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Tuning cellular uptake of nanoparticles via ligand density: Contribution of configurational entropy
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The bioactivity of nanoparticles (NPs) crucially depends on their ability to cross biological membranes. A
fundamental understanding of cell-NP interaction is hence essential to improve the performance of the NP-based
biomedical applications. Although extensive studies of cellular uptake have converged upon the idea that the
uptake process is mainly regulated by the elastic deformation of the cell membrane or NP, recent experimental
observations indicate the ligand density as another critical factor in modulating NP uptake into cells. In this
study, we propose a theoretical model of the wrapping of an elastic vesicle NP by a finite lipid membrane
to depict the relevant energetic and morphological evolutions during the wrapping process driven by forming
receptor-ligand bonds. In this model, the deformations of the membrane and the vesicle NP are assumed to
follow the continuum Canham-Helfrich framework, whereas the change of configurational entropy of receptors
is described from statistical thermodynamics. Results show that the ligand density strongly affects the binding
energy and configurational entropy of free receptors, thereby altering the morphology of the vesicle-membrane
system in the steady wrapping state. For the wrapping process by the finite lipid membrane, we also find that
there exists optimal ligand density for the maximum wrapping degree. These predictions are consistent with
relevant experimental observations reported in the literature. We have further observed that there are transitions
of various wrapping phases (no wrapping, partial wrapping, and full wrapping) in terms of ligand density,
membrane tension, and molecular binding energy. In particular, the ligand and receptor shortage regimes for the
small and high ligand density are, respectively, identified. These results may provide guidelines for the rational
design of nanocarriers for drug delivery.
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I. INTRODUCTION

Understanding the cellular uptake of nanoparticles (NPs)
can greatly contribute to a wide range of applications con-
cerning drug delivery, therapeutics, and biomedical diagnosis
[1–6]. Specifically, it is worth mentioning that active targeting
can be achieved, and drugs can be effectively absorbed in
the targeting positions by regulating the physical, chemical,
and geometrical properties of NPs. There have been growing
research activities towards such understanding on biophys-
ical factor dependent cellular uptake of NPs, such as size
[7–10], geometry [11–16], orientation [8,11,17–19], stiffness
[20–22], cytoskeleton deformation [23,24], and ligand pattern
[25–28].

In most of the preceding studies, attention had been
mainly focused on how elastic deformation may mediate
the cellular uptake of NPs; very few works investigated
the influence of ligand density on the cell-NP interactions,
although experimental results do show that ligand den-
sity has a significant effect on such cellular uptake events
[29–34]. Specially, Shen et al. [29] conducted experiments on
wheat germ agglutinin (WGA) modified PEG-PLA NPs with
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different WGA/maleimide molar ratios targeting to Calu-3
cells. They observed that the highest efficiency of uptake
is found when the molar ratio of WGA to maleimide is
a characteristic value such as 1:10. Moreover, by applying
expressed protein ligation click conjugation to enable NPs
labeled with targeting affibodies at differing ligand densities,
Elias et al. [30] examined the existence of a ligand density
with intermediate value associated with the most effective
cell targeting. To evaluate the effects of mannose density
on in vitro and in vivo cellular uptake of polymeric NPs
in macrophages, by synthesizing mannose-modified trimethyl
chitosan-cysteine (MTC) conjugated with mannose densities
of 4%, 13%, and 21% (MTC-4, MTC-13, and MTC-21),
Chu et al. [32] observed that the uptake amounts of MTC-
4 NPs are the highest for all NPs internalized into the
macrophages. These experimental results clearly prove that
cellular uptake of NPs can significantly depend on the ligand
density.

In addition to the influences of ligand density and elastic
deformation, the wrapping process during the uptake of NPs is
also accompanied and influenced by the evolution of configu-
rational entropy of adhesion molecules. For example, a vesicle
binding to a rigid substrate has been found to be sensitive to
the change of configurational entropy of distributed receptors
[35]. It is further shown that the distributional entropy also
plays a decisive role in the effective adhesion energy of two
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FIG. 1. (a) Schematic of the cellular uptake of deformable vesi-
cle NP via receptor-ligand bonds. The system is divided into three
parts: adhesion region, free region of membrane, and free region of
NP. The circumference of the vesicle NP, the lengths of the adhesion
region (red), and the free region (blue) are denoted as lt , l1, and l3,
respectively. The length of the free region on each side of the cell
membrane is l2. (b) Schematic for the states of no wrapping with
zero adhesion length, partial wrapping in which the membrane is not
closed around the NP, and full wrapping in which the encapsulation
of the NP occurs.

identical opposing membranes interacting with each other
through receptor-ligand bonds [36–38].

