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Excess entropy and Stokes-Einstein relation in simple fluids
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The Stokes-Einstein (SE) relation between the self-diffusion and shear viscosity coefficients operates in
sufficiently dense liquids not too far from the liquid-solid phase transition. By considering four simple model
systems with very different pairwise interaction potentials (Lennard-Jones, Coulomb, Debye-Hückel or screened
Coulomb, and the hard sphere limit) we identify where exactly on the respective phase diagrams the SE relation
holds. It appears that the reduced excess entropy sex can be used as a suitable indicator of the validity of the SE
relation. In all cases considered the onset of SE relation validity occurs at approximately sex � −2. In addition,
we demonstrate that the line separating gaslike and liquidlike fluid behaviours on the phase diagram is roughly
characterized by sex � −1.

DOI: 10.1103/PhysRevE.104.044110

I. INTRODUCTION

An accurate general theory of transport process in liquids
is still lacking, despite considerable progress achieved over
many decades [1–4]. Moreover, it is very unlikely that a gen-
eral theory of transport processes in liquids can be constructed
at all. Difficulties with theoretical description of liquid state
dynamics in comparison with solids and gases can be under-
stood as follows [5]. Solids and gases can be considered in
some (dynamical) sense as “pure” aggregate states. In solids
the motion of atoms is purely vibrational, while in dilute gases
atoms move freely along straight trajectories between colli-
sions. This simplifies the development of transport theories.
In this context liquids constitute a “mixed” aggregate state.
Both vibrational and ballistic atomic motions are present.
Their relative importance depends on the location on the
phase diagram. Near the liquid-solid phase transition vibra-
tional motion dominates and solidlike approaches to transport
properties are more relevant. At lower densities and higher
temperatures ballistic motion is more important and transport
is similar to that in dense nonideal gases.

In the absence of general theories we often have to rely
(when experimental data is not available) on phenomeno-
logical approaches, semi-quantitative models, and scaling
relationships. In this context the Stokes-Einstein relation be-
tween the self-diffusion and shear viscosity coefficients has
been proven to be particularly useful.

The conventional Stokes-Einstein (SE) relation expresses
the diffusion coefficient D of a tracer macroscopic spherical
(“Brownian”) particle of radius R in terms of the temperature
T (expressed in energy units, kB = 1) and shear viscosity
coefficient η of a medium it is immersed in. It reads [6]

D = T

cπηR
, (1)
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where c is a numerical coefficient: c = 6 or c = 4 corresponds
to the “stick” or “slip” boundary condition at the sphere
surface, respectively. When the size of the tracer sphere de-
creases, the actual size of the sphere in Eq. (1) has to be
replaced by the so-called hydrodynamic radius RH, which can
depend on details of the interaction between the sphere and
the atoms or molecules of the medium. Going further down to
atomistic scales, when self-diffusion of atoms in simple pure
fluids is considered, the SE relation takes the form

Dη(�/T ) = αSE, (2)

where � = ρ−1/3 is the mean interatomic separation, which
now plays the role of the effective tracer sphere diameter, and
ρ is the atomic number density. Equation (2) is also known as
the Stokes-Einstein relation without the hydrodynamic diame-
ter [7]. In view of Eq. (1) the coefficient αSE can be expected to
vary between 1/3π � 0.106 and 1/2π � 0.159 for the stick
and slip boundary condition, respectively.

The relation of the form of Eq. (2) appeared already in
the book by Frenkel [1] when he discussed the viscosity of
simple liquids. He also provided some qualitative arguments
regarding why a macroscopic approach can be applied down
to atomic scales. At the same time, he pointed out that the
derivation used to arrive at Eq. (2) is rather formal and does
not explain the exact mechanism that determines the viscosity
coefficient.

The purpose of the present paper is to provide a systematic
consistent picture concerning the applicability of the SE rela-
tion to simple fluids. We analyze contemporary transport data
for four different model system: Lennard-Jones liquids, one-
component plasma, Yukawa, and hard-sphere fluids to identify
how general is the SE relation. Three main questions are to
be answered: (i) Does SE relation applies to each concrete
equilibrium fluid? (ii) What is the value of the SE coefficient
αSE and are there correlations with the properties of inter-
particle interaction? (iii) Where is the regime of SE relation
applicability on the phase diagram and whether there exists a
universal criterion of its applicability? These questions will be

2470-0045/2021/104(4)/044110(11) 044110-1 ©2021 American Physical Society

https://orcid.org/0000-0002-3393-6767
https://orcid.org/0000-0001-9987-4530
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.104.044110&domain=pdf&date_stamp=2021-10-11
https://doi.org/10.1103/PhysRevE.104.044110


S. A. KHRAPAK AND A. G. KHRAPAK PHYSICAL REVIEW E 104, 044110 (2021)

addressed in the following sections. A very important question
related to the breakdown of the SE relation in supercooled and
glass forming liquids [8–12] is beyond the scope of this paper.

