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Theoretical derivation of slip boundary conditions for single-species gas and binary gas mixture
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A theoretical derivation of slip boundary conditions for single-species gas and binary gas mixture based on two
typical gas-surface scattering kernels is presented. If the Maxwell model is assumed, then the derived slip bound-
ary conditions are consistent with the previous conclusions. Considering the limitation of the Maxwell model
in describing the complexity of gas-surface scattering behavior, we further perform theoretical analyses based
on the Cercignani-Lampis-Lord (CLL) model, where separate accommodation coefficients in the tangential and
normal directions are defined. Our results demonstrate that for both single-species gas and binary gas mixture,
the velocity slip predicted by the CLL model is only dependent on the tangential accommodation coefficient,
while the temperature jump determined by the CLL model is related to the accommodation coefficients in
both tangential and normal directions. To account for the collision effect in the Knudsen layer, we propose
to add correction terms to the theoretical models, and the corrected slip coefficients agree well with the previous
numerical results obtained by solving Boltzmann equation for single-species gas. Moreover, the slip boundary
conditions for binary gas mixture based on the CLL model are determined theoretically for the first time. Since
at most situations the tangential and normal accommodation coefficients are not equal, the temperature jump
boundary condition based on the CLL model is expected to give more accurate predictions about temperature
distribution and heat flux at the boundaries, particularly for hypersonic gas flows with strong nonequilibrium

effect.
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I. INTRODUCTION

Aerodynamic design of aircraft requires accurate and re-
fined prediction of its surrounding flow fields and surface
properties such as drag force, lift force, and heat flux. This
requirement is challenging for advanced hypersonic vehicles,
such as reusable spacecraft, single stage to orbit vehicles,
and hypersonic gliders, as they encounter significantly var-
ious flow regimes in different altitudes due to the change
of atmospheric density [1,2]. Generally, aerodynamic design
of such hypersonic vehicles needs comprehensive analyses
by incorporating flight experiments, wind tunnel testing, and
numerical simulation. While the first two methods are expen-
sive and technically challenging, numerical simulation can
be performed with relatively low cost even under extreme
conditions.

Computational fluid dynamics (CFD) has played a vital
role in the prediction of aerodynamic performance and hence
boost the development of aerodynamic design during the past
half century. The validity and reliability of CFD calcula-
tions rely upon not only the numerical algorithms for solving
governing equations but also the underlying physical mod-
els including constitutive relations and boundary conditions
[3-6]. If the vehicles fly at low altitudes, then the gas flow
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is in the continuum regime represented by a small Knudsen
number (Kn), i.e., Kn < 0.001. Generally, Kn is defined as
the ratio of the molecular mean free path, which is inversely
proportional to the density, to the concerned length in the sys-
tem. It is believed that in the continuum regime, the flow fields
can be obtained using conventional CFD methods, which
numerically solve the Navier-Stokes-Fourier (NSF) equations
in conjunction with linear constitutive relations and no-slip
boundary conditions.

On the contrary, when the hypersonic vehicles fly to higher
altitudes, the number of intermolecular collisions in the flow
fields becomes much smaller due to lower atmospheric den-
sity. In this case, nonequilibrium gas effect needs to be
considered [7]. It is recognized that for Kn > 0.1, which
is referred to rarefied flow regime, the description by the
traditional CFD methods with linear constitutive relations
is less accurate and in some cases even wrong. Instead,
the numerical methods by solving the Boltzmann equation
[8,9] or alternatively, using the stochastic particle descrip-
tion like the direct simulation Monte Carlo (DSMC) method
[10,11], can provide accurate predictions under this condi-
tion. However, both methods are computationally expensive
for the slip regime with mediate Knudsen numbers, e.g.,
0.001 < Kn < 0.1. In this case, CFD methods using appro-
priate slip boundary conditions have been demonstrated to
be a promising strategy to correctly predict nonequilibrium
behavior to some extent with a much lower computational cost
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compared to molecular-based calculations [3,12—-14]. There-
fore, it is preferred particularly for engineering applications
in the slip regime.

Maxwell [15] was the first to propose a slip boundary
condition for a flat surface. According to his theory, the
slip velocity is determined by a slip coefficient multiplied
by the velocity gradient normal to the surface. Gokgen and
MacCormack [16] found that the surface properties predicted
by such a simple boundary condition for large Knudsen num-
bers might significantly deviate from that determined by the
theory for free-molecular flow. Hence, they extended the
Maxwell model and proposed a general model which could
also give correct predictions for large Knudsen numbers. Al-
though the first-order model is not perfect, it is still the most
widely used model so far. In contrast, a variety of second-
order slip models with two free parameters [17-22] have also
been developed, but the values of the parameters for a specific
problem are still under discussion.

Alternatively, Myong [23] proposed a slip model on the
basis of the theory of Langmuir isotherm adsorption. While
it has been successfully applied to low-speed micro gas flows,
the prediction for hypersonic rarefied gas flows is not so good.
Le et al. [24,25] improved this kind of boundary condition and
extend its application to hypersonic flows. In addition, another
kind of slip model was developed by scaling the relationship
between stress and strain rate, in order to correctly capture
the structure of the Knudsen layer. It is generally represented
in terms of correction function, such as wall function [26],
power-law scaling [27], and double-power series [28,29].
Note that these scaling functions are determined by the curve-
fitting on the basis of kinetic theory or DSMC calculations.
These two kinds of boundary conditions are out of the scope
of the present work.

