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Sample size effects for Lévy flight of photons in atomic vapors
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Lévy flight superdiffusion consists of random walks characterized by very long jumps that dominate the
transport. However, the finite size of real samples introduces truncation of long jumps and modifies the transport
properties. We measure typical Levy flight parameters for photon diffusion in atomic vapor characterized by
a Voigt absorption profile. We observe the change of Lévy parameter as a function of truncation length. We
associate this variation with size-dependent contributions from different spectral regions of the emission profile
with the Doppler core dominating the transport for thin samples and Lorentz wings for thick samples. Monte
Carlo simulations are implemented to support the interpretation of results.
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I. INTRODUCTION

Lévy flights are a typical random transport in which the
particle has a non-negligible probability of moving a step
of large length. Those large steps, although rare, rule the
transport characteristics, for instance, with mean-square dis-
placement growing faster than linearly in time [1–5]. The
possibility of large steps can be mapped in a step-size dis-
tribution decaying asymptotically as P(l ) ∼ l−1−α . For α > 2
the probability of large steps is very rare and the random walk
is a normal diffusion described by the central limit theorem
[5]. For 0 < α < 2 the variance of the step-size distribution
diverges, the central limit theorem is not valid anymore, and
the random walk is called a Lévy flight. For 0 < α < 1 even
the mean step length l̄ diverges and the transport is known as
quasiballistic [6].

Lévy flight is encountered in a large variety of systems
including turbulence [7], solar light transmitted by cloudy
skies [8], charged particle transport in solar wind [6], econ-
omy [9,10], displacement of cells [11], displacement of
animals [12–14], human travel [15–17], and spread of dis-
eases [18–21]. Information from the random walk mechanism
can be obtained from measurable parameters such as sample
transmission, mean-square displacement, first time passage,
and survival time. The finite size of real samples introduces a
cutoff of large steps [1] which may result in size-dependent
measured parameters that characterize the superdiffusion
[5,22]. Controllable laboratory systems for investigating trun-
cation effects in superdiffusion are of interest and optical
devices are good candidates as they allow for repeatability,
a large statistics of photons, and the control of parameters.
For instance, the effects of quenched [23–25] and annealed
[26,27] disorder, the fractal dimension of the random walk
[28], and the finite size of system [28] were studied for the
Lévy flight of photons in engineered media known as Lévy
glasses [3,29] and in atomic vapor [4,26,27,30].
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Photons diffuse in resonant media by successive absorption
and spontaneous emission, known as radiation trapping, with
long jumps being recognized as playing a role in the light
transport for a long time [31]. Those long jumps originate in
the emission of the photons at the wings of the absorption
profile [32]. The Lévy parameter α was measured to be α ≈ 1
for hot alkali-metal vapor with a Doppler absorption profile
[4,26,30] and α = 0.5 for a Rb vapor broadened with 50 Torr
of He gas [27] with a Lorentz absorption profile. Both results
for Doppler and Lorentz profile are consistent with theoretical
predictions in the limit of complete frequency redistribution
(CFR) [32].

The absorption profiles of alkali-metal vapor are actually
Voigt profiles, the convolution of Lorentz and Doppler curves
[33,34]. For infinite vapor with a Voigt absorption profile
the Lévy flight has the parameter α = 0.5 since large steps
associated with emission at large detuning at the Lorentz wing
dominate the transport [32]. However, truncation makes those
large steps inaccessible. The aim of this work is to measure the
change in Lévy parameter α for a vapor with a Voigt profile
as a function of the system size; in particular, a crossover
between Doppler and Lorentz expected α values is obtained.