In spite of these theoretical and experimental advances,
there remain grand challenges in quantitative description of
behaviors of ligand density dependent cellular uptake of NPs,
which involves the coupling between elastic deformation of
the whole system, and statistical mechanics behavior of adhe-
sion molecules.

In order to investigate how the ligand density may couple
the elastic deformation to influence the wrapping process of
NPs, in this study we will establish a theoretical model on
the adhesive wrapping of a soft elastic vesicle NP by a finite
lipid membrane via formation of receptor-ligand bonds. In this
model, deformation of the vesicle NP and lipid membrane is
assumed to follow the framework of continuum mechanics,
whereas the configurational entropy of mobile receptors is de-
scribed by statistical mechanics. Based on this model, we will
systematically investigate how the ligand density may affect
the morphology evolution, and what role will be played by
the statistical mechanics behavior of receptors in the energetic
evolution of the system during the adhesive wrapping.

II. MODEL

Figure 1 displays the two-dimensional (2D) problem where
a NP uniformly coated with immobile ligands interacts with a
finite lipid membrane embedded with free receptors. The NP
is considered and modeled as a deformable 2D lipid vesicle
with constant contour length 2lt .

The membrane can be viewed as an effective portion of a
whole cell membrane involved in the wrapping of the vesicle
NP. We denote the size of the lipid membrane for NP wrapping
as 2lm. This assumption can be easily understood because
when cells are infected by many viruses simultaneously, each
virus will occupy a certain proportion of the cell membrane on
average. The receptor resources required for the endocytosis

of a virus will be roughly considered as being limited to the
surrounding cell membrane due to competition with other
viruses. In terms of this effective size for cell membrane, on
one hand, we consider that this size is large enough comparing
to that of the NP, so that the boundaries are unperturbed by
the contact of a relatively small vesicle NP. On the other hand,
we assume that, for this effective size of membrane, within
the average timescale of virus uptake by cells, the farthest
receptor should be just able to reach the contact area of the
NP and membrane. Following these considerations, the ratio
between this effective membrane size and NP size, λ = lm/lt ,
has been estimated at around 10 for a vesicle NP wrapped by
an infinite membrane (see Appendix A for details).

Elastic deformations of both the membrane and vesicle
NP can be described by the Canham-Helfrich theory [39,40].
Typically, the number density of ligands on the vesicle surface
is larger than the receptors’ density on the membrane. We
assume that a receptor-ligand bond will be immediately and
firmly formed once a diffusing receptor reaches the adhe-
sion region of the membrane-NP system, so that there are
no unbound receptors and ligands in the adhesion region.
During the wrapping process, favorable receptor-ligand bind-
ing energy will be consumed by the elastic deformations of
membrane and vesicle NP, and the change of configurational
entropy of the distributed receptors. Consequently, the total
free energy can be described as

Etot = Eel + Een + Ead , (1)

where Eel , Een, and Ead represent the elastic energy of the
cell membrane and vesicle NP including bending and tension,
the entropy contribution to the free energy, and NP–cell mem-
brane adhesion energy, respectively.

The elastic energy of the cell membrane and vesicle NP can
be given by the Canham-Helfrich theory as [39–44]

Eel =
3∑

i=1

κi

2

∫ li

0
ψ̇2

i dsi +
∑
i=1,2

σ

∫ li

0
(1 − cos ψi )dsi, (2)

where σ is the surface tension of the membrane; the subscripts
1, 2, and 3 stand for the three regions, namely, adhesion
region, the free region of the membrane, and the free region of
the NP; ψi, si, li, and κi are the tangent angle, arc length coor-
dinate, total arc length, and bending stiffness of each region,
respectively; the dot in the first term means the derivative with
respect to the arc length. We also have κ1 = κm + κn, κ2 = κm,
and κ3 = κn, where κm and κn are the bending stiffness of the
membrane and vesicle NP. The first term on the right side of
Eq. (2) represents the bending energy of the vesicle NP and
the membrane, and the second term represents the energy of
tensile deformation of the membrane.