According to the kinetic theory, the form of the slip
boundary conditions and the associated slip coefficients are
dependent on the underlying physics of gas-surface interac-
tions. It is known that the two ideal models for describing
gas-surface interactions are specular and diffuse reflections.
Maxwell [15] introduced one parameter called as accommo-
dation coefficient (AC), to characterize the degree to which the
molecule adapts to the wall. Its value is in the range of O to 1,
with the lower and upper limits corresponding to completely
specular and diffuse reflection, respectively. For a specific
gas-surface interaction model with a determined AC, the slip
boundary conditions can be determined theoretically using
the so-called half-flux method based on the kinetic theory.
This method was proposed by Patterson and then developed
by Shidlowsky (for reviews, see Ref. [9]). Afterwards, Scott
[30] and Gupta et al. [31] employed the similar method
and extended the application to multicomponent reacting
flow. Their researches inspired a lot of follow-up studies by
others [32-34].

It should be noted that all the aforementioned boundary
conditions, derived by the half-flux method, contain only
one AC except the recent work of Struchtrup [35]. However,
both experiments [36,37] and molecular dynamics simula-
tions [38,39] have demonstrated that, the Maxwell model with
only one AC is inadequate to represent all the behaviors of
the gas-surface interactions. An advanced and sophisticated
gas-surface interaction model, including two separate ACs for

F : net flux at the outer edge of the Knudsen layer
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FIG. 1. Schematic of the gas behavior within the Knudsen layer,
where the intermolecular collisions are neglected. The net flux is
evaluated with the distribution function at the top of the Knudsen
layer. The blue solid circle denotes one molecule impinging on the
surface with a incident flux and rebounded back with a reflected flux
depending on the gas-surface interaction model.

tangential and normal directions, is the so-called Cercignani-
Lampis-Lord (CLL) model [40—42]. It has been proved that
the CLL model is capable of capturing the scattering behavior
of the reflected molecules very well, particularly, the lobular
distribution as reported by experimental and molecular dy-
namics simulation results [36,43,44].

Since the CLL model is more reliable to describe the gas-
surface interactions, a natural question that arises is: what
are the corresponding slip boundary conditions based on the
CLL model? To answer this question, we extend the previous
theoretical derivations based on the Maxwell model to the
CLL model. Our derived results for the single-species gas are
consistent with the conclusion given by Struchtrup [35], albeit
he did not provide the details of derivation. To account for the
effect of molecular collisions, we propose to add correction
factors to the original theoretical models, and the predictions
by the corrected models are consistent with previous numeri-
cal results. Moreover, we extend the theoretical derivation to
binary gas mixture. To the best of our knowledge, the slip
boundary conditions for binary gas mixture based on the CLL
model has not been reported in the literature yet.

II. SLIP BOUNDARY CONDITIONS
FOR SINGLE-SPECIES GAS

For any gas flows around a solid surface, there is a so-called
Knudsen layer close to the surface, as shown in Fig. 1. The
thickness of the Knudsen layer is about several molecular
mean free paths, so the intermolecular collisions could be
neglected within the layer but the effect gas-surface interac-
tions becomes dominant. It is well recognized that in the slip
regime, if the values of velocity slip and temperature jump are
assigned properly, then the conventional CFD method is capa-
ble of predicting gas flows outside the Knudsen layer, albeit
the prediction within the Knudsen layer may be incorrect.

Strictly speaking, the accurate slip coefficients in any slip
boundary conditions need to be determined on the basis of
resolving the Knudsen layer, either solving the Boltzmann
equation or using DSMC method with proper gas models
[45—-47]. However, this would be a massive work as numerical
solving of the Boltzmann equation is computationally very
expensive and a large number of cases need to be run for a
complete parametric study. For a comprehensive review of
the slip coefficients, we refer the readers to Ref. [48]. Al-
ternatively, a theoretical method called as half-flux method
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is a promising way to derive the slip boundary conditions
and the associated slip coefficients. It assumes that within
the Knudsen layer, the intermolecular collisions are negligible
and the behavior of the gas is governed by the gas-surface
interaction and free transport of gas molecules. As demon-
strated by Struchtrup [35] and Wu and Struchtrup [34], the
slip coefficients determined by this method agree well with
those determined by solving Boltzmann equation. Therefore,
the half-flux method is employed in this work to derive the
slip boundary conditions due to its simplicity and acceptable
accuracy.

As shown in Fig. 1, the half-flux method assumes that the
momentum and energy fluxes are constant in the Knudsen
layer. It means that the net flux () at the top of the Knudsen
layer is equal to the total flux on the wall, which is composed
of the incident flux (F?) and the reflected flux (F"), that is,

F=F +F". (1)
For a property ¢(C’) such as molecular momentum and

energy, which can be convected due to molecular movements,
the net flux of it at the top of the Knudsen layer in the normal

direction is
=/ / / V'¢(C)f*(C)dC, )

where the vector C’ denotes molecular thermal velocity or
peculiar velocity, which is equal to the molecular velocity
minus the macroscopic velocity. The three components of C’
in the Cartesian coordinates (x, y, z), as shown in Fig. 1,
are denoted as U’, V', W/, respectively, and f*(C’) is the
distribution function.

