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Evolutionary games between species are known to lead to intriguing spatiotemporal patterns in systems of
diffusing agents. However, the role of interspecies interactions is hardly studied when agents are (self-)propelled,
as is the case in many biological systems. Here, we combine aspects from active matter and evolutionary game
theory and study a system of two species whose individuals are (self-)propelled and interact through a snowdrift
game. We derive hydrodynamic equations for the density and velocity fields of both species from which we
identify parameter regimes in which one or both species form macroscopic orientational order as well as regimes
of propagating wave patterns. Interestingly, we find simultaneous wave patterns in both species that result from
the interplay between alignment and snowdrift interactions—a feedback mechanism that we call game-induced
pattern formation. We test these results in agent-based simulations and confirm the different regimes of order
and spatiotemporal patterns as well as game-induced pattern formation.
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I. INTRODUCTION

The composition and temporal evolution of microbial as
well as other populations depends on a variety of factors,
including environmental conditions, the population structure,
and the degree of mobility of each species [1-3]. Evolutionary
game theory (EGT) [4,5] has been used as a mathematical
framework to conceptually describe the evolutionary dynam-
ics of such populations employing methods from nonlinear
dynamics [6]. Two-player games, including the prisoner’s
dilemma and the snowdrift game, have played an important
role in the development of the research field. In EGT, games
are regarded as a population dynamics problem, where in-
dividuals who follow different strategies (“species”) interact
over many generations according to rules set by the respective
game. The ensuing (nonlinear) dynamic process then deter-
mines which species survive, i.e., “win the game.”

The mobility of individuals in particular has been shown
to play a crucial role in the evolutionary success of a species.
Previous theoretical studies have modeled mobility either as
a diffusive process, in which individuals perform random
walks (see, e.g., Refs. [7-9]) or alternatively as a migration
process, in which individuals move by winning a competition
with other species that are spatially adjacent to them (see,
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e.g., Refs. [10-14]). To the best of our knowledge, however,
there are no studies that deal with the effect of self-propelled
movement—a characteristic feature of many living beings—
on the outcome of spatially extended evolutionary games.
Since collectives of self-propelled particles (SPP) are known
to generically exhibit intriguing self-organisation phenomena
like flocking, clustering, and motility-induced phase separa-
tion (for reviews see, e.g., Refs. [15-19]), this will affect
the spatial proximity between individuals and thereby their
competitive interaction (described as a game). Changes in the
composition of the population could in turn affect the ordering
processes of the SPPs.

Here, we investigate this interplay of collective effects
due to self-propelled motion and nonlinear dynamics based
on competitive (game theory) interactions. For specificity,
we will address this question for the snowdrift game, one
of the classical two-player games. Using both agent-based
simulations and a hydrodynamic approach, we discover a
phenomenon that we term game-induced pattern formation:
When one of the two species starts to exhibit collectively
moving patterns due to self-propelled motion and alignment
of its agents, a pattern is induced in the second species. We
attribute this to a nonlinear feedback mechanism between the
local snowdrift game interaction and the alignment between
particles.

Upon exploring the model parameters that determine the
alignment and the interaction probability, we find that the
system exhibits five distinct phases, each with qualitatively
different collective behavior. If the game interaction is suffi-
ciently weak, then we find that reducing the noise level leads
to a phase transition from a disordered phase to an ordered
phase in which one species induces a polar wave pattern in the
second species. These patterns vanish when the noise strength
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is reduced, leading to a partially ordered phase in which one
species shows uniform polar order while the second species
is disordered. A further reduction of the noise strength then
also leads to an ordering transition in the second species,
which first induces a wave pattern in the previously uniformly
ordered species and finally also shows uniform polar order.
All of these phases are generalizations of the phases observed
in single-species systems of SPPs, and we show that their
existence depends on the interplay between alignment and
interspecies interactions.

This paper is organized as follows: In the remainder of the
introduction we give a concise overview over previous work
on two-player games in a well-mixed environment and in
spatially extended systems. This is mainly intended to inform
readers in the active matter field not familiar with this topic
about those results relevant for the present study. In Sec. II
we first summarize the Boltzmann approach for SPPs and the
dynamics of the snowdrift game to then combine both models
to find equations governing the dynamics of two SPP species
with interspecies snowdrift game interaction. Section III takes
these equations as a starting point to derive simpler hydro-
dynamic equations and analyses them using both analytical
and numerical methods. In this section we obtain the phase
diagram of the system in the space spanned by parameters
of self-propelled motion and game interaction and discuss
their properties. The results of the hydrodynamic approach
and the overall phenomenology of the system are qualitatively
validated in Sec. IV by agent-based simulations. We conclude
with a summary and discussion of our results in Sec. V.

A. Two-player public good games

Originally, the “snowdrift” game (also known as “hawk-
dove” game) was formulated as a strategic “‘cooperator-
defector” game [20]. It owes its name to its prominent
explanatory framework: Two drivers are caught in a winter
storm and a snowdrift is blocking the road. Both drivers now
have the option of either remaining in the car or getting out
and removing the snowdrift. Since both drivers want to con-
tinue their journey, but getting out is not really desirable, the
best strategy for each driver is to do exactly the opposite of
what the other driver does.

This strategic game can be transferred to the field of EGT
and microbial systems such as yeast cells competing for
resources and using different survival strategies [21]: In a
metabolically costly process, part of the yeast cells (producer
cells) convert sucrose to glucose, which it can use as an energy
source. This process yields more glucose than can be metab-
olized, and the extra glucose diffuses into the surrounding
medium. There it can be used by all yeast cells, regardless
of whether they produce glucose or not. As long as there is an
excess of glucose in the system, it is therefore advantageous to
save the metabolic costs for its production and only consume
it (nonproducer cells). In contrast, when there is a lack of
glucose, it becomes advantageous to produce glucose as this
provides an energy source. This leads to the coexistence of
producer (cooperator) and nonproducer (defector) cells in the
yeast population.

The snowdrift game is one out of four possible two-player
games, i.e., games where the individuals can adopt one of

two strategies. These include the prisoner’s dilemma, the
coordination, and the harmony game. Their dynamics in a
well-mixed environment (where diffusion is much faster than
the reaction kinetics) can be formulated in terms of concepts
from nonlinear dynamics [6]. The main difference between
these four games is their evolutionary outcome, i.e., the com-
position of the population in the long run. While, for example,
in the snowdrift game, cooperators and defectors coexist,
defectors always dominate in the prisoner dilemma and coop-
erators go extinct. This is related to the rules of the prisoner’s
dilemma, which can be formulated as a public goods game
where an individual can either cooperate by providing some
kind of public good or defect by exploiting this public good.
Under these conditions, defectors will prevail as they can
benefit from the interaction with cooperators without paying
any costs.

B. Evolutionary games in spatially extended systems

The spatial extension of a population and the ensuing spa-
tiotemporal arrangement of individuals can strongly influence
the evolutionary dynamics [22-25]. It is well known that this
plays an important role for microbial life, as many microbes
on our planet are found in the form of dense microbial com-
munities such as colonies and biofilms [23,26].

A key factor for the dynamics is the spatial clustering of
individuals, which has already been argued by Hamilton to
support cooperation in populations [27], because cooperat-
ing individuals are more likely to interact with each other
and therefore are less likely to be exploited by defectors. To
what degree this determines the composition of a population
has been studied extensively on different kinds of lattices as
well as for different kinds of interaction rules [8,10-12,28—
34]. Specifically, for the snowdrift game, it was shown that
accounting for spatial extension can change population ratios
compared to well-mixed systems [29,35].

While all the studies mentioned above consider diffusive
dynamics, self-propulsion is an essential part of biological
reality. In fact, there are a large variety of microbes that show
directed mobility, often along chemotactic gradients [36-39]
or due to chemical warefare [40]. Here, motility is an impor-
tant factor of their strategy, e.g., for directed motion away
from hostile environments, chemotaxis or self-organisation
into flocks.

II. MODEL DESCRIPTION
A. Active matter model

To implement propulsion of particles of both species, A
and B, we employ a kinetic Boltzmann approach [41,42].
Here, particles with a diameter dy move ballistically on a two-
dimensional substrate with constant speed vy and orientation
6. Ballistic motion is interrupted by stochastic self-diffusion
events: Particles change their orientation by an angle n at a
rate  to

6'=6+n, ey

where 7 is a stochastic variable (noise); see Fig. 1(a). Hence,
the particles move in a run-and-tumblelike fashion with a
mean time ™' between tumbling events.
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FIG. 1. Illustration of self-propelled dynamics: (a) Particles
change their orientation 6 by a stochastic angle n to ' =60 +1n
during self-diffusion events. (b) Binary collisions between particles
of the same species lead to polar half-angle alignment of their ori-
entations. We allow for additional stochastic noise terms n; and 7,
during the collision event.

Further, we assume that intraspecies interactions are due
to binary collisions between particles, that lead to alignment
of their orientations, while interspecies interactions follow a
snowdrift game (see the following Sec. II B). We implement
intraspecies aligning collisions in terms of half-angle align-
ment rules; see Fig. 1(b). The particle orientations after a
collision event are given by

o) = +m, 6= +m2, (2)
where we allowed for additional noise terms n; and 1,. We
have chosen these rules to keep our analysis conceptually
simple. In actual systems one would need to account for the
problem-specific interaction between the agents of the active
system. This has, for example, been achieved for the actin-
myosin motility assay [43—45]. For simplicity, diffusion and
collision noise variables are drawn from a Gaussian distribu-
tion with the same standard deviation o.

For a dilute system of only one species of propelled
particles, Bertin et al. [41,42] proposed a kinetic Boltz-
mann equation. It describes the dynamics of the one-particle
probability density function, f(r,8,t), which indicates the
probability that a particle is located at position r with the
orientation 6 at time 7. The kinetic Boltzmann equation for
self-propelled particles for one species reads [41,42]

0 f(r,0,1)+voeg - Vf = luge[ 1+ Lonlf, f1, 3)

where I and I denote contributions resulting from dif-
fusion and collision events, respectively, while ey is the unit
vector pointing in 6 direction. Their explicit expressions can
be found in Appendix A 1. In the present context, the most
important feature of Iy and Iy is that they depend on the
parameter o, which characterizes the noise strength.

B. Snowdrift game

In addition to the alignment interactions, we assume that
particles during collisions also play a snowdrift game. The
outcome of this interaction is specified by the payoff matrix
[Fig. 2(a)], which is nonzero only if two different species
meet. The fitness of a particular strategy, A or B, is defined
as a constant background fitness (set to 1) plus the average
payoff obtained from playing the game [6,46]:

fi=1+71bh, (4a)
fa=1+1hra (4b)

(a) (b)

A B N

Alo | 7 0

Bl x| 0 <0 | a
0 ao P

FIG. 2. Illustration of the snowdrift game. (a) Payoff matrix:
There is a nonzero payoff only if individuals belonging to different
species meet. Then, A receives a payoff t, while B receives a payoff
AtT. The relative fitness A and game strength T serve as control
parameters. (b) Flow diagram of the replicator equation, Eq. (7), for
species A with population density a: Unstable fixed points are marked
with an open circle, while the stable fixed point at g, is marked with
a filled circle. The arrows indicate the flow toward the stable fixed
point.

Here, a and b denote the densities of species A and B,
respectively. In the following, we will refer to A as the relative
fitness parameter of particles of species B relative to A, and T
as the game strength.

The time evolution now follows “survival of the fittest”:
The species with higher fitness value increases in population
size, while the other species decreases in number. Specifically,
the dynamics of the densities a and b are given by the replica-
tor equations:

da = (fa— fp)ba, (52)
0:b = (fp — fa)ab. (5b)

These replicator equations govern the dynamics of the
game. The fitness difference (f4 — fp) indicates the relative
strength of the interaction partner, while the factor a b encodes
the probability that particles of species A and B meet and in-
teract with each other. Note that the overall density p = a + b
is constant. Inserting the expressions for the fitness values f,
and fg, Egs. (4), into Egs. (5) one can rewrite the replicator
equations as

0,a =1(b— Aa)ab, (6a)
o;b = t(Aa — b)ab. (6b)

The meaning of the terms relative fitness and game strength
for A and 7, respectively, now become evident: If b > Aa, then
there is a fitness advantage for species A and its density grows
relative to species B. In contrast, if b < Aa, then the growth of
species B is favored relative to species A. Since the equations
are antisymmetric under the exchange of species A and B, we
can, without loss of generality, impose that species A is always
fitter than species B, i.e., constraining A € [0, 1]. By changing
A we can tune the relative fitness from the two species being
equally competitive (A = 1) to species A being strongly domi-
nant over B (A < 1). The second game parameter, t € [0, 00),
can be understood as the game strength.

Since the total particle number is conserved (b=p — a),
Egs. (6) can be reduced to the temporal evolution of a single
species (say A):

da =1t(b— Aa)ab = t[(p — a) — Aala(p — a). 7

044408-3



MAYER, OBERMULLER, DENK, AND FREY

PHYSICAL REVIEW E 104, 044408 (2021)

Figure 2(b) shows the flow diagram of Eq. (7) with arrows
pointing to the right for increasing a (d,a > 0) and to the left
for d,a < 0. There are three fixed points (stationary points with
d;a = 0):

Jo

ag =0, as = p, anda0_1+k. (8)
The fixed points ag and a4 are unstable in the snowdrift game,
while ay is stable. For ag =0 and a4 =0 species A and B go
extinct, respectively, and therefore the game ends (absorbing
fixed points). The fixed point a refers to a stable coexistence
of both species with population ratio b/a = A.

