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The paper is devoted to the dynamics of dissipative gap solitons in the periodically corrugated optical
waveguides whose spectrum of linear excitations contains a mode that can be referred to as a quasi-bound state
in the continuum. These systems can support a large variety of stable bright and dark dissipative solitons that
can interact with each other and with the inhomogeneities of the pump. One of the focus points of this work is
the influence of slow variations of the pump on the behavior of the solitons. It is shown that for the fixed sets of
parameters the effect of pump inhomogeneities on the solitons is not the same for the solitons of different kinds.
The second main goal of the paper is systematic study of the interaction between the solitons of the same or
different kinds. It is demonstrated that various scenarios of intersoliton interactions can occur: The solitons can
repulse each other or get attracted. In the latter case, the solitons can annihilate, fuse in a single soliton, or form
a new bound state depending on the kinds of the interacting solitons and on the system parameters.
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I. INTRODUCTION

Within the vast realm of nonlinear optics, the formation
and dynamics of the nonlinear periodic and localized patterns
form a separate area that has been attracting much attention
for many years. The reason for this interest is the fundamental
and practical importance of the dynamics in optical parametric
oscillators, lasers, and other such setups. It is known that soli-
tary waves known as gap or Bragg solitons can exist in these
systems in the conservative and in the dissipative cases [1-4].
Note that we use the term soliton in a wider sense, meaning a
nonlinear localized wave but not necessarily a solution of an
integrable equation.

The formation of solitons in the conservative systems can
be seen as the exact balance between the processes leading to
the spreading (for instance, dispersion or diffraction) and the
compression of the pulse (for example, a nonlinear focusing).
In the case of dissipative systems, the energy balance must
also be provided so that the losses are compensated by the
pump. It should be mentioned here that dissipative solitons
can have a conservative limit, but it is not a must. Normally
solitons are attractors in the sense that the shape of the soli-
tons is determined by the parameters of the systems but is
not sensitive to the small changes of the initial conditions
[5]. The dissipative optical solitons have been found in fiber
[6-8] and semiconductor lasers [9-11], passive Kerr cavities
with second- [12] and higher-order dispersion [13-15], op-
tical parametric oscillators [16—18], high-Q ring resonators
pumped by coherent light [19-21], and other systems.

One of the interesting systems where optical solitons can
occur is that supporting so-called bound states in the contin-
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uum (BIC) [22]. The BIC are the localized states having the
frequency lying within the spectrum of the propagating waves.
The BIC have been of much interest in recent times because
they offer the possibility to achieve high-Q well-separated res-
onances. In the case of BIC, the Q factor depends on internal
losses only, because the radiative losses are exactly equal to
zero. In real cases, the radiative losses are present but can be
quite low, so it is possible to refer to these states as quasi-BIC.
The high-Q factor allows BIC to have high intensity of the
field at a relatively low pump. Thus, considering that optical
nonlinearities are normally weak, the BIC and quasi-BIC are
very promising from the point of view of the experimental ob-
servation of nonlinear optical phenomena (see [23,24], where
highly efficient second harmonic generation is demonstrated
experimentally).

The formation of the nonlinear switching waves (domain
walls) in high-Q resonators has been studied both experimen-
tally and numerically [25] and the formation of the dissipative
solitons in driven-dissipative systems supporting BIC is con-
sidered theoretically in [26,27]. It is shown that in these
systems there may exist bright solitons branching off the soli-
tons in the conservative limit [26]. Another kind of dissipative
solitons found in these systems is the bound states of the
domain walls connecting different spatially uniform states
[27]. We note here that spontaneous-symmetry-breaking bi-
furcation can occur in the system and thus the solitons can
nestle on the backgrounds with nonzero energy flow.

It is well known that dissipative solitons can be steered by
the appropriate variation of the system parameters [28-31].
From an experimental point of view, one of the most con-
venient control parameters is the pumping field because it
allows dynamic control over the nonlinear patterns forming
in the system. However, the dynamics of the solitons in the
systems with other parameters slowly varying in space can be
of interest.