We assume that the ligands and receptors are of the same
size, and there are ST maximum permissible sites on the vesi-
cle NP for the ligands. Correspondingly, the total number of
active sites on the membrane for receptors can be expressed as
λST . The dimensionless densities of ligands and receptors, ρL

and ρR, are introduced to describe the extent of ligand and
receptor coverage (e.g., for ρL = 1, the vesicle NP contains
saturated ligand molecules on the surface, while for ρL = 0,
there is no ligand on the vesicle NP surface). Based on the
analysis of ligand density on HIV and the associated receptor
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density on relevant cells, ρR = 0.1 is adopted in this study (see
Appendix B for details).

All the possible configurations of the distributed receptors
on the membrane are denoted as �, which can be counted
as [45]

� = CλST −αST
ρRλST −ρLαST

CρLαST
ρLαST

, (3)

where α = l1/lt is the wrapping degree, and Cn
m = n!

m!(n−m)! is
the combination in mathematics. The first term on the right
side of Eq. (3) expresses the number of possible configura-
tions of free receptors distributed in the free region of the
membrane. For the bounded receptors on the adhesion region,
the number of distribution configurations is determined by the
the second term on the right of Eq. (3), which is set to be 1 in
this case.

Likewise, the number of all possible configurations of
the distributed receptors before wrapping can be calculated
as [45]

�0 = CλST
ρRλST

. (4)

Then, the change of configurational entropy can be
obtained as

	S = kB(ln� − ln�0), (5)

where kB is the Boltzmann constant. Inserting Eqs. (3) and
(4) into Eq. (5) and applying Stirling’s approximation [45],
Eq. (5) can be rewritten as

	S

kBST
= (λ − α)ln

λ − α

(λ − α) − (λρR − αρL )

+ (λρR − αρL )ln
(λ − α) − (λρR − αρL )

λρR − αρL

+ λρRln
ρR

1 − ρR
+ λln(1 − ρR). (6)

Once the change of entropy, 	S, is known, the entropic
part of the free energy can be determined by

Een = −T 	S, (7)

with the absolute temperature T.
Subsequently, the cell membrane-NP adhesion energy is

described by

Ead = −αρLST eRL, (8)

where αρLST refers to the number density of receptor-ligand
bonds and eRL is the binding energy of each receptor-ligand
bond.

To reflect the intrinsic effect of the parameters on the
configuration of the system, dimensionless parameters are
employed as follows [46,47]:

σ̄ = σR2

κm
, κ̄n = κn

κm
, κ̄m = 1, γ̄ = kBT ST R

κm
,

ēRL = γ̄
eRL

kBT
= eRLST R

κm
, 	S̄ = 	S

kBST
, (9)

Ēel = EelR

κm
, Ēen = EenR

κm
= −γ̄ 	S̄,

Ēad = Ead R

κm
= −ēRLαρL, Ētot = EtotR

κm
, (10)

where R = lt/π is the effective radius of the NP, by which all
lengths are scaled.

A technique of numerical optimization is employed to de-
termine the minimum energy state of the wrapping process,
and the corresponding configurations of both the vesicle NP
and membrane. For this purpose, the tangential angles, ψi,
i = 1, 2, 3, are approximated by a truncated Fourier series of
corresponding arc lengths as [48–50]

ψi(si ) = ψ
(i)
0 + (

ψ
(i)
l − ψ

(i)
0

) si

li
+

N∑
j=1

a(i)
j sin

π jsi

li

for i = 1, 2, and 3, (11)

where ψ
(i)
0 and ψ

(i)
l are the tangential angles at the boundaries

si = 0 and si = li; N is the number of adopted Fourier modes,
which is assumed to be sufficiently large to guarantee the
satisfactory numerical accuracy; and a(i)

j are the correspond-
ing unknown Fourier amplitudes. In the current context, we
choose N = 70, after numerical verification on the conver-
gence and accuracy. We set boundary conditions as ψ

(1)
0 =

ψ
(2)
l = 0, ψ

(3)
l = π , and

∫ l1
0 cosψ1ds1 + ∫ l3

0 cosψ3ds3 = 0.
The continuity condition, ψ

(1)
l = ψ

(2)
0 = ψ

(3)
0 , should also be

satisfied during the numerical simulation. As such, the equi-
librium wrapping state can be obtained by minimizing the
total energy with respect to the unknown Fourier amplitudes
a(i)

j and wrapping degree α, based on the algorithm of sequen-
tial quadratic programming, simply listed as follows (please
see Ref. [51] for details): (1) The current nonlinear optimiza-
tion problem can be equivalent to a sequence of optimization
subproblems by Taylor series expansion. (2) With initial val-
ues, we can solve these quadratic subproblems by applying
the smooth Newton method with a sequence of iterations until
the converged results are obtained.