II. THEORETICAL BACKGROUND

A. Excess entropy scaling (Rosenfeld)

In 1977 Rosenfeld proposed a relation between transport
coefficients and internal entropy of simple systems [13]. In
particular, he demonstrated that properly reduced diffusion
and shear viscosity coefficients are approximately exponential
functions of the reduced excess entropy sex = (S − Sid )/NkB,
where S is the system entropy, Sid is the entropy of the ideal
gas at the same temperature and density, N is the number of
particles, and kB is the Boltzmann’s constant. The system-
independent normalization for the transport coefficients used
by Rosenfeld reads

DR = D
ρ1/3

vT
, ηR = η

ρ−2/3

mvT
, (3)

where vT = √
T/m is the thermal velocity and m is the atomic

mass. A somewhat different variant of entropy scaling of
atomic diffusion in condensed matter was also proposed by
Dzugutov [14], who used the excess entropy in the pair ap-
proximation instead of the full excess entropy (note that the
total excess entropy can be approximated by the pair contri-
bution only in some vicinity of the freezing point [15–21]).
By now it is well recognized that many simple and not so
simple systems conform to the approximate excess entropy
scaling. There are also counterexamples, where the original
excess entropy scaling is not applicable [22–24]. For a recent
review of this topic see, e.g., Ref. [25].

For our present purpose we quote the approximate formu-
las for the diffusion and viscosity coefficients proposed by
Rosenfeld [26]

DR � 0.6e0.8sex , ηR = 0.2e−0.8sex . (4)

Combining this with the normalization properties of Eq. (3)
we immediately arrive at

DRηR ≡ Dη

(
�

T

)
� 0.12. (5)

Thus, the SE relation of the form of Eq. (2) is automatically
satisfied with αSE � 0.12, which is relatively close to real
SE coefficients for sufficiently soft interactions (see below).
However, this observation is merely heuristic and does not
explain physical mechanisms relating viscosity and diffusion.

B. The velocity field approach

A microscopic velocity field approach was proposed by
Gaskell and Miller [27] to include microscopic features into
hydrodynamic description. It allows to express the velocity
autocorrelation function in terms of the longitudinal and trans-
verse current correlation functions. The result is similar to
that of the mode coupling theory, the only difference is the
presence of a form factor under the integral. The Green-Kubo
formula is then used to obtain the self-diffusion coefficient.
The contribution from the longitudinal correlations cancels

out exactly and the diffusion coefficient is related to the prop-
erties of the transverse mode. The derivation is rather involved
and is not presented here, although no principal difficulties
arise. We quote the final result [6,28–30]

D = T

4πηa
, (6)

where a = (4πρ/3)−1/3 is the Wigner-Seitz radius. The
emerging SE coefficient αSE = (�/a)/4π � 0.13 is appro-
priate (see below). The derivation tells us that the relation
between the diffusion and shear viscosity coefficients comes
from the properties of the transverse collective mode. It can be
made more transparent by taking the hydrodynamic limit for
the transverse current correlation function, namely CT (q, t ) =
(T/m) exp[−(η/ρm)q2t], where q is the wave vector [30].
Still no simple quantitative picture regarding the physical
mechanisms behind the SE relation immediately emerges.

C. Damped oscillator model (Zwanzig)

Perhaps one of the simplest and transparent variants of the
derivation of SE relations for simple fluids was presented by
Zwanzig based on the relations between the transport coeffi-
cients and properties of collective excitations [31].

Zwanzig’s approach is based on the assumption that atoms
in liquids exhibit solidlike oscillations about temporary equi-
librium positions corresponding to a local minimum on the
system’s potential energy surface [1,32]. These positions do
not form a regular lattice like in crystalline solids. They are
also not fixed and change with time (this is why liquids can
flow). It can be assumed that a local configuration is preserved
for some time until a fluctuation in the kinetic energy allows
to rearrange the positions of some of the atoms towards a new
local minimum in the potential energy surface. The magnitude
of these rearrangements (“cell jumps” in Zwanzig’s terminol-
ogy) is irrelevant for the present consideration. The waiting
time distribution of the rearrangements scales exponentially,
∝ exp(−t/τ ), where τ is a lifetime. Atomic motions after
the rearrangements are uncorrelated with motions before re-
arrangements. The lifetime τ should be considerably longer
than the characteristic period of solidlike vibrations for the
dynamical picture sketched makes sense.