©2021 American Physical Society
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If two solitons are separated by a relatively large distance
then they can be treated perturbatively by accounting for the
intersoliton interaction by the temporal variation of the soliton
parameters. Indeed, in this case, the solution can be sought as
the sum of two unperturbed solitons and the tail of the first
soliton plays the role of weak perturbation seen by the second
soliton. The interaction between the solitons can have differ-
ent outcomes; for example, two solitons can annihilate [32],
form soliton bound states [33-36] or clusters [37-39], and
demonstrate curvilinear motion [40] or even chaotic behavior
[41,42]. It is worth mentioning here that the problem of the
formation of soliton bound states has been investigated for a
long time (see the review papers in [43—45]) and the existence
threshold, as well as the stability of soliton complexes, is
well understood mathematically. The present paper aims to
consider this in a narrow context of the domain walls and
dissipative solitons nestling on the hybrid states with broken
symmetry.

The purpose of the present paper is to study the motion of
the solitons in driven-dissipative BIC systems under the action
of the spatial variation of the system parameters and because
of the intersoliton interactions. The paper is structured as
follows. In the next section we discuss the physical system
under consideration and introduce a mathematical model to
describe the dynamics of the optical field. For the sake of
convenience we also briefly summarize the main facts on the
dissipative domain walls and the solitons existing in driven-
dissipative BIC systems. In Sec. III we discuss the behavior
of dark and bright solitons in the pump field slowly varying
in time. We restrict our consideration to the cases when either
the phase and or the amplitude of the pump field is varying
in space. Section IV is devoted to the various intersoliton
interactions taking place in the system. In Sec. V we briefly
formulate the main findings reported in the paper.

II. THE PHYSICAL SYSTEM AND ITS
MATHEMATICAL MODEL

In the present paper we consider a one-dimensional period-
ically grated waveguide with defocusing nonlinearity of Kerr
type under external laser pumping schematically shown in the
inset of Fig. 1. This system was introduced earlier and studied
in detail [26,27,46].

The two-coupled-mode approach describing the light dy-
namics in the system can be written as [46]

(8 £ 8)Ux = (i8 — y)Us + ia(|Us* + 2|U|))Us
+(ic —T)(Us +Uz) + P, (D

where U, are the slowly varying amplitudes of waves prop-
agating in the positive and negative directions of the x axis,
respectively, § is the detuning of the pump frequency from the
center of the gap of the dispersion characteristics, y accounts
for the internal losses, « = —1 is the Kerr nonlinearity coef-
ficient, o is the conservative part of the coupling coefficient
defining the rate of the mutual rescattering of the two counter-
propagating waves, I is the dissipative coupling accounting
for the fact that the radiative losses depend on the interference
of the waves, and P is the amplitude of the external coherent
pump. For further analysis it is convenient to rewrite the
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FIG. 1. Bifurcation diagram of the uniform states (thin blue
line is for symmetric states and bold green line is for hybrid
states) and bright solitons (black line), where W = |U,|> + |U,|* =
|U,|? + |U_|? is the intensity of uniform states or maximum intensity
of the solitons; dynamically unstable solutions are shown by the
dashed line. The SSB points show where the spontaneous-symmetry-
breaking bifurcation takes place; the red (shaded) rectangle stresses
unstable uniform hybrid states and solitons; the thin black vertical
lines mark the region of existence of resting and walking dark soli-
tons. The inset schematically shows the system under consideration.
The parameters are « = —1, § = 0.1155, ¢ =1, y = 0.001, and
' =0.299.

equation in a different basis by introducing new variables

U, = U*}ZU* and U; = U*;ﬁU* The equations for U, and Uy

have the forms

(0, —i8 —i3K +y 42T = 2i0)U, + (0s+ iM)U; = 2P,
)