We should note that the wrapping degree α can reach
the maximum value of 1 as we have neglected the effect of
the excluded volume of the membrane and allowed different
sections of the membrane to cross each other. In order to dis-
tinguish the regime with membrane crossing from that without
membrane crossing, we define a critical value of the wrapping
degree, αc, at which membranes on two sides of the wrapped
vesicle NP just start to make contact. Obviously, in the regime
1 � α > αc there will be membrane sections that pass through
each other. We consider this regime as unphysical due to the
neglect of the excluded volume effect. In reality, the contacted
membrane sections will be subject to a fusion process to form
an closed encapsulation in terms of different mechanisms.

III. RESULTS AND DISCUSSIONS

For a given ligand density, a wrapping state of minimum
free energy should be reached. Figure 2 plots the variations of
the dimensionless energy change 	Ētot = Ētot − Ētot|α=0; the
wrapping degree α; and the dimensionless energy components
Ēel , Ēen, Ēad with the change of density ratio of ligands and
receptors ρL/ρR, for κ̄n = 1, σ̄ = 0.1, γ̄ = 10, and ēRL = 35.
It can be seen from Fig. 2 that the ligand density can signif-
icantly influence the wrapping process, as indicated by the
variations of the energy and wrapping degree. As expected,
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FIG. 2. (a) The dimensionless energy change, (b) wrapping de-
gree, and (c) three energy components as functions of dimensionless
ligand density, ρL/ρR, for κ̄n = 1, σ̄ = 0.1, ρR = 0.1, γ̄ = 10, and
ēRL = 35. As presented in (b), three characteristic wrapping profiles
are marked by the three black circles.

the energy change 	Ētot decreases monotonically as the lig-
and density increases, which implies that the higher the ligand
density, the more stable the state of NP wrapping becomes. In
the limit of ρL/ρR → 0, we have 	Ētot → 0, which means
that the vesicle NP can no longer adhere to the membrane due
to the shortage of ligands as reported in a previous paper [9].

Figure 2(b) shows the variation of the wrapping degree
along with the ligand density. We can see that the wrapping
degree firstly increases along with ρL/ρR, and reaches its criti-
cal value αc, as ρL/ρR = 4.25, at which membrane sections on
both sides of the vesicle NP start to make contact, to enclose
the vesicle NP. As ρL/ρR further increases, by neglecting the
excluded volume effect, the wrapping degree will continue to
increase, then stays at α = 1 for ρL/ρR ∈ [4.25, 5.25], and
eventually drops as ρL/ρR = 5.25 due to the increase of the
entropic contribution to the energy. Interestingly, there exists
a range of the ligand density, ρL/ρR ∈ [4.25, 5.25], ρR = 0.1,
within which the wrapping degree reaches its maximum value,
α = 1. Although α will not reach 1 when the excluded volume
effect is taken into account, this region with α = 1 in Fig. 2(b)
still shows that the adhesion energy, as the energy component
to drive the wrapping process, is dominant when compared
with the energy of the entropy contribution. We can imagine
that this region tends to form an enclosed adhesion, but it may
need the assistance of membrane fusion in the actual process.
This finding seems consistent with previous experimental ob-
servations [29–34] that NPs with a certain range of ligand
density can be more easily encapsulated than those with out
of range ligand density. The existence of the range of ρL/ρR ∈
[4.25, 5.25] with the enclosed state of wrapping is mainly
induced by the competition between the favorable energy
(binding energy) and the unfavorable energy (elastic energy
and energy of the entropy contribution). When the ligand den-
sity is too small, the binding energy of receptor-ligand bonds
becomes insufficient to deform the elastic cell membrane and
the NP, which is known as phenomenon of ligand shortage [9].
On the other hand, when the ligand density of the NP is large,
the rapid entropy change of the distributed receptors would

FIG. 3. Comparisons of the minus adhesion energy −Ēad (solid
lines) and entropy contribution to the free energy Ēen (dashed lines)
in dimensionless forms as functions of the wrapping degree for ρL =
3ρR, 6ρR, 9ρR, γ̄ = 10 and (a) ēRL = 25, (b) ēRL = 30, and (c) ēRL =
35, respectively. (d) Comparisons of the minus adhesion energy −Ēad

(solid lines) and entropy contribution to the free energy Ēen (dashed
line) in dimensionless forms as functions of the wrapping degree for
ēRL = 25, 30, 35, ρL = 9ρR .

consume most favorable receptor-ligand binding energy; thus
the cellular uptake of the vesicle NP is less likely to occur at
high ligand density. The smaller the receptor density on the
cell membrane, the more intensive the energy of the entropy
contribution. Therefore, the high ligand density on the NP
results in another regime of receptor shortage. For the case
that the receptor density is comparable to that of the ligands,
the receptors can barely diffuse to the binding sites and the
resistance to the wrapping process is dominated by elastic
deformations of the membrane and the vesicle NP.