Within this ansatz a reasonable approximation for the ve-
locity autocorrelation function of an atom j is

Zj (t ) �
(

T

m

)
cos(ω jt ) exp(−t/τ ), (7)

corresponding to a time dependence of a damped harmonic
oscillator. The self-diffusion coefficient D is given by the
Green-Kubo formula

D = 1

N

∫ ∞

0

∑
j

Z j (t )dt . (8)

Zwanzig then assumed that vibrational frequencies ω j are
related to the collective mode spectrum and performed av-
eraging over collective modes. Since the exact distribution
of frequencies is generally not available, he used a Debye
approximation, characterized by one longitudinal and two

044110-2



EXCESS ENTROPY AND STOKES-EINSTEIN RELATION … PHYSICAL REVIEW E 104, 044110 (2021)

transverse modes with acoustic dispersion. The result is

D = T

3π

(
3ρ

4π

)1/3( 1

ρmc2
l τ

+ 2

ρmc2
t τ

)
, (9)

where cl and ct are the (instantaneous) longitudinal and trans-
verse sound velocities, related to the elastic response of fluids
to high-frequency perturbations [33]. The last step is to set the
lifetime τ equal to the Maxwellian shear relaxation time [34],

τ = η/G∞, (10)

where G∞ = ρmc2
t is the infinite frequency (instantaneous)

shear modulus. The idea that the residence time of atoms in
their temporary equilibrium positions should be associated
with Maxwellian relaxation time was discussed already by
Frenkel [1]. With this we obtain the SE relation of the form

Dη(�/T ) ≡ αSE � 0.13

(
1 + c2

t

2c2
l

)
. (11)

Zwanzig did not explicitly assume that τ is given by the
Maxwellian relaxation time and expressed the SE coeffi-
cient in terms of the longitudinal and shear viscosities αSE �
0.13(1 + η/2ηl ). Otherwise, Eq. (11) is identical to the orig-
inal result. Note that since the sound velocity ratio ct/cl is
confined in the range from 0 to

√
3/2, the coefficient αSE can

vary only between � 0.13 and � 0.18 [31,34].
Zwanzig noted that “all of these assumptions are arguable,

though plausible as a first guess, and could be tested by deeper
theoretical analysis and by molecular dynamics simulations.”
Some of the assumptions, in particular the effect of the waiting
time distribution were critically checked in Ref. [35]. The
waiting times were also estimated using MD simulations by
introducing the cage correlation functions which measure the
rate of change of atomic surroundings [36].

Nevertheless, despite the simplifications involved the pre-
dictive power of Zwangig’s model is impressive. Equation
(2) is satisfied to a very high accuracy in some vicinity of
the liquid-solid phase transition of many simple model liq-
uids [7,34]. Moreover, the coefficient αSE can be correlated
with the potential softness (via the ratio of the longitudinal
and transverse sound velocities), as the model predicts [34].
For soft long-ranged interactions (such as, e.g., Coulomb or
screened Coulomb) the strong inequality cl � ct is satisfied
and αSE tends to its lower limit. For steeper potentials (such
as, e.g., Lennard-Jones) the ratio ct/cl increases and αSE in-
creases too, as expected. For many liquid metals at the melting
temperature the coefficient αSE is located in the vicinity of
�0.15, although considerably higher values were also re-
ported [34].

According to the Zwanzig’s model the SE relation is ap-
plicable for liquids close to the melting temperatures and
densities, but not at high temperatures and low densities. The
dynamical picture involves fast solidlike oscillations around
temporary equilibrium positions. This is clearly irrelevant for
gases. In dilute gases the atoms move freely between colli-
sions. For a dilute gas of hard spheres (HS) of diameter σ the
self-diffusion and viscosity coefficients are given in the first

approximation by [37]

D = 3

8ρσ 2

(
T

πm

)1/2

, η = 5

16σ 2

(
mT

π

)1/2

. (12)

Thus, the relation between the diffusion and viscosity coef-
ficients in the gaseous phase is η ∼ mρD and the relation
Eq. (2) cannot be satisfied. This result is quite general and
does not depend on the specifics of the HS system (according
to elementary gas-kinetic formulas D ∼ v
 and η ∼ mρv
,
where v is the mean atomic velocity and 
 is the mean free
path between atomic collisions [37]).

The relevant question is therefore how far from the freezing
line the SE relation can operate and what its applicability con-
ditions are. From the dynamical picture sketched above it is
obvious that the condition ωτ > 1 should be at least satisfied.
A characteristic vibrational frequency ω can be associated
with the Einstein frequency �E. Still, we would need to know
the behavior of the shear viscosity η and shear modulus G∞
to evaluate τ and estimate τ�E. This is not very realistic in
general (although for some special systems this program is
feasible). Other options should be considered.

