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Mass separation in an asymmetric channel
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We present a mechanism to sort out particles of different masses in an asymmetric channel, where the entropic
barriers arise naturally and control the diffusion of these particles. When particles are subjected to an oscillatory
force, with the scaled amplitude a and frequency ω, the mean particle velocity exhibits a bell-shaped behavior as
a function of the particle mass, indicating that particles with an optimal mass mop drift faster than other particles.
By tuning a and ω, we get an empirical relation to estimate mop ∼ (aω2)−0.4. An additional static bias, applied in
the opposite direction of the rectified velocity, would push the particles of lighter mass to move in its direction
while the others drift opposite to it. This study is useful to design lab-on-a-chip devices for separating particles
of different masses.
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I. INTRODUCTION

In many natural systems and industrial productions, mat-
ter consists of mixtures of various small parts on a range
from macroscale to nanoscale, e.g., mixed polar and nonpolar
macroparticles [1], mixed bacteria [2], mixed nanoparticles
[3], various DNA fragments [4], different kinds of cells [5],
or size-dispersed particles in a liquid [6], to name but a few.
The separation and sorting of small-sized particles have a
wide range of industrial, biomedical, and clinical applications,
e.g., wastewater purification, blood sample preparation, and
disease diagnostics [7]. Various particle separation mecha-
nisms or tools are in use to separate the desired particles
from the bulk; for instance, templates consisting of arrays of
obstacles [8], centrifuge machines [9], sieves or membranes
[10], and by applying some external fields [11]. These sepa-
ration techniques are based on the drift or diffusive behavior
of the particles whose properties depend on their mass, size,
shape, and charge. In particular, compared to the macrosized
particles, the controlled separation of the mesoscopic particles
from the mixture, based on their physical properties, is in high
demand for laboratory research and industrial applications
[2,4,6,8,12–19]. Note that the ubiquitous Brownian dynamics
is relevant particularly for the particles in the mesoscopic size
regime. The separation of mesoscopic constituents presents
major challenges in various disciplines, from biomedical
problems such as separating malignant circulating tumor cells
from leukocytes in the bloodstream [7] to technological prob-
lems on colloidal scales such as separating nanoparticles
based on their physical properties [13,17]. Remarkably, the
effective isolation and separating techniques carry a strong
potential to achieve selective transport of biological particles
such as cells, organelles, or DNA complexes [20,21].
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Quite often, the separation of particles happens in mi-
crostructures such as porous media [22], microfluidic chan-
nels [23], and living tissues [24]. These systems have attracted
the attention of physicists, chemists, mathematicians, biolo-
gists, and engineers because the irregular shapes of the walls
control the volume of the phase space accessible to the parti-
cles, due to which the entropic barriers arise and influence the
diffusion of the particles in such systems [13,25,26]. So far,
much effort has been devoted to developing the size-based
separation of particles [13,14,16,27,28]. However, needless
to say, the effective isolation of selected particles from the
mixture, based on their mass, is much in demand in chem-
istry, biology, nanotechnology, and industry [15,17,29,30]. It
is because anomalies in bioparticles mass might be an impor-
tant factor associated with disease initiation and propagation.
For instance, it has been observed that the mass of a cancer
cell is higher than a healthy one [31]. Thus, one needs to
develop new innovative mass-based isolation techniques for
the diagnosis and detection of diseases. Note that this is a very
challenging task because, typically, identically sized particles
may have different masses [17].

In the present work, we introduce a mechanism to separate
particles based on their mass when they diffuse in an asym-
metric triangular channel under the influence of an oscillatory
force and a static bias. The working principle relies on the
entropic rectification of the noisy motion of particles in the
presence of an oscillatory force [6,13,23,32,33] and a static
bias that further controls the movement of the particles. In
particular, the strength of the entropic rectification depends
strongly on the mass of the particles. Therefore, in the pres-
ence of a static bias which is applied in the opposite direction
of the rectified velocity, it is possible to separate particles of
lighter mass to move in its direction while the others drift op-
posite to it. The lighter particles follow the static bias, whereas
heavier particles drift in the opposite direction resulting in an
efficient and faster particle separation.