C. Active matter snowdrift game

To describe our system of two interacting self-propelled
particle species, we introduce the one-particle probability den-
sity functions «(r, 6, ¢) and B(r, 6, t), governing the temporal
evolution of species A and B, respectively. We use the ki-
netic Boltzmann equation, Eq. (3), and extend it for each
species separately by snowdrift interaction terms, Ig‘ame [o, B]

and Igme[ﬂ, «], chosen in analogy to the replicator equations,

Egs. (6). This leads to the general form of the two-species
Boltzmann equations

da+vpegVa = Idiff[a]“‘lcoll[av05]+I;me[av Bl, (%a)
3 B+vo € VB = Ll Bl+eon[ B, BlH10e[B. ). (9b)

We assume snowdrift interactions to be local and inde-
pendent of particle orientation as in Egs. (6). With the local
densities a(r, t) and b(r,t) of species A and B, related to «
and g8 by

b

a(r,t):/ﬂdea(r,e,t), b(r,t):/ do B(r,0,1),

-7 -7

(10)

the snowdrift interaction terms read
Belo. Bl = (b — ra) ba, (11a)
I} el B, o] = t(ha —b)ap. (11b)

The dependency on « and B in Eqgs. (11a) and (11b),
respectively, is chosen to match the form of the Boltzmann
equation with its dependency on the one-particle densities o
and B. The game strength 7 tunes the relative weight of the
snowdrift interaction compared to the alignment interaction
(collision terms). If one sets T =0, then the snowdrift inter-
action terms vanish and Egs. (9) reduce to two independent
equations for species A and B. However, in the absence of con-
vection (vy = 0), diffusion (I3 =0), and collision (I, =0),
one recovers the replicator Egs. (6) by integrating Egs. (9)
over the angle 6.

In the following, time, space, and densities are rescaled
such that one measures time in units of 1/w, position in
units of vp/w and spatial densities in units of w/(vodp). This
amounts to setting vo=dp=w = 1.

III. HYDRODYNAMIC THEORY

In the previous section, we have formulated an extended
version of two coupled kinetic Boltzmann equations for a

dilute system of two species of self-propelled particles with
a snowdrift interaction. It includes convection, self-diffusion,
intraspecies binary collision (with polar alignment), as well as
a snowdrift interaction between particles. As solving the ki-
netic Boltzmann equations, Egs. (9), analytically is generally
impractical, one has to resort to numerical implementations
[45,47,48]. However, as exemplified by studies of the kinetic
Boltzmann equation for a single species [41,42,48-51], one
can also use Egs. (9) to derive hydrodynamic equations for
those collective variables that vary slowly in space and time.

In the next section, we first derive these hydrodynamic
equations for the system of two species, Eqgs. (9), and then
study them analytically for spatially uniform systems. Then
we investigate spatially nonuniform solutions using linear sta-
bility analysis of the uniform states and numerical solutions
of the full hydrodynamic equations.

A. Derivation of hydrodynamic equations

As the probability densities a(r,0,¢) and B(r,6,t) are
periodic functions in 6, it is convenient to work with their
Fourier modes, defined as oy (r,1) := ["_d6 e a(r,6,1)
and Bi(r,1):= 7 dO e B(r,0,1). Note that the zeroth
Fourier modes are the densities of the respective species,
oy =a, o =>b, defined by Eq. (10). Besides the densities of
species A and B, the second set of slow, hydrodynamic vari-
ables are the polar order fields P4(r, ) and Pg(r, 7), which are
related to the first Fourier modes

_ (Re(ay) _ (Re(B1)
“PA—(Im(al))’ bPB‘(Im(ﬁi))' (12)

Hence, the modes «; and §; are a measure for the polar order
multiplied by the density at a given point in space and time of
the system. If «; = 8; =0, then the system is disordered. If o
or B is nonzero, then there is a preferred direction of motion,
meaning the respective species moves collectively. We will
refer to o and B; in the following as velocity fields.

The expansion of the kinetic Boltzmann equations,
Eqgs. (9), in Fourier modes is given by (see Appendix A for
details)

Aoy + %(V“k—l Vi) = —(1 — e ) o

+ Zak_pot,,l'p,k + 1(b— Aa)boy,
P

1
0B+ 5 (VBit + Vi) = —(1 - e~ kor2) g,

(13a)

+ Y BipBpLox — T(b— ra)aBi. (13b)
V4

where we introduced the abbreviations V =0, + id, and
V*=49, —id,. The explicit expressions for the collision
kernels 7, ; (o) are given in Appendix A. Equation (13) con-
stitutes an infinite set of differential equations that couple
lower- with higher-order Fourier modes. For k =0, Egs. (13)
yield

d,a = —%(V(x’f + Vi) +1(b— Aa)ba,
b= —L(VBi + V*B1)+ t(ha — b)ab.

(14a)
(14b)
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The first terms in Eqs. (14) can be understood as the
temporal change of the densities due to spatial variations in
the velocity fields, while the last terms can be interpreted
as source or sink terms given by the replicator equations,
Eqgs. (6). These source terms couple the densities of species A
and B and we will refer to them in the following as snowdrift
terms. Note, that the sum of both snowdrift terms is zero
at every point in space and time. Hence, the overall density
p =a + b follows a continuity equation

dp=—3V@ +pD+ V@ +pl (15

The spatial average of the density, p, is therefore a conserved
quantity and a control parameter of the system.

For a spatially uniform system, the spatial derivatives in
the equations for the particle densities, Egs. (14), vanish and
Egs. (14) reduce to the replicator equations. The correspond-
ing steady states are given by the stable snowdrift fixed point
with a© =p/(1+X) and »©® =pA/(1 + X). Hence, a state
with uniform densities a =a® and b=5b" and all higher
Fourier modes vanishing is a solution to Egs. (13). This so-
lution describes a spatially uniform, disordered system with
densities set to their snowdrift fixed points. Small spatially
uniform perturbations Scy, § B to this solution evolve to linear
order as

dday = (@, b sy,
98B = ul@®, )5y,

(16a)
(16b)

with

pha, by = (=% —1) + Tou+Ten)a + t(b—ra)b, (17a)

1S

o

1B, b) = (=% —1) + Tox+Te)b + t(ha—b)a. (17b)

The respectively first two terms in ,u‘,? and ,uf are due to
the self-propelled motion of both species and are familiar
expressions from one-species SPP systems [41,42]. Here, we
encounter an additional term due to the snowdrift game, which
implies that the growth rate of every Fourier mode depends on
the densities of both species. When we insert the stable solu-
tion for the densities, a® =p/(1 + A) and @ = pAr/(1 + 1),
into the expressions for ,uf and ,uf , the snowdrift terms van-
ish and we are left with the first two terms, which are then
functions of o, p and A. Varying these parameters, one finds
that all Fourier modes uf and u? with k > 2 are negative
and only the growth rates for the first Fourier mode, xf and
©®, can become positive, meaning that small perturbations
in the velocity fields «; or B, respectively, will grow ex-
ponentially. For fixed overall density, p, and relative game
strength, A, the growth rates uf and % are negative for high
values of the noise strength ¢ and become positive when the
noise strength is low enough. This defines threshold values
for the noise strength, o' (A, p) and 02 (%, p), at u/ ot pp =0
and u? 52,5, =0, respectively [see Fig. 3(b)]. Below these
thresholds (o < 0! or 0 < o), the spatially uniform solution
is unstable and small perturbations in the velocity fields, o; or
B1, have positive growth rates.

Close to the threshold values o and o, a weakly non-
linear analysis yields further insights into the dynamics of
the system and the resulting steady states. Here we follow

0.4
a oft  disordered

0.0
0.4}

A polar ordered,
.6} B disordered

B
for: ,

0.0

full polar order |

0.3k s s s s >\r
0.0 02 04 06 08 1.0

0.4},

0.0 '
0.0 0.4 0.8

FIG. 3. Solutions of the spatially uniform equations for the ve-
locity fields «; and B, [see Egs. (21)]. (a) Amplitudes of the solutions
as functions of the noise strength o with the relative fitness set to
A=1,1=0.6, and X =0.2, as indicated in the graph. Solid lines are
stable solutions, dashed lines unstable solutions. If the noise strength
is smaller than a threshold value, o <0} (o < 0/), then the disor-
dered solution |ozf0)| =0 (|ﬁ{0)| =0) becomes unstable and a new
stable solution with |oz§0)| >0 (] ,Bfo)l > () appears. (b) Bifurcation
(phase) diagram for the spatially uniform solution in control param-
eter space (A, o). At U,A(A), there is a transitions from a disordered
state (fixed point |a§0) | =] ﬁfo)l =0) to a broken symmetry state with
macroscopic polar order in A only (|a§0)| >0, |ﬂfo)| =0). A second
transition to a state with polar order in both species (|af0)| >0 and
18V > 0) occurs at 0(x) <o (). The threshold values for the
noise strengths coincide if the relative game strength A = 1.

Bertin et al. [41] and use the following truncation scheme: We
assume that close to the onset of polar order the velocity fields
are small, oy, 81 < 1, and obey the scaling relations (a —
aMy~ay, o ~a|1k‘ (and analogously for ). Furthermore,
we assume that spatial and temporal variations V, 9, ~ o] are
small. With these assumptions, one can truncate and close
the Boltzmann equation in Fourier space, Eq. (13), at the
third order term for the velocity field, o;. We refer the inter-
ested reader to Appendix A and Refs. [41,42,49] for a more
detailed discussion on the truncation scheme. Following the
described procedure, we obtain hydrodynamic equations for
the velocity fields of species A and B:

oy = (i (a, b) — (@)1 |*)ey + v(a) V*Va

—y@ o1 Vi —k(a)aiVa, — %Va, (18a)
B = (nf(a.b) — ED)BII*)B1 + v(b) V¥V B
—y(®)BIV*B1 — k(D) BV — 5Vb.  (18b)

For explicit expressions of the coefficients please refer
to Appendix A. The essential difference between Egs. (18)
and the hydrodynamic equation for the velocity field of one-
species SPP [41] lies in the coefficients u/ and %, which here
couple the velocity fields to the density of the respective other
species [see Eqgs. (17)]. Note that the snowdrift interaction
term only appears in the term linear in the velocity fields in
Egs. (18). This is a consequence of the truncation scheme and
is explained in more detail in Appendix A.

Taken together, Egs. (14) and (18) constitute a minimal set
of hydrodynamic equations that describe the dynamics of the
slow variables of our system, the densities and velocity fields
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of both species. Overall, we identify four control parameters:
the noise strength o, the overall density p, the game strength
7, and the relative fitness A. For specificity, we use a fixed
value for the average density, p =1 [in units of w/(vodp)]
and vary the remaining parameters. We observe the same
phenomenology if we instead fix ¢ and use p as control
parameter [52] (this is due to the opposing roles of density and
noise changes in the self-organization of active matter systems
[16,17,19]).

In the next sections we will first determine solutions for the
spatially uniform case of Egs. (14) and (18) and subsequently
analyze their linear stability against spatially nonuniform per-
turbations.

B. Spatially uniform solutions

The stationary uniform solutions of the hydrodynamic
equations, Egs. (14) and (18), can be found by setting all tem-
poral and spatial derivatives to zero. Then, the equations for
the densities and velocity fields decouple. For the densities,
Egs. (14), one obtains

o,a=1t(b—)la)ab,
o;b = t(ha — b)ab.

(19a)
(19b)

These are precisely the replicator equations, Egs. (6), with
the stable solution (note we have set p = 1)

1
20 —

OB
1+ 47

= (20)

Hence, the spatially uniform densities of each species are
determined by the relative fitness A, and are independent of
the game strength 7.

The hydrodynamic equations for the velocity fields,
Egs. (18), of a spatially uniform system are given by

(21a)
(21b)

oy = () — &la[*)ory,
B = (uf —&1B1I°)B1.

Hence, «; = 81 =0 (corresponding to a disordered state) is
always a trivial solution. A nontrivial solution occurs when
the terms in the brackets balance each other. Since & > 0 for
all values of the control parameters (see Appendix A), such a
solution for & (1) exists for 4 > 0 (1% > 0). We know from
the last section that the growth rate u/ (11%) is negative at high
values of the noise strength o and becomes positive below the
threshold value o;* (02), which depends on the relative fitness
A, as shown in Fig. 3(b). Note that the threshold values for
the noise strength are different for species A and B because
their densities are different in steady state for games with
A # 1. The “weaker” species (here B) has a lower density and
hence is more prone to the disordering effect of noise, i.e.,
o < o. Moreover, all results are independent of the game
strength 7, since the terms involving 7 in pf and u? [see
Egs. (17)] cancel as the densities reach their spatially uniform
steady state solutions a® and »® given by Eqs. (20). The
game strength T will, however, play an important role for the
dynamics of spatially nonuniform systems.