Below we present the evidence based on the analysis of
extensive simulation data that there is a relatively wide region
prior to freezing where the SE relation holds. The onset of
its validity can be conveniently characterized by the magni-
tude of the excess entropy. Quantitatively, the SE relation in
the liquid phase is valid for sex � −2. Our results can also
shed some light on the dynamical crossover separating the
liquidlike from a gaslike regions on a phase diagram (the
so-called “Frenkel line”). This is the topic of considerable
current interest [5,38–42]. The validity of SE relation is a
strong indication of the liquidlike behavior and hence should
be related to the crossover.

III. RESULTS

Here we analyze the available results for four simple
systems with very diverse shape of pairwise interaction:
Lenard-Jones, Coulomb (one-component plasma), screened
Coulomb (Yukawa systems), and hard sphere system.

A. Lennard-Jones liquids

The Lennard-Jones (LJ) potential is

φ(r) = 4ε

[(
σ

r

)12

−
(

σ

r

)6]
, (13)

where ε and σ are the energy and length scales (or LJ units),
respectively. The reduced density and temperature expressed
in LJ units are therefore ρ∗ = ρσ 3, T∗ = T/ε. The LJ system
is one of the most popular and extensively studied model
systems in condensed matter, because it combines relative
simplicity with adequate approximation of interatomic inter-
actions in real substances (e.g., liquified and solidified noble
gases).

Transport properties of LJ systems have been extensively
studied in the literature. For recent reviews of available sim-
ulation data see, e.g., Refs. [43–45]. Particularly extensive
data sets on the viscosity and self-diffusion coefficients have
been published by Meier et al. [46–48] and by Baidakov
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FIG. 1. Stokes-Einstein parameter αSE versus the reduced den-
sity ρ∗ for a LJ liquid. The symbols correspond to MD simulation
results from Ref. [46]. The dashed line is the fluid asymptote
αSE � 0.15. The dash-dotted curve corresponds to the dilute HS gas
asymptote αSE � 0.037/ρ4/3

∗ . In the shaded area at ρ∗ > 0.6 the SE
coefficient is constant (lies in the narrow range αSE � 0.15 ± 0.01).
The inset shows the dependence of the minus excess entropy on the
reduced density. Onset of the validity of the SE relation corresponds
to sex � −1.7.

et al. [49,50]. These authors tabulated the transport data along
different isotherms in a wide regions of the LJ system phase
diagram. Though simulations protocols were different, the
two datasets are in good agreement where they overlap [44].

We have recently demonstrated that properly reduced
transport coefficients (self-diffusion, shear viscosity, and
thermal conductivity) of dense Lennard-Jones fluids along
isotherms exhibit quasi-universal scaling on the density di-
vided by its value at the freezing point, ρfr [51]. This implies
that it is sufficient to consider a single isotherm. We chose
the isotherm T∗ = 1.5 and employ the diffusion and viscosity
coefficients tabulated in Ref. [46]. The resulting dependence
of αSE on reduced density ρ∗ is plotted in Fig. 1 (note the
reversed vertical axis in the figure to highlight the level of
accuracy of SE relation). It is observed that the SE coefficient
drops with increasing density until it reaches the asymptotic
value of αSE � 0.15. This is where the SE relation is satisfied.
From pragmatical point of view we define the region of va-
lidity of SE relation as a region where the SE coefficient is
located in a narrow range αSE � 0.15 ± 0.01. This occurs at
ρ∗ � 0.6 and the corresponding region is shaded in Fig. 1.

We may now ask whether the value � 0.15 at which αSE

saturates is consistent with Eq. (11) above. The sound ve-
locities of LJ liquids near the liquid-solid phase transition
have been recently evaluated [52,53]. Expressed in units of
thermal velocity vT = √

T/m they turn out to be cl/vT �
11.5 and ct/vT � 6. Substituting this into Eq. (11) we obtain
αSE � 0.15, in excellent agreement with the results from MD
simulations.

In the low density regime we may use Eq. (12) to estimate
the diffusion and viscosity coefficients. For the SE relations
this yields

Dη

(
�

T

)
= 15

128πρ
4/3
∗

� 0.037

ρ
4/3
∗

. (14)

This density scaling is of course only approximate for dilute
LJ gases. The actual transport cross sections are different
from the hard-sphere model and specifics of scattering in
the LJ potential has to be properly accounted for (see, e.g.,
Refs. [54–59] and references therein for some related works).
Nevertheless, simple Eq. (14) already provides a reasonable
approximation for MD data as documented in Fig. 1 and
reported previously in Ref. [51].