The rest of this article is organized in the following way.
In Sec. II, we introduce our model for the inertial Brownian
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FIG. 1. Schematic illustration of a two-dimensional triangular
channel with a periodicity L confining the motion of a Brownian
particle of mass M. The structure is defined by Eq. (2). The particle
is driven by a static bias �F and an oscillatory force �A(t ) along the x
direction.

particles of different masses subjected to external forces in
a two-dimensional asymmetric channel. The results in the ab-
sence and presence of a static bias are discussed in Sec. III and
Sec. IV, respectively. Finally, we present the main conclusions
in Sec. V.

II. MODEL

In order to illustrate the mass-based separation mechanism,
we have chosen a triangular channel depicted in Fig. 1. A
Brownian particle of mass M is diffusing in this channel,
filled with a fluid of viscosity μ, subjected to an unbiased
oscillatory force �A(t ) and a static bias �F ; both are acting along
the principal axis of the channel. The Brownian dynamics of
such a particle is represented by the Langevin equation

M
d2�r
dt2

= −η
d�r
dt

− [F + A(t )]x̂ +
√

ηkBT �ξ (t ), (1)

where �r is the position of the particle, η is the friction
coefficient, kB is the Boltzmann constant, and T is the tem-
perature. The explicit form of the oscillatory force is given
by A(t ) = A sin(�t ), where A is the amplitude and � is the
frequency of the sinusoidal driving. The Gaussian random
force �ξ (t ) with zero mean is uncorrelated in time and there-
fore obeys the fluctuation-dissipation relation 〈ξi(t )ξ j (t ′)〉 =
2δi jδ(t − t ′) for i, j = x, y. The shape of the upper wall is
defined by

wu(x) =
{
wmin, x = 0
wmax − (wmax − wmin) x

L , 0 < x � L,
(2)

where wmax and wmin correspond to the maximum half-width
and minimum half-width of the channel, respectively, and L
corresponds to the periodicity of the channel. The ratio of
these two widths defines the dimensionless aspect ratio given
by ε = wmin/wmax. Due to the symmetry about the princi-
pal axis of the channel, the lower wall is given by wl (x) =
−wu(x). Consequently, 2w(x) = wu(x) − wl (x) corresponds
to the local width of the channel.

In order to achieve a dimensionless description, we hence-
forth scale all lengths by the periodicity of the channel L and
time by τ = ηL2/(kBT ), which is the characteristic diffusion
time [26,34]. In dimensionless form, the two-dimensional
Langevin equation (1) reads

m
d2�r
dt2

= −d�r
dt

− [ f + a sin(ωt )]x̂ + �ξ (t ). (3)

Here, the dimensionless mass is given by m = τ0/τ =
MkBT/(η2L2), where τ0 = M/η defines the characteristic
time of velocity relaxation for the free Brownian particle.
Therefore, the dimensionless mass m depends not only on
the actual physical mass of the particle M but also on the
friction coefficient η, thermal energy kBT , and the periodicity
of the channel L. The dimensionless static force reads f =
FL/(kBT ), which is the ratio of work done to the particle due
to the external static force and the available thermal energy.
Other parameters read a = AL/(kBT ) and ω = �τ . In the rest
of the article, we use dimensionless variables only.