For values of the noise strength below the respective
threshold, the solution oy = 8; =0 is linearly unstable and
additional, stable solutions appear, given by

o
= ?1 e’ for o < o, (22a)
no
O = JEL % for o < ob. (22b)
1 g t

These solutions correspond to collective states which spon-
taneously break the rotational symmetry of the system by
choosing random directions of macroscopic order 8, and 6p,
respectively. Figure 3(a) shows the absolute values (ampli-
tudes) |a§0)| and | ,Bfo)l as functions of the noise strength o for
different values of A. For equally competitive species, A =1,
the densities are the same for both species: a® = b =1/2
[see Egs. (20)]. In this case the growth rates u/ (a?, ) and
wB(@®, p©) are identical for all values of the noise strength
o [see Egs. (17)]. Thus, the amplitudes of the velocity fields,
|0l§0)| and |8 fo)l, are also identical as shown in the upper panel
of Fig. 3. When o is decreased below o/ =0of, the ampli-
tudes of the velocity fields become nonzero, which means that
both species exhibit spatially uniform macroscopic order. For
A < 1, the amplitudes |otfo)| and | ,BI((D | differ. Since a relative
game strength A < 1 indicates that species A is “stronger” than
species B, its stationary density (fixed point) is larger than
that of species B: a® > b®. As a consequence it has the
larger growth rate, ' > 1%, and thus polar order of A is less
prone to noise resulting in a larger threshold value, 0! > o/,
see Figs. 3(b) and 3(a) for A =0.6 and A = 0.2, respectively.
This underlines an important aspect of the game interactions.
These determine the relative density of the species A and B,
which directly affects the ability of these species to establish
macroscopic polar order, i.e., the threshold values of the noise.

In summary, for our two-species system with game inter-
actions, the spatially uniform solutions show a new aspect of
macroscopic order that is absent in one-species SPP systems
[41,42,49]. There is not only one transition between a polar-
ordered and a disordered state at some threshold value for the
noise strength but two successive transitions. The underlying
reason is that the competition of the two species, as defined
by the (snowdrift) game, implies that their stationary densities
are different: the species with the lower fitness also has a lower
density. As the competition between alignment, favoring polar
order, and noise, favoring disorder, crucially depends on the
particle density, the noise thresholds for the ordering transition
of the two species are different. The more competitive species
has a higher density and, therefore, orders at a higher noise
strength than the less competitive species. This is summarized
by the phase diagram shown in Fig. 3(b). By varying the
noise strength o and the relative fitness A there are three
phases: a disordered phase above o}, an intermediate phase
for 0/ > 0 >0 where only the more competitive species,
A, shows polar order, and a phase where both species exhibit

polar order below .

C. Stability against spatially nonuniform perturbations

In this section we will test the linear stability of the spa-
tially uniform solutions given by Egs. (20) and Egs. (22),
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against perturbations with a finite wavelength. To this end,
we introduce spatially nonuniform perturbations around the
uniform solutions

a(r,1) =a"% +8a(r,1), ey (r, 1) = )’ + 8oy (x, 1),
b(r, 1) = b 4+ 8b(r, 1), Bi(r,1) =B +8B:(r,1).

Assuming that the perturbations are small, we insert the per-
turbed fields in the full hydrodynamic equations, Eqs. (14)
and (18), and keep only terms up to linear order in the per-
turbation. Note that one has to account for both perturbations
day, 8B and its complex conjugates S, 68}. Introducing
Fourier modes da(r,t)= % ffooo dqe'%"Sa(q, t) and analo-
gously for all other fields, one obtains a set of linear equations
for Smy = [Sa(q), 8b(q), 31 (q). 8 (q), 881 (Q). BT (@)]”,

8[ 8mq = Jq qu, (24)

(23)

with the Jacobian J,. It is a 6x6 matrix that depends
on the wave vector q and the spatially uniform solution
@9, p®, aio), ,BEO)) and therefore on all control parameters
(A, 7,0). An explicit expression for Jq can be found in
Appendix B. For simplification, we assume that the spa-
tially uniform solutions of the velocity fields are parallel,
ozio) I /3}0). Numerical solutions of the hydrodynamic equa-
tions and agent-based simulations in the next sections will
show that this assumption is justified.

The real parts of the eigenvalues of the Jacobian Jq
determine the linear growth rate of the perturbations: An
eigenvalue with a positive real part indicates that the cor-
responding uniform solution is linearly unstable and the
perturbation given by the respective eigenvector of the Ja-
cobian will grow (exponentially) in time. Figure 4(a) shows
examples of the real part of the eigenvalue with the largest real
part, sq, as a function of q for different values of o and fixed
A=0.4 and v =0.2. For certain values of the noise strength
o there are long wavelength instabilities (i.e., for small values
of the wave vector q).

Our linear stability analysis shows that the spatially uni-
form ordered states are unstable with respect to spatial
perturbations right at the onsets of both transitions to macro-
scopic order, o' and of [Fig. 4(b)]. In other words, the
disordered phase (o > o) is stable, while the phases with
spatially uniform polar order in species A (o' > o > o)
and uniform polar order in both species (O'ZB > o) are both
unstable toward spatial perturbations for o close enough to
the respective onset of order. By computing the real part
of the largest eigenvalue, sq, for different wave vectors q,
we find that sq is largest for wave vectors parallel to the
direction of macroscopic order (q || a§0)’ ﬁfo)); i.e., instabil-
ities are strongest when longitudinal. This suggests that the
ensuing patterns will form along the direction parallel to
macroscopic order, ozio) and ﬂfo), while the system remains ho-
mogeneous along the direction perpendicular to macroscopic
order. For T =0, i.e., in the absence of snowdrift interactions,
we recover the same unstable regions in parameter space as
previously obtained from one-species SPP systems [41,42]
[see Fig. 4(b)]. For a finite game strength, t > 0, the upper
boundaries of the unstable regions in parameter space are still
o/ and o (as in the case of no snowdrift interaction). The
width of the unstable regions, however, is smaller indicating

H
iSmax

0.0

-1.0k

0.7

0.6

0.5

0.0

FIG. 4. Stability analysis of the hydrodynamic equations
Eqgs. (14) and (18). (a) Dispersion relation of the eigenvalue with
the largest real part, sq, for different values of the noise strength
o, and fixed game strength T =0.2 and relative fitness 1 =0.4. 54
is plotted for wave vector q pointing in the direction parallel to
macroscopic order, q || «;, 8 (denoted by q)). The spatially uniform
state, Egs. (22), is unstable when the maximum of the dispersion re-
lation, Spyax. is larger zero. (b) Parameter regime (bands) of X (relative
fitness) and o (noise strength) where the spatially uniform polar-
ordered states are linearly unstable against spatial perturbations (i.e.,
Smax > 0), for different values of the game strength 7 (shades of blue)
as indicated in the graph. The two bands are bounded from above
by the threshold values o;* and o indicating the onset of spatially
uniform polar order for species A and B, respectively (dashed lines).
The width of the bands decreases with increasing game strength
7. White regions indicate parameter regimes where the spatially
uniform ordered states are stable against spatial perturbations. (c, d)
Linearly unstable regions in (z, o) space and (A, o) space, respec-
tively. The color code compares the two density field components
(6a and 6b) of the eigenvector corresponding to the eigenvalue with
the largest positive real part: §, :=da/(8a + 6b) which ranges from
0 (the largest linear growth rate corresponds to an eigenvector with
da component equal to zero and a nonzero §b component) to 1 (§b
component equal to zero and nonzero éa component).

that the snowdrift interaction has a stabilizing effect on the
spatially uniform solutions.

The perturbation with the largest linear growth rate is
given by the eigenvector dmy corresponding to the eigen-
value sq with the largest positive real part (and with wave
vector q fixed such that sq is maximal); see Eq. (24). We
compute this eigenvector as a function of the three control
parameters o, A and 7 to see how the interplay of snowdrift
game and self-propelled motion affects which perturbations
have the largest growth rate. To compare the growth rates of
the fields of the two species, we first look at the two density

044408-7



MAYER, OBERMULLER, DENK, AND FREY

PHYSICAL REVIEW E 104, 044408 (2021)

field components of the eigenvector, 5a and §b. We use the
expression §, := da/(8a + §b) to measure the direction of the
eigenvector projected onto the plane spanned by the two den-
sity fields. This value can range from 0 (§a =0 and nonzero
&b component), meaning that only perturbations in the density
of species B grow, to 1 (b =0 and nonzero §a component)
meaning that only the density of species A is unstable toward
perturbations. Figures 4(c) and 4(d) show the value of §, as a
function of the control parameters in (z, o) and (X, o) space,
respectively. Analyzing the results in (7, o) space [Fig. 4(c)],
we can read off how the game strength, t, affects the relative
growth rates of perturbations of the two densities, a and b: For
large enough game strength, t, perturbations in the densities
of both species grow equally fast (6, — 0.5). Decreasing t
changes the value of §, dependent on the region in parameter
space: In the unstable region with upper boundary o =07,
perturbations in the density of species A are growing faster
than perturbations in the density of species B such that §, — 1
for small enough game strength t [see Fig. 4(c)]. In other
words, the perturbation with the largest growth rate changes
from an even orientation in the directions of both types to an
orientation only in the a direction. In the unstable region with
upper boundary o =0, §, — 0 for small enough 7, which
means that only the density of species B is unstable. The inset
of Fig. 4(d) shows the limiting case T =0 in the (A, o) plane.
From the color code we read off that, depending on the region,
either §0 =0 (yellow region) or §a = 0 (blue region). In other
words, for two noninteracting species (r =0), perturbations
only grow in either species A or B. Note that in this case,
instabilities in the density fields for each species occur at the
respective threshold to macroscopic order: perturbations da
grow at o < o;'; perturbations 8b grow at o < o’.

There are four more components to the eigenvector, en-
coding the perturbations of the velocity fields. An analogous
analysis as above for the velocity field components par-
allel to macroscopic order, Soelll and § ,3{', yields the same
phenomenology as for the densities: For high values of 7, per-
turbations in the velocity fields of both species grow equally
fast (80{‘1‘/(805'1' + 8,3{') — 0.5). For t — 0, however, pertur-
bations 80[‘]‘ only grow in the unstable region in the vicinity of

o, while perturbations § ,8]” only grow in the unstable region
at o%. These results are discussed in more depth in Appendix
B 1. Components perpendicular to the macroscopic order are
stable to perturbations.

In summary, the main insight gained in this section is that
there are regions in parameter space where spatially uniform
polar ordered states are linearly unstable against spatially
nonuniform perturbations. These regions are located in the im-
mediate vicinity of the threshold values for the noise strength,
o/ and o, that mark the instability of a disordered state to
states with different degrees of spatially uniform polar order.
These threshold values of the noise strength are functions
of the relative fitness, A. The game strength, t, affects the
relative growth rates of perturbations of the two densities, a
and b, and velocities parallel to macroscopic order, a'll and

{': For high values of t, perturbations in the fields of both
species grow equally fast; for decreasing 7, growth rates dif-
fer between the species until for 7 — 0 instabilities in the
fields of A and B occur independently. In the next section we

O' T T T T
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0.4}

full polar order

00 02 04 06 08

FIG. 5. Phase diagram in control parameter space (A, o) for
game strength T =0.2. Colored regions indicate parameter regimes
where one finds phases that exhibit traveling polar waves, traveling
polarwave phase A (TWA) and traveling polar wave phase B (TWB).
White regions indicate regimes showing spatially uniform phases.
Regions of linear instability are in yellow-brown (depending on the
value of the maximum of the largest real part of the eigenvalue of
the Jacobian, sy, ). Bistable regions at the transitions between phases
are coloured in blue. Blue dots are calculated numerically and indi-
cate transitions between spatially uniform phases, bistable regions
and traveling wave phases. The blue star indicates the vicinity of
a small parameter regime, where the transition between the par-
tially polar-ordered uniform phase and the TWA phase becomes
supercritical.

will study the spatial patterns that emerge in these unstable
regions.

D. Numerical solutions of the hydrodynamic equations

The spatially uniform solutions, Eqgs. (20) and (22), and
their linear stability analysis (Fig. 4) suggest five distinct
phases. Especially in the regimes where spatially uniform
ordered states are unstable against spatially nonuniform per-
turbations [colored regimes in Figs. 4(b)—4(d)], we expect the
formation of spatiotemporal patterns. To study the nonlin-
ear dynamics of the hydrodynamic equations, Egs. (14) and
(18), beyond linear stability, we solve these equations numer-
ically. Specifically, we use a finite difference scheme for a
two-dimensional grid with periodic boundary conditions. We
employ an explicit iterative process, the fourth-order Runge-
Kutta method, to determine the time evolution; for details on
the implementation please see Appendix C.

1. Phase diagram and phase transitions

These numerical solutions of the hydrodynamic equations
confirm the existence of five distinct phases (Fig. 5). We
find three spatially uniform phases, a disordered phase, an
intermediate phase where species A shows polar order while
species B does not, and a phase where both species exhibit
polar order. The parameter regimes determined numerically
are in accordance with our analytical calculations (described
in Secs. III B and III C), where we found uniform solutions to
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be linearly stable against nonuniform perturbations [the three
white regions in Figs. 4(b)—4(d)].

