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Subdiffusion model for granular discharge in a submerged silo
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Silo discharge has been extensively studied for decades although questions remain regarding the nature of the
velocity field, particularly for submerged systems. In this work, fluid-driven granular drainage was performed
in a quasi-two-dimensional silo with grains submerged in fluid. While the observed Gaussian velocity profiles
were generally consistent with current diffusion models, the diffusion length was found to significantly decrease
with height in contrast to the increases previously seen in dry silos. We propose a phenomenological anomalous
diffusion model for the spreading of the flow upwards in the cell, with the fluid-driven flows we study here
falling in the category of subdiffusive behavior. As the viscous characteristics of the system were amplified,
the diffusion length increased and the shape of the flowing zone in the silo changed, deviating further from
the parabolic form predicted by traditional normal diffusion models, in effect becoming more subdiffusive as
quantified by a decreasing diffusion exponent.
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I. INTRODUCTION

Flow of granular matter in silos is of much industrial
interest and has therefore been extensively studied. For the
gravitational drainage of dry silos the mass flow rate of grains
through an orifice is typically described by the empirical law
proposed by Beverloo [1]. It chiefly depends upon the size
of the outlet and the size and physical characteristics of the
grains and is still the subject of new research [2–7]. Con-
versely in silos submerged in fluid the flow rate of grains has
been seen to differ somewhat from Beverloo’s law, exhibiting
a considerable surge as the silo is emptied. Only at very high
filling heights does the flow rate become constant, whereupon
it may be described with a Beverloo-like expression. When the
total flow rate is controlled and kept constant however, no such
surge is observed and the grain flow rate is steady [5,8,9]. Dry
silo flows may also be considered multiphase systems with the
injection of gas seen to influence grain flow rate [10] and drag
from interstitial gas causing strong deviations from Beverloo’s
law for small grains in closed silos [11].

The flow of grains as they fall inside dry silos has also
been widely studied and theorized with various approaches.
For decades, the vertical grain velocity in such flow has been
observed to be Gaussian in shape [12–14] (see Fig. 1). The
Gaussian peak is at its largest closest to the outlet, where its
standard deviation is smallest. With increasing height these
profiles “spread,” becoming wider and slower. In this sense
the velocity profiles are often thought to be diffusing upwards
in the vertical coordinate y, rather than in time as with molec-
ular diffusion. As such, the models associated with this flow
typically employ the mathematics of diffusion.

One approach to describe this behavior is the kinematic
model proposed by Nedderman and Tüzün [15] which asserts,
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without explicitly acknowledging a microscopic mechanism,
that the horizontal velocity u is proportional to the gradient of
the vertical velocity along the horizontal direction x such that
u = −B ∂v

∂x , where B is a constant with units of length. Ap-
plying mass conservation subsequently results in a diffusion
equation and Gaussian vertical velocity profiles are obtained,

v(x) = v0 exp

(
− x2

2σ 2

)
, (1)

where σ 2 = 2By, and v0 = qg/
√

4πBy with qg being the vol-
umetric grain flux per unit transverse length of the cell. This
fits well with experimental observation [16,17]; the quantity B
has hence been referred to as a “diffusion length,” relating to
the spreading of the grain velocities vertically up the silo and
is typically found to be somewhere between 1.3 and 4 grain
diameters [14,16,18].

Several microscopic models have been suggested that
can reproduce the kinematic equations, including the void
model [12,13,19], where voids originating from the ori-
fice propagate upwards through the cell, and the spot
model [20,21] which instead considers some amount of free
interstitial volume several grain diameters in size. Spots, as
voids, are believed to perform biased random walks, medi-
ating the plasticity of the granular material. The upwards
diffusion of spots results in the opposite movement of affected
particles and a small change in local volume fraction. The spot
model can hence be used to recover Eq. (1), while employing
a more robust microscopic interpretation.