(3 —i8 —i2K + y)Uq + (3 + iM)U,, = 0, A3)

where K = a(|Uy|* + |Uy)?) and M = aRe(U,U}). We note
that in the linear case o = 0O the spatially uniform field so-
lution can be found in the form of the eigenmodes having
the forms U, = (U, # 0, Uy = 0)T and U; = (U, =0, U, #
0)". The mode Ud experiences only internal losses (its radia-
tive losses are absent), but this mode cannot be excited directly
by pumping [see Eq. (3)]. Therefore, we refer to it as a dark
or antisymmetric mode. The other mode U, has nonzero ra-
diative losses due to coupling to the freely propagating waves.
This mode can be excited by the laser pumping at normal
incidence, so it will be referred to as bright or symmetric [see
Eq. (2)].

Before further discussion, let us briefly reproduce the re-
sults from [26,27], in particular, the symmetry properties
and dynamical stability of the uniform stationary states and
dissipative solitons. Stationary spatially uniform states can
be classified into three groups: symmetric states, which are
purely bright modes; antisymmetric states, which are purely
dark modes; and the combination of bright and dark modes,
which can be referred to as hybrid states [46]. As it was shown
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in [26], the symmetric and hybrid states can be dynamically
stable and thus can serve as backgrounds for the stable soliton
and domain walls. The typical bifurcation diagram of the
uniform states is shown in Fig. 1. The symmetric states are
shown by the thin blue line, the hybrid ones are shown by
the bold green line, and dynamical instability is shown by a
dashed line. From Fig. 1 it can be clearly seen that part of the
upper green branch is dynamically stable.

It is important to note that the hybrid states appear as
a result of spontaneous symmetry breaking because of the
parametric excitation of the dark mode. The hybrid states con-
sist of two nonequal counterpropagating waves (|U,| # |U_|)
and therefore their energy flux is nonzero Fyg = |U,|> —
|U_|?. Because both directions are equivalent, the bifurcation
branches of hybrid states are doubly degenerate with states
with the same absolute value of energy flux but of different
signs.

In [27] it is demonstrated that such a system can provide
domain walls connecting different spatially uniform states.
The different domain walls can interact and form dark dissipa-
tive solitons as bound states. Such solitons can be classified as
the resting solitons and the walking ones. The resting solitons
are subdivided into two types: the solitons with energy flux
directed towards the soliton and the solitons with energy flux
directed away from the soliton. For further convenience, we
will refer to the first type of resting dark solitons as sink soli-
tons and the latter as source solitons. The region of existence
of the dark solitons is shown in Fig. 1 by red arrows.

Besides dark solitons, there are bright solitons in the
studied system [26]. These solitons can be considered as a
generalization of bright nonlinear Schrédinger equation soli-
tons for the case of driven-dissipative systems. The typical
bifurcation diagram of bright solitons is shown in Fig. 1 by
a black line.

The solitons of certain symmetries are resting if the pump
is spatially uniform. However, in the nonuniform pumping
field, the solitons are set in motion. We consider this motion in
the next section. As is mentioned above, there are also solitons
that are moving even if neither the amplitude nor the phase
of the pump depends on the coordinates. In the next section
we also study how the inhomogeneity of the pump affects the
velocities of these solitons.

III. MANIPULATION OF SOLITONS BY SPATIALLY
NONUNIFORM PUMPING

As was mentioned before, the dissipative solitons can be
set in motion by the phase or intensity gradient of the pumping
field. In particular, it was shown that in the first approxima-
tion, the velocity of a dissipative soliton in a nonlinear optical
cavity is proportional to the phase or intensity gradients of
the pumping at the point of the soliton location [28-31]. The
relation between the effective force and the soliton velocity is
expressed by so-called Aristotelian mechanics.

