250, does not change when increasing N.

VI. CONCLUSION

The bootstrap (BS) method is a promising approach for the
quantification of uncertainty pertaining to the determination
by molecular dynamics of time correlation functions. The
point is that the usual methods involve long duration of the
simulation and/or production of a large number of replica
simulations to perform a statistical analysis by blocks [21].
At contrast, the BS method represents a tremendous short-

cut since it relies on only one simulation to produce error
estimates. This direct uncertainty quantification can lead to
important decisions on how to improve the accuracy through
longer simulation or a larger number of atoms.

We have determined the conditions of application of the BS
method for the autocorrelation functions (ACF) of individual
and collective observables:

(1) The time sequences, that are averaged under the
ergodic assumption, must be separated by a timescale of cor-
relation to avoid redundancies. A comparison with the replica
method indicates that Zwanzig’s correlation time defines an
appropriate timescale [37].

(2) When bootstrapping atoms in the expression of a col-
lective dynamic variable, the BS method is no longer an
estimator of the mean and we have demonstrated that a renor-
malization of each BS sampling is necessary.

These findings were confirmed by the analysis of molec-
ular simulations of a binary mixture of ions in Coulomb
interaction [50]. As an individual observable, we chose the
particle velocity and, as a collective one, the interdiffusion
current. Their ACFs provide the transport coefficients of
self-diffusion and mutual diffusion [18], that are important
ingredients of the modeling of mixing layers [39]. This ex-
ample of application is instructive and pertinent since the BS
method allowed us to highlight every pieces of uncertainty
affecting the powerful Darken approximation [42,43] relating
the interdiffusion to the self-diffusions of each component of
the mixture. We have addressed the issues of phase space
sampling and finite-size effects within this framework. The
monitoring of the convergence to the thermodynamic limit as
the number of atoms increases is largely eased with error bars
obtained from only one simulation via the BS method.

More applications of the BS method to time correlation
functions of molecular dynamics would be welcome to study
it in other contexts: shorter range potentials, different observ-
ables, ab initio simulations, etc.

In a second step of uncertainties quantification, we intend
to use the BS error estimates on ACFs to better control the
determination of transport coefficients within a Bayesian in-
ference of the parameters of analytic fitting functions.
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APPENDIX A: OCP SYSTEM OF UNITS

The OCP units of space and time are respectively the
Wigner-Seitz radius a and the inverse plasma frequency 1/wp.
Let us note 7 =r/a and f = wpt the reduced variables of
space and time. Newton’s equations of motion

M@:_ZQ_ZIE

(Ala)
2 2
dt ‘= T T
read in reduced variables
d’; 1 1 i
W TTIL 7y (Alb)
j#i Y
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since
4rn Q?
2 = A2
wp I (A2)
and
4 4
?a n=1, (AS)

where M is the particle mass and Q its charge.

As a consequence, there is no parameter in the equations
of motion in reduced variables. An alternative view is to
consider that the mass M = 1 is constant, as well as the charge
0 = 1/+/3. Moreover, the density is constant equal to

3
4’
The only free parameter is the reduced temperature 7" that is

given from 7 by the following calculation of the mean kinetic
energy K per particle:

n=

(A4)

1 1 [dr;\*> 3
K=— M| — ) = =kgT, A5
N Z 2 ( dr ) 2 "® (AS2)
which reads in reduced variables
o 1 (di\* 3 .
K=— —\—= ) == kT, AS5b
N Z 2 (dt ) 2" (A35b)
with
- 1
kBT = E, (ASC)

where I' = Q?/akT is the Coulomb coupling parameter.

It is therefore evidence that every static or dynamic prop-
erties of the OCP depend only on the coupling parameter I"
(through the reduced temperature) when these properties are
expressed in OCP units.

APPENDIX B: ALGORITHM FOR NVK DYNAMICS

The velocity Verlet algorithm has the advantage to start
from a sole iteration where the positions r;, the velocities v;,
and the forces F; acting on each particle, of mass M;, are
simultaneously given. It reads

F"
rl(n-H) — rl(n) +V§H)A i A2’

Bl
M, (Bla)
FOD = F(e™h, ey tY), (B1b)

(n) (n+1)
F" +F

A Bl
oM, ’ (Ble)

VD =y
where A is the time step, and the value of a quantity X at time
t = nA is denoted X = X (nA). At the next time step, one
computes first the new positions, second the new forces, and
third the new velocities.

In the NVK ensemble, the trajectories of the atoms do not
follow Newton’s equations of motion but the following:

dv;
M —F — aMyv,, (B2a)
dt
with
1 N
o = Q;F]"Vj, (BZb)
where
1 N
K = EZijj.. (B2c)
j=1

The velocity Verlet algorithm then reads

)
1

F 1
i = v A+ S AT Ea('“vl?") A?, (B3a)

2M;
FUD = F(e ey, (B3b)
(n) (n+1)
VE,H_]) _ Vl(,n) Fin + Fih A
2M;
1
- E[a(”)vf") + @Dy A, (B3c)

Although o™+ can be Taylor-expanded around VE") at first
order in A, we made the following approximation:

ath = o™, (B4)

leading to a simpler expression of Vf"H).

Since the present study is more focused on uncertainty
quantification than on performance, this very simple algo-
rithm is adopted. It reaches accurate results at the expense of a
smaller time step than the more efficient algorithm presented
in Ref. [64]. One difference between both algorithms is that it
is adapted from the leapfrog scheme in Ref. [65], whereas the
present algorithm modifies the velocity Verlet scheme.
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