Similarly, the incident flux on the wall can be obtained
by integrating over the corresponding half-space in molecular

velocity, i.e.,
[es] 0 o0
_ / / / V/$(C)f(CHdC, 3)

where the incident distribution function is assumed to the
same as that at the top of the Knudsen layer. On the contrary,
the reflected flux from the wall is more complicated, as the
reflected distribution function needs to be determined by the
gas-surface scattering kernel. In the following, we will pro-
vide theoretical derivations of the slip boundary conditions
for the specific gas-surface scattering kernels including the
Maxwell model and the CLL model.

A. Slip boundary conditions for single-species gas
based on the Maxwell model

The Maxwell model assumes that the reflected flux is
caused by a sum of « portion of diffuse reflection and (1 — «)
portion of specular reflection, and « is the accommodation
coefficient (AC). Hence, Eq. (1) can be written as

F=F +(—a)F?+aF". 4)

Specifically, the specularly and diffusely reflected flux can
be obtained as

F = /°° /‘” /OO V'e(CHf (U, =V, WHdC', (5)
—o0 J0 —00

Fw:/ /0 / V'g(C)f"(C)dC. (6)

Note that v is the distribution function at the wall and hence
can be evaluated by the Maxwellian form (f*) due to diffuse
reflection, that is,

3

Fo— M nﬂTz exp (—F2C7). Q)

where n is the number density and B is the reciprocal
of the most probable thermal speed, i.e., 8 = \/% Here
m denotes molecular mass, k is the Boltzmann constant, and
wall temperature T, is used for the calculation of 8 in Eq. (7)
to determine f%.

Now we can apply Eq. (4) to derive the slip velocity. To
this end, the convected property is chosen as the molecular
momentum in the x direction, i.e., ¢ = m(u, + U’). Note that
uy is the macroscopic gas velocity at the top of the Knudsen
layer and is virtually the slip velocity associated with NSF
equations. To estimate a variety of fluxes, the key step is to
determine the distribution function and then perform integra-
tions over the corresponding velocity space. Considering that
the NSF equations is essentially the first-order approxima-
tion of the Boltzmann equation in terms of Chapman-Enskog
expansion, so it is consistent to employ the first-order dis-
tribution function for the derivation of the slip boundary
conditions. For simplicity, we suppose that the macroscopic
velocity varies only in the y direction, i.e., ug = up(y), and
neglect any temperature variation, and hence the Chapman-
Enskog distribution function with the first-order form can be
written as

4upt 0
= fM[l B U/v'ﬂ}, ®)
dy
where p is the dynamic viscosity coefficient and p is the mass

density.
Substituting ¢ = m(u; + U’) and Eq. (8) for f* into
Eq. (3), we can obtain the incident flux as

4
///Vm(uY+U)f|: 4’“3 aa'ﬂdC/

C’ 1 3
= "y — S0 ©)
g M TR

where C’ denotes the average value of the molecular ther-

mal speed, ie., C' = \/% For brevity, we just provide the
result and the details of integration are provided in the Ap-
pendix. According to the definitions for the net flux [Eq. (2)],
the specularly reflected flux [Eq. (5)], and the diffusely re-
flected flux [Eq. (6)], similar integrations provide the results as

follows:

0
F=—pZ2 (10)
dy
FP = _Fi, (11)
FY =0. (12)

Substituting Egs. (9)—(12) into Eq. (4), we have

BITH nC’ 1 duy
—nu— =o| ——muy — —pu— |. (13)
ay 4 27 9y
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Reformulating the above equation, we can obtain the theoret-
ical formula of the slip velocity, that is,
2—a 2u dug

2 —a uBa/m dug
U = — = —
o  nmC’ 9y o o dy

(14)

Next we derive temperature jump condition based on the
Maxwell model. In this case, we focus on the transport of
molecular translational energy, i.e., ¢ = %mC’z. For simplic-
ity, we suppose that the temperature varies only in the y
direction, i.e., T = T (y), and neglect any velocity variations,
then Chapman-Enskog distribution function with the first-
order form can be written as

s _ oM _4"/32 2 /2_§> ,lB_T
=7 [1 5nk<ﬂc 2VTay’ (15)

where « is the coefficient of thermal conductivity. Substituting
Eq. (15) into Eq. (3) and using the results of basic integrals
provided in Appendix, we can obtain the incident flux of
energy as

) 0 0 o0 1
El — / / / V/_mCIZfM
o d—co oo 2

4 B2 5\ 10T
|1 = X (gacn 3 LT
Snk 2 T oy

nC’ 1 aT

2kT — —k—. 16
4 29y (16)
Similarly, the net energy flux, the specularly reflected energy
flux, and the diffusely reflected energy flux are determined as

E = —Ka, (17)

E*? = —E', (18)
Yall

EY = %Mw. (19)

Substituting Egs. (16)—(19) into Eq. (4), we have the temper-
ature jump condition as
2—a k 0T

T-T,= ——. (20)
o  knC' dy

B. Slip boundary conditions for single-species gas
based on the CLL model

It can been seen from Eqgs. (14) and (20) that the slip coeffi-
cients in the boundary conditions based on the Maxwell model
are dependent on the accommodation coefficient (AC). Once
the specific AC is obtained using experimental technique or
molecular dynamics simulation, the slip models are com-
pletely determined. However, it has been demonstrated that
the Maxwell model contains just one AC and hence is not ac-
curate enough to describe scattering behavior of the reflected
molecules at some situations. The CLL model which employs
two ACs to independently determine the reflected velocities
in the tangential and normal directions, has demonstrated its
advantage in describing molecular scattering behavior at the
kinetic level.

