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Principles of slowed hydrogen diffusion through a mucus layer
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The control of transport through mucus layers is a ubiquitous phenomenon in physiological systems. Mucus
is often tasked with the mediation of passive, diffusive transport of small ionic species. However, questions
remain regarding how mucin gel characteristics (charge density of the polymeric network, binding affinity of
ions with mucus) govern the rate at which ions diffuse through mucus layers. Experimental studies measuring
hydrogen diffusion through gastric mucus have provided conflicting results, and it is not clear if the rate of
ionic diffusion through mucus layers is appreciably different than in aqueous environments (depending on
experimental preparation). Here, we present a mathematical analysis of electrodiffussion of two ionic species
(hydrogen and chloride) through a mucus layer. In addition to accounting for the chemical binding of hydrogen
to the mucus network, we enforce a zero net current condition (as mucus layers in physiological systems are not
generally electrogenic) and calculate the Donnan potential that occurs at the edge of the mucus layer. The model
predicts the steady-state fluxes of ionic species and the induced potential across the layer. We characterize the
dependence of these quantities on the chemical properties of the mucus gel, the composition of the bath solution,
and the molecular mobility of the dissolved anion, and we show that the model predictions are consistent with a
large portion of the experimental literature. Our analysis predicts that mucus layers generically slow the diffusive
transport of hydrogen, but that chemical binding with the network attenuates this effect.
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I. INTRODUCTION

Diffusive transport of ionic species through inhomoge-
neous gel-like materials is a ubiquitous phenomenon in
biology, as well as various engineering contexts. In physi-
ological systems, a common example of such materials are
mucus layers. The material known as mucus is a network of
glycoproteins called mucins hydrated with water or solvent,
and it acts as a selective transport barrier in numerous phys-
iological contexts [1,2]. Mucus layers can be found on many
epithelial surfaces, including those in the gastrointestinal tract,
respiratory system, and reproductive organs [1,3]. Mucus of-
ten serves to control (or prevent) the transport of small ions,
nutrients, hormones, or infectious agents, and thus plays a
critical role in maintaining healthy physiology [1]. Many of
these transport phenomena are passive, and thus governed by
diffusion. In addition to contributing to healthy physiology,
understanding, and control of diffusive transport across mucus
layers is critical to the design of drug delivery systems [2,4].
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The barrier properties of gastric mucus in particular have
been a subject of debate within mammalian physiology for
decades. For more than 70 years, it has been recognized that
the layer of gastric mucus adherent to the interior epithelial
surface of the stomach segregates the stomach lining from
the acidic environment of the gastric lumen (pH ≈7 versus
pH ≈2). This dramatic pH gradient, which is critical for
healthy gastric function, is supported across a relatively short
length scale (the gastric mucus layer is often ≈500 µm thick),
causing some to refer to the mucus layer as a “diffusion
barrier” [5]. However, it is not at all clear if mucus gels
directly inhibit molecular diffusion of ions and other small
dissolved species. Indeed, experimental studies attempting
to quantify the rate of hydrogen diffusion through mucus
(relative to aqueous environments) have produced varied and
occasionally contradictory results. Throughout the 1980s and
’90s, numerous experiments using Ussing chambers, “flux
chambers,” or similar devices attempted to measure the dif-
fusive flux of hydrogen ions through a mucus layer separating
two ionic baths [6–8]. These experiments report a reduction
in hydrogen flux anywhere from 25% to 90% relative to
expected values. More recent studies indicate that diffusion
of small species is not slowed by mucus gels, and may in
fact be promoted by chemical binding interactions with the
mucin network [9]. In general, it is still a matter of de-
bate whether electric effects, chemical interactions between
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hydrogen and mucin, or some other phenomenon plays a
dominant role in governing the diffusion of hydrogen through
mucus layers.

Numerous theoretical studies have attempted to explain
the apparently contradictory data. More broadly, ionic dif-
fusion through charged polymer networks (like mucus) has
been the subject of much modeling work. Attempts to mod-
ify the diffusion coefficient of small ionic species through
polymer networks to account for steric effects date back to
the 1950s [10]. Such modifications have more recently been
incorporated into polyelectrolyte gel models [11]. However,
mucus networks in physiological systems are generally quite
sparse, typically ≈97% water by volume, and thus it is un-
likely that volume occlusion by the polymeric network plays
a significant role in retarding hydrogen transport. Charged
polymeric networks have been shown to dramatically slow
the diffusion of a single ionic species in molecular dynamics
simulations [12]. However, this behavior disappears when a
second ion (for example the chloride present in gastric acid) is
included. Conversely, classical models of charged resin films
have shown that the presence of a larger, “slower” anion (such
as chloride), the diffusive flux of a smaller “faster” cation
(such as hydrogen) may be reduced [13,14]. Similar behavior
has been predicted by more recent models of ion diffusion
through hydrogels [15].

Mucus polymers contain several oligosaccharide side
chains which may intrinsically (or after being sulphated) ex-
hibit a negative charge and thereby allow the transient binding
or association of cations dissolved in the hydrating fluid. The
association constants of mucus with several larger cations
such as calcium, iron, and cesium have been experimentally
measured [16]. Schreiber et al. have provided evidence that
gastric mucus can bind hydrogen ions in µM concentrations,
but did not attempt to ascertain the affinity for mucus and
hydrogen binding [17]. To date, few theoretical studies have
addressed the impact that hydrogen ions chemically binding
to the mucus network may have on ion transport. The work
of Marczynski et al. has suggested that the ability to form
transient bonds with the mucus network may enhance the
transport of diffusive species through mucus networks, allow-
ing the species to effectively perform a “sticky” random walk
[9]. However, their model incorporates only standard Fickian
diffusion, and does not account for the electric potential driven
migration which affects small ionic species. Furthermore, few
theoretical works account for the Donnan electric potential
that occurs at the interface between a charged gel and aqueous
solution. It has been shown that this Donnan potential plays a
significant role in the behavior of mucus gels [18]. A model
of electrodiffusion through a mucus layer which accounts for
these electrochemicals effects was developed and analyzed in
Ref. [19]. However, that work presupposes the ability to en-
force a given electric potential in the baths at either end of the
mucus layer, which could necessarily drive a current through
the layer. While this may be an accurate representation of
some experimental apparatuses, it is certainly not an accurate
representation of the gastric mucus layer in vivo. Furthermore,
few of the extant experimental studies attempted to control the
electric potential across the layer through which ion diffusion
was measured [6,7].