Since the particles along the y direction are confined,
the observable of foremost interest for mass separation is
the stationary average velocity 〈v〉 of the particles along the
x direction. Unfortunately, for the considered system, the
Fokker-Planck equation corresponding to the Langevin equa-
tion (3) cannot be solved analytically for 〈v〉 by any known
analytical method [26]. Thus, 〈v〉 is calculated using Brown-
ian dynamics simulations performed by solving the Langevin
equation (3) using the standard stochastic Euler algorithm
over 104 trajectories with reflecting boundary conditions at the
channel walls to ensure the confinement within the channel.
Figure 1 shows the reflection of a particle at the channel
boundary. Let us say initially the particle was at P(x1, y1),
and the position of the particle in the next instant of time is
R(x2, y2), which is outside of the channel boundary. The line
joining points P and R intersects the channel boundary at a
point Q(α, β ), i.e., the reflection point which can be calculated
numerically using the bisection method. The desired position
S(x3, y3) of the particle after reflection at point Q is given by
[35]

x3 = α ± l√
1 + m2

3

, (4a)

y3 = β + m3(x3 − α). (4b)

Here, m3 is the slope of line QS and l =√
(y2 − β )2 + (x2 − α)2. Note that depending on the driving

force acting on the particle, the particle may reflect multiple
times at the channel boundaries to reach the final position.
The average velocity of the particles having mass m, along
the x direction, is calculated in the long-time limit, as [13,33]

〈v〉 = lim
t→∞

〈x(t )〉
t

. (5)

III. IN THE ABSENCE OF STATIC BIAS

The average velocity as a function of the mass of particles
is depicted in Fig. 2 for various values of the driving frequency
ω and driving amplitude a in the absence of static force. We
observe that particles of various masses exhibit rectification
in the positive x axis. It is due to the fact that the oscil-
latory force can break the thermodynamic equilibrium and
induces the directed transport because of the asymmetry of
the channel. Here, the positive velocity is due to the chosen
shape of the channel structure. For example, if the channel
shape is inverted with respect to the y axis, the rectifica-
tion will be in the negative x axis. Interestingly, the average
velocity exhibits a peak at an optimal mass for which the
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FIG. 2. The average velocity 〈v〉 versus the mass m of particles
for various values of the driving frequency ω (a) and driving ampli-
tude a (b) in the absence of static force. The other parameters of the
channel are L = 1, wmax = 1, and ε = 0.1.

particles show higher rectification compared to other particles.
The peak is more pronounced as ω decreases or a increases.
Note that the optimal mass at which the maximum occurs can
be effectively controlled by suitably tuning ω and a. When the
particles are very heavy, the inertia of the particles starts to
dominate over the strength of the oscillatory force. Therefore,
as one would expect, the velocity decays quickly. In the other
limit, i.e., m → 0, 〈v〉 increases linearly with m, which is
independent of ω. In this limit, as m increases, due to the
rise in the inertia of the particles, the effective drag from
the surrounding fluid medium on the particles reduces. This
leads to an increase in 〈v〉 [see Fig. 2(a)]. However, in the
limit ω → ∞, 〈v〉 will tend to zero [33]. It is because, in this
limit, particles experience a zero time-averaged constant force
a = ∫ 2π/ω

0 a(t )dt = 0. Also, in a → ∞ limit, 〈v〉 will tend
to zero because the effect of asymmetry of the channel will
disappear in this limit [13,33]. In particular, this asymptotic
regime of very large ω and a is not yet reached in Fig. 2.

A. Influence of channel aspect ratio ε

In order to obtain the influence of channel aspect ratio ε,
in Fig. 3, we study the average velocity as a function of the
mass of particles for different values of ε. It is evident that
the bottleneck width of the channel does not influence the
qualitative behavior of 〈v〉 as long as the condition wmin 	
wmax, i.e., ε 	 1, is satisfied. For ε = 1, i.e., a flat chan-
nel, as one would expect, there will be no rectification of
particles resulting in 〈v〉 = 0. Note that the main reason for
the observed bell-shaped behavior of 〈v〉 is the asymmetry

FIG. 3. The average velocity 〈v〉 versus the mass m of particles
for different values of ε. The set parameters are a = 2.5, ω =
0.01, L = 1, and wmax = 1.

of the channel geometry. In the m → 0 limit, 〈v〉 decreases
with ε. In the other limit, i.e., when the particles are very
heavy, as mentioned earlier, 〈v〉 tends to zero irrespective
of ε.