At face value these models consider the diffusion length
B a constant and by consequence the flow as adhering
to the paradigm of normal diffusion, giving rise to a
parabolic flowing zone (σ 2 ∼ y). However, several experi-
mental works have found B, obtained from an analysis of
grain velocity measurements, to increase with height, with the
inconsistency between experimental results and theory still
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FIG. 1. Left: Illustration of the flow cell. Right: Gaussian veloc-
ity profiles (blue curves) taken from experiments at various heights
y and corresponding standard deviations (green curve) superimposed
on the central section of grain flow.

unexplained [14–16]. Furthermore, Choi et al. [22] reported
that considering a larger B for regions of higher velocity im-
proved fitting with the kinematic model, positing that varying
spot density may affect the interaction between different spots
and hence their diffusion through the silo. They also found
B to be independent of flow rate (orifice size) with velocity
profiles coinciding when normalized with flow rate. This is
consistent with more recent results in which the orifice size
had no clear effect on B [14]. Meanwhile, the measurement
of grain velocity profiles in submerged silos—both open and
flow controlled—is rare [23] and has not been discussed in
reference to the mean velocity models earlier mentioned. As
such it is not known how applicable the current models are
in silos where the flow is fluid driven with variable flow
rates.

This work concerns the fluid-driven flow of grains in a sub-
merged quasi-two-dimensional (2D) silo. A controlled total
volume flow rate of grains and water is withdrawn from an
orifice at the front of the silo and vertical velocity profiles
are measured. We find that the imposed fluid forces affect not
just the rate of discharge, but also the shape of the flowing
zone above the outlet—that is to say, the growth of Gaussian
width σ as a function of height up the silo. Fluid forces are in-
creased (relative to gravity) by either increasing the flow rate,
increasing the fluid viscosity, or using smaller sized grains.
In all cases, the effect is to expand the flowing zone near the
outlet, where fluid drag is highest and directed towards the
outlet point, such that the shape of the flowing zone becomes
more flat near the base. The shape of the flow thus deviates
from the parabolic shape of the normal diffusion models,
and is instead more accurately described by a subdiffusive
phenomenological model.

II. METHODOLOGY

The experimental geometry consisted of a Hele-Shaw cell
30 cm tall, 20 cm wide, and with an internal gap b = 0.05 cm,
illustrated in Fig. 1. The cell was filled with water and soda
lime glass beads which were allowed to settle, forming a bed
of sedimented granular material. Grains were sieved to three
size ranges with diameters of between 53 and 100 μm, 100
and 150 μm, and 150 and 200 μm. A total volume flow rate Q
was withdrawn with a Harvard PHD Ultra syringe pump from
a lateral outlet 4 mm in diameter at the base and in the center
of one of the plates resulting in the flow of grains and fluid.
Withdrawal in this way ensured the grain flow rate was fully
controlled by the imposed flow rate with no grain flow occur-
ring without activation of the pump. A second pump was used
simultaneously at the top of the cell to continuously replenish
the drained contents with fluid to ensure a constant hydraulic
head during the experiment. Additional experiments were car-
ried out using water and glycerol (Sigma Aldrich) mixtures
of varying concentration as the interstitial fluid. The cell was
backlit with a light-emitting diode (LED) panel and grain
motion was captured with a Nikon D7000 camera. Particle
image velocimetry (PIV) was subsequently carried out using
the PIVlab toolbox in MATLAB [24]. Total grain flow rates
were measured by integrating PIV vertical velocity profiles
and also independently measured by grain depletion from the
cell. The consistency between PIV and overall measured flow
rates verifies that there are no significant out-of-plane granular
velocity gradients and that PIV measurements at the face of
the silo are representative for the flow across the narrow gap
in the cell. For the PIV measurements, only areas significantly
far from the free surface of the bed were considered to avoid
edge effects associated with the depression of the free surface
that grows over time as the cell is drained.

III. RESULTS AND DISCUSSION

A. Velocity field

Upon initiation of the pump, grains flowed downwards
and towards the center in a manner qualitatively similar to
behavior in dry silos, with velocities increasing closer to the
outlet. Vertical grain velocities measured by PIV were found
to be in good agreement with the Gaussian profiles of Eq. (1).
Velocity profiles for flow at Q = 1 ml/min at various heights
y are plotted in Fig. 2(a) and are fitted with Eq. (1) where
the Gaussian peak v0 and standard deviation σ are free pa-
rameters. These fitting parameters are plotted as a function
of height y in Fig. 3. If we consider a constant diffusion
length B, Eq. (1) predicts a linear relationship between σ 2

and y and that v0 ∝ y−1/2, however, this is not observed un-
der any conditions in this experiment. In fact, the behavior
may be more appropriately described considering power-law
relationships σ 2 ∝ yα and v0 ∝ y−α/2, where α < 1. Within
the analogy of diffusion, such a relationship, and the variable
B with y observed in other work, could be interpreted as being
consistent with anomalous behavior—with α < 1 indicative
of subdiffusion—although this has yet to be considered in
this way in a steady-state silo system. Incidentally, anoma-
lous behavior has been reported in a different sense regarding
particle dynamics during a transient phase at the start of silo
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FIG. 2. (a) Vertical velocity profiles at various heights y at Q = 1 ml/min fitted with Eq. (1). (b) Collapse of Gaussian profiles normalized
considering Eq. (5) with α = 0.68 and Bα = 1.54 × 10−4 m(2−α). The black solid line corresponds to the velocity curve in accordance with
Eq. (5).