In this work, we analyze a Nernst-Planck-like model of
electrodiffusion of a cation/anion through a charged, chemi-
cally active mucus layer. This model is similar to that analyzed
in Ref. [19], and is an attempt to recapitulate as simply as pos-
sible flux chamber experiments such as those in Refs. [7,8].
We explicitly account for binding and unbinding between the
cation and the gel network, as well as the Donnan equilibrium
potential at the gel and bath interface. In place of boundary
conditions on the electric potential, we impose a zero current
condition on the full system. The steady-state flux of hydrogen
across the gel layer is quantified as a function of parameters
which describe the electrochemical nature of the gel layer,
as well as the relative mobilities of the cation-anion pair.
This flux is then compared to the “expected flux” of standard
electrodiffusion in an aqueous environment. Generically, we
show that the transport of hydrogen is slowed by the presence
of the mucus gel, and that this effect is reduced by chemical
binding of hydrogen to the gel. In multiple limiting cases, the
model predicts zero transport and recapitulates the classical
Nernst potential across a semipermeable membrane. Perhaps
most importantly, we show that the observed flux of hydrogen
depends nonlinearly on the bath concentrations, which may
explain the apparent contradiction in experimental studies
which compare it to the “expected flux” which depends lin-
early on bath concentrations.

II. MATHEMATICAL MODEL

In this work we analyze the behavior of a minimal model
of hydrogen diffusion through a mucuslike layer put forth
in Ref. [19]. The model describes the transport of a single
cationic-anionic species pair through a domain containing a
fixed, charged material (mucus polymeric network) that the
cation may bind to. The extent of the domain is described by a
single spatial variable 0 � X � L. The state variables consist
of four quantities: the concentration of the cation (hydrogen)
dissolved in fluid, the concentration of dissolved anion (chlo-
ride), the concentration of cation bound to the background
network (denoted H (x, t ), C(x, t ), and B(x, t ), respectively),
and the electric potential �. In the limit that the background
material occupies zero volume (i.e., a sparse network), the
transport of dissolved ion concentrations may be described by
the Nernst-Planck equation, modified with reaction terms that
describe binding and unbinding with the background material
via mass action kinetics. It is assumed that bound cations are
fixed to the immobile network, but may change due to binding
and unbinding reaction. Finally, we assume electroneutrality.
The partial differential equations describing these dynamics
are

Ht = ∂

∂X

(
DH

∂H

∂X
+ DH H

∂�

∂X

)
− k+H (CT − B) + k−B,

(1)

Ct = ∂

∂X

(
DC

∂C

∂X
− DCC

∂�

∂X

)
, (2)

Bt = k+H (CT − B) − k−B, (3)

H − C − (CT − B) = 0. (4)
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Here, � is measured in nondimensional “thermal voltage”
(which may be converted to standard voltage by multiplying
by RT/F , where R is the ideal gas constant, T is absolute
temperature, and F is the Faraday constant). The diffusivity of
each ion j is denoted Dj , CT is the concentration of binding
sites on the background media, and k+ and k− are the rates
for hydrogen and background binding and unbinding, respec-
tively. It is assumed that binding sites and negative charge
on the background material exist in a one-to-one correspon-
dence. It is also assumed that the charge density of the mucus
network is uniform throughout the layer and independent of
ionic concentrations. Thus, our model ignores the possible
swelling and condensation of the mucus network in response
to the ionic composition of the bath [18,20]. While mucus net-
works are known to change volume dramatically in response
to concentration of divalent salts (such as calcium chloride),
monovalent ionic solutions (like hydrogen chloride) typically
cause volume changes of no more than 12%. Thus, we assume
that the background network volume (and therefore density) is
a constant.

Equations (1) and (2) are subject to Dirichlet boundary
conditions, which are discussed in more detail in Sec. II B.
For now, we envision the domain of interest being placed
between two baths of hydrogen chloride solution of known
concentrations (which satisfy electroneutrality). The concen-
tration for both dissolved species is B0 and B1 in the left
and right baths, respectively. We assume that both baths are
large enough that flux of ions through the interior domain
does not alter these concentrations appreciably. Finally, no
boundary conditions are specified for the electric potential
�, which represents a major difference between this analysis
and previous work [19]. In Ref. [19] Dirichlet conditions
were imposed on � to mimic experiments performed using
Ussing chamberlike devices where the potential drop between
baths can be controlled. The imposed boundary conditions
were integral to the results of that analysis. However, in other
experimental preparations such as [7] and the gastric mucus
layer in vivo, there is no mechanism to impose the electric
potential or electric field. Furthermore, most of the relevant
ion transport mechanisms across the epithelial cell surface (at
the edge of the mucus layer) are either passive or nonelec-
trogenic (hydrogen and potassium exchange, hydrogen and
sodium exchange, etc.) and therefore not drive a net current
[26]. Therefore, in this work, we assume that at steady state,
the flux cations and anions must result in zero DC current.
This condition is discussed more below.