II. STEP-SIZE DISTRIBUTION

After the photon absorption, the atom remains a typical
time τ in the excited state corresponding to the level lifetime.
Then it decays spontaneously, emitting a photon that will
travel a distance l before being absorbed by another atom,
with the travel time being negligible for typical laboratory
sample sizes. For the CFR regime the step-size distribution
is [32,35]

P(r) =
∫ ∞

−∞
�2(x)e−�(x)rdx, (1)

where �(x) is the vapor absorption profile normalized such
that

∫ ∞
−∞ �(x)dx = 1 and x = δ/�D is a normalized detuning,

with δ the frequency detuning and �D = u
λ

the Doppler half-
width at 1/e maximum; here λ is the transition wavelength and
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FIG. 1. (a) Step-size probability distribution P(r) calculated
from Eq. (1) for Voigt absorption profiles with the parameters a =
10−2 (blue line) and a = 10−1 (red line). The P(r) are also shown
for Doppler and Lorentz absorption profiles as dashed lines. (b) Cal-
culated − d log10[P(r)]

d log(r) for P(r) for Voigt absorption profiles with the

parameters a = 10−2 (blue line) and a = 10−1 (red line). (c) Mean
absorption length for a photon emitted with detuning x for a Voigt
profile with a = 10−2. The opacity for crossover between Doppler
and Lorentz regimes is represented by the blue dashed line at rc ∼
103.

u is the most probable atomic speed. In addition, r = l
l0

1
�(0)

is the opacity, a dimensionless parameter related to the ratio
between step length l and mean absorption length at line
center l0 [36]. The absorption profile for an atomic vapor at
moderate densities is a Voigt profile

�(x) = a

π3/2

∫ ∞

−∞
e−y2

/[a2 + (x − y)2]dy, (2)

where y = v/u, v is the velocity component parallel to the
photon, and a = �

2�D
is the Voigt parameter defined as the ratio

of the homogeneous (�) to the Doppler (�D) width.
We show in Fig. 1(a) the calculated step length distribution

for Voigt profiles with different a parameters as well as for
Doppler and Lorentz profiles (dashed lines). A clear crossover
is observed from the Doppler to the Lorentz regime at rc ∼
103 for a typical value of a = 10−2 for alkali-metal vapor
(for alkali-metal vapor at tens of degrees Celsius, � ∼ 5 MHz
and �D ∼ 300 MHz [34]). Writing the step-size distribution
as P(r) ∼ r−1−α(r), we can access the expected size depen-
dence of 1 + α(r) by plotting − d

d log10(r) log10[P(r)] as shown

in Fig. 1(b). For a = 10−2 a value of α ≈ 1.1 is expected

around r ∼ 102 [32], typical for the Doppler emission profile,
and a convergence to α = 0.5 corresponding to Lorentz wings
is expected for r > 104. In Fig. 1(c) we show the mean ab-
sorption distance for a photon emitted at normalized detuning
x. Photons emitted in the Doppler core of the Voigt profile are
responsible for steps sizes below rc, while photons emitted
in Lorentzian wings cause steps larger than rc. The finiteness
of real samples introduces a cutoff rS of step sizes [1]. For
sample dimensions below the crossover limit (rS < rc) only
photons emitted in the Doppler core of the Voigt profile are
scattered inside the sample, resulting in a Lévy flight with
α ≈ 1, as was measured in [4,26,30]. To reveal Lorentz wing
contributions, samples larger than rc must be considered. Our
experimental setup allows us to vary rS across rc and to
observe a change in the Lévy parameter as a function of
truncation length.

III. EXPERIMENT

A. Setup

To determine the Lévy parameter we measure diffuse trans-
mission as a function of the sample opacity. Our system
consists of a heated cesium vapor illuminated by a low-power
cw semiconductor laser with an external grating cavity, res-
onant with the D2 line of Cs (λ = 852 nm). The sample
opacity is varied through the vapor’s atomic density, which
affects the line center absorption length l0. After a random
walk inside the vapor, photons transmitted through output
windows are collected by a lens, at a distance of 30 cm, into
a detector at an angle θ = 15◦ relative to the incident beam
direction [see Fig. 2(a)]. A relatively large angle for diffusive
transmission measurement is used to minimize the scattered
light from coherent transmission detection optics. Larger an-
gles were tested with the same results. In Fig. 2(b) we show
examples of diffuse transmission spectra when the laser is
scanned around the 6S1/2(F = 4) → 6P3/2(F ′ = 3, 4, 5) tran-
sition with a clear lowering of the detected-signal amplitude
around the line center for increasing opacities. We can extract
the Lévy α parameter from the scales of the diffuse trans-
mission as a function of sample opacity for a superdiffusive
transport [26,27,37,38]:

TD ∝ r−α/2. (3)

We use a cylindrical cell with radius R = 1.25 cm and
thickness L = 3 cm. The cell is involved with ovens heating
separately the cell body and a reservoir containing liquid Cs.
The reservoir temperature TR controls the Cs pressure in the
probed region and the windows’ temperatures TW are kept at
least ∼20 ◦C higher than TR to avoid Cs condensation on them.
Opacity of the sample is determined from the fit of coherent
transmission of the laser beam (see the Appendixes for de-
tails) and is varied through the vapor density by changing the
reservoir temperature. The opacity is varied over a range from
r = 8 to r = 1.5 × 105 corresponding to density variation
from N = 3 × 1010 atoms/cm3 to N = 6 × 1014 atoms/cm3.
To obtain this range of density the cell temperatures are var-
ied from TR = 35 ◦C and TW = 80 ◦C, with a corresponding
Doppler width of �D ∼ 250 MHz for r = 8, to TR = 170 ◦C
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FIG. 2. (a) Scheme of the experimental setup. Here PD-1 and
PD-2 are photodetectors: PD-1 is used to measured coherent trans-
mission in the beam direction and PD-2 is used to measure diffuse
transmission at an angle of 15◦ from beam direction. (b) Observed
diffuse transmission spectra for three different samples opacities:
r = 25 (black solid line), r = 200 (red dashed line), and r = 3500
(blue dotted line). Those opacities correspond to atomic densi-
ties (reservoir temperatures) of N = 9.4 × 1010 atoms/cm3 (TR =
45 ◦C), N ≈ 7.3 × 1011 atoms/cm3 (TR = 65 ◦C), and N = 1.2 ×
1013 atoms/cm3 (TR = 110 ◦C), respectively.

and TW = 200 ◦C, with a corresponding Doppler width of
�D ∼ 285 MHz for r = 1.5 × 105.

The incident beam has a diameter of 1.25 mm, which
is much smaller than the cell radius. For low opacity (r ∼
8–200) we use an incident power of ∼30 μW, correspond-
ing to 1.5 times the saturation intensity of the D2 transition.
The penetration depth lI of the beam is much smaller than
the cell thickness (lI ∼ 10 mm for r = 8 and lI ∼ 0.5 mm
for r = 200). For higher opacities [r ∼ 430–(1.5 × 105)] we
have to increase the incident power to have a good signal-to-
noise ratio in the diffusive transmission. We use an incident
power of ∼300 μW, corresponding to 15 times the saturation
intensity, and penetration depth of lI ∼ 0.5 mm for r = 430 to
lI ∼ 2 μm for r = 1.5 × 105.

B. Experimental results

The main result of the article is shown in Fig. 3, where
we plot diffuse transmission as a function of sample opacity.
We fit experimental data with Eq. (3) and obtain α = 1.2 ±
0.2 for low opacities (first three points), which is consistent
with the expected value for a Doppler absorption profile. For
higher opacities (last seven points) we obtain α = 0.50 ±
0.04, which is consistent with the expected value for a Lorentz
absorption profile.

The points of Fig. 3 are the diffuse transmission amplitude
at the transition frequency from the ground state F = 4 to the
F ′ = 4–5 crossover [denoted by x = 0 in Fig. 2(b)]; similar

FIG. 3. Measured diffuse transmission as a function of sample
opacity. Dashed lines are fits to the experimental data using Eq. (3).
The first three points are used for the low opacity fit whereas the
last seven points are used for the high opacity fit. An uncertainty
of diffusive transmission around 10% is estimated from repeated
measurements over an interval of several days. Also, an uncertainty
around 10% is estimated for determination of opacity from the fit of
coherent transmission.

results are obtained for other frequencies around the line
center and also for other detection angles. Note that around
the line center the incident photons are scattered close to the
entrance windows corresponding to a nonequilibrium initial
condition for which Eq. (3) is valid for α < 2 [39].