According to kinetic theory, the scattering kernel
P (¢’ — ¢), which represents the probability of a gas

molecule with a incident velocity vector ¢’ being reflected
with a new velocity vector ¢, is generally used to describe
a specific gas-surface interaction. Note that the molecular
velocity ¢ defined here is the sum of the macroscopic ve-
locity ¢¢ and the molecular thermal velocity C, and the three
components of ¢ in Cartesian coordinates are denoted as u, v,
and w, respectively. According to the definition of scattering
kernel, there is a relationship between the reflected distri-
bution function f"(C) and the incident distribution function
£1(C') as [49]

VII(C) = — / VPaL(e — of(C)dC,  21)

V<0

where V and V'’ are the reflected and incident molecular
thermal velocity in the normal direction, respectively, and
fi(C') is equal to £5(C’) according to the assumption that the
distribution function is unchanged within the Knudsen layer.

For the CLL model, the tangential and normal scattering
kernels can be written as

b plem )

P — u) =

Jo; o
(22)
, 28%v_ (2821 —auv'v
PoL(v' — v) = Ip ”
2 1 — 2
X exp [—,BZ—U + {1 =@ ], (23)
oy

where «; and «,, are the two ACs of the tangential and normal

energy, respectively, f = and Iy denotes the zeroth-

_m_
2kT, ’
order modified Bessel function,

Ip(z) = l /” exp (zcos0)do. (24)
T Jo

It can be seen from Egs. (22) and (23) that the reflected tan-
gential velocity follows a drift Maxwellian distribution with
a mean velocity of v/1 — «; times of the incident tangential
velocity and a temperature of «, T,,, while the reflected normal
velocity can be determined as the resultant of the two tangen-
tial velocity components. Note that the CLL model can also be
formulated in terms of tangential momentum AC (o;), which
relates to the tangential energy AC («;) as o = 0;(2 — oy).
Compared to the Maxwell model, the advantage of the CLL
model is that it can predict the lobular distributions of the
reflected molecules, as shown in Fig. 2, and this scattering
behavior agrees with experimental and molecular dynamics
results.

Now we can derive the slip boundary conditions based
on the CLL model. Compared to the derivations based on
the Maxwell model, the only difference is determining the
reflected flux due to specific scattering properties. With a
determined distribution function of reflected molecules, the
reflected flux yields

F' = /OO /OO /OO Vo' (C)f"(C)dC. (25)
—o00 J0 —00
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FIG. 2. Schematic of scattering properties for the Maxwell model (a) and the CLL model (b). Maxwell model is a combination of the
diffusive and specular reflection, while CLL model can predict lobular distribution of the reflected molecules.

Using the relation given by Eq. (21), the reflected flux defined
in Eq. (25) can be transformed to the following form:

Fr= /OO /Oo /OO Vigr(C)f*(U', V', W) dC', (26)
—00 J0 —0o0

where ¢”(C) is the average value of the convected quantity
being reflected from the surface, that is,

¢"(C) = ¢"(C)PcrL(c’ — ¢) dC. (27
V>0

For a gas molecule with incident tangential velocity in the
x direction as u' = (u; + U’), the average of reflected velocity
u based on the CLL model is

[}
u= / MPCLL(M/ — u) dUu

R 2
exp |:—,32(u_ T- o +U7) ]du

_foou P
B —co A/TTU
=1 —ou;+U"). (23)

Consequently, the reflected momentum flux according to
Eq. (26) is

F’=/w/w/‘wV’m\/l—at(us—i—U/)fM
—00 J0 —00

Q;

4pp? ad
x [1 + M—ﬂU’V’ﬂ} ac’
P dy
nC’ 1 Jug
Substituting Egs. (9), (10), and (29) into Eq. (1), we have
L V1 — o pBy/m dug -
- VT=a, p 3y’

This is the velocity slip boundary condition based on CLL
model. Using the relation «; = 0,(2 — o;), we can transform
the above equation to

2 — o, wB/m dug
Oy o dy
Compared to Eq. (14), it can be concluded that the CLL model
predicts the same velocity slip as the Maxwell model, if the
same AC is employed.
Next we derive the temperature jump condition based on
the CLL model. Considering one gas molecule with incident

€2V

Ug =

velocity (U’, V', W) without any macroscopic velocity, i.e.,
¢’ = C/, the average of the square of the reflected velocity in
the x direction can be obtained as

_ o0
u? = / WPor (W — u) du

_ [T B _ 2("‘_\’1_0‘IU/)2

= [wu = exp|: B ” du
kT, 2

=a,— + (1 —a)U"”. (32)
m

Similarly, the average of the square of the reflected velocity in
the z direction is

-5 knu 7
w2 =a,— 4+ (1 — o)W, (33)
m

And the average of the square of the reflected velocity in the
normal direction is

_ o0
V2 = / V2 Pe (v — v)dv
0

/00 v22,32v1 (2,32«/1 — oznV’v>
= 0

ail

0 (24

2 1— . V/2
X exp [_ﬂzu}dv
oy
2kT,
= a, + (1 —a,)V"™ (34)
m

Consequently, the reflected energy flux according to
Eq. (26) is

00 pO0 OO 1 - —
E = / / f V' —m(u? + v2 + w?)
—00 JO —00 2

B[, , 5\, 10T
1+ 2P (grer 2= 20 | ac
X[ * Sk (ﬂ 2)" T oy

o o
= T aKT, + (2 — oy — o) KT

5 —-3a, — 20, 0T
+ 10 K oy (35)
It can be seen from Eq. (35) that if o, = o; = 0, the predicted
result automatically reduces to that predicted by Eq. (18) for
the specularly reflected energy flux, while if o, = o, = 1, it
reduces to the result predicted by Eq. (19) for the diffusively
reflected energy flux.
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TABLE I. Comparison of the original viscous slip coefficient C,,, the corrected viscous slip coefficient C;;, and the numerical results [47]

for different accommodation coefficients o; and «,,.