We are interested in the steady-state flow of ions through
the domain, and thus assume that all time derivatives are zero.
In this case, Eq. (3) may be used to eliminate the reaction
terms from Eq. (1). Eqs. (1) and (2) may then be integrated
in space to arrive at the following system that describes the
steady-state distribution of ions and the electric potential:

DH
dH

dX
+ DH H

d�

dX
= −JH , (5)

DC
dC

dX
− DCC

d�

dX
= −JC, (6)

0 = KH (CT − B) − B, (7)

H − C + B − CT = 0. (8)

Here, K = k+/k− is the association constant of the binding
reaction. JH and JC are the (as yet unknown) steady-state
fluxes of hydrogen and chloride through the domain, which
are constant. The minus sign in front of JH and JC is used
so positive fluxes correspond with transport from left to right.
Zero net current condition is written as

JH = JC . (9)

Equations (5)–(9) represent the system that we analyze, and
quantifying the dependence of JH on parameters represents a
major goal of this analysis.

A. Nondimensionalization

To nondimensionalize Eqs. (5)–(8) we choose the domain
length (L) as a length scale, and the left bath concentration
(B0), which is assume to be nonzero, as the characteristic
concentration. As a scale for the ionic fluxes, we utilize the
characteristic Fickian flux of that particular ion (DHB0/L and
DCB0/L, respectively). This leads to the following nondi-
mensional quantities (we use the convention that lower case
roman letters indicate nondimensional variables):

h = H
B0

, c = C
B0

, b = B
B0

,

jh = JH L
DHB0

, jc = JC L
DCB0

, x = X
L .

(10)

The electric potential remains unchanged, as it is already
nondimensional. Upon rescaling, Eqs. (5)– (9) become

dh

dx
+ h

d�

dx
= − jh, (11)

dc

dx
− c

d�

dx
= − jc, (12)

0 = Kh(cT − b) − b, (13)

h − c − (cT − b) = 0, (14)

jc = α jh. (15)

Here, K = KB0 is the nondimensional association constant
of the binding reaction, cT = CT /B0 is the nondimensional
density of binding sites on the background network, and α =
Dh/DC is the ratio of ionic diffusion coefficients.

B. Boundary data

We envision baths of known ionic composition exist at
either end of the mucus layer which defines our domain. It
is known that electric double layers may form at the inter-
face between gel and bath for polyelectrolyte materials such
as mucus. However, the length scale of these double layers
is comparable to the Debye length [21], which is typically
several orders of magnitude smaller than the gel layer itself.
Away from the interface, electroneutrality holds in both the
gel and the bath. Therefore, our model does not explicitly
resolve the double layers at the boundary. Instead, we account
for the apparent discontinuity (on the length scales of interest)
in model variables across the gel/bath interface. An interface
condition must be satisfied that relates the bath conditions to
the boundary values for Eqs. (11) and (12) (which we refer to
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as the “inner problem”). We denote boundary values for the
inner problem (superscript “in”) using the following notation:

hin
0 = lim

x→0+
h(x), hin

1 = lim
x→1−

h(x), (16)

cin
0 = lim

x→0+
c(x), cin

1 = lim
x→1−

c(x), (17)

� in
0 = lim

x→0+
�(x), � in

1 = lim
x→1−

�(x). (18)

Similarly, we represent the nondimensional bath conditions
(superscript “out”) using the following notation:

hout
0 = b0 = 1, hout

1 = b1, (19)

cout
0 = b0 = 1, cout

1 = b1, (20)

�out
0 = 0, �out

1 = �1. (21)

Because we scaled concentrations using the left bath concen-
tration (B0), we may assume that b0 = 1, and without loss of
generality we define the left bath potential to be zero.

The appropriate interface condition is given by the
so-called Donnan equilibrium potential [22]. The ion concen-
trations and potential jump across the interface must satisfy

� in
j − �out

j = ln

(
hout

j

hin
j

)
= − ln

(
cout

j

cin
j

)
, (22)

at each interface ( j = 0, 1). Some models used to analyze
the swelling behavior of polyelectrolyte gels such as mucus

explicitly account for changes in gel volume in the Don-
nan equilibrium potential [21,23]. However, we again assume
that the background network does not undergo appreciable
changes in volume due to ionic concentrations, and therefore
the Donnan potential has the form given here. Suitable alge-
braic manipulation (see Supplemental Material [24]) yields
the interior hydrogen concentration at the interface (hin

j ) de-
fined implicitly as the (unique positive) solution to the cubic
polynomial equation

P(u) = Ku3 + u2 − (
cT + Kb2

j

)
u − b2

j = 0. (23)

In the degenerate case that K = 0 and/or cT = 0, a lower
order polynomial equation must be solved for the inner con-
centration, but it can be shown that there is still a unique
positive solution hin

j .

C. Solution

After algebraic manipulation of Eqs. (11)–(15) (see Sup-
plemental Material [24]), we arrive at a separable differential
equation for the hydrogen concentration:

dh

dx
= f (h) :=

[
(1 + α) jhKh2+(1 + α) jhh − cT jh

]
(Kh + 1)

−2K2h3−4Kh2 − 2h + cT
.

(24)
Integration of Eq. 24 yields the implicit relationship between
h and x,

1

jh
(F(h; cT , K, α) − F

(
hin

0 ; cT , K, α
)
) =

∫ h

hin
0

1

f (u)
du =

∫ x

0
du = x, (25)

where hin
0 is the hydrogen concentration at the left boundary of the “inner” domain. The semicolon is meant to delineate functional

dependence on state variables from dependence on parameters. The function F has the form

F(u; cT , K, α) = 4KcT + α2 + 2α + 1

K (α + 1)
√

(α + 1)(4KcT + α + 1)
tanh−1

[
(α + 1)(2Ku + 1)√

(α + 1)(4KcT + α + 1)

]

+ 1

2K
ln | − K (α + 1)u2 − (α + 1)u + cT | − 1

K
ln |Ku + 1| − 2

(α + 1)
u.