In the present paper we study the soliton moving in the
nonuniform pump by means of direct numerical simulations.
Let us now briefly describe the numerical methods we use.
First, we find stationary field distributions of dissipative soli-
tons under a spatially uniform pumping field by solving sta-
tionary equations (1) in a moving reference frame & = x — Vt,

where the velocity V is treated as an unknown variable. The
spatial derivatives are replaced by a five-point finite-difference
approximation. There are four unknown values at each point
of the mesh: the real and imaginary parts of E.. So the
problem of finding the stationary solutions is reduced to a so-
lution of 4N + 1 algebraic equations, where N is the number
of points in the mesh. The obtained algebraic equations are
solved iteratively by the Newton method. Then these station-
ary fields distributions are used as initial conditions in direct
numerical simulations with a slightly nonuniform pumping
field. The simulations are made with the so-called split-step
Fourier method, the essence of this method is that the linear
part of the equation is solved in Fourier space where the
spatial derivative operator is diagonal, and the nonlinear part
is solved in coordinate space. This method is a very powerful
and efficient tool in modeling nonlinear partial equations and
it is widely used in optical studies.

Dynamically stable solitons are of the most interest from
the physical point of view. Therefore, in the present paper we
limit ourselves to the discussion of the interaction between the
stable solitons. It is important to note here that the considered
solitons nestling on stable backgrounds are always stable. The
only exception is the dark solitons near Maxwell points where
so-called snaking takes place and solitons of certain widths
are unstable. Details of the snaking phenomenon in the system
can be found in [27]. In other words, the existence of a stable
background supporting dark dissipative solitons provides that
some of these solitons are stable.

It is convenient to consider separately the case of the phase
gradient and the gradient of the pump amplitude. Let us start
with the case of solitons supported by the pumping field with
the phase slowly varying in space P = Pye®™ [see Figs. 2(a)
and 2(b)]. As is mentioned above, the sink and source dark
solitons are not identical in terms of energy fluxes and so we
can expect them to respond differently from the variation of
the pump phase. Indeed, as it can be seen from Fig. 2(a), the
sink soliton moves along the phase gradient while the source
soliton moves in the opposite direction. We also model the
motion of the bright solitons under the action of the pump with
spatially varying phase and find that the bright solitons move
in the direction opposite to the phase gradient [see Fig. 2(b)].

The spatial variation of the pumping field amplitude P =
Py(x) also sets the sink and source solitons in motion [see
Fig. 2(c)]. From Fig. 2(c) it can be clearly seen that the sink
soliton moves toward the region with the lower pump intensity
and the source soliton oppositely gets pulled in the region of
higher intensity. The bright solitons feel the variation of the
pump intensity too, moving along the pump intensity gradient
(to the region with the higher pump intensity) [see Fig. 2(d)].

Now let us consider the behavior of the walking solitons
in the system with a spatially nonuniform pumping field. The
walking solitons exist in the background with spontaneously
broken symmetry in such a way that the energy flows to the
soliton from one side and flows away from the soliton on
the other side. This explains why the solitons are moving
even if the pump is spatially uniform. Introducing a phase
gradient of the pump, it is possible to change the velocity of
the walking solitons. We take the pump in the form P = Pye**
and calculate the velocity of the walking soliton as a function
of the pump amplitude Py for different phase gradients k. The
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FIG. 2. Space-time diagrams demonstrating the motion of the solitons caused by spatially nonuniform pumping. The colormap is used to
show the intensity of the field W (x, t) (yellow corresponds to high field intensity and blue is for low intensity). Panels (i) show modified (a) and
(b) phase and (c) and (d) amplitude of the pumping field and panels (ii) show the final field distributions. All parameters are the same as in
Fig. 1. (a) Sink and source dark solitons moving under the pumping field with modified phase P = Pye®™. (b) Bright soliton on the symmetric
background set in motion by the pumping field with a nonuniform phase. (c) Amplitude gradient of the pumping field P = Py(x) forcing sink
and source dark solitons to move. (d) Bright soliton moving under the pumping field with nonuniform amplitude.

results are presented in Fig. 3(a). We can see that the phase
gradient of the pump affects the velocity of the solitons, the
change of the soliton velocity is positive for the negative phase
gradient, and, vice versa, the velocity shift is negative for
the positive phase gradient. We note here that the effect of
the pump phase gradient can be strong enough to change the
sign of the velocity.