IV. SIMULATIONS

In Fig. 4 we show results from Monte Carlo simulations
we have performed. The Monte Carlo algorithm used is
described elsewhere [40,41] and takes into account a par-
tial frequency redistribution at each scattering event and the
possibility of collisions between atoms. Three scenarios are
considered for the photon scattering in atomic media. The
RII scenario [36,42] considers the absence of collisions be-
tween atoms and an elastic photon scattering in the atomic
rest frame. This scenario is adequate for low-density vapor
for which the time between collisions τC is longer than the
excited-state lifetime τ . A fit of simulated diffuse transmission
as a function of opacity using Eq. (3) gives α = 1.17 ± 0.04,
which is consistent with the measured value [see Fig. 4(a)].
Note that for this scenario a deviation from the power law is
obtained for the higher opacities as a consequence of partial
correlation between absorbed and emitted frequencies in the
resonance wings that makes the light transport converge to
normal diffusion [36,40].

In the RIII scenario [36,42] collisions are very frequent
(τC < τ ) and the correlation between absorbed and emitted
frequencies is lost in the atomic rest frame with the emitted
frequency being redistributed in a Lorentz profile with homo-
geneous width � = �n + �C , with �n = 1/2πτ = 5.2 MHz
the natural width and �C the collisional width. We consider
resonant dipole-dipole collisions resulting in self-broadening
proportional to the atomic density [43,44] with �C = (9 ×
10−7)N Hz cm3 [45]. For the range of densities used in the
experiment, the collisional width varies from negligible �C ∼
3 kHz for r = 8 to �C ∼ 60 MHz for r = 1.5 × 105. In the
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FIG. 4. (a) Simulated diffuse transmission using the Monte Carlo
algorithm for the RII (black triangles) and RIII (red circles) scenarios
together with fits using Eq. (3). (b) Simulated diffuse transmission
for the mixed scenario (black triangles) and probability P (blue
dashed line) of a collision occurring before spontaneous emission.
The values for P are shown on the right vertical axis. In (a) and (b) the
uncertainty of the simulated diffusive transmission is estimated to
be 5%. (c) Survival time as a function of sample opacity obtained
from simulations with the mixed scenario (blue circles) together with
the minimal number of scattering necessary to converge to normal
diffusion calculated from Eq. (4) for a = 10−1 (black dashed line)
and a = 10−2 (red dotted line).

laboratory frame the emitted frequency is further redistributed
by Doppler broadening. The simulated diffuse transmission as
a function of sample opacity exhibits a clear regime change
from Doppler to Lorentz with crossover opacity similar to
that observed experimentally [see Fig. 4(a)]. The obtained
parameters fitting Eq. (3) were α = 1.2 ± 0.2 for the low-
opacity regime and α = 0.40 ± 0.02 for the high-opacity
regime.

We also considered a mixed scenario where at each scat-
tering event we draw the probability P = �C/(�n + �C ) [46]
of occurring a collision before spontaneous emission and
obtained results similar to those of the RIII scenario [see
Fig. 4(b)]. The expected P value is also shown in Fig. 4(b).
Note that the crossover from the RII to the RIII scenario taken
at P = 1

2 occurs for opacities much higher than rc, that is, the
crossover from α = 1 to α = 0.5 observed in Figs. 3 and 4.
Around the crossover opacity rc, � ∼ �n (a = 1.1 × 10−2)
and the step-size distribution is very similar to the one cal-
culated for a = 10−2 [see Fig. 1(a)]. For the higher opacities
used a ∼ 10−1 and a crossover to the Lorentzian regime
should occur for lower opacity [see Fig. 1(a)]. Those simu-
lation results reinforce that the crossover from the Doppler
to the Lorentz regime is a truncation effect and not a change

in scattering scenario related to the emergence of collisional
broadening.