discharge [18,25]. We can introduce an anomalous character-
istic to the spot model by considering the spot diffusivity in
power-law form Ds(y) = αD0(α)yα−1. The equation for the
spot density ρ(x, y, t ) follows the drift-diffusion equation [26]

∂ρs

∂t
+ vs

∂ρs

∂y
= αD0(α)yα−1 ∂2ρs

∂x2
. (2)

In the steady state the equation simplifies to

∂ρs

∂y
= αBα (α)yα−1 ∂2ρs

∂x2
, (3)

for which we have introduced Bα = D0(α)/vs which has units
of length to a power (2 − α). The term αBα (α)yα−1 may be
considered as a y-dependent diffusion length mirroring the
spot diffusivity

B(y) = αBαyα−1. (4)

Equation (3) has a Gaussian solution, which when normalized
to unity takes the form [27,28]

ρs(x, y) = 1√
4πBαyα

exp

(
− x2

4Bαyα

)
. (5)

The vertical velocity profile of grains can then, in the sim-
plest case, be written v(x, y) = qgρs(x, y) since the motion
of the grains takes place where the granular medium has
dilated. The proportionality factor qg is the horizontally
integrated velocity profile. Hence the velocity Gaussian am-
plitude and variance are now given by v0 = qg/

√
4πBαyα

and σ 2 = 2Bαyα . These expressions are plotted with data
at Q = 1 ml/min in Figs. 3(a) and 3(b) where α = 0.68
and Bα = 1.54 × 10−4 m(2−α) which were obtained from
fits of v0. Consequently, normalization of velocity data with
respect to σ and v0 as described by anomalous diffusion
provides a collapse as displayed in Fig. 2(b) that would
not be achieved by considering Eq. (1) with a constant B.
A plot of B(y), obtained from velocity data according to
B(y) = α

4πy ( qg

v0
)2, is displayed in Fig. 3(c), fitted with Eq. (4),

demonstrating its decrease with height up the silo as it
approximately halves over the range measured. This is a sig-
nificant departure from both normal diffusion models where
B is a constant, and some observations of increasing B with
height in dry, gravity-driven silo flows [14–16,22] which in
this context could be consistent with the mathematics of
superdiffusion.

FIG. 3. (a) Peak vertical velocity v0 and (b) standard deviation squared σ 2 taken from fits of Eq. (1) to vertical grain velocity. Solid
lines represent v0 = qg/

√
4πBαyα and σ 2 = 2Bαyα with α and Bα given in the caption for Fig. 2. (c) B(y) calculated from data according to

B(y) = α

4πy ( qg

v0
)2 and fitted with Eq. (4).
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FIG. 4. (a) Standard deviation σ and (b) diffusion length B(y)/d calculated as in Fig. 3 as a function of height y for a selection of flow
rates Q. The axes are reversed from Fig. 3 and linear to coincide with the silo orientation. (c) The decrease of exponent α as a function of flow
rate. Inset: Rescaled diffusion parameter αB̃ indicating the general increase in B(y) as a function of Q. (d) Linear increase in grain flux qg with
flow rate.

B. Flow rate dependence

The second part of this experiment concerns how the
variation of flow rate affects the shape of the flow and the pa-
rameters of the phenomenological anomalous diffusion model
used to describe it. A range of withdrawal flow rates Q were
imposed using the syringe pump at the silo outlet, enabling
effective control over grain flow rate. With increasing imposed
total flow rate Q, the flow rate of grains withdrawn from the
outlet was observed to increase linearly once an initial zero
flow threshold was surpassed. This is consistent with our pre-
vious findings [29,30] and by extrapolation to zero granular
flow, this threshold is found to be approximately 0.1 ml/min
in the experiments reported here. This behavior is displayed
in Fig. 4(d) where the grain flux qg, measured by averaging
the numerical integral of v(x) at each height, is plotted as a
function of total flow rate.