The effect of the intensity gradient on the soliton velocity
is also studied for the pump taken in the form P = Py + ux
so that p is the gradient of the amplitude of the pump.
The dependence of the soliton velocity on Py is shown in
Fig. 3(b) for different gradients of the pump amplitude. In
this case, the velocity also gets modified and can change its
sign. It is found that the change of the velocity is of the
same sign as the gradient of the pump amplitude. It should
be noted here that we restricted our studies to the solitons

belonging to the lowest stable branch of the soliton bifurcation
diagram.

In conclusion, we would like to remark that the bright
dissipative solitons always behave in the same way as the
dark source solitons. Let us also point out here that the bright
soliton on the hybrid background has energy flux directed
towards the soliton. This means that the bright and the dark
solitons with oppositely directed energy fluxes demonstrate
qualitatively the same responses to the inhomogeneities of the

pump.

IV. INTERACTION OF SOLITONS

Let us now turn to the second problem considered in the
paper and discuss how the dissipative solitons in the quasi-
BIC systems interact with each other. All the presented results
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FIG. 3. Velocity dependence of the walking soliton at pumping amplitude. (a) The blue (middle) line shows velocity dependence in the
uniform pumping field P(x) = P,, the violet (bottom) one is for the pump field of the form P(x) = Pye’**, and the green (top) one is for
P(x) = Pye™**, with k = 1073, (b) The blue (middle) line is the same as in (a), the violet (top) curve shows velocity dependence on the pump

of the form P(x) = Py 4+ ux, and the green (bottom) one is for P(x) =

Py — px, with p = 5 x 1074,
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FIG. 4. Space-time diagrams demonstrating interactions of dark solitons. Panels (i) and (ii) show initial and final fields distributions,
respectively. (a) Interaction of initially resting dark solitons resulting in walking soliton formation (see the inset) and further interaction of
the walking soliton with the resting dark one, with P = 0.3. (b) Interaction of dark solitons resulting in uniform hybrid state formation, with
P = 0.54. (c) Interaction of dark solitons resulting in uniform symmetric state formation, with § = 0.15 and P = 0.3. (d) Interaction of two
walking solitons resulting in the formation of new walking soliton with a larger width, with P = 0.4. The other parameters are the same as in

Fig. 1.

apply to the case of a spatially uniform pump. As the system
can support solitons of different kinds, in particular, bright
solitons on the background with unbroken and broken sym-
metry, resting source and sink dark solitons, and walking dark
solitons, we need to consider many cases of possible inter-
soliton interactions. So in this paper we discuss all possible
interactions between the mentioned solitons. We start with
the interaction of the dark resting solitons, then continue to
the interaction of the dark resting with walking solitons, and
then proceed to only walking solitons. After that, we take into
consideration bright solitons and discuss their mutual interac-
tion and their interaction with the dark resting and walking
solitons.

Let us start with the interaction between dark solitons. As
the initial condition, we take a combination of numerically
found individual sink and source dark solitons. It is convenient
to take three dark solitons. Two of them are separated by a
relatively short distance comparable to the size of the solitons.
The third soliton is situated away from other solitons so that
direct interaction between them is very weak. We note that the
solitons nestle on the backgrounds with nonzero energy flows
and we can easily see that a neighbor of a sink soliton must
be a source soliton and, vice versa, the neighbor of a source
soliton must be a sink soliton.

The initial distribution and the evolution of the resting dark
solitons are shown in Fig. 4(a). We can see that a pair of the
closely placed sink and source solitons get attracted to each
other and after some time they collide. The collision results
in the formation of a walking soliton (see [27] for details).
The direction of the motion of the formed walking soliton
depends on the relative positions of the sink and the source
solitons in the initial conditions. Indeed, if the coordinate of
a sink soliton is lower the coordinate of the source soliton,
then after their collision the energy flow in the background of
the resulting walking soliton will be directed along the x axis.