(26)

An associated differential equation for � as a function of h may be derived (see Supplemental Material [24]). Solving this
differential equation gives

�(h) = G(h; cT , K, α) −G
(
hin

0 ; cT , K, α
) + � in

0 , (27)

where

G(h; cT , K, α) −G
(
hin

0 ; cT , K, α
) =

∫ h

hin
0

− jh + f (u)

u f (u)
du. (28)

G(u; cT , K, α) = 2α√
(α + 1)(4KcT + α + 1)

tanh−1

[
(α + 1)(2Ku + 1)√

(α + 1)(4KcT + α + 1)

]

+ 1

(α + 1)
ln | − K (α + 1)u2 − (α + 1)u + cT | − ln |Ku + 1

∣∣∣.
(29)

D. Determining fluxes

Solution to the full system proceeds in the following
manner:

(1) Given parameters within the domain which charac-
terize the electrochemical nature of the background material
(K and cT ), as well as the two ions in question (α) and the
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bath concentrations (b j), we can solve Eq. (23) for the inner
concentration of hydrogen at each interface (hin

j ).
(2) Once boundary data for the inner hydrogen profile are

known, Dirichlet boundary conditions on Eq. (25) imply

F
(
hin

1 ; cT , K, α
) − F

(
hin

0 ; cT , K, α
) = jh, (30)

where all parameters on the left hand side are known. This
allows us to evaluate the flux jh.

(3) Upon determining jh, we can evaluate Eqs. (25) and
(27) to determine the hydrogen concentration and electric
potential (implicitly) within the domain.

(4) Finally, after determining the electric potential within
the domain, Eq. (22) is used to evaluate the electric potential
in the right bath (�out

1 ), which is the potential drop from bath
to bath.

III. RESULTS

A. No mucus

When cT = 0 (regardless of the value of K), the model
represents a network that exhibits no binding sites or charge
density. In this case, solving the Donnan problem yields
that the hydrogen concentration at the boundary of the inner
domain is equal to that within the bath (as is the electric
potential)

hin
0 = b0, hin

1 = b1 � in
0 = �out

0 = 0, � in
1 = �out

1 .

(31)
Furthermore, rederivation of the function F gives a particu-
larly simple form

F(h; α) = −2h

(α + 1)
. (32)

Rederivation of G yields

G(h; α) = − ln(h)(α − 1)

(α + 1)
. (33)

Equation (32) implies that the flux of hydrogen through the
domain is given by

jh = 2

(α + 1)
(b0 − b1) = jh. (34)

Thus, flux is proportional to the difference in bath concentra-
tion, exactly as one would expect in aqueous diffusion. We
introduce the notation jh here to denote the flux of hydro-
gen in the presence of no mucus. In later sections it will be
convenient to compare calculated values of jh to this nominal
value. We note here that in the limit that the anion mobility
is much less than that of hydrogen (α → ∞), the flux of
hydrogen approaches zero, as the zero current condition will
not allow the transport of cations without corresponding flux
of anions. Alternately, in the limit that the anion has much
larger mobility,

lim
α→0

jh = 2(b0 − b1), (35)

which is precisely twice the flux one would expect due to
standard Fickian diffusion. Again this may be attributed to the
zero current condition requiring an increased flux of cations
to compensate for the relatively rapid flow of anions. The

relationship between hydrogen flux and α (for b0 = 1 and
b1 = 2) is illustrated in Fig. 1(a).

After redimensionalization, Eq. (34) becomes

JH = 2DH

L(α + 1)
(B0 − B1) = JH . (36)

This may be used to define the “effective” diffusion coefficient
of hydrogen

Deff = 2DH

α + 1
. (37)

A simple experiment measuring the ratio of flux and concen-
tration difference would calculate the quantity Deff, which is
related to (but distinct from) the “actual” molecular diffusion
coefficient DH . Furthermore this calculated Deff necessarily
depends on the counter-ion present in the experimental prepa-
ration. This relationship is algebraically equivalent to the
“Nernst-Haskell” equation which describes the combined dif-
fusion of strong electrolyte salts. An equivalent expression has
previously been reported in Ref. [15], which also examines the
diffusion of hydrogen through hydrogels, although that work
did not consider the effect that binding chemistry may have
on ion flux.

Furthermore, in the case of cT = 0, we can algebraically
solve for hydrogen concentration as a function of space to get

h(x) = b0 + (b1 − b0)x, (38)

which is (unsurprisingly) a linear concentration profile.
Eqs. (33) and (38) may be used to evaluate the electric po-
tential as a function of space,

�(x) = (1 − α)

(α + 1)
ln

[
1 +

(
b1

b0
− 1

)
x

]
. (39)

Equation (39) gives the total potential difference from bath to
bath

�out
1 = (1 − α)

(α + 1)
ln

(
b1

b0

)
. (40)

Thus, the model gives a closed form expression for the poten-
tial difference induced across an Ussing chamberlike device
as a function of the bath concentrations and the relative dif-
fusivities of the ions used. This relationship is illustrated (for
b0 = 0 and b1 = 2) in Fig. 1(b).

In the limit that the mobility of one ion through the “inner”
domain is restricted we have

lim
α→∞ �out

1 = − ln

(
b1

b0

)
, or lim

α→0
�out

1 = ln

(
b1

b0

)
. (41)

These expressions are simply the Nernst potential associated
with two baths separated by a barrier impermeable to the
anion and cation, respectively. Thus, the model recapitulates
multiple classical results in the case that the inner layer con-
tains no mucus.