o, =0 a, =0.5 a, =1
o Cn c Ref. [47] C, (o Ref. [47] C, (o Ref. [47]
0.25 6.202 6.414 6.452 6.202 6.414 6.387 6.202 6.414 6.336
0.50 2.658 2.840 2.866 2.658 2.840 2.825 2.658 2.840 2.791
0.75 1.477 1.628 1.646 1.477 1.628 1.626 1.477 1.628 1.609
1 0.886 1.007 1.018 0.886 1.007 1.018 0.886 1.007 1.018

Substituting Egs. (16), (17), and (35) into Eq. (1), we can
get the temperature jump condition as follows:
T_T, = 2(10 — 3a,, — 201;) K_g‘ (36)
S(oy + o) knC’ dy
If o, = «, then the temperature jump predicted by the above
equation is consistent with the result predicted by the Maxwell
model, as shown in Eq. (20). Note that it has been demon-
strated by experiments and MD simulations [38,50,51], «,
and o, are not equal in most circumstances, and their values
are dependent on surface materials, surface temperature, gas
temperature, gas velocity, etc. For instance, Yamamoto et al.
[38] reported that the tangential and normal energy ACs are
0.52 and 0.61, respectively, for nitrogen molecules impinging
on the platinum surface contaminated with xenon molecules,
and thus the deviations of the temperature jump coefficients
caused by the Maxwell model [Eq. (20)] and the CLL model
[Eq. (36)] is about 12.7%; Spijker et al. [50] found that the
tangential and normal energy ACs are 0.28 and 0.46, respec-
tively, for argon molecules impinging on the clean platinum
surface at 300 K, and thus the deviations of the temperature
jump coefficients caused by these two models are up to 41.0%.
It is indicated that the temperature jump boundary condition
based on the CLL model is promising to give more reasonable
predictions than the Maxwell model, as long as the indepen-
dent values of «,, and «; can be measured accurately.

C. Comparison of the slip coefficients

For the applications using CFD calculations, it is more
convenient to express the velocity slip and temperature jump
boundary conditions in general forms with slip coefficients,
that is,

ou
uy = G - 210 (37)
Bp 8y’
u oT
T-T,=C— (38)
Bp dy’

where p is the local pressure, and C, and C; are viscous
slip coefficient and temperature jump coefficient, respectively.
Compared the theoretical formulas derived in the present
work, as shown in Egs. (14) and (20) for the Maxwell model,
to the above two equations, we can determine the theoretical
slip coefficients, that is,

2—a./m
Cm, Maxwell = \/T_v (39)
2—al5ym
Cz, Maxwell — 1\6/_ (40)

Here we have used the relation between the viscosity coeffi-
cient and the thermal conductivity coefficient for monatomic
gases, i.e., 4 = fg}{/c to determine the temperature jump co-
efficient shown in Eq. (40).

Similarly, based on the theoretical formulas derived in
Egs. (31) and (36), we can also determine the theoretical slip

coefficients for the CLL model, that is,

2 —o, Jm
G c1r = ~— % 1)
1
2[10 — 3o, — 20:(2 — )] 157
C ociL = . 42
nCLL 5[, + 0;(2 — 0))] 16 (42)

For the sake of comparison, we use the tangential momentum
AC (oy) instead of the tangential energy AC («;) here.

It should be noted that the theoretical analysis performed
in this work is based on the half-flux method, which assumes
that within the Knudsen layer, the intermolecular collisions
are negligible and the behavior of the gas is governed by the
gas-surface interaction and free transport of gas molecules. It
has been reported that neglecting molecular collisions within
the Knudsen layer would result in the deviations of the pre-
dicted slip coefficients, and the largest deviation is about 15%
[35,52]. To alleviate this deviation, Loyalka [53,54] proposed
an approximate method by accounting for the variation of the
distribution function within the Knudsen layer due to the ef-
fect of molecular collisions. For the Maxwell model, Loyalka
determined the slip coefficients as follows [53],

—
C:;l Maxwell — T£(1 + 0. 136605) (43)
—al5
C: Maxwell — T%(l + 0. 16210[) (44)

It can be seen that the slip coefficients determined by Loyalka
are similar to the previous results for the Maxwell model, i.e.,
Egs. (39) and (40), but with simple correction factors. Pre-
vious studies have demonstrated the the corrected theoretical
formulas could give extremely consistent predictions with the
numerical results [53].

Consider the similarity of the forms of slip coefficients for
the Maxwell and CLL models derived in this work. We follow
Loyalka’s method and propose simple corrections to the slip
coefficients for the CLL model,

Choap = —2 */_(1 +0.13660,), (45)
t
2010 — 3 — 2012 — 0)] 157
cr = 140.16210;).
n e Sloy t o @ o] 16 oo

(46)
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FIG. 3. Comparison of the theoretical velocity slip coefficient
derived in this work and the numerical results in the literature [47].
The theoretical predictions include the original model [Eq. (41)]
and the corrected model [Eq. (45)]. The abscissa is the tangential
momentum accommodation coefficient.