Meanwhile, Fig. 2(c) shows a comparison of the energy of
the entropy contribution, elastic energy, and minus adhesion
energy as functions of the dimensionless ligand density. We
can observe from Fig. 2(c) that the value of the energy of the
entropy contribution is larger than that of the elastic energy at
high ligand density.

Figure 3 displays a comparison of the favorable adhesion
energy of the receptor-ligand complex and the unfavorable
energy of change in entropy of the receptors as a function
of the wrapping degree for ēRL = 25, 30, 35 and different
ligand density ρL = 3ρR, 6ρR, 9ρR. One can observe that the
absolute values of both adhesion energy and entropic energy
increase monotonically with the wrapping degree. Based on
Eqs. (6)–(8), the relationship between adhesion energy and the
wrapping degree is linear. However, the energy of the entropy
contribution exhibits a nonlinear dependency of the wrapping
degree. We can see from Fig. 3 that the entropic contribution
to the free energy is comparable in quantity to the adhesion
energy, and both of them are significantly regulated by the
ligand density. More importantly, the higher ligand density
induces both the larger adhesion energy and the larger energy
of the entropy contribution. This fact suggests that ligand
density is an important factor in regulating the cellular uptake
process by inducing competition between favorable adhesion
energy and unfavorable energy of the entropy contribution.

We have investigated how the ligand density and adhe-
sion strength of a single receptor-ligand complex may jointly
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FIG. 4. For κ̄n = 1, σ̄ = 0.1, and γ̄ = 10, (a) a two-dimensional
phase diagram characterizes the effect of the ligand density and the
adhesion strength of a single receptor-ligand complex on the total
energy difference. The black solid lines stand for the boundaries be-
tween no wrapping, partial wrapping, and full wrapping phases. The
black rectangular rings note the selective wrapping states. (b) The
corresponding wrapping profiles of nine selective wrapping states
in (a).

affect the cellular uptake behaviors of the vesicle NP. Figure 4
shows the wrapping degree, the free energy change, and phase
diagrams that characterize three phases of NP uptake, no
wrapping (α = 0), partial wrapping (0 < α < αc), and full
wrapping (αc � α � 1), in terms of the ligand density and
binding energy, when κ̄n = 1, σ̄ = 0.1, and γ̄ = 10. Note
that αc corresponds to the wrapping state that the membrane
sections on both sides of the vesicle NP just get to contact.
Then the full wrapping with αc � α � 1, which is numeri-
cally obtained by omitting the excluded volume effect of the
membrane, refers to the state where the vesicle NP is fully
enclosed by the membrane. For the case in Fig. 4, we have
determined the critical wrapping degree as αc = 0.82.

In order to more intuitively understand how the event of NP
uptake depends on the binding energy of each single receptor-
ligand bond and ligand density, typical wrapping profiles at
κ̄n = 1, σ̄ = 0.1, and γ̄ = 10 for different ligand density and
binding energy have been studied and illustrated in Fig. 4(b)
[in this paper the wrapping profiles of full wrapping (αc �
α � 1) are depicted by the case where the membrane sections
on both sides of the vesicle NP just get to contact]. We
can see that the wrapping phase is significantly affected by
the ligand density. Moreover, as shown in Fig. 4(a), for the
binding strength ēRL ranging from 30 to 40, the transition of

FIG. 5. For κ̄n = 1, γ̄ = 10, and ēRL = 35, (a) the dimensionless
total energy change as a function of the dimensionless membrane
tension and ligand density. The black solid lines are the boundaries
between phases of no wrapping, partial wrapping, and full wrapping.
Nine typical wrapping states are marked by the black hollow squares.
(b) Profiles of the nine marked wrapping states for different mem-
brane tension, strength of the single bond, and ligand density.

the wrapping phases is obvious when the intermediate value
of ligand density is taken and rarely takes place in both the
regions of small ligand density (ligand shortage regime) and
high ligand density (receptor shortage regime).