The inset in Fig. 1 shows the dependence of the minus
reduced excess entropy −sex on the density as tabulated in
Ref. [60] for the LJ liquid isotherm T∗ = 1.5. The onset of
validity of the SE relation corresponds to sex � −1.7, accord-
ing to a pragmatic definition given above. This approximate
condition to be compared with the onset condition in other
simple systems.

The low-density asymptote αSE � 0.037/ρ
4/3
∗ and the

high-density asymptote αSE � 0.15 are intersecting at about
ρ∗ � 0.35. This intersection can serve as a practical condition
to locate the crossover between the gaslike and liquidlike
regions on the LJ system phase diagram [51]. At higher
densities ρ∗ � 0.6 a fully liquidlike dynamics and transport
emerge. According to the inset in Fig. 1 the intersection of
two asymptotes occurs at sex � −0.9.

Recently, diffusion and shear viscosity data of LJ fluid
along nine supercritical isochores were analyzed with re-
spect to the SE relation [7]. It was shown that SE relation
breaks down gradually at sufficiently high temperatures. This
observation was rationalized in terms of the fact that prop-
erly reduced transport coefficient are approximately constant
along the system’s lines of constant excess entropy (the
isomorphs). This results in a quasi-universal dependence
Dη(�/T ) = F [T/TRef (ρ)], where F is some function and
TRef (ρ) is the temperature as a function of the density along
a reference isomorph (the latter can be, but not necessarily,
chosen as a freezing temperature [7]). These observations are
correlating with ours: There is a curve on the phase diagram
determined either by an equation T = T (ρ) or ρ = ρ(T ),
which is located above the freezing curve and is quasi-parallel
to it in the first approximation. The SE relation is valid be-
tween these two curves.

The location of different regions on the LJ system phase
diagram is sketched in Fig. 2. The phase boundaries are plot-
ted using the results from Refs. [61–63] (for details see the
figure caption). Two additional curves are plotted in the phase
diagram. The solid curve starting at a supercritical density cor-
responds to the condition ρ/ρfr = 0.6. For higher densities (to
the right from this curve) the SE coefficient αSE becomes prac-
tically constant. This region has been identified as a region of
validity of SE relation. The dashed curve starting in he vicinity
of the critical point corresponds to the condition ρ/ρfr = 0.35,
where the dilute gaseous and dense liquid asymptotes for αSE

intersect (see Fig. 1). This can be considered as a practi-
cal demarcation condition between the gaslike and liquidlike
regimes of atomic dynamics in supercritical fluids. In terms
of the excess entropy, the curve location roughly corresponds
to sex � −1. It should be noted that another simple definition
of a line separating gaslike and liquidlike fluid behaviors
based on the properties of shear viscosity alone was proposed
recently [42]. The separation line was defined by the location
of the minimum of the macroscopically scaled shear viscosity
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FIG. 2. Different dynamical regimes on the LJ system phase
diagram. The squares correspond to the fluid-solid coexistence
boundaries as tabulated in Ref. [61]; the corresponding curves are
simple fits proposed in Ref. [62]. The liquid-vapour boundary is
plotted using the formulas provided in Ref. [63]. The reduced triple
point and critical temperatures are Ttr � 0.694 [61] and Tcr � 1.326
[63]. Two additional curves appear in the phase diagram. The solid
curve starting at a supercritical density corresponds to the condition
ρ/ρfr = 0.6. The SE relation applies to the right from this curve. The
dashed curve starting in he vicinity of the critical point corresponds
to the condition ρ/ρfr = 0.35, where the dilute gaseous and dense
liquid asymptotes for αSE intersect. This can be considered as a
practical demarcation condition between the gaslike and liquidlike
regimes of atomic dynamics in supercritical fluids.

coefficient when plotted as a function of the excess entropy.
It was demonstrated that for hard sphere, Lennard-Jones, and
inverse-power-law fluids, such a line is located at an excess
entropy approximately equal to sex � −2/3. These definitions
are not equivalent, but conceptually similar. The minimum
of the reduced shear viscosity coefficient corresponds to the
transition between dilute gaseous and dense liquid asymptotes
for the transport properties. Not surprisingly, close value of
excess entropy on the separation line are obtained from these
two conditions.

In the region between the dashed and solid curves the
liquidlike picture of atomic dynamics and transport processes
is approached, but is not yet fully developed. Nonnegligible
deviations from the SE relation can be observed (see Fig. 1).
The actual values of αSE are exceeding the asymptotic value
0.15. Note that this can happen even in a liquid phase at
slightly subcritical temperatures (see Fig. 2).