B. With mucus

Now we investigate the behavior of the system when the
background network is added to the inner domain. In this
subsection, we maintain K = 0, but vary both cT and α. This
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FIG. 1. The flux of hydrogen − jh vs α is shown in panel (a). For convenience, − jh is shown so that the illustrated data are positive. Purely
Fickian diffusion would predict − jh = 1 for the given bath concentrations. The electric potential across the interior domain (� in

1 − � in
0 ) and

from bath to bath (�out
1 ) are shown in panel (b). In all cases b1 − b0 = 1 and K = 0.

means that the mucus is not chemically reactive, but its electri-
cal charge must be accounted for and will affect the diffusion
of both charged species.

1. Hydrogen flux

Rederivation of Eq. (30) when K = 0 yields the expression

jh = cT (α − 1)

(α + 1)2
ln

∣∣∣∣ (α + 1)hin
1 − cT

(α + 1)hin
0 − cT

∣∣∣∣ − 2

(α + 1)

(
hin

1 − hin
0

)
.

(42)
However, in this case the inner boundary concentration is not
equal to the bath concentration. When K = 0, the polynomial
defining hin

j may be solved explicitly:

hin
j =

cT +
√

c2
T + 4b2

j

2
. (43)

Equations (42) and (43) together fully determine the flux of
hydrogen as a function of model parameters. By substituting
Eq. (43) into Eq. (42) and defining the imposed concentra-
tion difference � = b1 − b0 = b1 − 1, one can arrive at an
expression for the hydrogen flux as a function of �:

jh = cT (α − 1)

(α + 1)2
ln

∣∣∣∣∣∣
(α − 1)cT + (α + 1)

√
c2

T + 4b2
1

(α − 1)cT + (α + 1)
√

c2
T + 4

∣∣∣∣∣∣
− 1

(α + 1)

(√
c2

T + 4b2
1 −

√
c2

T + 4
)
. (44)

In Fig. 2 we graph both the raw (− jh) and normalized ( jh/ jh)
hydrogen flux as a function of �, for multiple values of
cT (with α = 1 for simplicity). The dashed line in Fig. 2(a)
indicates a linear function of �. From Fig. 2(b), it appears as
though the normalized flux approaches a constant value in the
limit of small �. This is indeed true, as combining Eqs. (42)
and (43) and performing an asymptotic expansion in the limit

� → 0 gives

jh = −4�

cT (α − 1) + (α + 1)
√

c2
T + 4

+O(�2),

jh/ jh ≈ 2(α + 1)

cT (α − 1) + (α + 1)
√

c2
T + 4

. (45)

Similarly, Fig. 2(b) seems to indicate that for large concentra-
tion differences, the normalized flux of hydrogen approaches
unity, and the effects of mucus are negligible. Performing an
expansion in the limit � → ∞, we see that

j = −2�

(α + 1)
+O[ln(�)], jh/ jh ≈ 1. (46)

Thus, for small concentration gradients, hydrogen flux will
always be less than “expected” (assuming α > 1) by a fac-
tor which depends relatively simply on the network charge
concentration. This effect disappears as the concentration
difference becomes large, and hydrogen flux approaches the
“expected” rate. The distinction between “large” and “small”
concentration gradients depends on the network charge con-
centration cT , with more dense networks slowing hydrogen
flux over a larger range of concentration gradients.

We note here that the nonlinear dependence of flux on
concentration difference may go some ways to explaining
the contradictory results of Refs. [6–8]. The work of Pfeif-
fer imposed a concentration difference (nondimensional) of
� ≈ 104, while Williams et al. used a much larger gradient
of � ≈ 105.5 [7,8]. It is difficult to ascertain the concentration
difference analogous to the experiments of Livingston et al. as
the smaller bath concentration B0 used was the ambient pH of
the harvested mucus, which could reasonably vary by several
orders of magnitude depending on the collection procedure.
The larger hydrogen chloride concentration bath used was
150 μ M, which implies an imposed concentration difference
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FIG. 2. The flux of hydrogen as a function of bath concentration difference (�). In panel (a), − jh is shown for multiple values of cT . For
convenience, − jh is shown so that the illustrated data are positive. The dashed line indicates a �1 scaling law. In panel (b), the normalized flux
of hydrogen jh/ jh is shown. This may be interpreted as the ratio of hydrogen flux to “expected” hydrogen flux.

anywhere between � ≈ 106 and � ≈ 103 [8]. In all of these
studies, it is difficult to estimate the charge and binding site
density in the mucus preparations used, as the authors make no
attempt to quantify this value. However, the work of Schreiber
et al. suggests that the binding site density may be on the order
of 100 μ M [17]. In nondimensional units this would imply a
values of cT in the range of approximately 104.5 (Pfeiffer) to
106 (Williams et al. [8] and Livingston et al. [6]).

To further quantify the effect of charge density, in Fig. 3
we plot both − jh and jh/ jh as a function of cT , for mul-
tiple values of α (once again when b1 = 2 and b0 = 1).
When α � 1 (i.e., DH > DC), both measurements of hydro-
gen flux are monotonically decreasing functions of both cT

and α. Once again we see that decreased anion mobility
(increased α) results in a reduction of hydrogen cation flux
relative to the expected value. Furthermore, the presence of
mucus (even in the absence of chemical binding) also reduces
the flux of hydrogen; both relative to Fickian diffusion ( jh =
−1) and electrodiffusion through an aqueous environment
( jh).