So the walking soliton will move along the axis. If the sink
and the source solitons are swapped the walking soliton will
propagate in the opposite direction.

In the case illustrated in Fig. 4(a) the walking soliton moves
towards the third resting soliton. Thus after some time they
collide and this collision results in the formation of another
resting soliton. This soliton can be seen as a bound state of one
source and two sink solitons. Taking a different combination
of the initial solitons, we can obtain the formation of a resting
soliton being a combination of one resting and two source
solitons. So we can draw the following conclusions. First,
the resting sink and source dark solitons get attracted to each
other and collide. The collision can result in the formation of a
walking soliton. Second, the walking soliton can collide with
a resting dark soliton and form another resting soliton, which
in fact is a bound state of three dark solitons of different kinds.

However, the collision of a sink and a source soliton can
have a different outcome when instead of the formation of a
walking soliton the colliding solitons annihilate. The possibil-
ity of the annihilation follows directly from the fact that the
ranges of the existence of the resting and walking solitons do
not coincide and thus there is a range of parameters where
the formation of the walking soliton is impossible. The evo-
lution of dark solitons resulting in their annihilation and the
formation of a spatially uniform state is shown in Fig. 4(b).
The direction of the energy flow in the resulting uniform state
is defined by the relative position of the sink and source dark
solitons.

If the detuning § is relatively large, then the interaction of
the dark solitons causes perturbations so strong that they de-
stroy the backgrounds of the solitons [see Fig. 4(c)], switching
the system to the lowest spatially uniform state. The collision
causes strong perturbation of the soliton background and after
a relatively long transitional process, the field becomes homo-
geneous in the whole system [see Fig. 4(c)].
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FIG. 5. Space-time diagrams demonstrating interactions of solitons. The colormap is used to show (a) and (b) the intensity of the field
W (x,t) and (c) and (d) the amplitude /W (x, t). Detuning for (a) and (b) is § = 0.05; the other parameters are the same as in Fig. 1. Panels (i)
and (ii) show initial and final field distributions, respectively. (a) Two bright solitons at the symmetric backgrounds collide and form a single
soliton. The initial distance between solitons is / = 7.9. (b) Two bright solitons repulse each other with initial distance / = 9.4. In (a) and (b)
P = 0.8. (c) Repulsive interaction of a dark source soliton and a bright source soliton, with P = 0.5244. (d) Interaction of a walking soliton
with a bright one, resulting in formation of the moving bound state, with P = 0.51.

Our modeling shows that the interaction between the walk-
ing solitons is also attractive and thus they can collide [see
Fig. 4(d)], illustrating the dynamics of the field in this case.
As a possible result of the interaction, the walking solitons
form another walking soliton which is wider than each of the
colliding solitons. We note that if the initial solitons are of dif-
ferent widths and thus have different velocities, the collision
introduces stronger perturbations so that the width of the final
state is not approximately equal to the sum of the widths of
the colliding solitons.

Let us note that for some sets of parameters the dark and
the bright solitons can exist in the system simultaneously and
thus they can interact. First we consider the interaction of two
bright solitons. Two bright solitons can interact only if they
nestle on a symmetric background with zero energy flux (in
the case of a bright soliton on an asymmetric background the
energy flow has to be pointed to the solitons in both the left
and the right backgrounds and thus these bright solitons have
to be separated by a domain wall).

It is interesting to note that in the considered system the
interaction between the bright solitons can be either attracting
or repulsing depending on the parameters of the system (the
detuning § and the pump intensity P) and on the distance be-
tween the interacting solitons. For relatively small detunings
and pumping amplitudes (for instance, § = 0.05 and P = 0.8)
the interaction is attractive if the distance between the solitons
is relatively short. The case of attractive interaction between
solitons initially placed at a distance [ = 7.9 is illustrated in
Fig. 5(a). We can see that the collision results in a fusion of
the solitons into a single bright soliton.