To evaluate the accuracy of the slip coefficients determined
by our theoretical models for the CLL model, we compare the
original predictions given by Egs. (41) and (42), the corrected
predictions given by Eqgs. (45) and (46), and the numerical
results provided by Sharipov [47]. The numerical results were
obtained by solving the simplified Boltzmann equation, i.e.,
the Shakhov model, using the discrete velocity method for the
Knudsen layer.

Our theoretical models for the velocity slip, i.e., Egs. (41)
and (45), predict that the viscous slip coefficient is indepen-
dent of «,, and this behavior is confirmed by the numerical
results [47], which demonstrate that the relationship between
the viscous slip coefficient and o, is very week, as shown
in Fig. 3. At the same time, both our present work and the
numerical results [47] predict that the viscous slip coefficient
decreases as the increase of o;. Compared to the original
theoretical model, the corrected model is more consistent with
the numerical results, as shown in Fig. 3. For the sake of quan-
titative comparison, the data in details are presented in Table I.
It can be seen that the maximum fractional error between the
original viscous slip coefficient C,, and the numerical result is
about 13%, while the maximum fractional error between the

TABLE II. Comparison of the original temperature jump coefficient

results [47] for different accommodation coefficients o; and «,,.

-
o
™

——— original model (a,=0)
corrected model (c,,=0)
] numerical result («,=0)
— — — - original model (¢,=0.5)
— — — - corrected model (,=0.5)
numerical result (o,=0.5)

————— original model (o,,=1.0)
—_—————— corrected model (o,,=1.0)
numerical result (a,=1.0)

T
1/

Temperature jump coefficient
S
Nl
4

]
]
i

i
i
i
i
¢
!
I
i
I
i

¢

——

-
o
o
o
o_
N
oL
~
o_
[}
O_
oo
ol

FIG. 4. Comparison of the theoretical temperature jump coeffi-
cient derived in this work and the numerical results in the literature
[47]. The theoretical predictions include the original model [Eq. (42)]
and the corrected model [Eq. (46)]. The abscissa is the tangential
momentum accommodation coefficient.

corrected viscous slip coefficient C;;, and the numerical result
is less than 2%.

Figure 4 shows the comparison of the temperature jump co-
efficients determined by our theoretical models and numerical
results for different o, and «,. In contrast to the viscous slip
coefficient, the temperature jump coefficient is determined
by both o, and «,. Basically, the theoretical models and nu-
merical results predict that the temperature jump coefficient
decreases as the increase of o; and «,. Compared to the
original model, the corrected model significantly improves
the accuracy of prediction of the temperature jump coeffi-
cient. The data in details are presented in Table II. It can be
seen that the maximum fractional error between the original
temperature jump coefficient C; and the numerical result is
about 17%, while the maximum fractional error between the
corrected temperature jump coefficient C;* and the numerical
result is less than 4%.

For engineering applications, the shear stress and heat
flux of the surfaces, instead of the velocity slip and tem-
perature jump themselves, are the more important concerned
quantities. Theoretically, shear stress and heat flux are
proportional to the velocity gradient and the temperature

C;, the corrected temperature jump coefficient C*, and the numerical

o, =0 a, =0.5 a, =1
o; C, Ct Ref. [47] C, Ct Ref. [47] C, Cr Ref. [47]
0 — — — 11.29 11.29 11.45 4.648 4.648 4722
0.25 13.85 14.83 15.03 5.400 5.784 5.763 2.829 3.030 3.009
0.50 7.525 8.440 8.653 3.718 4.170 4.170 2.087 2.340 2.335
0.75 5.755 6.629 6.855 3.060 3.525 3.549 1.756 2.023 2.040
1 5.312 6.173 6.404 2.877 3.344 3.376 1.660 1.929 1.954
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gradient in the normal direction, respectively. Therefore,
the relative errors of the shear stress and heat flux caused
by the uncertainty of slip coefficients are generally much
smaller than the values of the velocity slip and tempera-
ture jump themselves. For this reason, it can be concluded
that our theoretical models with reasonable corrections
could give quantitative values of the slip coefficients with
an acceptable accuracy. However, solving the Boltzmann
equation is computationally expensive. Moreover, for each
case with specific values of o; and «,, it is required for nu-
merical method to run a separate simulation to determine the
slip coefficients. Therefore, the corrected theoretical model
presented in this work has big advantages in terms of com-
putational efficiency, especially for engineering applications.

III. SLIP BOUNDARY CONDITIONS
FOR BINARY MIXTURE

It is ubiquitous to encounter gas mixture flows for engi-
neering applications, such as air flows around a hypersonic
vehicle. For this reason, we further extend the above deriva-
tions to binary gas mixture. In the following, all the quantities
related to a specific species are denoted with the subscript A
or B. For instance, the number densities for species A and
B are denoted as n4 and np, respectively. The viscosity and
thermal conductivity coefficients for binary gas mixture are
approximated as follows:

n n

n= T+ s, 47)
n n

K = n—AKA + @KB. (48)
n n

Note that the exact formula of the transport coefficients for
binary gas mixture, as summarized by Bird et al. [55], are
more complicated than the above two equations. However,
as demonstrated by Gupta et al. [31], these two relations are
satisfied approximations for air, so they are used in this work
for the sake of simplicity.