In the parameter regime where the spatially uniform so-
lutions are linearly unstable against spatial perturbations, we
observe the formation of spatial patterns. These patterns are
characterized by density-segregated, polar-ordered bands in
both species that concurrently move through the system; see
Movie 1 in the Supplemental Material [53] for an illustration
(an explanation and the parameter set for the movie can be
found in Appendix E). We will refer to these traveling bands
as polar waves. The wave vector of the traveling patterns
always points in the same direction as the macroscopic polar
order, as suggested by linear stability analysis (see Sec. III C).
When viewed from a comoving frame, the patterns are uni-
form in the direction perpendicular to the wave vector. Similar
density-segregated traveling wave states are known from one-
species SPP systems [42,54,55]. Interestingly, the domains
where traveling wave patterns exist, extends beyond the pa-
rameter regime where the spatially uniform polar-ordered
states are unstable to spatial perturbations of finite wave-
length. In the blue shaded regime in Fig. 5 the system exhibits
bistabilty and subcritcal behavior as discussed in detail below;
see Sec. III D 2. We have also investigated phase diagrams for
different values of t and found the same topology.

We will see in the next section that the mechanism under-
lying pattern formation varies according to the region in the
parameter space. A distinction is therefore made between two
different phases with spatial patterns. We refer to the traveling
polar wave state emerging in the unstable region in parameter
space at o/ as traveling polar wave phase A (TWA) and
the one in the unstable region at o as traveling polar wave
phase B (TWB). For both of these phases, examples of the
wave profiles for the density fields, @ and b, and the velocity
fields, |oz‘1‘| and | ﬂ{' |, are shown in Fig. 6; the superscript for
the velocity fields indicates that we consider the component
parallel to the direction of macroscopic order, aio) and ﬂfo),
and wave vector, q (as mentioned in Sec. III C, the stability
analysis showed that instabilities are largest for q || oego), 50),
meaning that patterns form along the direction of macroscopic
order). Our numerical solutions show that the polar waves for
species A and B are strongly correlated spatially, meaning that
they follow each other through the system. These findings
are consistent with our results from linear stability analysis,
where we found that instabilities always occur simultaneously
for interacting species A and B.

In the three spatially uniform phases, all fields show values
that are close to their uniform fixed point values given by
Egs. (20) and (22). Although in the TWA and TWB phase, the
fields exhibit spatial patterns and deviate significantly from
their uniform fixed point values at different points in space,
the spatial averages @, b, |@;| and |B;| are approximately also
given by the corresponding uniform fixed point values.

Moreover, we find that at every point in space, the
velocity fields, |o;(r,?)| and |Bi(r,t)|, are well approxi-
mated by the local values of the spatially uniform solu-
tions, Eq. (22). For local densities a(r,t) and b(r,t) with
w/% >0, these are given by |o\”(r, 1) =i (a, b)/E(a)
and |8 (r, 1)| = V1B (a, b)/E(b), else we have |a; ], |B1] =0.

Hence, nonzero values for the velocity fields «; and §; re-

(a) TWA (b) TWB
1.6 1ol
08 0.8
: 0.4
0.0
o1 B
S IV R IV
04— ——
0.2f o 0.2
“‘D)l‘ // N
(00— S 0.0k
T X

FIG. 6. Typical wave profiles for the density fields (solid lines), a
and b, and the velocity fields (dashed lines), |ai‘ | and |8 l' |, in the trav-
eling wave phases TWA (a) and TWB (b). Control parameters are set
to relative fitness A = 0.4, game strength  =0.2, and noise strength
o =0.67 in (a), and 0 = 0.47 in (b). The insets show how the density
and velocity fields are related to each other: At every point in space,
the velocity fields «; and B; (dashed lines in the insets) are approx-
imately equal to the values |a; (r, )| ~ |\ (r, 1)| = /1% (a, b) /& (a)
and |B(r, )|~ |,Bl(°>(r, | =+/ub(a, b)/§(D) corresponding to spa-
tially uniform solutions [see Egs. (22)] for the respective local
densities a(r,t) and b(r,t) (green solid lines in the insets). The
waves in species B in the TWA phase seem to be an exception to
this observation (inset in the bottom left figure).

quires that the densities are large enough such that locally
one is above the threshold for polar order, i.e., both pL/I‘ (a, b)
and /Lf (a, b) are positive (see Sec. III B). The only exception
are patterns of the B species in the TWA phase in a regime
where both A and 7 are small enough such that the density
b falls below the threshold value for polar order, ,uff(a, b).
Nevertheless we see order emerge in the high-density wave
peak [see lower inset of Fig. 6(a)]. In summary, the pattern can
segregate the system in regions of high density with macro-
scopic order (Jo;| > 0 or |B;| > 0) and low density regions
that are disordered (|| =0 or | 81| =0).

2. Bistability and subcriticality

Previous studies on SPP systems indicate that patterns are
stable even in regimes where uniform solutions are linearly
stable [47,49]. To identify the full regime in which pattern
solutions exist, we use the following approach (‘“hysteresis
loop”): We first compute the stationary solution for fixed
parameters (A, 7) and o > o' where there is no macroscopic
order, neither in A nor in B. Then, we reduce the noise strength
o quasistatically in small steps, thereby sweeping through the
different phases in parameter space. By “quasistatic” we mean
that the system is given enough time to equilibrate between
successive adjustments in o. Afterward, we increase the noise
strength again quasistatically back to its initial value. During
this o sweep, we monitor the spatial average of the velocity
fields, |&;| and |B;|. To identify the presence of spatial pat-
terns, we use parameters that we call variation parameters 1
and 7np, which measure spatial variations in the densities a and
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FIG. 7. Bifurcations of the spatial average of the velocity fields,
|&| and |B,|, and the spatial variation parameters, 174 and 7, as a
function of the noise strength o for a fixed game strength 7 =0.2
and for different values of the relative fitness A: (a) A =1, (b) A =0.2,
and (¢) A =0.5. Blue and red lines consist of sets of dots that each
indicate a stable state calculated numerically. The dashed lines in-
dicate the analytical results for the spatially uniform amplitudes of
the velocity fields, Eq. (22); compare with Fig. 3. Regions shaded
in blue and yellow indicate parameter regimes, in which the system
is bistable or the spatially uniform states are linearly unstable with
respect to spatially heterogeneous perturbations, respectively.

b. They are defined as

Aa Ab
na = (%) and 7np:= (%) (25)

where % is the absolute value of the numerical spatial

derivative of the density field a and the bar indicates the
average over all grid points (see Appendix C). For 14 =0
(ng=0), species A (B) is in a spatially uniform state, while
a nonzero value 14 >0 (1> 0) indicates that the system
exhibits some kind of spatial patterns in A (B). By combining
the information about average velocities and spatial variations
we can infer the phase of the system, as we discuss next.
Figure 7 shows the spatial variation parameters, 74 and
ns, and spatial averages of the velocity fields, |&@;| and |B;],
obtained from o sweeps for different values of the relative
fitness A and a fixed game strength T =0.2. A general observa-
tion from our numerical analysis is that phases with traveling
polar waves exist in parameter regimes wider than the do-
mains predicted by the linear stability analysis of spatially
uniform states; compare the yellow- and blue-shaded regimes
in Fig. 7. While in the yellow-shaded parameter regime only
the traveling waves are stable solutions, in the blue-shaded pa-
rameter regime both these waves and spatially uniform states

are stable solutions, i.e., the system shows a bistable dynamics
and subcritical behavior.

For a neutral game (A = 1), species A and B show identical
behavior [Fig. 7(a)]: Quasistatically decreasing (gray arrows)
and then increasing (black arrows) the noise strength o one
observes a hysteresis loop. Both, the variation parameters, 14
and 73, and the average velocities, |&;| and |B;|, show dis-
continuous changes (up and down arrows) at the boundaries
of the bistable regime at high noise values (right blue-shaded
region). Hence, in the bistable regime, the disordered phase
and the traveling wave phase (TWA) are possible metastable
states. In contrast, in the bistable regime at low noise strength
(left blue-shaded region) only the spatial variation parameter
exhibits a hysteresis loop while the average velocities change
continuously. Moreover, the spatial averages of the numeri-
cally determined values for the velocities closely follow the
results calculated analytically for a spatially uniform system
[dashed lines in Fig. 7(a)]; compare Eq. (22). This has two
implications. First, a spatially uniform polar-ordered state and
a traveling wave state are metastable solutions (in the left
bistable regime). Second, the spatially uniform and spatially
nonuniform state have the same average velocities. We there-
fore call this transition quasicontinuous.

For small enough values of the relative fitness A [A =0.2 in
Fig. 7(b)], one observes all of the five different phases (com-
pare also Fig. 5) with bistable regions as well as hysteresis
loops at each transition. In addition to the disordered phase
at high noise strength and the spatially uniform polar-ordered
phase at low noise strength, in which both species show polar
order (Joy], |B1| > 0), there is now an intermediate phase, in
which only species A shows polar order, but species B does
not (la;| > 0, |B1] = 0). Similar as for a neutral game, the
spatial mean of both velocities is fairly well approximated
by the analytical results we obtained for a spatially uniform
system [dashed lines in Fig. 7(b)], even in the regime where
the system actually shows phase separation into polar bands
of high density and disordered spatial regions of low density.

For large enough values of the relative fitness A [A =0.5
in Fig. 7(c)], the two traveling polar wave phases, TWA and
TWB, merge; compare also Fig. 5. The phase behavior is
similar as in the neutral case with the difference, that the
traveling polar waves in species A and B differ in shape and
degree of polarization [see the different values of 1,4, ng and
|y, |81l in Fig. 7(c)].

Last, in a small parameter regime (close vicinity around
the blue star in Fig. 5), the transition between the uniform
partially polar-ordered phase and the TWA phase becomes
supercritical, i.e., we do not find jumps in the variation param-
eters and average velocities, but a continuous change between
zero and nonzero values. Moreover, in this regime the dy-
namics become extremely slow, so that the system takes a
long time to reach its spatially nonuniform, stationary state,
indicating critical slowing down.

3. Game-induced pattern formation

In the last section we found that the two traveling wave
phases, TWA and TWB, exhibit coupled traveling polar wave
patterns. In a next step, we now investigate the relationship
between the interaction mediated by the snowdrift game and
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FIG. 8. Wave profiles for noise strength o = 0.68, relative fitness
A =0.4 and different game strengths t as indicated in the graphs. The
system is in the TWA phase. (a) For r =1, species A and species B
exhibit polar waves in the density fields, a and b, with polar-ordered
wave peaks (nonzero velocity fields |oz‘,'| and |8 ,” ). (b) For t =0.1,
we observe an increase of wave amplitudes in @ and |a'1‘| as well as a
decrease in wave amplitudes in b and | ﬁl' |. This effect is stronger the
smaller the value of the game strength 7 is. (c) For T =0, the polar
wave pattern in B has completely disappeared and species B is in a
disordered, spatially uniform state.

the formation and coupling of polar wave patterns. This will
shed light on the differences between the TWA and TWB
phases and on the underlying mechanism of pattern formation.

The linear stability analysis performed in Sec. III C already
indicated a possible role of the game interaction in pattern for-
mation. There we found that for finite game strength (7t > 0)
spatial perturbations in the density and velocity fields of
species A and B grow simultaneously, while in the absence
of game interactions (7 = 0) instabilities in the fields of A and
B occur independently. This suggests that the games interac-
tion is responsible for the coupling between the polar wave
patterns of species A and B.

To pinpoint this idea, we systematically study the
formation of polar wave patterns as a function of the game
strength 7. Figure 8 shows profiles of the densities, a and b,
and the velocity fields, |a{|| and | ﬂIH |, for different values of
the game strength t. The other two control parameters are
set to 0 =0.68 and A =0.4, such that the system is in the
TWA phase. For t =1, traveling polar waves emerge in both
species, as expected [Fig. 8(a)]. For smaller values of the
game strength t, we observe a decrease of wave amplitudes
in b and | ,B{'l but an increase of wave amplitudes in a and |a‘1‘ |
[Fig. 8(b)]. In general, we find that the smaller the value of t,
the lower the amplitude of waves in species B and the higher
the amplitudes in species A. In the absence of a snowdrift
interaction (r =0), the wave pattern in species B completely
disappears and species B is in a disordered, spatially uniform
state with b= ﬁ ~ (.29 and | ,3“ =0 throughout the system
[Fig. 8(c)]. We conclude that the pattern in B observed for
7 >0 in the TWA phase is due to the snowdrift interaction.
This behavior is consistent with our analysis of the direction
of the linear instability as a function of t in Sec. IIIC [see
Fig. 4(c)]. There we found that the » and ,8{' components
of the eigenvector pointing in the direction of the instability
gradually decreased with the game strength t, such that
the a and a'll components remained as the only nonzero
contributions for t — 0.

Our interpretation of these observations is the following.
The alignment interactions between the particles of species A
cause polar wave patterns in the TWA phase. This is consistent
with previous studies on SPP systems, that find traveling polar
waves at the onset of ordered motion.

For a finite game strength, v >0, the game interaction
induces a shift of the density of the B species toward the
value b= A a, given by the fixed point of the snowdrift game
[Eq. (20)]. The magnitude of this shift (flow in the phase space
of the game) depends the game strength 7. The stronger the
game interaction, the stronger the mutual influence of the two
species. For large 7, one expects an adiabatic limit where a
and b are strictly correlated by b/a = A; compare Figs. 8(a)—
8(c). We call this mechanism game-induced pattern formation.