In the limit of large network charge density, the depen-
dence of hydrogen flux on mucus density is relatively simple.
Combining Eqs. (42) and (43) and performing an asymptotic
expansion as cT → ∞ gives the expression

jh = 1

α

(
b2

0 − b2
1

)
c−1

T +O
(
c−3

T

)
. (47)
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FIG. 3. The flux of hydrogen as a function of mucus charge density (cT ). In panel (a), − jh is shown for multiple values of α. For
convenience, − jh is shown so that the illustrated data are positive. The dashed line indicates a c−1

T scaling law. In panel (b), the normalized
flux of hydrogen jh/ jh is shown. This may be interpreted as the ratio of hydrogen flux to “expected” hydrogen flux.
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FIG. 4. The electric potential drop as a function of mucus charge density (cT ). In panel (a) �out
1 , the total drop from bath to bath, is shown

for multiple values of α. In panel (b), the drop across the interior domain (� in
1 − � in

0 ) is shown.

Thus, we see that the flux of hydrogen has an inverse linear
relationship with network charge density in the limit of abun-
dant mucus. Figure 3(a) shows a reference line (dashed red)
indicating a power law scaling with power −1. Furthermore,
in this limit the ratio of flux to expected flux is given by

jh/ jh ≈ (α + 1)(b0 + b1)

2αcT
, (48)

which again scales as the inverse of network charge density,
but has a much less pronounced dependence on α, as shown
in Fig. 3(b). Similarly, an asymptotic expansion of Eq. 30 in
the limit where the anion is much less mobile than the cation
(α → ∞) gives

jh =
[

2
(
hin

0 − hin
1

) + cT ln

(
hin

1

hin
0

)]
α−1 +O(α−2), (49)

and thus the flux of hydrogen is also inversely proportional to
α (regardless of the magnitude of cT ).

2. Electric potential

We now turn our attention to quantifying the potential
drop (both across the inner domain, and from bath to bath).
Rederivation of Eq. (28) when K = 0 gives the expression

� in
1 − � in

0 = α − 1

α + 1
ln

∣∣∣∣ (α + 1)hin
0 − cT

(α + 1)hin
1 − cT

∣∣∣∣, (50)

where hin
j is still given by Eq. (43). In conjuction with Eq. (22),

this expression allows us to evaluate the potential drop from
bath to bath (�out

1 ). Figure 4 shows the computed potential
drops as a function of cT for various values of α. Figure 4(a)
illustrates the potential of the left bath, while Fig. 4(b) illus-
trates the potential difference across the inner domain (again,
with b0 = 1 and b1 = 2). It is immediately clear that the
potential difference across the entire device is monotonically
decreasing in both α and cT . However, it appears to have a

finite, nonzero limit. Conversely, the potential drop across the
inner domain is an increasing function of cT .

Equations (22), (28), and (43) may be used to show that in
the limit of large cT ,

� in
1 − � in

0 = (α − 1)
(
b2

0 − b2
1

)
α

c−2
T +O

(
c−3

T

)
, (51)

�out
1 = − ln

(
b1

b0

)
+ b2

1 − b2
0

α
c−2

T +O
(
c−4

T

)
. (52)

Thus, as the background network charge becomes more dense,
the potential drop across the inner domain approaches zero.
Furthermore, Eq. (22) guarantees that in this limit, the ion
concentrations at both boundaries are equal (to cT ), which im-
plies that there is no electrochemical potential driving a flux of
hydrogen through the inner domain. This provides a physical
explanation for the behavior illustrated in Fig. 3. We also note
that Eq. (52) implies that as the network charge density in-
creases, we recover the Nernst potential, as an infinite density
of negative charge within the layer makes it impermeable to
the anion. A similar expansion may be performed in the limit
of large α to yield

� in
1 − � in

0 = − ln

(
hin

1

hin
0

)
+O

(
α−1), (53)

�out
1 = − ln

(
b1

b0

)
+O

(
α−1

)
, (54)

where the inner concentrations are still given by Eq. (43).
Thus, the potential difference across the inner domain ap-
proaches a nonzero value determined by the background
charge density cT . However, the potential difference from bath
to bath recovers the Nernst potential of an immobile anion,
and we see that the prediction of Eq. (41) holds even in the
presence of mucus.
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FIG. 5. The flux of hydrogen as a function of mucus charge density (cT ). In panel (a), − jh is shown for multiple values of α � 1. For
convenience, − jh is shown so that the illustrated data are positive. In panel (b), the normalized flux of hydrogen jh/ jh is shown. This may be
interpreted as the ratio of hydrogen flux to “expected” hydrogen flux.

C. With a more mobile anion

Thus far we have restricted our analysis to the case that
α � 1 (DH � DC), as our motivation is the characterization
of hydrogen flux through a mucus network, and hydrogen
has the greater mobility in any hydrogen halide. However,
the same modeling framework may be used to describe the dif-
fusive transport of any cation-anion pair. When still restricted
to the case that K = 0, Eqs. (42), (43), and (50) still hold,
but lead to a different characterization of cation flux. Figure 5
shows the calculated values of − jh and jh/ jh as a function
of cT , for various values of α. Again, in the limit of high
network charge density we still see the same c−1

T power law
scaling. However, flux is no longer a monotonic function of
cT . A series representation of Eqs. (42) and (43) in the limit
α → 0 yields

jh = −(√
c2

T + 4b2
1 −

√
c2

T + 4b2
0

)

− cT ln

⎛
⎝cT −

√
c2

T + 4b2
1

cT −
√

c2
T + 4b2

0

⎞
⎠ +O(α), (55)

which has a local maximum at finite cT > 0.
It appears that the nonmonotonicity of cation flux may be

attributed to the electric potential gradient induced across the
inner domain in the case of small α. Figure 6 shows the total
and inner potential drops as a function of cT , for multiple
values of α � 1. Expansion of Eqs. (50) and (22) in this limit
yields

� in
1 − � in

0 = ln

⎛
⎝cT −

√
c2

T + 4b2
1

cT −
√

c2
T + 4b2

0

⎞
⎠ +O(α), (56)

�out
1 = ln

(
b1

b0

)
+O(α). (57)

Thus, while the potential drop from bath to bath approaches
a constant (the Nernst potential for a domain impermeable to
the cation), the potential drop across the inner domain is a
nonmonotonic function of network charge density. This in-
turn implies that the electrochemical potential gradient driving
the flux of ions across the layer has a nontrivial dependence
on mucus charge density, leading to the flux behavior shown
in Fig. 5.