In addition to the binding energy of single receptor-ligand
bond, we also examine the effect of ligand density on the
uptake behaviors for different tension strengths of membrane
as displayed in Fig. 5. Three different wrapping phases are
shown in Fig. 5(a), where the numerically determined critical
wrapping degree αc ranges from 0.78 to 0.89 with the varia-
tion of membrane tension strength. We can see from Fig. 5(a)
that the wrapping degree decreases, and the total energy in-
creases with the increasing membrane tension. Meanwhile,
for a given membrane tension, there also exists an optimal
ligand density for the maximum wrapping degree. Typical
wrapping profiles are plotted in Fig. 5(b). The dependence of
the wrapping phase on the ligand density can also be clearly
observed under different strengths of membrane tension.

As shown in Appendix A, a valid range of λ has been
estimated as roughly 5–20. Within this range, a series of ρR

around 0.1 is adopted to find the dependency of the existence
of optimal ligand density on different combinations of λ − ρR.
Figure 6 shows that the optimal ligand density exists in most
of the cases. However, in the case of large receptor density
and length ratio, there will be dense receptors distributed on
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FIG. 6. A two-dimensional phase diagram on the λ − ρR plane
characterizes the interrelated effect of length ratio between the lipid
membrane and vesicle contour, and receptor density on the wrapping
uptake for κ̄n = 1, σ̄ = 0.1. The hollow circles represent the exis-
tence of optimal ligand density for the maximum wrapping degree,
and the crossings represent the nonexistence of such optimal values
of ligand density. In order to investigate how the length ratio and
receptor density may affect the optimal ligand density, we have
considered γ̄ and ēRL as two free parameters.

the cell membrane, which increases the number of distribution
configurations of receptors. Then the entropic contribution
to the free energy becomes negligible; the membrane and
the vesicle deformation will play the dominant role in resis-
tance to the wrapping uptake as reported in previous papers
[21,44,46,52]. For such a case, the optimal ligand density no
longer exists, as shown in Fig. 6.

Previous studies have demonstrated that rigidity of NPs can
influence their cellular uptake [21,22,52,53]. Figure 7 shows
the wrapping degree associated with the state of minimum free
energy as a function of the ratio of the bending stiffness of
the lipid membrane and the vesicle NP for different ligand
densities. One can see from Fig. 7 that the vesicles tend to be
completely enveloped by the cell as they become stiffer and
the fully wrapping states [κ̄n = 10 or 20, shown in Fig. 7(a)]
can occur for the stiffer NP rather than the softer one with
the high ligand density. The reason is that the adhesion en-
ergy is not large enough to overcome the energy barrier of

FIG. 7. The wrapping degree as a function of the ratio of the
bending stiffness of the lipid membrane and the vesicle NP for σ̄ =
0.1, ēRL = 35, and γ̄ = 10, in variation with (a) high ligand density,
ρL = 8ρR, and (b) low ligand density, ρL = 2ρR, respectively. Here,
for full wrapping (αc � α � 1), the associated wrapping profile is
schematically displayed by the case that the membrane sections on
both sides of the vesicle NP just get to contact.

FIG. 8. The energy change as a function of wrapping degree for
κ̄n = 0.1, σ̄ = 0.075, and different ligand densities (a) ρL/ρR = 1,
(b) ρL/ρR = 5, and (c) ρL/ρR = 9. The adhesion energy density
is kept constant, ρLēRL = 1.5π, although entropy-related energy is
considered. The black circles represent the wrapping degrees that are
associated with the minimum free energy. To have a fair comparison
between the present statistical mechanics model and the previous
elastic model [21], all relevant parameters are taken from Ref. [21].

deformation across the semiencapsulated state of the soft NP.
These observations are accordant with the previous studies on
the so-called rigidity-dependent cellular uptake [21,22,52,53].
However, for a relatively small ligand density, although both
of the soft and stiff NPs cannot be completely encapsulated by
the membrane, the softer one is more likely to firmly adhere
to the membrane than the stiffer one, as stiff NPs are hard to
deform, which reduces the contact area of the NP-membrane
system and then the formation probability of receptor-ligand
bonds. This finding indicates that the ligand density plays a
comparable role as the stiffness on mediating cellular uptake
of NPs.