There is an analog mechanism in the TWB phase. Our
simulations show that with decreasing game strength 7, the
pattern amplitudes in a and |oz‘1‘| decrease while they increase

in b and |ﬂ{| |. For vanishing game strength (z — 0), patterns
in species A fully disappear and one is left with spatially
uniform polar order in species A and polar wave patterns in
species B. Hence, in the TWB phase, species B induces the
traveling wave pattern in species A.

In parameter regions where the TWA and TWB phases
overlap, both species form polar waves independently, due to
alignment interactions. Game interactions cause synchroniza-
tion of these wave patterns. Interestingly, when we tune the
game strength 7 to very small values, in a parameter regime
where the densities of both species are high enough to exhibit
pattern formation, we observe “oscillating” solutions where
a faster moving traveling wave periodically passes a slower
wave. Our explanation for this phenomenon is that the active
properties responsible for the wave formation dictate different
wave speeds for both species and the game strength is too
weak to synchronize both patterns.

IV. AGENT-BASED SIMULATION

As a complementary approach and to test the robustness
of the results obtained with the kinetic Boltzmann approach,
we implemented agent-based simulations of a system of two
species that exhibit intraspecies alignment and interspecies
interactions mediated by the snowdrift game. For a single
species, previous agent-based simulations showed that align-
ing collisions can lead to the formation of macroscopic order
when the density of particles is high enough or orientational
noise is weak [42,56,57]. In addition, at the onset of macro-
scopic order, particles were observed to form polar-ordered
high-density waves rather than spatially uniform polar order
[54,57].

A. Agent-based model

Following Bertin et al. [42], we use a generalized Vicsek
model [56] for self-propelled particles and extend it to two
species, which interact through a snowdrift game. We consider
a system of N particles on a two-dimensional square plane of
area L x L with periodic boundary conditions; specifically, we
use L =256 and N =98 304. Each particle, located at position
r;, is either of species A or B, and moves with a velocity
V; =g eé; the speed vy is assumed to be constant and the
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direction vector reads eg = (cos 0;, sin 6;), where 0; denotes
the angle enclosed with the x axis.

The positions of all particles are updated in discrete time
steps dt

et = v dr (26)

Particles move ballistically unless they change their direction
e/ in random “diffusion” or “collision” events. A “collision”
event is defined in the spirit of a Vicsek model [56]: Each par-
ticle aligns its direction to the average direction of all particles
of the same species in its alignment vicinity A at time t. A’; is
defined as the disk around rz- with radius dgj;gn, the alignment
range, corresponding to dy in the kinetic model. Independent
of alignment, each particle is subject to “diffusion” events,
in which its direction changes by a random amount . We
assume that 7 is a random variable that is uncorrelated in time
and space and given by a flat distribution over the interval
(—hm, her] with h € [0, 1]. The standard deviation o of a flat
distribution is then given by o = hsr /+/3. We will refer to o as
the noise strength. The direction of each particle at time ¢ + dt
is therefore given by

O = arg Z | 40 (27)
ke.A’f

Previous studies have shown that if the noise strength o
is sufficiently low, species begin to form macroscopic polar
order, i.e., particles move collectively over distances much
larger than their alignment range dujign [56,57]. To measure
polar order of each species we define the polar order parame-
ters

Nf
1 A
—IZe“’k,; and B| = N’ E &%l (28)
Al k=1

B | k=1

where N} and N} denote the total particle number of species
A and B, respectively, at time ¢; ot’l and ,Bi range from O (no
order) to 1 (perfect alignment of all particles). The temporal
averages of these polar order parameters are given by

Z(xl,, and (B)) = Z,Bl (29)

In addition to intraspecies alignment interactions, particles
also play an interspecies snowdrift game each time they “en
counter” each other. Analogously to the alignment vicinity, we
define a snowdrift game vicinity g;. of particle j at time ¢ by
a disk around particle j with radius dgame, which we will refer
to in the following as the game range.

All particles N j’ within this range are assumed to participate
in the game, similar as in an urn model [6]. The corresponding
particle numbers for species A and B are denoted by Ny ;jand
Ng. j» respectively. Consider the case that particle j belongs
to species A: This A particle will be at a disadvantage in
the competition with the B particles if the relative abundance,
Np. i /Ni I lies below a threshold A, which defines their relative
fitness. We assume, in analogy to the replicator equations
Egs. (6), that a disadvantaged particle will switch species, i.e.,
change strategy (here A — B) with a rate r(a;)» — b’j). Here,

a;=N, ;/N; and b; =Ny ;/N; denote the particle densities
of species A and B, respectively (within the game range of
particle j). However, if a particle is at an advantage in the
game it plays, i.e., the relative abundance is greater than the
threshold A, then we assume that it keeps its strategy. An
analogous argument holds if j happens to a B particle.

Taken together, we define the probability for switching
species as

t(dia—b))dt if jeA and T(aA—b)) > 0
Prj = r(b’j—a’jk)dt if jeB and r(a’j)\—b’j) <0 (30)
0 otherwise.

As in Sec. II, T >0 is interpreted as the game strength:
With increasing t the strength of the snowdrift interaction
compared to the alignment interaction increases. Because the
species are antisymmetric under relabeling A and B, we can
restrict the relative fitness to A €[0, 1], i.e., species A is
the “fitter” species. We assume that particles which change
species lose their directional information and move in a ran-
dom direction afterward until they align with partners of their
new species. This assumption, which we refer to as “switch
randomization,” prevents transmission of directional informa-
tion between species, such that all interspecies interactions are
purely due to the snowdrift game.

To be able to identify spatial structure as observed in previ-
ous agent-based SPP models [42,56,57] we divide the system
into C channels perpendicular to the direction of macroscopic
order. Each channel has area L?/C. We then calculate the
densities ¢’ and &. and polar order parameters o, . and B .
for each channel c¢. The same partitioning is made parallél
to the direction of macroscopic order. If waves are present
in the system, then we expect a difference in the magnitude
of the order parameter for different channels, whereas for
an uniformly ordered phase the order parameters for each
of the channels should be almost identical. We measure this
difference with the velocity variation parameter v/, defined as
twice the standard deviation of polar order parameter o} . over
all channels: ’

C

1
vi=2 |50 (e, — ). (31)

c=1

The factor of 2 is introduced such that v} € [0, 1]. The velocity
variation vj for species B is defined analogously. To see if
waves are present over an extended period of time, we use the
differences between the time averages Avq = (va, 1) — (Va,))>
with channels perpendicular and parallel to the direction of
macroscopic order, respectively. Further details can be found
in Appendix D.

B. Results of the agent-based simulation

Of the eight model parameters (A, T, 0, 0, Vo, daign,
dgame, and L) we focus mainly on analyzing the role of two:
(i) the noise strength o, and (ii) the relative fitness A. The
noise strength o is used as a control parameter to distinguish
between the different phases, with the density kept fixed at
o =N/L?>=1.5. Varying the relative fitness A tunes the ratio
of species B to A. The remaining parameter values are listed
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FIG. 9. Regimes of different macroscopic order and spatiotem-
poral patterns obtained from agent-based simulations for game
strength T =0.4 and two distinct values of the game theory inter-
action radius dgume as indicated in the graph. Yellow areas mark
parameter regimes with traveling polar wave patterns, where TWA
and TWB mark the regions where species A and B, respectively,
promote wave formation. These two phases merge with increasing
values of the relative fitness A. Gray shaded areas indicate parameter
regimes where the system is in either a disordered or uniformly
polar-ordered state, as indicated in the figure legend. For all tran-
sitions between phases there are transition regions in which both
phases—a uniform phase (either ordered or disordered, depending
on the transition) and a polar wave pattern—can dynamically change
(light blue regions). Note that, as explained at the end of Sec. IV B,
due to demixing of species inside the waves, the relative size of
the parameter regime covered by the TWA and merged wave phase
widens with increasing dy,me. The vertical orange lines in the right
panel indicate the three slices in parameter space displayed in Fig. 10.

in Appendix D. We have tested that the same phenomenology
found for these specific parameter values is also observed in
a broader parameter range, similar to the kinetic Boltzmann
approach [58].

In our agent-based simulations for the “active matter
game” we observe a similar phenomenology as in the ki-
netic Boltzmann approach: Depending on the parameters,
especially the game strength t, relative fitness XA, and noise
strength o, we observe up to five different phases. For neu-
tral games (A =1), we observe, similar to previous studies
[42,56,57], three different phases: a disordered, a traveling
polar wave, and a uniformly polar-ordered phase. Figure 9
shows the diagram for a game strength 7 =0.4, and two
distinct game ranges dgame € {5, 10}. The topology of the di-
agram is similar to the one obtained from the hydrodynamic
equations (Fig. 5), and it is independent of the specific value
for the game range.! In the following discussion, the specific
parameter values given refer to the case dgame = 10.

The agent-based simulations show that above some thresh-
old value for the noise strength (o > 0.7) both species are
in a spatially uniform, disordered state, with the polar order

IThis is the case as long as the game range is not chosen too small,
i.e. that the average number of particles participating in an interaction
is insufficient to roughly achieve the desired ratio given by A.

(a) A=0.23 (b) x=0.28 (c) r=0.31
0.8/ QT ! QU
041 Avy Avy Avy
P B T A [T
0.0 T B i X 2 ‘
I'WB TWA ['WB TWA merged wave phase
0.8 B b1 51
0.4 FAY Av
oo 1N LAz D
H 1 3 Y -
0050 04 06 o 02 04 06 02 04 06 O

FIG. 10. Polar order (solid line) and velocity variation (dashed
line) against noise strength o for species A (top row) and species
B (bottom row) and a set of different values for the relative fitness
A (a-c), indicated in the graph. There are parameter regimes with
spatially uniform states (white regions, corresponding to gray shaded
areas in Fig. 9), wave patterns (yellow shaded region), and bistable
behavior where both wave patterns and uniform (dis-)order (blue
shaded region) stochastically alternate. We observe three qualita-
tively different regimes. For A =0.23 (a) there are distinct TWA and
TWB phases, separated by an intermediate phase. The TWA phase
shows nonzero polar order for species A («; > 0) and finite velocity
variations (Av, > 0), while there is neither significant polar order in
species B (8; = 0) nor velocity variations Avg. In contrast, the TWB
phase is characterized by polar order as well as velocity variation in
both species A and B. The case A =0.28 (b) is phenomenologically
similar to (a), but in the TWA phase there is now also polar order
(B1 > 0) and finite velocity variations (Avg > 0) for species B. The
intermediate phase in which species A is uniformly ordered and
species B disordered (center white strip) is much smaller than in (a).
For » = 0.31 (c), the TWA and TWB phases merge to one broad,
single traveling wave phase which exhibits polar order and finite
velocity variation in both species.

parameters, «; and B, and the velocity variation Av for both
species approximately zero; see upper-most light gray area in
Figs. 9 and 10, as well as Fig. 14(a). Below this threshold
noise value, species A shows polar waves independent of the
value for A, as can be inferred from Fig. 10(a) where «; and
Av, are shown as functions of o. In analogy to the corre-
sponding phase observed in the kinetic Boltzmann approach,
we call this phase traveling wave phase A (TWA). How these
polar waves in species A affect the degree of order in species
B depends on the strength of the relative fitness A. Within
the polar waves, the density of A is enhanced, which in turn
implies an increased density for species B due to the game
interaction; recall that at the mean-field level we have b = Aa.
Whether this induces polar order depends on whether the
density of species B within the band exceeds the threshold for
polar order (in the absence of the game). Indeed, we find that
for low values of the relative fitness, & < 0.26, there is only a
density wave in species B but no (or only weak) polar order
[see Figs. 10(a) and 14(b)]. For larger values of A [Figs. 10(b)
and 10(c)], however, the density of species B becomes large
enough within the polar bands of species A such that the
threshold for polar order is crossed and species B exhibits
polar bands as well. Since this polar order is mediated by the
polar waves of species A through the game interaction and
not through the alignment interaction of species B per se, it is
a game-induced phenomenon similar as in the hydrodynamic
approach (Sec. III D 3). A movie displaying the dynamics in

044408-13



MAYER, OBERMULLER, DENK, AND FREY

PHYSICAL REVIEW E 104, 044408 (2021)

(b)

D uQ
e ™ b
200t "p
100 "o
; =51
s it X
0 100 200 0 100 200

FIG. 11. Density and velocity profiles in the TWB phase for
noise strength o =0.32 and relative fitness A =0.26. (a) Snapshot
from the agent-based simulation with particle positions of species A
and B marked in blue and red, respectively. Inset: blow-up showing
species demixing inside the wave. (b) Corresponding wave profile as
a function of position x averaged over the y direction. For the analysis
we partitioned the system into 256 channels along the x axis, counted
the particles per channel and evaluated the channel densities a, b, and
p (upper plot) and polar order «;, B; (lower plot). There is a clear
correlation between the density wave and polar order; outside the
wave the system shows a low-density disordered phase.

the TWA phase can be found in the Supplemental Material
(Movie 2) [53].