Compared to the flux balance equation [Eq. (1)] for
the single species, the flux balance equation for the binary
mixture is

Fy+ Fg = F{ + Fj + F; + Fy. (49)

If the Maxwell model is employed for the gas-surface interac-
tion, then the corresponding flux balance equation is

Fy+Fg=F,+ Fj+ (1 —a)F" + (1 — ap)F,’
+0[AFAw +OCBFBw. (50)

In the following, we will derive the slip boundary conditions
for binary gas mixture based on the Maxwell and the CLL
model.

A. Slip boundary conditions for binary mixture
based on the Maxwell model

Similar to the derivation of velocity slip for single-species
gas, the convected property due to molecular movements is
the momentum of the binary gas mixture in the x direction,
¢ = ma(us + Uy) + mp(us + Ujy). We also only consider the
variation of the macroscopic velocity in the y direction and ne-

glect any temperature variation for simplicity. Consequently,
the Chapman-Enskog distribution function with first-order
form for species A could be written as

4 4 au

“AﬂAU/;VA’—O], (51)
nmy dy

where 7 is the total number density of binary gas mixture, i.e.,

n = ny 4 np, and £ is the equilibrium distribution function

for species A, that is,

ﬁ:ﬂb—

B /
Sat = ma s exp (—B3C,%). (52)

Note that species B has the same form of distribution function
as species A.
The incident momentum flux of species A is

) o0 0 o]
a=/ / /xme+mw4
—00 —0oQ —0oQ

4 4 a
x [1 _ Jabiy Ugvf{—”‘)}dcg
nmgy ay
nAC/; 1 na 81/{()
=— s — —Ha——. 53
g M TRy ©3)

The net flux of species A can be obtained by the integration
over the whole velocity space, and the result goes to

Fy=—pp——. (54
n ay

For the Maxwell model, the reflected fluxes due to specu-
lar reflection and diffuse reflection for the species A can be
determined easily, that is,

F,’ = —F, (55)

F =0. (56)

Substituting the above four equations for the species A and
the similar equations for the species B into the flux balance
equation [Eq. (50)], we have

202 — aa)pana + (2 — ap)ppng] dug

s = By (57)

n(aanaCymp + apnpCpmp)

If we assume that the two species have the same ACs, that is,
oy = ap = «, then the above equation can be simplified as
2 -« 21 BIT

Uy = _ _ 2 (58)
@ nuCimy + npCymp dy

where the formula for the viscosity of binary gas mixture

[Eq. (47)] has been employed. Using the relation C, = %7;
and CT; = %, the above equation can also be written as

2—a | w uw ougy
Us = s (59)
o 2kT np/my + ng/mg 0y

This form is consistent with that presented by Gupta ez al. [31]
for the binary gas mixture if the concerned two species have
the same ACs.

Next we derive temperature jump boundary condition
for binary gas mixture based on the Maxwell model. The
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convected property due to molecular movements is the transla-
tional energy of molecules, i.e., ¢ = %mAC/QZ + %ch;f. We
suppose that the temperature varies only in the y direction and
neglect any velocity variation, then the first-order Chapman-
Enskog distribution function for species A can be written as

4iaBi , 5 19T
s _ M 1_ A 2C/ _ V 60
Ja=1a [ Snk \"AT4 2 ))TAT 9y (60)

where k4 is the thermal conductivity coefficient of species A.
The incident energy flux of species A is

oo 0 00 1 )
[ [ vitmers
—00 J —00 J—00 2

YcaBi( ry2 5 10T ,
1— o/ 7 dC
X[ Snk \"ATA T 2) AT 9y | A

cr 1 aT
Moy - M0 61)
4 2 " n dy

E,

Similarly, the net energy flux, the specularly reflected energy
flux, and the diffusely reflected energy flux can be determined
as follows:

ny T

Ey=—kp——, (62)
n ay
E) = —E}, (63)
C,
EY = ”“‘4 ADKT,. (64)

Substituting the above four equations for the species A and
species B into the flux balance equation [Eq. (50)], we have
T T, = 2 - aA)KAnA_—i— 2 - OlB_)KBI’lB ﬂ 65)
nk(O{AI’lACA + OlBl’lBC;;) dy

Also, if we assume that these two species have the same ACs,
then the above equation can be simplified as
2 -« K oT
T-T,= —_— . (66)
o k(nAC/Q + nBCg) 0

Using the relation C; = /%L and C = /3L the temper-
Ty Tmg
ature jump boundary condition based on the Maxwell model

can also be written as

2—a | 7 K oT
T-T,=—— |— —. (67)
o 8kT k(na//ma + ng//mg) 0y

B. Slip boundary conditions for binary mixture based
on the CLL model

To derive the slip boundary conditions for binary gas mix-
ture based on the CLL model, the crucial step is to obtain the
reflected momentum flux and energy flux. For simplicity, we
assume that these two species have the same ACs but each
has different tangential and normal energy ACs. Following the
above analyses, the reflected velocity of species A based on
the CLL model can be written as

g = /1 — o (us+ Up). (68)

Consequently, the reflected momentum flux of species A is

o0 oo [e ]

F = / / / Vimay/T— e (u, + U £
—o0 JO —00

4 4

X |:1 + 1abs

nmy

3140
Ugvga—y}dc;

oA 1  nyou
=1 —(X,( A AmAus-I— /.LA_A_O) (69)

4 2 n d

Substituting Egs. (53), (54), and (69) into Eq. (49), we can
obtain the velocity slip for binary gas mixture as

1+ A/ 1-— O 81/!() (70)
Us =
] 1 — 2kT nA/My —I—n34/ ay

To derive the temperature jump boundary condition, we
first determine the average values of the square of the
reflected velocity components for species A according to
Egs. (32)—(34), that is,