As with the flow earlier discussed at Q = 1 ml/min, Gaus-
sian velocity profiles that spread outwards with increasing
height were observed at all flow rates. To illustrate this, the
standard deviation σ is plotted with height for various flow
rates in Fig. 4(a). Interestingly, σ becomes larger at higher
flow rates; this is different from behavior observed in dry
flows, for which the velocity magnitude merely scales with
flow rate [22]. Hence, presently both the Gaussian magni-
tude and its width increase with flow rate. Meanwhile, at
no observed flow rates can the behavior be adequately mod-
eled using a constant diffusion length; a better description is
achieved by considering B(y) according to Eq. (4). The expo-
nent α, taken from fits of v0, is plotted in Fig. 4(c) as a function
of Q. Even at the lowest flow rates, α is significantly less
than 1, indicating anomalous behavior. As the imposed flow
rate is increased the exponent decreases further to α ≈ 0.54
at 3 ml/min. This is a reflection of the fact that the flowing
zone above the outlet is changing shape, becoming wider and

flatter near the base with increasing flow rate. This dynamic is
captured by the variable diffusion exponent α in this model.
B(y) normalized with grain size d (taken here to be 125 μm)
is plotted in Fig. 4(b) as a function of height y up the silo for
selected flow rates. The absolute values of B(y) incidentally
increase with Q at a given height, showing that the tendency
for the flowing zone to spread outwards is higher (at all cell
heights) with increasing flow rate. We can go some way to
quantify this by rescaling Eq. (4) such that B(y) = αB̃( y

y′ )α−1,

where the product αB̃ is equivalent to the value of B(y) at a
height y′; for this work we subsequently consider a height of
y′ = 4 cm which is ten times the outlet diameter. αB̃ is plotted
in the inset in Fig. 4(c), where its increase with flow rate is ap-
parent. Concurrently, the rate at which B(y) decreases with y,
characterized by α, becomes more pronounced. Despite this,
the range of B(y) encountered is consistent with that observed
in dry flows and it is possible that for a sufficiently tall silo
a minimum value would be obtained such that B(y) > d . In
other words, the effect of fluid forces on the spreading of
the flowing zone diminishes further away from the outlet,
eventually converging towards a diffusion length on the order
of the grain size.

C. Grain size and fluid viscosity dependence

To further examine the role of fluid forces on the flow
as described by the anomalous diffusion model, the effects
of grain size and interstitial fluid viscosity were also con-
sidered. Experiments performed with additional grain sizes
found qualitatively similar behavior to that described in the
previous section, with B(y) decreasing with height up the silo.
Furthermore, the exponent α was found to decrease with Q for
all grain sizes, consistent with the results already discussed.
The effect of reducing grain size (at a given flow rate) was
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FIG. 5. Exponent α as a function of flow rate for various grain
sizes.

to produce a flowing zone characterized by lower values of α

as shown in Fig. 5. Hence the smaller the grains, the flatter
is the shape of the flow at the base of the silo. As with
increasing flow rate, Fig. 5 therefore shows that decreasing
grain size results in flow that deviates further and further from
the parabolic upward spreading suggested by the traditional
normal diffusion model. (Note that unstable flow develops at
lower flow rates for the smaller grains, limiting the available
range of Q in the experiments.) Meanwhile αB̃, increasing
here with Q as before, was found generally to become larger
with reduced grain size, signifying a wider flowing zone.

Using aqueous glycerol mixtures between 0 and 40 wt %
the viscosity of the interstitial fluid was varied [31]. A small
change in grain buoyancy is acknowledged and considered
in later analysis. Tests were carried out at 1 ml/min with
150–200 μm grains and showed that with increased viscosity
α decreased, as shown in Fig. 6, while αB̃ increased. As such,
regarding the anomalous diffusion model of the flow, both
decreasing grain size and increasing fluid viscosity appear
to have a qualitatively similar effect to that of increasing
the flow rate, resulting in generally larger diffusion lengths
that decrease more rapidly with distance from the outlet: The
flowing zones get wider, and the shape evolves to become
flatter at the base. This tendency shares some resemblance
with air streamlines through granular media in a gas-injected
silo [10] which suggests drag from interstitial fluid flow could
influence granular flow in this fashion.