To further examine the entropic effect on the cellular
uptake of NPs, Fig. 8 shows the evolution of the change
in total energy along with the wrapping degree under
different entropy strengths and ligand densities. For the re-
duced case of zero entropy strength, our model can be
completely degenerated to previous models of elastic mem-
brane wrapping of elastic or rigid NPs [21,44,52,54,55], in
which the uptake process is considered to be only regulated
by the elastic deformation of the NP-membrane system. It
can be seen from Fig. 8 that the wrapping degrees associated
with the minimum free energy calculated from our model with
consideration of entropic contribution are highly consistent
with the result from the previous elastic model [21] at low
ligand density. However, with the increase of ligand density,
the determined wrapping degree associated with the minimum
free energy distinctly decreases. The underlying reason is
that sharp change in the configuration of distributed receptors
before and after NP-cell interaction will significantly dissipate
the favorable binding energy in the case of high ligand density.
As shown in Fig. 8(a), there actually exist multiple metastable
states of NP wrapping. Similar phenomena have been reported
in [21] without considering entropic effect. In this study, we
have mainly focused on the wrapping state associated with the
minimum free energy. It is very common that the interaction
between deformable NPs and living cells usually occurs in
a fluctuation-sensitive biological environment [56–59]. Under
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such a situation, the wrapping states of the NPs may stochas-
tically switch between these multiple metastable states due
to the thermal fluctuations of the membrane, the NP, and the
adhesion molecules, etc.

It is also worth noting that the isssue of two fluctuating
membranes interacting via receptor-ligand bonds has been
theretically and computationally addressed [37–39]. Due to
an infinite reservoir of receptors and ligands being consid-
ered, the monotonically increasing relationship between the
effective adhesion potential and the overall concentration of
receptors and ligands is predicted [37–39]. Nevertheless, as a
vesicle NP interacting with a finite membrane is considered in
the current context, the finite reservoir of receptors would de-
crease the effective adhesion potential at high ligand density,
resulting in a nonmonotonic relationship between the effective
adhesion potential and the overall concentration of receptors.
Accordingly, the depletion of receptors from the finite reser-
voir leads to optimum ligand density with maximum wrapping
degree of NP.

IV. CONCLUSION

In summary, we have established a theoretical model on
the wrapping of a vesicle NP by a finite lipid membrane
via formation of ligand-receptor bonds, to investigate the
influence of ligand density on cellular uptake of NP. This
model quantitatively couples the elastic deformation of the
lipid membrane and vesicle, and the statistical mechanics
behavior of adhesion molecules. Through sequential quadratic
programming, we have numerically calculated the morpholo-
gies of the lipid membrane and the vesicle NP associated
with the state of minimum free energy. Results reveal that the
wrapping behavior significantly depends on the ligand density.
As a result of energy competition, an optimal ligand density
exists with intermediate value corresponding to the maximum
NP wrapping degree. The finding on the dependency of the
wrapping state on the ligand density is consistent with the
experimental observations of cellular uptake of NPs [29–34].
Three wrapping phases (no wrapping, partial wrapping, and
full wrapping) are also systematically identified in terms of the
ligand density and the binding strength of the ligand-receptor
bond, as well as the membrane tension strength. All these
findings may not only shed light on the influence of ligand
density on the statistical mechanics behaviors of cellular up-
take of NPs, but also may provide guidelines to improve the
efficiency of NP-based drug delivery systems.

However, for real systems of cellular uptake of NPs, the
proposed model still has the following limitations. Influ-
ences of ligand diffusion, membrane fluctuation, coexistence
of different types of receptors and ligands, and remodeling
in the cell cortex, etc., are not taken into account. Actu-
ally, the choice of a finite membrane with limited receptors
and the assumption that all ligands are bound with receptors
one by one will amplify the entropy cost. A 2D model is
adopted in this study. Although some conclusions are generic
and can be safely extrapolated to the three-dimensional (3D)
case, deformations in 2D can still be quite different from a
real 3D system. Investigation into the effects of these factors
on cellular uptake of NPs requires a more sophisticated model
and would be considered for our future work.
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APPENDIX A: ESTIMATION ON THE EFFECTIVE SIZE
OF CELL MEMBRANE

It has been generally accepted that endocytosis of viruses
by cells is associated with the deformation of the membrane
and the diffusion of adhesion molecules on the membrane
surface. When a virus particle makes contact with a target cell,
we assume that only a finite area of the cell membrane may
affect the endocytosis process. We consider an effective size
of cell membrane, 2lm, which is assumed to be large enough
compared to that of the virus. In addition, most viruses are
spherical and show a characteristic radius R in the range of
10–100 nm [60,61]. The actual time tw required for viruses
to enter a cell is revealed as 0.01–1 s by force tracing based
on atomic force microscopy [62–64]. Within this wrapping
time, we further assume that, in the membrane with such an
effective size, the farthest receptor should be supposed to be
just able to reach the contact area of the virus and membrane.
Thus, with this restriction, the average value of the effective
size of the cell membrane can be roughly estimated as

lm ∼
√

4Dtw, (A1)

where D denotes the diffusion coefficient of receptors on the
cell membrane and its value ranges from 0.01 to 10 μm2/s as
reported in a large number of reports [65–76]. Then, the ratio
between this effective size and the contour size of the virus
can be given as