Upon further decreasing the noise strength o, there is a
parameter domain for & < 0.29 where we find an intermediate
phase (see the gray-shaded region in Fig. 9 enclosed between
the TWA and TWB phases). In this region of the diagram,
there are no longer any wave patterns in species A or B; see
central white regions in Figs. 10(a) and 10(b). Furthermore,
while the polar order of species A is maintained («; > 0),
species B no longer exhibits polar order (8; ~0). In other
words, species A is now in a uniformly polar-ordered state,
while species B is in a disordered state; see also Fig. 14(c).

Upon decreasing the noise strength o even further, we
observe wave patterns again. Now, both species A and B
display traveling waves with polar order; see Figs. 10(a) and
10(b) and Fig. 14(d). Species B forms polar waves by itself
due to alignment interactions. The polar waves in species A,
however, have a different origin: Without the game interaction
species A would already be in a uniform polar-ordered phase.
The role of the interaction mediated by the snowdrift game
is to spatially modulate the density of species A such that it
mirrors the wave pattern of species B; for spatial profiles of the
density and the polar order see Fig. 11(b). We call this phase
traveling wave phase B; the dynamics are displayed in movie3.
At even lower noise strength, the waves disappear again, and
both species exhibit uniform polar order (dark gray area in
Fig. 9 and movie4). Transitions between different phases do
not occur at exact parameter values, instead there is a re-
gion with stochastic switching, where the system alternates
between the two adjacent phases.

While the diagrams obtained from the agent-based simu-
lations (Fig. 9) and using the hydrodynamic theory (Fig. 5)
are qualitatively fairly similar, the agent-based simulation re-
veal interesting additional phenomena which are absent in
the Boltzmann approach. For phases in which both species
show long-range polar order, i.e., polar waves or uniform polar
order, we observe a demixing of species A and B, meaning

clusters or alternating bands of only one species or the other
species. Figure 11(a) illustrates this demixing in the TWB
phase for polar waves parallel to the direction of wave propa-
gation. Note that the bands are wider in species A, as it has a
fitness advantage compared to species B (A =0.26).

The size of these demixed regions grows linearly with
increasing game range dgame, as is illustrated in Fig. 15. If
demixing occurs, then the ensuing density ratio b/a becomes
larger than the relative fitness A. Both demixing and the den-
sity shift occur only if the relative motion between particles
is slow (e.g., in the polar-ordered phases) compared to the
rate T of snowdrift game interactions. In the agent-based sim-
ulations used in this study, this requirement is met only for
the traveling wave phase induced by species B (TWB) and
the uniformly polar ordered phase, the only phases in which
both species A and B display sufficient polar order. While
the demixing manifests itself as bands in the TWB phase, the
species form clusters in the uniformly polar ordered phase; see
Fig. 14(e). The observed demixing of species is an interesting
feature of the snowdrift game and occurs even in the absence
of alignment interactions (see left panel of Fig. 15), as long as
the diffusive mixing of the system is sufficiently slow.

We attribute the formation of such clusters and bands to the
finite interaction range of the snowdrift game. In a well-mixed
population the density ratio is given by b/a = A and, hence,
all particles have equal fitness. Upon demixing within the
interaction range of the game, however, the overall fitness can
be increased as alike species cluster together. This tendency
for demixing dominates over “entropic” mixing effects due to
random particle motion, i.e., for slow movement of particles
relative to each other (in comparison to the game strength).

In the agent-based approach we observe that the TWB
phase is stable over a much wider range of noise strength o
than in the hydrodynamic approach, and becomes even larger
with increasing relative fitness levels X; cf. Figs. 9 and 5.
We hypothesize that this stabilization of traveling waves is
due to the interplay between demixing and the loss of direc-
tional information during switch randomization: Particles that
change species at the rear end of a wave and thereby lose their
directional information counteract the formation of uniform
polar order.

V. DISCUSSION AND CONCLUSIONS

We investigated an active matter system consisting of two
different types of self-propelled particles interacting both
mechanically and through birth-death processes described
by a game. For the mechanical interaction we used stan-
dard alignment of the particles’ velocities implemented either
as pairwise collisions with half-angle alignment (following
Bertin et al. [41]) or alignment in a certain neighborhood (in
the spirit of a Vicsek model [56]). In addition, we considered
competition between the different particle types (“species”)
mediated through a snowdrift game, again played either upon
collision or in some neighborhood. Since these interactions
can change the (local) density of particles—a critical param-
eter for symmetry-breaking and pattern-formation in active
matter—they are an essential and interesting extension of
classical active matter models. We would even suggest that
they may be seen as a simple classic example of a more
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general class of interactions that affect the density of the
self-propelled particles rather than their orientation.

We have derived hydrodynamic equations for the densi-
ties and velocities of the particles, starting from a kinetic
Boltzmann equation for polar particles that we extended by
the replicator dynamics of the snowdrift game. Using linear
stability analysis we have studied the system’s dynamics as a
function of two key control parameters, the noise amplitude
of the polar alignment interactions and the relative fitness of
the two species in the snowdrift game. These studies revealed
different regimes of macroscopic polar order and pattern for-
mation for one or both species. Below a critical noise strength,
we observe that particles of the species with the higher fit-
ness form polar order and evolve into polar traveling wave
patterns. Interestingly, these patterns—mediated by snow drift
interactions between the two species—induce polar traveling
waves in the other species as well. Furthermore, we find that
in a regime of even lower noise values, the species with the
lower fitness forms polar wave patterns, and these patterns
again induce polar traveling waves in the other species. We
referred to this phenomenon as game-induced pattern forma-
tion. Although we have discovered this phenomenon for the
specific case of polar active particles interacting through a
snowdrift game, we would argue that it is a fairly general
phenomenon that applies to a broad class of active systems
where the local density of particles is affected by (nonlinear)
reaction kinetics. We have complemented the kinetic approach
with agent-based simulations in which interactions between
particles take place in some extended neighborhood rather
than in collisions. These simulations qualitatively confirm the
phase diagram and the various regimes of macroscopic order
and pattern formation, including the game-induced patterns.
This shows that our findings are robust and do not depend on
the particular implementation of the active matter system.

Moreover, our numerical simulations of the hydrodynamic
theory and the agent-based model consistently show that the
transitions between the different types of collective behavior
are characterised by discontinuous changes in the velocity
and spatial density variation. In particular, they also exhibit
hysteresis and bistability. This shows that the ensuing phase
transitions are generically first order and the formation of
patterns is subcritical. Only by fine-tuning parameters could
we find a regime where the transition becomes continuous.
Finally, our agent-based simulations show the formation of
species separated clusters (disks and bands) in the ordered
phases due to the finite range of game interactions. The
simulations suggest that these spatial structures can lead to
a stabilization of game-induced wave pattern leading to a
broader parameter regime of these waves.

From a broader perspective, this study suggests a possibly
general mechanism in active matter systems where patterns
in one species induce patterns in another species. Here, since
we focused on two species with qualitatively identical pat-
tern phenomenology (traveling waves), the patterns induced
by game interactions are qualitatively the same (traveling
waves). More generally, it would be interesting to ask what
could happen if the individual species showed qualitatively
different types of collective behavior and different pattern
phenomenology. For instance, different symmetries of in-
traspecies alignment, e.g., due to different shapes of the

species’ agents, could lead to density regimes of patterns
with different symmetries for the two species (e.g., polar
clusters and nematic patterns) [59]. Based on our study, pat-
terns in one species induce density variations in the second
species (game-induced patterns). These density variations in
the second species could then locally enter regimes of pattern
formation and induce patterns in the second species. As a
result there would be patterns of different symmetries, which
undergo mutual feedbacks and possibly lead to a rich pattern
phenomenology with novel collective states in active matter.

Our study could also, perhaps only on a conceptual level,
relate directly to ‘real life’ systems, where motile organ-
isms undergo chemical interactions with each other. Examples
for biological systems whose spatiotemporal dynamics are
shaped by the interplay of motility and chemical interactions
include motile bacteria that compete for shared resources [60]
and bacterial systems that interact through chemotaxis and
other types of extracellular signals. For a direct comparison
with these systems, it will certainly be necessary to consider
a more complex interaction scenario than the snowdrift game
considered here and, for example, explicitly include the spa-
tiotemporal dynamics of the extracellular chemicals and more
complex chemical reaction kinetics [1]. Other systems, where
we expect similar phenomenology, may include systems with
different chemical species engineered such that these species
are self-propelled and show chemical reactions.
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APPENDIX A: DERIVATION OF THE
HYDRODYNAMIC EQUATIONS

The kinetic Boltzmann Egs. (9) set the mathematical
framework for the investigation of our active particle system
with snowdrift game interaction. Following Refs. [42,49], we
use these equations as a starting point to derive hydrodynamic
equations that describe the dynamics of the density and polar
order at least in a parameter regime close to the onset of
macroscopic polar order.

1. Extended Kinetic Boltzmann equations

As discussed in Sec. II, we model the dynamics of two
species A and B with self-propulsion and self-diffusion,
that undergo intraspecies polar alignment, and interspecies
game interactions. All agents are assumed disk-shaped with
diameter dy and velocity vy. We therefore assume the fol-
lowing dynamics for the one-particle probability density
functions «(r, 0,t) and B(r, 6,1), for the species A and B,
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respectively:
o (r,0,t)+ vo(ep - V)a(r,0,t)
= Lurla] + Leonle, @] + Igpele, B1, - (Ala)
0 B(r,0,1)+ voley - V)B(r,0,1)
= Laier[B] + Leon[ B, B1 + game[ﬁ»a], (Alb)

with the terms describing self-diffusion, Igg[f], and align-
ment interaction, Lon[f, f]

L[ f]1 = —w f(0) + w/ d@// dno f(0")
X Po(n0) 822 (0" + mo — 0),

—f(©)

(A2a)

b
do' Ryg f(0")

-7

Icoll[fv f] =

+ / a6, / A6, Re, 6,/ (611 (62)

o 6, + 6
x/ an(n)az,,< ‘2 2+n—9>, (A2b)

[e¢]

and the terms for the game interaction
Il Bl = (b — ha)ba (),
game[a Bl = t(ka — b)a ().

The collision kernel Ry, g9, =4 dovo| sin(%(@l — 6,))| char-
acterizes the collisions between the agents and

(A3a)
(A3b)

+00

8o (x) 1= Z S(x + 27m).

m=—00

(A4)

denotes the 27 periodic delta distribution. We assume that
both random variables, ny and 7, describing diffusion and
collision noise, respectively, are Gaussian distributed:

1 U

Po(no) = eXp| — 562 | (A5)
2708 %

PO = —— il A6

For a more detailed derivation of I and I, we refer to
Ref. [42]. By using the rescaling

f:=tw, F:i=r- a)vol, A7

z . -2 -2 . -1
t.:ra)do vy, f = fdyvow™".

we can set w, vy, and dy equal to 1 without loss of generality.
In the following, we will omit the tilde and just write ¢, r, T,
and f to simplify notation.

2. Fourier transformed Boltzmann terms

As a first step, we perform the Fourier transformation of the
extended kinetic Boltzmann Eqs. (A1) in 6 with the Fourier
representation

f(r,0,t)= i (A8)
2 ‘

Y e fen,

=—00

T
fir,t) = / do e* f(r,0,1), (A9)
—7T
where f stands for « or B. With this convention for
the Fourier transformation the following identities hold:
ST e =28 gand Y0 e ™ = 278(6). In the follow-
ing, we omit spatial and temporal dependencies, and, if not
specified differently, all integrals over 6 have boundaries —
to m, all integrals over the noise have boundaries +o0o, and
sums over wave numbers k run from —oo to co. To calculate
the Fourier transform of the convection term, we use e; =
(cos®, sin®)T. In Fourier space, the convection term reads

/ do %% e, - 9, (0)
= f do e*[cos 0 3, + sin 6 3,]a(h)
| . . . .

= / do e’ 5[(elg+e_‘9)8x —i(e”—e )3, ]a(6)
1. . . i .

= Eax(akJrl +6y—1) — an(akﬂ — Q1)
1

= E(V&H + Vi), (A10)

where V := 0,+id, and V* := 9,—id,. The Fourier transform
of the diffusion term can be calculated as

/d9 " L[]
=— /d@ M a(0) + fde e
x / a6’ f dn Po(n)a(6') 527 (6—6'—n)

- gt / "9// dn MO Py () (9

=~ + & Pox = Pox — D, (A11)

with Po x = exp(—k?o, / 2) the kth Fourier mode of the Gaus-
sian distribution 7)0(77) The diffusion term consists of a gain
and a loss term, given by the first and the second term in
Eq. (A2b), respectively. We denote the Fourier transforms
of the gain and the loss terms as (I) and (I/]), respectively,
[do e Lala, Bl = I) + (II):

9+Jr
) = / a6 / 0" e Ry a(0) BO)
%
do de’ szR , th,Bp —lq@ —lpﬁ’
-/ / M Rar L Gy

/d@/dﬁz o )2R| o) 7k giP?

q.p

1
= 27_[ do ZaqﬁpR|ﬂ|8qk pe ivy

_ ‘E S e B, / a9 cos(p?Ryo). (A12)
p
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Analogously, (/1) can be calculated as

0+
an = / d6 & / a6, / a6, / dfl06(91)/3(92)7301,9277(77)527:(9—
01—

0146, _
) n

oren ik0 ,—ig6y ,—iph, * QB 01+6>
do [ doy | oy [ dn Ze o )27%91@273(77)527, 0————n

01 (k—q— B
= | db /dz‘} i1 k=q=p) ,iv (k/2=p) ZaPp_ aqpBp
[anforx o
R k
:Zzak—pﬂp?k/dﬁ cos 3P 9 | Ry
P

In total, we get for the collision term

[do Mt p1= Y bty a4
P
with
dv k
Lok = RW\ |:7?k cos ((5 — p)z?) — cos(pﬁ):|.
(A15)

The last remaining part to complete the Fourier representa-
tion of Eq. (A1) is Jgaye:

/ do e* I3, = (b — ra)béy (A16)

and IgBdme analogously. The Fourier transformation of the
equation for species B, Eq. (Alb) works analogous to
the transformation for species A shown here. In summary, the

Fourier representations of Egs. (A1) read
1
0 Gy + E(V&kfl + Vi)

= (Pox — Dé + Y _ & p@y Lo + (b — ra)b .,
p

(A17a)
3 Br + %(VBIH + V*Bryr)
= (Pox = DB+ ) BipPpTpi — (b — ra)apy,
' (A17b)

where we used the fact that the Oth Fourier mode is the local
density of the respective species, since

ao(r, 1) = / do e u(r, 0, 1) (A18)
-7

= /ﬂ d9a(r,0,t) = a(r,t)

-7

(A19)
and By(r, t) = b(r, t) analogously.