D. Gravitational and viscous effects

While the exact physical origin of this behavior is not
currently known, we may speculate with regard to the mech-
anisms that affect it. The exaggeration of the apparent
subdiffusive behavior observed in this work coincides with
a parametric shift from gravitationally driven silo discharge,
towards a more viscous, flow-induced kind. In order to char-
acterize this we seek to quantify aspects of the flow by
considering the relative forces acting on grains in the most
elementary sense. The force of gravity acting on a submerged

FIG. 6. Exponent α as a function of interstitial fluid viscosity η

for grains of diameter 150–200 μm at 1 ml/min. Inset: Diffusion
length magnitude normalized by grain size αB̃/d as a function of η.

spherical grain can be given by Fg = π
6 ρgd3, where ρ is the

buoyancy-corrected grain density and g is gravitational ac-
celeration. To quantify the general viscous effects for each
experiment we take the drag force according to Stokes’ law
for a stationary grain in a moving fluid Fd = 3πdηv, where
v = Q/A is the superficial fluid velocity with A the silo cross-
sectional area. A dimensionless parameter F ′ = Fd/Fg may
then be defined that accommodates all present independent
variables and represents the relative contributions of viscous
and gravitational forces in each experiment,

F ′ = 18ηQ

ρgd2A
. (6)

This ratio could equivalently be described as that between the
settling velocity of a grain in fluid and the superficial velocity
in the silo imposed by the controlled flow rate. The grain
diameter is taken as before as the midpoint between the sieved
size ranges, each with a nominal uncertainty of ±5 μm. The
exponent α is plotted with F ′ in Fig. 7 whereby α for all
experiments loosely collapse, displaying a reduction as F ′
becomes greater. This illustrates the apparent link between
the viscous forces induced by the imposed fluid flow and
the deviation described by the anomalous diffusion model. It
should be noted however that F ′ is still significantly less than
unity for all present conditions, suggesting the role of gravity
is still considerable.

F ′ may also be employed to compare the diffusion length
magnitude αB̃/d as shown in the inset in Fig. 7, which here
has been normalized by grain size. The data coincide well
for all experiments but those at the highest flow rates of the
largest grain size, with αB̃/d increasing linearly. This implies
that the flowing zone is becoming wider and that the effective
diffusion length increases as the imposed flow becomes more
dominant. Extrapolation of this trend to a hypothetical F ′ = 0
for no imposed flow would provide a diffusion length of be-
tween 1d and 2d . The behavior illustrated in Fig. 7 highlights
the importance of fluid drag in this fluid-driven system; it is
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FIG. 7. Exponent α as a function of the dimensionless quantity
F ′. Inset: Diffusion length magnitude normalized by grain size αB̃/d
as a function of F ′. The legend is as given in Figs. 5 and 6.

not known if such trends would continue with interstitial fluid
drag acting against grain flow, which is known to reduce grain
flow rate [5,11]. A possible cause of the disparity concerning
the largest grains at high flow rates may be that the grain
diameter is becoming comparable to the cell gap and at high
flow rates significant dilation could be occurring, widening the
flowing region.

IV. CONCLUSIONS

In summary, velocity profiles of fluid-driven grains in
a quasi-2D submerged silo were observed to be Gaussian,
as they are in dry silo flows. However the mathematics of
normal diffusion with a constant diffusion length, as often

presented in models of silo flow, could not adequately de-
scribe the vertical variation of the velocity field. Instead, by
adopting a phenomenological anomalous diffusion model ac-
knowledging a variable diffusivity, the flow throughout the
whole packing height was characterized and collapsed. In the
submerged system described here, the diffusion length was
consistently found to decrease with height. In the context
of the anomalous diffusion model this implies subdiffusive
behavior, with diffusion apparently occurring more effectively
further down the silo. As the imposed flow rate in the sys-
tem was increased the flow became more anomalous: The
diffusion length decreased more rapidly with height while
its general magnitude increased. To this effect the flowing
zone became wider and flatter towards the base of the silo.
Similar results were observed by increasing the interstitial
fluid viscosity and decreasing the grain size—characteristics
that coincide with an increase in viscous effects induced by
the imposed flow rate.

Future work could examine this further in relation to
microscopic models, two-phase models, and granular tem-
perature. Furthermore, high-resolution velocity measurement
of dry and certain other submerged systems could clarify
whether the description of the diffusion length presented here
is also applicable in other scenarios. Such work may provide
insight by further exploring the necessary conditions for sub-
and potentially superdiffusive flow which could be linked to
the drag effects considered here.
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