Ohtori et al. investigated the validity of the SE relation in
a wide region of the phase diagram of pure LJ liquids [64,65].
They concluded that the origin of the breakdown in the SE
relation can be traceable to the onset of the gaseous behavior
of the shear viscosity coefficient. The SE coefficient they re-
ported is αSE � 1/2π � 0.16 is, however, slightly larger than
in other studies. The exact reason of this (small) disagreement
is not yet identified. It should be noted that in Refs. [64,65] an

explicit procedure to correct the self-diffusion coefficient for
the effect of the finite system size in the periodic boundary
conditions was implemented [66,67]. (A particularly sim-
ple form of this correction D∞ � DN (1 + N−1/3) has been
suggested recently [34]; here D∞ is the infinite-size system
diffusion coefficient and DN is the diffusion coefficient eval-
uated for N particles in a cubic cell with periodic boundary
conditions.) This results in a slightly larger diffusion coeffi-
cient in the thermodynamic limit compared to the actual value
from MD simulations and can potentially be responsible for
some inconsistency.

B. One-component plasma

The one-component plasma (OCP) model is an idealized
system of point charges immersed in a neutralizing uniform
background of opposite charge (e.g., ions in the immobile
background of electrons or vice versa) [68–72]. This model is
of considerable practical interest in the plasma related context.
From the fundamental point of view OCP is characterized by
a very soft and long-ranged Coulomb interaction potential,

φ(r) = e2/r, (15)

where e is the electric charge. This potential is very much
softer than the Lennad-Jones potential considered above. This
makes OCP a very important model reference system to verify
the validity of various theories and approaches to soft con-
densed mater.

The particle-particle correlations and thermodynamics of
the OCP are characterized by a single dimensionless coupling
parameter � = e2/aT , where a is the Wigner-Seitz radius.
The coupling parameter essentially plays the role of an inverse
temperature or inverse interatomic separation. In the limit of
weak coupling (high temperature, low density), � 
 1, the
OCP is in a disordered gaslike state. Correlations increase
with coupling and, at � � 1, the OCP exhibits properties char-
acteristic of a fluidlike phase (low temperature, high density).
The fluid-solid phase transition occurs at � � 174 [71,73,74].

Transport properties of the OCP are very well investi-
gated in classical MD simulations. Extensive data on the
self-diffusion [75–78] and shear viscosity [79–83] have been
published and discussed in the literature. Here we have used
an accurate fitting formula for the self-diffusion coefficient
proposed in Ref. [77] along with the MD data on the shear
viscosity coefficient tabulated in Ref. [82]. The resulting de-
pendence of the SE coefficient αSE on the coupling parameter
� is plotted in Fig. 3.

We observe that the slope of the dependence αSE on
� changes at approximately � � 10. The strong coupling
asymptote is αSE � 0.14. The weak coupling asymptote is
not shown in the figure because the conventional Coulomb
scattering theory is only applicable at � 
 1. At � � 50 the
SE coefficient lies in a narrow range αSE � 0.14 ± 0.01. This
is where we identify the SE relation to be valid (shaded area
in Fig. 3), although already from � � 10 the deviations from
the strong coupling asymptote are relatively small.

In the OCP fluid the longitudinal mode does not exhibit the
acousticlike dispersion, it is a plasmon mode (for an example
of numerically computed and analytical dispersion relations
see, e.g., Refs. [84–87]). Formally, this corresponds to the
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FIG. 3. Stokes-Einstein parameter αSE versus the coupling pa-
rameter � for a OCP fluid. The symbols correspond to MD
simulation results from Refs. [77,82]. The dashed line is a strong
coupling asymptote αSE � 0.14. In the shaded area at � � 50 the
SE coefficient is practically constant (lies in a narrow range αSE �
0.14 ± 0.01). The inset shows the dependence of the minus excess
entropy on the coupling parameter. Onset of the validity of the SE
relation corresponds to sex � −2.3.

condition ct/cl = 0 and one could expect αSE � 0.13 in he
strong coupling limit. However, the acoustic Debye spectrum
used in Zwanzig’s derivation is itself not valid in the OCP
case. Apparently, the longitudinal mode provides nonnegligi-
ble contribution and this can explain the difference of actual
αSE from its minimal limit.

The inset in Fig. 3 shows the dependence of the minus
reduced excess entropy −sex on the coupling parameter � as
tabulated in Ref. [15]. The change in the slopes of asymtotes
at � � 10 corresponds to sex � −0.9. The onset of validity of
the SE relation at � � 50 corresponds to sex � −2.3.