-5 kTw
up? = + (1 —a)U;?, (71)
m
kT, 5
AT =0 —— — O >
wa2 +(1 — )W, (72)
my
— 2kT »
AT = — Oy
A2 + (1= )V, (73)
my

Consequently, the reflected energy flux for species A is

00 00 oo 1 -
/ / / Vi —ma(ua® + va2 + wa?) f¥
—00 JO —00 2
dicaBi( 5,2 S 1dT ,
1 -z de
X[ TS \Pac — 3 )Ty

C, C,
= A + kT, + A2 -

Ej

o, —a;) kT

5—3a, —20; nyoT
+ ks —
10 n 8y
Substituting Egs. (61), (62), and (74) into Eq. (49) and using
Eq. (48) for the thermal conductivity of binary gas mixture, we

can obtain the temperature jump boundary condition based on
the CLL model as

2(10 — 3a,, — 2a)
5y + o)

(74)

T—T, =

T K 8T
X [ — —. (75)
8kT k(na/ /ms + ng/./mg) dy

Similar to single-species gas, if the tangential and normal en-
ergy ACs are not equal, then the temperature jump coefficients
based on the CLL model, as shown in Eq. (75), would be
obviously different from that based on the Maxwell model.
It is known that capturing the temperature jump behavior
correctly at the boundary is one of the key factors to give ac-
curate prediction of the heat flux on the surface of hypersonic
vehicles. Therefore, the proposed temperature jump boundary
condition based on the CLL model would be useful for the
simulation of hypersonic gas flows. In addition, if the two
species have different ACs, the form of the temperature jump
boundary condition is more complicated than Eq. (75), but it
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is can be easily derived following the above procedure. To the
best of our knowledge, there are no reported slip coefficients
determined by numerical results on the basis of the CLL
model so far. Therefore, it is inaccessible to directly validate
our results for the binary gas mixture at present, and it is
expected to do in the future if massive numerical simulations
based on the Boltzmann equation are performed. It is worth
noting that, similar to the case of single species, we neglect
molecular collisions in the analyses for binary gas mixture.
Consequently, the theoretical models of the binary gas mixture
also need corrections if accurate slip coefficients are required.

IV. CONCLUSIONS

We employed the half-flux method to perform theoretical
analysis within the Knudsen layer, to derive the slip boundary
conditions for both single-species gas and binary gas mix-
ture based on two typical scattering kernels. If the Maxwell
model is assumed for the gas-surface interaction, then the
corresponding slip coefficient contains only one accommoda-
tion coefficient for both velocity slip and temperature jump.
On the contrary, if the CLL model is assumed, although
the derived velocity slip is the same as that predicted by
the Maxwell model, then the derived temperature jump con-
tains two accommodation coefficients in the tangential and
normal directions. It has been demonstrated by experiments
and molecular dynamics simulations that the tangential and
normal accommodation coefficients can have obvious differ-
ences, and thus the temperature jump boundary condition
derived based on the CLL model is promising to give more
accurate predictions about temperature distribution and heat
flux at the boundaries. To validate our theoretical models, we
compared the slip coefficients predicted by our models and
numerical results obtained by solving Boltzmann equation.
It demonstrated that, with reasonable correction factors, the
theoretical models can predict the consistent slip coefficients
with the numerical results.

In this work, our analyses have only focused on single-
species gas and binary gas mixture, and the extension to

J

multicomponent mixture is straightforward. In addition, the
nonequilibrium effect of internal energy during reflection
from the surface and the effect of finite-rate surface catalytic
recombination can also be included. Previous theoretical
works [31,32] have been carried out on this subject based on
the Maxwell model, and it would be meaningful, particularly
for hypersonic gas flows, to extend them by taking into ac-
count the CLL scattering kernel. It should be noted that the
CLL model is also not perfect at some extreme conditions, and
thus it is expected to develop general slip boundary conditions
based on more realistic but more complicated gas-surface
interaction models [56,57].
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APPENDIX

1. Basic integrals for obtaining various fluxes

Here we list the the basic integrals of the distribution
function needed in this work for the theoretical derivation.
They are frequently used to determine the required fluxes of
momentum and energy:

/ ” exp (—B*x?)dx = N (A1)
0

~ —1 A2
/0 xexp (—4%x%) 2 (A2)
5 2oy, AT
/0 xPexp (—p*x%)dx = e (A3)
o 1
3 _p2.2 —
/0 xexp (—B°x")dx = 2 (A4)

2. Integrations for the incident flux

According to Eq. (9), the incident momentum flux based
on the Maxwell model is

B y 4:“/34 v au /
/ f / V'm(uy +U')n ;,zexp(—ﬂzcz)[l_ e 7 8y0}dc

400 +00 4 4 9
/ / / nm( /33/2> exp (—B°C"?) |:MJV + UV — SU’V’ZV“_ﬂﬂ _

dC'. (A5)

oyt auo}
p Oy

Note that in the square brackets, the second and the third terms are odd functions of U’ and the integration ranges are the whole
velocity space, so they can be dismissed directly. The first term in the square brackets can be integrated according to Egs. (A1)
and (A2), while the fourth terms can be integrated according to Eqs. (A1) and (A3). Summing up the integration results, we have

Fi= —”Tcmus - 2“30110' (A6)

Note that the incident energy flux based on the Maxwell model can be determined by similar procedure of integration, and it can
also be obtained using software such as Wolfram Mathematica
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