Howeyver, if the initial distance between two solitons is
large enough, then the interaction becomes repulsive and so
the intersoliton distance grows with time. Since the interaction
strength depends on the intersoliton distance exponentially,
the interaction between the remote solitons is negligible. This

kind of interaction is shown in Fig. 5(b), where we can see
how two solitons initially placed at a distance [ = 9.4 go
away from each other but after some propagation time their
velocities drop down dramatically.

An interesting problem is the interaction of a bright and
a dark soliton. Let us discuss the interaction of a bright
soliton and a resting dark soliton nestling on asymmetric back-
grounds. We recall that this interaction is possible only with a
dark source soliton (because in the background separating the
bright and the dark solitons the energy flow has to be directed
towards the bright soliton). The interaction is repulsive [see
Fig. 5(c)]. We note here that the solitons are different and so
the mutual interaction affects them differently. The motion of
the bright soliton is hardly noticeable compared to the motion
of the dark one. This is why it looks as if during the interaction
the dark soliton runs away from its bright counterpart.

Finally, let us consider an interaction between a bright
soliton and a walking dark soliton. The structure of the back-
grounds is such that the walking soliton always moves towards
the resting bright soliton. After the collision, a bound state of
the bright and the dark state forms [see Fig. 5(d)]. The final
complex state can also be considered as a walking soliton.
These complex solitons can be of separate interest, but their
detailed investigation is beyond the scope of the present paper.

V. CONCLUSION

In this section we briefly summarize and structure the
effects found in the driven-dissipative nonlinear corrugated
waveguides described within the framework of the two res-
onantly interacting counterpropagating waves.

It is known that in such systems there may exist spatially
uniform states that can serve as backgrounds for different
bright and dark dissipative solitons. In the paper we studied
how these solitons behave if the pump varies slowly in space.
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In particular, we considered the case when the amplitude of
the pump is a constant but the phase is a function of the
coordinate. Another case considered in the paper is a pure real
pump with the intensity varying in space.

It was shown that the inhomogeneities of the pump affect
not only the shape of the solitons but, more importantly, the
velocity of the solitons. In particular, resting solitons of all
kinds are set in motion by the pump inhomogeneities. The
walking solitons were also studied and it was demonstrated
that their velocities depend on the gradient of the pump.

An important fact is that the interaction of the solitons with
the pump inhomogeneity depends on the kind of solitons. For
example, the sink dark solitons move along the phase and
against the amplitude gradient. At the same time, the source
dark solitons move against the phase and along the amplitude
gradient. This behavior offers the possibility to use the spa-
tially nonuniform pump to make the sink and source solitons
moving towards each other and collide. This is an example of
how a spatially nonuniform pump can be used to manipulate
the solitons. The systematic studies of the behavior of the
solitons under the action of the nonuniform pump reported in
the present paper can be used to organize the efficient steering
of the solitons by the external coherent pump.

Another problem considered in the paper is the interaction
between the solitons. The large variety of the different solitons
existing in the system makes it possible to observe multifar-
ious scenarios of intersoliton interaction. In particular, it was
shown that the interaction between resting dark solitons can

result either in the formation of a moving bound state or in
the annihilation of the solitons. In turn, the collision of the
walking dark soliton with a resting one produces a resting
soliton. Thus way the walking solitons can be stopped by their
resting counterparts.

Another important finding reported in the paper is that
the interaction of two bright solitons on the symmetric back-
ground can be both attractive and repulsive, depending on the
system parameters, the intensity of the pumping field, and the
distance between the solitons. It is also worth mentioning that
in the considered systems the interaction between the bright
and the dark solitons may be observed. The collision of a
walking dark soliton with a resting bright soliton gives birth to
a complex moving soliton that can be seen as a stable bound
state of bright and dark solitons.

We believe that the reported effects not only are of pure
fundamental interest but possibly can have practical im-
portance for the control of the dissipative solitons. This is
especially so considering that the systems with BIC allow
significant reduction of the pump intensity needed to observe
nonlinear effects. This could greatly facilitate the observation
of the dissipative solitons in experiments.
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