C. Screened Coulomb (Yukawa) fluids

The Yukawa systems represent a collection of pointlike
charges immersed into a neutralizing polarizable medium
(usually conventional electron-ion plasma), which provides
screening. The pairwise Yukawa repulsive interaction po-
tential (also known as screened Coulomb or Debye-Hückel
potential) is

φ(r) = (e2/r) exp(−κr/a), (16)

where κ is the dimensionless screening parameter, which is
the ratio of the Wigner-Seitz radius to the plasma screening
length. Yukawa potential is widely used as a reasonable first
approximation for actual interactions in three-dimensional
isotropic complex plasmas and colloidal suspensions [88–96].

The dynamics and thermodynamics of Yukawa systems
are characterized by two reduced parameters, � and κ . De-
tailed phase diagrams of Yukawa systems are available in
the literature [97–101]. Note that the screening parameter κ

determines the softness of the interparticle repulsion. It varies
from the very soft and long-ranged Coulomb potential at
κ → 0 (corresponding to the OCP limit considered above) to
the hard-spherelike interaction limit at κ → ∞. In the context
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FIG. 4. Stokes-Einstein parameter αSE versus the coupling pa-
rameter � for a Yukawa fluid with κ = 2. The symbols correspond
to MD simulation results from Refs. [77,82]. The dashed line is
the fluid asymptote αSE � 0.14. In the shaded area at � � 120 the
SE coefficient is practically constant (lies in a narrow range αSE �
0.14 ± 0.01). The inset shows the dependence of the minus excess
entropy on the coupling parameter. Onset of the validity of the SE
relation corresponds to sex � −2.2.

of complex plasmas and colloidal suspensions the relatively
“soft” regime, κ ∼ O(1), is of particular interest.

The phenomena of self-diffusion and shear viscosity in
three-dimensional Yukawa fluids have been relatively well in-
vestigated and understood [77,80,82,97,101–111] (there have
been also considerable interest to two-dimensional systems
related to laboratory realizations of dusty plasmas, which are
not considered here). For our present purposes we combine
the accurate fits for the self-diffusion coefficient in Yukawa
fluids from Ref. [77] with numerical data on shear viscosity
coefficient tabulated in Ref. [82] for κ = 2. The results are
plotted in Fig. 4.

The picture emerging from Fig. 4 is similar to that in the
OCP case, except higher � values are involved. The slope of
the dependence αSE on � changes at approximately � � 30.
The strong coupling asymptote is αSE � 0.14, same as in the
OCP case. The weak coupling asymptote is not shown for the
same reason as for the OCP. At � � 120 the SE coefficient
lies in a narrow range αSE � 0.14 ± 0.01 and as previously
we identify this as the region of validity of the SE relation
(shaded area in Fig. 4). As previously, the deviations from the
asymptotic strong coupling value are already relatively small
at � � 30.

The inset in Fig. 3 shows the dependence of the minus
reduced excess entropy −sex on the coupling parameter �.
The curve is calculated using the Rosenfeld-Tarazona scal-
ing of the thermal component of the excess internal energy
[112]. This scaling has been proven to be very useful in con-
structing practical models for the thermodynamic of Yukawa
fluids [113–115]. The particular form used here is taken from
Ref. [116]:

sex � −4.5

(
�

�fr

)2/5

+ 0.5,

where it is assumed that the excess entropy at freezing
is sex � −4. Here �fr denotes the value of the coupling
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FIG. 5. Stokes-Einstein parameter αSE versus the reduced den-
sity ρ∗ for a HS fluid. The symbols correspond to MD simulation
results from Refs. [124,125]. The dashed line is the dense fluid
asymptote αSE � 0.17. The dash-dotted curve corresponds to the
dilute HS gas asymptote αSE � 0.037/ρ4/3

∗ . In the shaded area at
ρ∗ > 0.55 the SE coefficient is constant (lies in the narrow range
αSE � 0.17 ± 0.01). The inset shows the dependence of the minus
excess entropy on the reduced density. Onset of the validity of the
SE relation corresponds to sex � −1.8.

parameter at the fluid-solid phase transition, which is �fr �
440 at κ = 2 [99]. The change in the slopes of asymptotes at
� � 30 corresponds to sex � −1.0. The onset of validity of
the SE relation at � � 120 corresponds to sex � −2.2.

D. Hard-sphere fluids

The fourth system considered is the fluid consisting of hard
spheres. The HS interaction potential is extremely hard and
short ranged. The interaction energy is infinite for r < σ and
is zero otherwise, where σ is the sphere diameter. The HS
system is a very important simple model for the behavior of
condensed matter in its various states [117–123].