D. Nonzero K

Now, we address the case when K �= 0. In this case, the ex-
pressions defining jh, and �out

1 are more complex, depend on
more parameters, and can not be as easily analyzed quantita-
tively. However, graphical analysis indicates that the behavior
is qualitatively similar to that outlined in previous sections.
Figure 7 shows the flux of hydrogen (− jh), as well as the
potential drop from bath to bath (�out

1 ) as a function of the
mucus charge concentration (cT ) and hydrogen/mucus asso-
ciation constant (K). The data shown in Fig. 7 were generated
with b0 = 1, b1 = 2 (as in previous sections) and α = 1 (as a
point of reference). In this case, jh = −1 and therefore the
flux of hydrogen and the normalized flux of hydrogen are
equivalent. The solid and dashed red level curves shown in
Fig. 7(a) indicate − jh = 0.75 and − jh = 0.25, respectively.
The region between these level curves corresponds with hy-
drogen diffusion through the layer that is slowed by 25–75%,
which is consistent with some experimental studies [6–8].
The same level curves are reproduced in Fig. 7(b) to indicate
the approximate range of potential drops (from bath to bath)
that are consistent with diffusion slowed by this amount. We
note that, generically, hydrogen flux is a decreasing function
of cT (as in previous sections) and an increasing function
of K . This is very much in agreement with the analysis of
Ref. [19], where it was shown that the predominant effect
of binding affinity was to neutralize the background charge
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FIG. 6. The electric potential drop as a function of mucus charge density (cT ). In panel (a) �out
1 , the total drop from bath to bath, is shown

for multiple values of α. In panel (b), the drop across the interior domain (� in
1 − � in

0 ) is shown.

via bound hydrogen. That is, high network charge density
with high binding affinity is approximately equivalent to low
network charge density with no binding affinity. This is also in
agreement with the work of Marczynski et al. which indicated
that the ability to form bonds with the network can enhance
diffusive transport [9].

For comparison, and to more accurately represent the dif-
fering diffusivities of hydrogen and chloride, Fig. 8 shows
the corresponding data when α = 5. However, in this case
the flux of hydrogen (− jh) and the normalized flux ( jh/ jh)
are not equivalent, and are thus shown in Figs. 8(a) and 8(b),
respectively. We note that at most, hydrogen flux is one third
of what its molecular diffusion coefficient (DH ) would pre-

dict. These values are seen in the regime of small cT (very
little background charge) and large K (background charge is
almost completely neutralized by bound hydrogen) and are
thus purely due to the less mobile anion. However, these val-
ues are precisely what the effective diffusion coefficient (Deff)
would predict. Upon normalization by the expected flux ( jh),
the flux of hydrogen and electric potential drops [Figs. 8(b)
and 8(c)] are very similar to their counterparts in Fig. 7, with
two major exceptions. The potential drop across the domain is
generically greater in magnitude, which must be true to main-
tain zero current in the presence of more mobile cation. Also,
the relevant level curves of normalized flux have shifted to
the left, meaning that in general, the same background charge

FIG. 7. Flux of hydrogen (a) and total potential drop (b) as a function of mucus charge density (cT ) and binding affinity (K). The bold solid
and dashed curves indicate the − jh = 0.75 and − jh = 0.25 level curves, respectively. All data were generated with b1 = 2 and α = 1.
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FIG. 8. Flux of hydrogen (a), normalized flux of hydrogen (b), and total potential drop (c) as a function of mucus charge density (cT ) and
binding affinity (K). The bold solid and dashed curves indicate the jh/ jh = 0.75 and jh/ jh = 0.25 level curves, respectively. All data were
generated with b1 = 2 and α = 5.

results in a smaller normalized flux of hydrogen. These trends
are all in agreement with the analysis presented in previous
sections.

E. Realistic parameters

We now examine the behavior of the model in a parameter
regime which corresponds to experimental conditions used
in the extant literature. Determining α is, in general, rather
difficult, as determining the “actual” molecular diffusion coef-
ficients of isolated ions can not be accomplished by measuring
the flux of a single charged species between two known bath
concentrations. However, in Ref. [15], the authors measure
Deff for sodium chloride in an aqueous environment, and then
separately measure DNa via a technique based on PFGSE-
NMR spectroscopy. This allows the calculation of DC via the
Nernst-Haskell equation. In a second experiment, the authors
then measure Deff for hydrogen chloride in aqueous solution,
which finally allows calculation of DH . The values listed are
summarized in Table I. The density of potential hydrogen

binding sites in guinea pig gastric mucus has been measured
experimentally and found to be approximately CT ≈ 130 mM
[17]. For bath concentrations, we use the values reported in
the “flux chamber” experiments of Pfeiffer [7], which are
B0 = 10−5.5 M and B1 = 10−0.9 M. Finally, estimates of the
binding affinity K(= k+/k−) based on experimental stud-
ies are difficult to find. However, in a theoretical study the
authors of Ref. [25] determine K ≈ 10−3.65 M−1 by fitting
exponential swelling curves of a polyelectrolyle gel model of
mucus to experimental data. These values are summarized in
Table II.

TABLE I. Estimated diffusion coefficients from Ref. [15].