λ = lm
πR

. (A2)

Although the previous study has indicated that there is an
optimal size for the virus to be absorbed by the cell, a trend of
positive correlation between the wrapping time and the size
of the virus in general can still be found [7] under certain
circumstances. Following this relationship that the maximum
and minimum size correspond to the maximum and mini-
mum wrapping time, the ratio λ can be roughly estimated
as between 0.6 and 20. The lower and upper limits of λ

result from two extreme cases of slow (D = 0.01 μm2/s)
and fast (D = 10 μm2/s) diffusion of adhesion molecules,
respectively. On the other hand, we should avoid introducing
the artificial boundary effect during the wrapping process in
the model; therefore, the ratio λ cannot be set too small. As
has been verified by our numerical results and previous study
[21], the ratio λ should be, at least, larger than about 5; then
the boundary deformation of the membrane will almost not be
affected by the wrapping. Eventually, the range of possible λ

can be narrowed to roughly 5–20.
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In particular, when typical values of R, tw, and D are
adopted as 50 nm [77–80], 0.3 s [24,62], and 2 μm2/s, the
ratio λ can be readily estimated as ∼10.

On the other hand, as one of the well-known viruses, HIVs
have been deeply studied in recent years. The HIV particles
(R ∼ 50 nm [80]) are usually coated with about 70 spikes
[81]. The CD4+ T cells are white blood cells that the HIV
virus kills. The CD4+ T cell usually shows a typical circular
shape and is 6–10 μm in diameter [82]. It has also been
demonstrated that the number of CD4 receptors, which are
known as the primary receptors on the surfaces of the CD4+
T cells for HIV infection, is at a mean level of 46 000 receptors
per cell [83]. Such amount of receptors can allow a CD4+ T
cell, at most, to completely encapsulate about 657 HIV viruses
at the same time. Interestingly the average membrane area
occupied by each viral particle is about 30 000 nm2 which is
about 10 times the surface area of the HIV viral particle.

Given the above, the ratio λ ∼ 10 is adopted in our study.

APPENDIX B: ESTIMATION ON THE DIMENSIONLESS
RECEPTOR DENSITY

As one of the well-known viruses, HIV has been deeply
studied in recent years. For an HIV particle (R ∼ 50 nm
[80]) coated with about 70 spikes [81], the ligand density can
be roughly calculated as ∼2200/μm2. Each CD4+ T cell
usually has a mean level of 46 000 receptors [82] for HIV
infection. In addition, the CD4+ cells usually show a typical
circular shape with diameter 6–10 μm [83]. The receptor
density on the cell surface can be estimated as ∼300/μm2.

Because a 2D model is considered to describe a NP’s in-
teraction with a lipid membrane in this study, for consistency,
we will consider to apply line number density (ξ ) instead of

the area density (χ ) to describe the distribution of adhesion
molecules along the NP and the membrane. The line number
density can be related to the area density by the equation
ξ = √

χ . This relation can also be understood as that the
line number density ξ is determined as the area density χ

multiplied by the mean molecule distance,
√

1/χ [84].
Based on this, the ligand density of the HIV virus and

the corresponding receptor density on CD4+ T cell can be
given as

ξL ∼ 0.05/nm, (B1)

ξR ∼ 0.02

nm
, (B2)

where ξL and ξR represent the ligand density along the NP and
the receptor density along the lipid membrane, respectively.

In addition, considering the minimum ligand spacing is
about 5 nm [36], the density of the maximum permissible sites
on the cell for receptors can be estimated as

ξT ∼ 0.2/nm. (B3)

Thus, the dimensionless ligand and receptor densities for
the HIV particle can be determined as

ρL = ξL

ξT
∼ 0.25 (B4)

and

ρR = ξR

ξT
∼ 0.1. (B5)

Based on the analysis of the HIV particle, ρR = 0.1 is
adopted in our paper.
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[37] H. Krobath, B. Różycki, R. Lipowsky, and T. R. Weikl, Soft

Matter 5, 3354 (2009).
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