From the simulations it is also possible to collect the
survival time of the photons inside the sample, that is, the
mean number of scattering events n̄, which is shown in
Fig. 4(c). A truncated Lévy flight converges to normal diffu-
sion if the number of scattering events is large enough [1],
with the number of steps required for the transition given
by [39,47]

nT =
(

5

2

)2[ 〈|r3|〉
〈r2〉3/2

]2

. (4)

The nT calculated for Voigt profiles with a = 10−2 (red dotted
line) and a = 10−1 (black dashed line) are shown in Fig. 4(c)
and are larger than n̄, which justifies the observation of the
Lévy flight characteristic despite truncation.

V. CONCLUSIONS

In conclusion, we have measured the dependence of the
Lévy parameter α as a function of sample size for photons
scattered by resonant atomic vapor. For a vapor with a Voigt
absorption profile, a crossover from transport ruled by the
Doppler core of the profile to one ruled by Lorentz wings
was observed around an opacity of rc = 103, resulting in a
change of the parameter α from α ∼ 1 to α = 0.5. We have
evidenced that the truncation length determines the spectral
region from the Voigt emission profile that contributes to the
diffusion process. The observation of the crossover between
the Doppler and Lorentz regimes was possible due to different
experimental parameters relative to previous similar works on
Lévy flights in atomic vapor. In [27] only the Lorentz regime
was observed as a buffer gas was used, resulting in a large
collisional width (�C > �D) and the large Voigt parameter
lowering the crossover opacity rc < 1. In [26] rc was not
reached in the experiment for the use of a thinner cell and
of Rb vapor with larger �D and a smaller Voigt parameter,
compared to the Cs vapor of the present work, resulting in
an increase of rc. Note that both simulations and theory were
discussed here for a two-level atom. We have not investigated
the influence of the unresolved excited hyperfine structure
of the Cs 6P3/2 level and suppose it can be taken into ac-
count by a larger effective Doppler width. We believe this
work demonstrates that laboratory optical systems are good
platforms for investigations of the random walk process and
hope it can contribute to the understanding of size effects in
superdiffusion.
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APPENDIX A: OPACITY MEASUREMENT

We have obtained sample opacity by fitting coherent trans-
mission spectra by the Beer-Lambert law

T (x) = exp

(
−

∑
i

βi�(x − xi )r

)
, (A1)

with the summation over the 6S1/2(F = 4) → 6P3/2(F =
3, 4, 5) transitions centered at xi and with relative strength βi.
The �(x) are Voigt absorption profiles as defined in Eq. (2).

APPENDIX B: DETECTED SIGNAL TREATMENT

In the diffuse transmission spectra a signal far from reso-
nance is detected that corresponds to light scattered at the cell
output window. The spectrum shown in Fig. 2(b) was obtained
by calculating

TD(x) = D(x) − S(x), (B1)

with D(x) the detected power as a function of detuning con-
sisting of diffusive transmission plus light not absorbed by the
vapor and scattered at output windows, S(x). The scattered

light was determined as S(x) = γ P0T (x), with γ a factor
taking into account the percentage of incident power P0 that is
scattered, detection efficiency, and detector gain. Here T (x) is
the measured vapor coherent transmission that is zero for the
detuning close to the resonance and densities analyzed here.

APPENDIX C: INFLUENCE OF LASER
EMISSION SPECTRA

The laser used is a diode laser with external grating cav-
ity. That type of laser is known to possibly have low-power
second-mode emission and a broad spectral pedestal that
might perturb the detected signal at resonance. From the
coherent transmission measurement we have verified that pos-
sible contributions of the second mode and the pedestal are
less than 5% of the total beam power. This eventual nonreso-
nant light should contribute less than 5% of S(x), the scattered
light at the output window. The detected signal at the line
center is at least 20% (for higher opacity) of the scattered light
far from resonance, which made us conclude that the eventual
second mode and pedestal do not affect the measurements of
diffuse transmission.
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