3. Uniform disordered solution

One solution of Eq. (A17) can be identified by using the
fact that (Pox —1)=0 and Z,;, =0 for k =0 for all n.
Assuming spatial homogeneity, we set Vo, =V 8, =0. The

LRy P = —/dﬁ ZS kpe PP B Ry P

(A13)

(
kinetic Boltzmann equations for k = 0 then read
da=1(b—2ra)ab, b= —1(b—Ara)ab. (A20)

Substituting the control parameter p = a + b, we get the three
solutions

0, p), (A21a)
@?, by = (»,0), (A21b)
(P 15 P 125)- (A21¢)

and o =p;=0 for all k>0. Equations (A20) are the
replicator equations described in Sec. II. As argued there, con-
sidering the dynamics of the equations, only the third solution
is linearly stable against perturbations.

To investigate the linear stability of this solution, we lin-
earize the Eqs. (A17) around the solution Eq. (A21c) and
calculate the linear growth rate of small perturbations sy and
8Bk. The linearized dynamics of S and 8 By is given by (for
k> 0)

N 1
06ay = | Pox — 1 7 v 0 —— |6
ay |: 0,k + @rx + 0,k)Pl+A:| o

= 1 (@@, b)sey, (A22)
3B = | Pox — 1+ Tk +Tox) P * 5B
k= 0,k k. k 0,k '01+A k

= uf(@®, b5y, (A23)

with puf and p? defined as in Egs. (17). The solution
Eq. (A21c) is therefore unstable when the linear growth rates
w4 or 1? have positive real parts. Because Py is the Fourier
transformed distribution of the noise, we have 750,/< < 1, thus
Pox — 1 <0. The linear growth rates uf and u? can therefore
only be positive when Zy y + Zyx > 0. Calculating (Zy x +
Ty «) for different values of k > 0 shows that it is positive only
for k=1 (for collision noise values o < 1) and negative for
all k > 1. Hence, small perturbations of the modes oy, By for
k > 1 will decay and only perturbations in «; and 8| may grow
(if ug > 0 or uf > 0, respectively).

The definition of the Fourier series yields for the first mode,
k=1:

b
al(r,t)zf de éa(r, 0, 1), (A24)
-7

Bi(r, 1) = f” de e’ B(r,0,1). (A25)
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The first modes can be related to the polar order fields P4 and
Pj, which measure the polar order of the system, through

Re(w;) Re(B1)
abs = <1m(af))’ bPs = <Im(ﬂ1)>'

Hence, the real and imaginary part of «; and B, are the x
and y components of the overall polar order of the system
at a given point in space and time. Since we have set the
particle velocity vy to one, the polar order fields are identical
to the velocity fields of both species. In the following, we will
refer to oy and B; as velocity fields of the species A and B,
respectively. This means that when uf or u? have positive
real parts, the absolute value of the polar order of species A or
B, respectively, will grow. Indeed, as discussed in Sec. III B,
we find critical values for o (as functions of the relative game

|
k=0: da+ 3(Vaj + V) = 1(b— ra)ab,

(A26)

strength A) where either the real part of ,u? or uf is zero,
indicating a transition from zero to nonzero polar order.

4. Scaling ansatz

Following Refs. [41,42,49] we employ a scaling ansatz to
derive hydrodynamic equations for the density, a and b, and
velocity fields o) and B, of the species A and B, respectively:
Specifically, we introduce the small parameter ¢ and make the
ansatz

ap =0(e"),
B =0,

Furthermore, we assume the scaling 9; ~ d; ~ dy, ~ &. We can
now expand the Fourier representation of the kinetic Boltz-
mann Eqgs. (A17) up to the lowest order which gives nontrivial
solutions, which is &3 in our case and truncate higher orders.
The only remaining terms are:

a=0(e),
b= 0(e),

Vk # 0,
Vk # 0.

(A27)

(A282)

k=1: 80+ %(Vozo + Vi) = (Po.1 — Doy + Qo +Zi)aay + (Toy + 2oy 1)afon + ©(b — Aa)a b,  (A28b)

k=2: oo+ %Val = (Poa2 — Doy + (Zo2 + Drn)aas + Iy 5 Bi.

(A28¢)

We only show the equations for a, o1, and «; here. The equations for b and 8, are analog. Because we only take into account
O(€3) in our final equations for a, b, oy, and B, we can drop the terms d;c» in Eq. (A28c) and solve Eq. (A28c¢) for «,. By

defining

1
v(a) = — (A29)
APo2 — 1+ (Zo2 + In2)al
we can write ap = 4v(a)Z » /312 — 2v(a)Vu;. Substituting this into Eq. (A28b), we get
oy =—1Va—2V*(@)(Tipef — $Ver) —2v(@)(2Z1 200 Vi — 1V*Vay) 4+ (Po — Doy
(A30)
+ (Zoy +TiDaay +4v(@) T (Do + Ty )efas — 2v(a) T + Lh)ef Vay + (b — Aa)ba;.
Neglecting order O(¢*) and rearranging the equation, we arrive at
ot = [(Poy — )+ (Zo1 + Ti)a+ t(b— ra)b + 4(To,1 + Iy )l [Pv(a)T 2 ]ey
- %Va +v(@)V*Va; —4v(a)I a1 Vi —2v(a) (Do + Iy 1)aVay. (A31)
[
Following the same steps for 8; and with the definitions k
Lok = /di/f Riyi| Pr cos n—E ¥ | —cos(nyr) |,
wi = (Poi—D+TZoa 4+ )att(b—ra)b, (A32a)
i = (Pou—D+(To +T1.)b+t(ha—bla, (A32) (Aa33d)
1 -1
=—3[Por— 1+ Zo2+ I , A32 . . .
V&) 3P0z (Zo.2 22)%] (A32c) we get the final set of hydrodynamic equations for the densi-
y(x) =4v(x)L s, (A32d) ties a and b and the polar order fields «; and S;:
k(x) =2v)o1 +1o1,1), (A32e)
E() = —4(Z1 + T 1)V 2, (A32f) da = =3 (Vi + Vi) + (b —2aba, (A342)
where x stands for either @ or b and b= —3(VB + V*B1) + t(ra — b)ab, (A34b)
V =0, 4id, V*=0,—id, (A33a) gy = () (a, b) — (@i [*)er +v(a) V'V (A34c)
: 1 — Vi, — iVa, —1Va, (A34d
Pox = f dn ¢ Po(n) = exp [ B zaékz], (A33b) v@aeVien —rl@aiVen =y Va, (A0
B1 = (uf(a,b) —EDB)ul®)Br +v(b) V'V (A3de)
. 1
P = /dn ¥ P(n) = exp [—zazk2], (A33c) —y(B) BV B — k(D) BiVB — LVb.  (A34)
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The set of coupled partial differential Eqs. (A34) describes
the evolution of the two densities a and b and the correspond-
ing polar order fields «; and B; for the species A and B,
respectively. When we set the game parameter T = 0, we re-
cover (for each species) the hydrodynamic equations derived
in Refs. [41,42].

The fact that the snowdrift interaction term only appears in
the term linear in the velocity fields in Eqgs. (A34) is a result
of the truncation scheme: The snowdrift terms in Egs. (A17)
have the form t(b — La)b & in the dynamic equation for o
and —7(b — Aa)a Bk in the equation for ;. Since we assume
ascalinga = O(g), b = O(e), ax = O, By = O(e!) for
all k #£ 0, the snowdrift term is of order €3 for k =0 and
k = 1. For all k > 1, the snowdrift term has a order of at least
€* and is therefore cut off in the truncation scheme. Hence, the
only snowdrift terms possible are the ones linear in the den-
sity and velocity fields, hence +7(b — Aa)ba, t(b — ra)ba;
and t(b — la)a By, which all appear in the hydrodynamic
Eqgs. (A34).

J

1 1
98a(q) = [t(b — 2ra)b)da(q) + [t(2b — ra)alsb(q) + |:_§(i%c + Qy)j| dai(q) + |:_§(i%c - Qy)i| Saj(—q),

1 1
3,6b(q) = [—1(b — 2)a)blsa(q) + [—T(2b — ra)alsb(q) + [—E(iqx + qy):|6,31(q) + |:——(iqx

APPENDIX B: JACOBIAN OF THE HYDRODYNAMIC
EQUATIONS

To analyze the stability of our solutions against spatial
perturbations, we employ a plane wave ansatz:

1 e .
frn = o / dq & f(q). (Bla)
T J-o0
1 o .
flw =5 / dr e f(r), (BIb)
jT —00

where f stands for da, 8b, Sy and §B;. Linearizing the hy-
drodynamic Eqgs. (14) and (18) around the solutions given by
Egs. (20) and (22) and substituting Eq. (B1a), we arrive at the
following linear equations for da(q), §b(q), da1(q), Sorj (—q),
561(q), and 867 (—q):

(B2a)

5 —qy)]Sﬁi"(—q), (B2b)

ul 0 1 oul
380 (q) = [(ﬂ - —5|a1|2)a1 — 5 ligs - qy)}aam) + [ﬂal}sb(q)

da da ob
+ [ = 2&len)> — v(q; +q;7) — yelige + qy) — kaf(ige — gy) |61 (q) + [—Eai e} (—q), (B2¢)
s 0 1 s
d,8a7(—q) = [(% - a—imlﬁ)ai‘ - 5 (g + qy>]aa(q) + [%af]%(q)
+=§@)? 181 (@) + [1) = 28lenl> = v(q} + 47) — yailige — qy) — ka1 (igx + g,)]8e} (—q), (B2d)
Fopt WEI 1
%081 (@) = | 5 1]8a(q) + (% - a—iwz)ﬂl — 5 (i, - qy>]8b(q>
+ [uf = 2818117 — v(q; + q7) — yeu(ige + qy) — kB (igx — q,)|8B1(Q) + [ BT )8 B; (—q), (B2e)
[ou? [/oul? 9 1
8,387 (—q) = %ﬂf}&z(q) + (% - 8—i|/31|2>ﬂi‘ — g, + qy>]5b<q)
+[=EBN8B1(@ + [1f = 2818117 — v(a} + ;) — v B ligx — qy) — kBi(ige + ) |68} (—a). (B2f)

This system of linear equations for the Fourier modes dmg =[da(q), 8b(q), o1 (q), Saf(q), 8B1(q), 8,3;“(q)]T can be

written as

0, 0mgq = Jq dmyg, (B3)

where we introduced the Jacobian matrix J4, which can be read off from Eq. (B2). As an example, for the homogeneous, isotropic
fixed point with ) = af =1 =B =0,a=p/(1 +1)and b = pL/(1 + 1), J is given by

—p* A2 /(A + 0 pPtA/(A+A) =g+ qy)/2  (gy —igo)/2 0 0
PUNAHN —p A0 0 ~ig: +9,)/2 (gy — ig0)/2
| —da—anr2 0 wh—vq 0 0 0
=1 —tg.+a2 0 0 r— 0 o [ B
0 —(igx — 4,)/2 0 0 ni —vg 0
0 —(igx + q,)/2 0 0 0 ut —vg?
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FIG. 12. Stability analysis of the hydrodynamic equations in
(t, o) space. The color code measures how fast perturbations in the
velocity field of species A (S«;) grow compared to perturbations in
the density of species B (881): da1/(See; + 881) which ranges from 0
(only perturbations 8 8; grow) to 1 (only perturbations do; grow).

with > = ¢ + qf. The eigenvalues of this matrix encode the
stability of the fixed point: If for some vector q, the Jacobian
Jq has an eigenvalue with positive real part, then wavelike
perturbations with the wave-vector q will grow exponentially,
indicating the formation of patterns. However, if all eigenval-
ues have negative real part, for all q, then spatial perturbations
decay and the spatially uniform state is (linearly) stable.