In HS systems the thermodynamic and transport properties
depend on a single reduced density parameter ρ∗ = ρσ 3 (the
packing fraction, πρσ 3/6, is also often used). Transport prop-
erties of HS fluids have been extensively studied (see, e.g.,
Ref. [118] for a review). For our present purpose we have used
the recent MD simulation results by Pieprzyk et al. [124,125].
The use of large simulation systems and long simulation times
allowed accurate prediction of the self-diffusion and shear
viscosity coefficients in the thermodynamic limit. Based on
the tabulated data we have evaluated the SE coefficient and
plotted it as a function of the reduced density in Fig. 5.

In Fig. 5 we observe that the data points stick to the two
asymptotes: the gaseous Eq. (14) at low densities and the
liquidlike αSE � 0.17 at sufficiently high density. The inset
shows the dependence of the minus excess entropy on the
reduced density. The asymptotes are intersecting at ρ∗ � 0.32,
which corresponds to sex � −0.8. The shaded region in Fig. 5
is where the SE coefficient lies in a narrow range αSE �
0.17 ± 0.01. This is approximately the regime of SE relation
validity according to our pragmatic definition. Numerically,
the onset of SE relation validity occurs at ρ∗ � 0.55, which
corresponds to sex � −1.8.

It should be pointed out that Zwanzig’s derivation of the SE
relation is obviously inconsistent with the dynamical picture
in HS fluids. In contrast to softer interactions, the veloc-
ity autocorrelation function Z (t ) rapidly vanishes after the
first rebound against the initial cage and does not exhibit
a pronounced oscillatory character assumed in Zwanzig’s
derivation [126–128]. Nevertheless, we see that the SE rela-
tion is still satisfied even in this case. Dense HS fluids support
the acousticlike longitudinal and transverse collective modes
[129] (although with a forbidden long wavelength region for
the transverse mode, the so-called “k-gap” [129–132]. We can
compare the SE coefficients obtained in numerical simula-
tions with that formally emerging from Eq. (11). The ratio of
the transverse to longitudinal velocities tends to ct/cl � 0.5
on approaching the HS limit [132]. This yields a theoretical
estimate αSE � 0.15, somewhat smaller than the actual value
obtained from MD simulation. The difference can be possibly
related to the inconsistencies between theoretical assumptions
and actual dynamical picture in HS fluids.

IV. CONCLUSION

The applicability of the Stokes-Einstein relation without
the hydrodynamic radius to dense simple fluids has been in-
vestigated in detail. Four model systems with very different
pairwise interaction potential have been considered: Lennard-
Jones, one-component plasma, screened Coulomb (Yukawa)
and hard sphere fluids. From the presented evidence the fol-
lowing main conclusions can be made.

In all systems considered the SE relation understood as a
constancy of the product Dη(�/T ) = αSE = const, is satis-
fied to a good accuracy in some region of the phase diagram
adjacent to the freezing curve. The value of the SE coefficient
correlates with the softness of the interaction potential (via
the ratio of the longitudinal and transverse sound velocities).
For soft long-ranged interactions such as in one-component
plasma and Yukawa fluids it is smaller than for the more
steep Lennard-Jones and HS fluids. This is consistent with
the Zwanzig’s construction because softer potentials usually
result in smaller ratios of transverse-to-longitudinal sound
velocities. For the HS model the actual αSE obtained from
simulations is somewhat higher than theoretically expected.
However, for the HS fluid the vibrational picture of atomic
dynamics assumed in theory is violated and some discrepan-
cies should not be very surprising.

The relative width of the density region where the SE
relation is valid varies considerably. For the LJ and HS sys-
tems the onset of validity can be estimated as ρ/ρfr � 0.6.
For the OCP and Yukawa systems the onset of validity is
roughly at �/�fr ∼ 0.3, which corresponds to ρ/ρfr ∼ 0.03
(since � ∝ ρ1/3). Thus, density divided by the density at
the freezing point is not a reliable measure of SE relation
validity. In this respect, the excess entropy appears as a
much more convenient indicator of its validity. In all cases
considered, the onset point roughly corresponds to sex �
−2.0 ± 0.3. It remains valid up to the liquid-solid phase tran-
sitions, which is characterised by sex � −4 for the systems
considered.

Another important observation is the existence of two
clear asymptotes for the product Dη(�/T ). Near the freezing
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point it approaches a slightly system-dependent constant
value. Far away from the freezing point, in a disordered
gas phase, this product decreases towards the more or-
dered fluid state (i.e., with density). The intersection of
these two asymptotes is characterised by almost identical
values of excess entropy, sex � −0.9 ± 0.1. This can be
used as a convenient practical condition for the crossover

between the gaslike and liquidlike regions on the phase
diagram.

In future studies it would be interesting to ascertain to
which extent this picture applies to real fluids, mixtures
and other types of interaction potential, such as for instance
bounded potentials, which are of considerable impact in soft
matter research.
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