Quantity Symbol Value

Effective diffusion coefficient of HCl Deff 3.141 × 10−5 cm2/s
Molecular diffusion coefficient of H+ DH 6.22 × 10−5 cm2/s
Molecular diffusion coefficient of Cl− DC 2.10 × 10−5 cm2/s
Ratio of diffusion coefficients α 2.96 [-]
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TABLE II. Estimated chemical and bath parameters.

Quantity Symbol Value

Binding affinity of hydrogen K 10−3.65 M−1

Concentration of binding sites in Mucus CT 0.13 M
Temperature T 300 K
HCL concentration in left bath B0 10−5.5 M
HCL concentration in right bath B1 10−0.9 M

To present electric potential values in dimensional units,
we define

� = RT

F
�1

out,

the potential drop across the device measured in units of mV.
Model results using estimated parameters (except for K and
CT ) are plotted as a function of both K and CT in Fig. 9.
Once again, we have highlighted in red the level curves which
correspond to a normalized flux of hydrogen 25%–75% of
the expected value. We have also added a marker (white “X”)
indicating the values of CT and K corresponding to estimates
in Table II. This marker falls between the two highlighted
level curves, indicating that model predictions are well within
the range consistent with experimental studies. For reference,
these parameter values give rise to a normalized flux of ap-
proximately 46% and a potential drop of slightly less than
300 mV:

jh/ jh = 0.461, � = −269 mV.

The estimate of hydrogen flux is well within the ranges re-
ported in experimental studies, and the potential drop (while
large) is well within ranges seen in many biological gel and
membrane systems. For reference, we show the computed
spatial profiles of all variables (ions, unbound mucus, and
electric potential) in Fig. 10. As required by the Donnan equi-
librium, the free hydrogen concentration immediately within
the mucus layer is generically greater than the bath. This is

attenuated (slightly) by hydrogen bound to the background
network. The electric potential varies somewhat within the
mucus layer, but this variation is drastically smaller than the
potential difference induced by the Donnan equilibrium.

Finally, we note that in the estimated parameter regime,
our results are extremely insensitive to the association constant
K. This is illustrated by the level curves on Fig. 9 in the
vicinity of the “X,” which are nearly vertical. The estimate of
K obtained from Ref. [25] is the result of fitting a relatively
complex model with a large number of parameters, and is
therefore in some sense the parameter of “least confidence”
discussed here. While we know of no other estimate for the
binding affinity of hydrogen with mucus, Crowther et al. have
measured the affinity of mucus with other, larger cations [16].
Their results indicate the following: mucus exhibits multiple
different cation binding sites with different binding affinities,
binding affinity is generally an increasing function of valence
(with monovalent ions exhibiting the smallest binding affin-
ity), and the ions considered all exhibited binding affinities
four to six orders of magnitude larger than the K reported
in Ref. [25]. In light of this, it may not be strictly accurate
to define a single affinity for hydrogen and mucus binding,
and the value used here may be a low estimate. However,
Fig. 9 indicates that increasing our estimate of K by four
or five orders of magnitude (comparable with the values for
monovalent ions reported in Ref. [16]) would not appreciably
change the model predictions.

IV. DISCUSSION

In this work we have analyzed a relatively simple, two
ion model of diffusive transport through a charged mucus-
like gel layer accounting for the Donnan potential associated
with the gel/bath interface. In particular, we have quantified
the steady-state flux of hydrogen ions through the layer and
the resulting electric potential across the layer as functions of
the parameters describing the electrochemical nature of the
gel and the dissolved cation-anion pair. In multiple limiting

FIG. 9. Normalized flux of hydrogen (a) and total potential drop (b) as a function of mucus charge density (CT ) and binding affinity (K).
The bold solid and dashed curves indicate the jh/ jh = 0.75 and jh/ jh = 0.25 level curves, respectively. All data generated with B0 = 10−5.5 M,
B1 = 10−0.9 M, and α = 2.96. The “X” represents the values of CT and K estimated from literature.
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FIG. 10. Spatial profiles of the model variables for parameter values indicated by “X” in Fig. 9. In panel (a), the concentrations of free
hydrogen, chloride, unbound mucus, and bound hydrogen are shown in mM. In panel (b), the electric potential � is shown in mV. In both
panels, the bath concentrations and potentials are indicated with dotted lines.

cases, the model recapitulates classical phenomena, including
the Nernst Potential associated with a semipermeable mem-
brane across which only one ion may travel. Furthermore,
we have compared the calculated flux of hydrogen to the
“expected” flux in the case where the layer is devoid of mucus
(no charge and/or binding sites). This was done specifically to
address apparent discrepancies within the experimental litera-
ture that report multiple values of the apparent “slowdown” of
hydrogen diffusion through mucus. Critically, diffusive flux of
hydrogen is proportional not to the difference in bath concen-
trations, but to the difference in a nonlinear function of bath
concentrations [Eq. (30)]. This implies that different experi-
mental preparations will not only result in altered hydrogen
flux, but altered hydrogen flux relative to the expected value.
We believe this may be responsible for the variety of values
present in experimental studies.

Generically, our results indicate that hydrogen flux (both
gross, and relative to “expected”) are decreasing functions of
the charge density of the mucus, and the ratio of hydrogen
ion to anion mobility. Thus, increasing mucus charge density,

or using bath solutions of an anion larger than chloride will
hinder hydrogen diffusion. Conversely, increased hydrogen
and mucus binding affinity generically increases the flux of
hydrogen. This contradicts older hypotheses in the physiolog-
ical literature which suggest binding to the network may slow
diffusion of hydrogen through the gastric mucus lining [26].
However, this result is very much in line with previous theo-
retical studies that indicate diffusion through mucus layers is
largely governed by the Donnan potential at the gel layer, and
the primary effect hydrogen and mucus binding is to lower
the charge density of the mucus network, thus removing an
impediment to electrodiffusive transport [19].
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