1. Velocity components of the eigenvector

In Sec. IIC we compute da/(da + 6b), as a function
of 7 [see Fig. 4(c)] to see how the snowdrift game affects
which density perturbations grow in time. There are four
more components to the eigenvector, do, daf, §8; and 8B},
encoding the perturbations of the velocity fields. An analog
analysis as in Sec. IIIC for the velocity field components
parallel to macroscopic order, 80{‘1‘ and § ,Bl‘, yields the same
phenomenology as for the densities and is shown in Fig. 12:
For high values of 7, perturbations in the velocity fields of
both species grow equally fast [80{‘1‘/(804}' + 8,3{') — 0.5]. For
T — 0, however, perturbations 80{'1' only grow in the unstable

region in the vicinity of o/, while perturbations § ,8|” only grow
in the unstable region at o.2. The components perpendicular to
the macroscopic order, 5011L and § ﬁﬁ, are always zero. Hence,
perturbations of the velocity field components perpendicular
to macroscopic order decay in time.

APPENDIX C: NUMERICAL
METHODS—HYDRODYNAMIC SIMULATION

To investigate the full nonlinear dynamics of the hydro-
dynamic Egs. (14) and (18), we numerically implemented
a finite-difference approximation (fourth-order Runge-Kutta
method). Specifically, we model our system by a 2D-grid with
periodic boundary conditions and replace all spatial deriva-
tives by their finite difference approximations:

o1
f(Z)N%[f(z+h)—f(Z—h)],

1
@~ ﬁ[f(z +h) =2f(2)+ f(z =),

with & a small number. These approximations are the same for
partial derivatives. In our case f represents the density fields
a and b or the velocity fields «; and B (then f is a complex
function) and z is a space variable. To solve our equations by
finite-differences, we start by defining a square grid in space
with grid points (x;,y;) = (I, j)h with i,j € 1,2,3,...,N.
The fields are then represented by time dependent N x N
matrices

ai,j(t) = a(tv-xiv yj)1
b j(t) :=b(t,x;,y;),
ay j(t) = a1 (t, xi, y;),

B, j (@) == Bit, xi,y;),

with complex entries in the case of «; and S;. Using the
approximations for spatial derivatives we get the following
replacement rules for the field equations:

a(t,x,y) — a; ;j(t),

1
dca(t,x,y) = ——lait1,;(t) — ai-1 ()],
2h
1
ova(t,x,y) — Z—h[ai,j+1(f) —a; j—1(1)],
1
d7a(t,x,y) — Tl (0) = 26,50 + @iy 0],

1
dalt x,y) = 5lai 41 (1) = 20,50 + @i 1 (1),

and the corresponding rules for b, «;, and B;. Overall, we
get 4N? ODEs (one ODE for every entry of the four N x N
matrices) of the general form

0a; j = Gak,1, biy, a1, Biik,i),

with k,1 € 1,2,3, ..., N. We assume now that we know the
state of the system at a time ¢ = 0. To iteratively solve for later
times, the fourth-order Runge-Kutta (RK4) method worked
very well for our system. The general concept of RK4 is the
following: Consider the initial value problem

F=F), f@t=0)=Ff,

where the initial value f; and the function F' are given.
As a first step we discretize the time #, = Atn with n €
1,2,3,...,M and At a small number. Hence, time-dependent
functions are disctretized as f, := f(t,). The RK4 method
now states that f,,+; = f(#,+1) can be approximated by

At
Jor1 = Jo + ?(/q + 2ky + 2k3 + ka), (CI)

with
ki = F(f,),
ko =F(fu + ki),

ks = F(fa + k),
ky = F(fy + k3).
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In our case, f is an array of the four relevant fields

Qi a; j(t,)
bui,j b j(tn)
n = ” = ’ s C2
£ A1, ay,j(tn) (€2)
Biin.i.j Br.i.j(tn)

and F = F(f) is given by the hydrodynamic Eqs. (14) and
(18). We chose initial conditions (ao,;,j, bo,i,j» ®1:0,i,j> B1:0,i,;)
for the fields at every grid point (i, j) and find the solution for
t = At, 2At, 3At,... via the RK4 method outlined above.

We chose periodic boundary conditions for our system. To
discretise the fields we had to select the size of the 2D grid
(the matrices) and the spacing between grid points, /4. For our
simulations we chose

gridsize = 160 x 160, h=0.4, Ar=0.25x%h>.

A finer discretization in time and space did not change the
outcome of the calculated stationary states of the system. For
the simulation results discussed in Sec. III D, the simulation
started at homogeneous fields (ag i, j, bo,i,j» 01:0,i,j> B1:0,i,j) =
(p/2, p/2, 0,0) for fixed control parameters p =1, o, 7, A
with small spatial random fluctuations.

We tested the validity of our Runge-Kutta implementation
by using COMSOL Multiphysics finite element analysis soft-
ware and found good agreement with our implementation.

APPENDIX D: AGENT-BASED SIMULATIONS

1. Implementation and parameters

The agent-based simulation is designed, as described in
Sec. IV, as a system of particles in a 2D-box of size L x L
with periodic boundary conditions. Each of the N particles in
the system has a position r, velocity vy = vpe(d), species type
S={A, B}, and fitness f. The simulation is set up in discrete
time steps and interactions are evaluated using a modified
Verlet algorithm [61]. The update for each time step dt is
performed as follows: First, the game theoretical interspecies
interaction is evaluated and the particle species are updated ac-
cording to Eq. (30). In the next step, the intraspecies collisions
are processed, the particle directions adjusted, and noise 7 is
added according to Eq. (27). Then, the particle positions are
updated according to Eq. (26). As a last step, a snapshot of
the system is saved into a hdf5 database for later analysis.
These steps are repeated sim_steps =7 /dt times, where T
is the total time of the simulation. Where possible, these
steps were implemented utilizing parallel programming. Pa-
rameters used for all shown data are given by dt=1,
L =256, N=98304, dyjgn =1, vo=0.5 (except for Fig. 15:
vp=0.015), T = 10> and Table I. The hdfS database gener-
ated by the simulation was analyzed using Python scripts; the
movies were generated with ffmpeg.

2. Detailed explanation of the velocity variation parameter

To identify polar wave patterns in the system, we introduce
the velocity variation parameter v [Eq. (31)]. We therefore
choose to divide the system into C channels along the average
direction of particle propagation and perpendicular to it (see
Fig. 13).

TABLE 1. Parameters of the agent-based simulation. The no-
tation [x,y, z] indicates the parameter ranging from x to y with a
step-size of z; e.g., [0.3,0.6,0.1] denotes the set {0.3, 0.4, 0.5, 0.6}.

Figure/Movie A (of dgame

Fig. 9(a) [0.2,0.32,0.1] [0.05,0.8,0.01] 5

Fig. 9(b) [0.2,0.32,0.1] [0.05,0.8,0.01] 10
Fig. 11 0.26 0.32 5
Fig. 14(a) 0.23 0.71 10
Fig. 14(b), Movie 2 (TWA) 0.23 0.65 10
Fig. 14(c) 0.23 0.56 10
Fig. 14(d), Movie 3 (TWB) 0.23 0.40 10
Fig. 14(e), Movie 4 (ordered) 0.23 0.17 10
Fig. 15(a) 0.4 0.5 10
Fig. 15(b) {0.2,0.4, 0.5} 0.5 10

Each particle in the system is assigned to the corresponding
channel based on its location. The channel densities o/, and &',
are calculated at time ¢ for each channel ¢ as well as the cor-
responding channel polar order parameter o . and B .. The
velocity variation nu, is then defined as twice the standard
deviation of polar order parameter «] . over all channels:

(D1)

3 ot )

c=1

Ql=

(4 =2

The factor of 2 is introduced such that v} € [0, 1]. The ve-
locity variation v} for species B is defined accordingly. The
temporal averages are denoted by (v4) and (vp).

If waves are present in the system, then the difference
between (v4, 1) and (va ) for channels perpendicular and par-
allel to the average direction of motion is nonzero, while for
systems without spatial structure they cancel each other. We
denote this by

Avg = (va, 1) — (va)- (D2)

The channel subdivisions and corresponding densities a’.
and &, and polar order parameters o} . and ] . are also used
to generate the wave profile plots such as Fig. 11(b).

L —>

C

FIG. 13. Examples of different channel subdivisions. Systems
of size L x L with channels perpendicular to the x axis (left) and
diagonal (right) are shown. Due to periodic boundary conditions
channels not aligned with either x or y axis may be split in two parts.
Channels always have area L2 /C.
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(a) 0=0.71 (b) ¢=0.65 (d) 0=0.40 (e) 0=0.17
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FIG. 14. Snapshots (top row), density (middle row) and polar order (bottom row) of a set of different noise strength o as indicated in the
graph; the relative fitness is fixed to A =0.23 and the interaction range t0 dgame = 10. (Remaining parameters can be found in Table 1.) The
profiles for the densities and the polar order are displayed along the direction of polar order as described in Appendix D 2. In the density plot
(middle row), the density of species B is adjusted by a factor of inverse relative fitness A~! to emphasize the relation between the snowdrift
game and local densities of both species; note that at the mean-field level one has a = b/A. (a) Disordered phase (o =0.71): The system neither
shows any spatial patterns (middle panel) nor polar order (bottom panel). (b) TWA phase (o =0.65): Species A forms polar ordered waves
(direction of order indicated by blue arrow). Species B forms a density wave mirroring species A but does not show polar order. (¢) Uniform
polar order of species A (o =0.56): The system is spatially uniform with no spatial patterns visible. Species A shows uniform polar order,
while species B is still disordered. (d) TWB phase (¢ = 0.40): Both species A and B show polar waves (direction of order indicated for each
species by an arrow in its respective color). While species B only shows order inside the wave, species A still has order in the wake of the
wave, evident by the high polar observable in the region behind the wave. (e) Uniform polar order (o =0.17): Both species show polar order

over the whole system, no wave pattern is visible.

3. Five phases

For small enough values of relative fitness A, we observe
the five distinct phases (disorder in Fig. 14(a), TWA [see
Fig. 14(b)], partial order [only one species polar ordered,
Fig. 14(c)], TWB [Fig. 14(d)], and full polar order [Fig. 14(e)]
in the agent-based simulations. The traveling wave phases
induced by species A and B (TWA and TWB), as well as the
phase of full polar order are shown in the attached movies (see
Appendix E).

4. Size and consequences of the demixing patterns

A distinct feature of the agent-based simulation is the
formation of demixing patterns in environments with slow
relative particle movement, compared to the game strength 7.
These patterns are a consequence of the range-based interac-
tions in the implementation of the snowdrift game and can also
occur in the absence of an alignment interaction, as long as the
movement of particles is slow (vo/7 < 1, s.t. the number of
games played by the same set of agents in a row is much larger
than one). This can be seen from the demixing patterns in
Fig. 15(a), which shows a snapshot of a system where instead
of self-propelled particles we simulated particles that show
slow diffusive motion. The size of these patterns is propor-
tional to the game range dg.me [see Fig. 15(b)]. However, the
spatially averaged densities of A and B do not depend on the
game range dgame. For simulations with alignment interaction,
the system can also display demixing patterns in the form of
bands [see Fig. 14(d)].

APPENDIX E: MOVIE DESCRIPTIONS

moviel.mp4: Simulations of the hydrodynamic equations
show the formation of spatial patterns. These spatial patterns
are characterised by density-segregated polar ordered bands
in both species that move concurrently through the system.
When viewed from a comoving frame, the patterns are uni-
form in the direction perpendicular to the wave vector. The

ol oo
>y

oo
U b

10 dgame 15 20

FIG. 15. Size dependence of demixing patterns on dgame.
(a) Snapshot of a system with slow diffusive motion (vy/7 < 1)
[A=0.4, dyyme = 10, vo =0.015]. Demixing into clusters of species
B surrounded by species A is clearly visible. (b) Average radius of
SPOLS Fypor as a function of dgam for different values of relative fitness
A. While the dependence is clearly linear, for larger values of relative
fitness A, the radius 7o grows faster for increasing game range dgame.
Inset: independence of the ratio between species § = b/a on dgume-
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movie shows the profiles of the two density fields a and b over
time. Control parameters are set to o = 0.68, A = 0.4, and
T = 1.0, such that the system is in its traveling wave phase A
(TWA).

Movies 2—4 show simulations of the agent-based approach.
Parameter values for Movies 2—4 are given in Table 1.

movie2.mp4: The formation of a traveling wave phase
induced by species A (TWA). The wave is clearly visible as
a broad density pattern and travels in positive y direction.
The dominance of species A can be inferred from the relative
abundance of species A compared to B. Only species A shows
polar order inside the wave.

movie3.mp4: The formation of a traveling wave phase
induced by species B (TWB). The sharply contrasted wave
travels in positive x direction with polar order in both species.

Species B is in a parameter regime where it would dis-
play wave pattern on its own. Species A, however, would
be uniformly ordered in this parameter regime and the
observed wave patterns are induced by the snowdrift in-
teraction between the species. Furthermore there is clearly
visible demixing, as the species form alternating bands in-
side the wave due to the finite range of the snowdrift
interaction.

movie4d.mp4: During the formation of order the two
species initially cluster together and start to display uniform
polar order in both species A and B. The species then spread
out over the whole system while maintaining high polar order.
In the end small clusters with internal demixing can be ob-
served moving through the system parallel to each other with
high polar order.
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