To get more insights into the optimal mass mop, in Fig. 4,
we extract mop for various values of the driving amplitude
and frequency. The optimal mass mop decreases with ω, for
a fixed a value, as mop = k1ω

−0.8. Also, mop decreases with
a, for a fixed ω value, as mop = k2a−0.4. The prefactors k1

and k2 are listed in Table I for a few values of a and ω,
respectively. Therefore, one can estimate that the value of the
optimal mass varies as mop = k(aω2)−0.4, where the prefactor
k ≈ 0.91. Here, k is calculated by substituting the known
values of mop corresponding to different a and ω in the previ-
ous empirical relation. Thus, by tuning a and ω, the particles
with an optimal mass mop can be rectified with higher speed
compared to other particles. Note that in real units, the k
value (or k1, k2) depends on various parameters such as L,
kBT , and η. However, we have observed that the minimum
half-width of the channel wmin (see Fig. 1) does not influence
the empirical relation for mop as long as the condition ε 	 1 is
satisfied.

IV. INFLUENCE OF THE STATIC BIAS

In order to achieve the separation of particles of different
masses in opposite directions, a static force f can be applied
to control the transport direction. Figure 5 depicts the average

FIG. 4. Dependence of the optimal mass mop on the driving fre-
quency ω (a) and the driving amplitude a (b). The lines correspond
to the empirical relation mop ∼ (a ω2)−0.4 (see Table I). The other
parameters of the channel are L = 1, wmax = 1, and ε = 0.1.
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TABLE I. Prefactors k1 and k2 correspond to the empirical rela-
tions for different values of a and ω, respectively.

mop = k1ω
−0.8 mop = k2a−0.4

a k1 ω k2

1 0.9 0.001 210
2.5 0.65 0.01 35
5 0.5 0.1 5.3

velocity dependence on the mass of particles for different
strengths of the static bias for fixed values of a and ω of the
oscillatory force. In the absence of a static bias, due to the cho-
sen channel structure, particles exhibit a net positive velocity.
However, if we switch on a small static bias in the negative x
axis (see Fig. 1), particles of the lighter mass move to the left
side of the channel, whereas heavier particles drift to the right
side (see Fig. 5). This mechanism provides a way to separate
the lighter particles from the heavier ones. A similar behavior
has been reported for the overdamped Brownian particles of
different radii [13], i.e., large particles move towards the right
side of the channel, whereas small particles follow the static
force. Note that the optimal mass (mop) is independent of the
static bias. The inset of Fig. 5 depicts the average velocity
dependence on the static force for the particles of different
masses. In particular, by tuning the static bias f , one can
control the separation of particles of different masses. For
example, by choosing f = 1, the particles of lighter mass
m = 0.01 move towards the left side of the channel with speed
0.23, whereas the particles of heavier mass m = 30 drift to the
right side with a speed of 0.24. Interestingly, as depicted in
the inset of Fig. 5, the velocities are almost parallel and vary
linearly with the strength of the static bias, thus facilitating an
efficient control of the mass separation effect.

Figure 6 shows the dependence of the average velocity 〈v〉
on the amplitude a of the oscillatory force for the particles
of different masses. As mentioned earlier, in the absence of
the static force, particles of different masses move towards
the positive x axis, exhibiting a positive velocity (see inset of
Fig. 6). However, in the presence of static bias, by suitably

FIG. 5. The average velocity 〈v〉 versus the mass m of particles
for different values of the static force f . The inset depicts 〈v〉 as a
function of f for the particles of different masses. The set parameters
are a = 2.5, ω = 0.01, L = 1, wmax = 1, and ε = 0.1.

FIG. 6. The average velocity 〈v〉 versus the driving amplitude a
of the oscillatory force for the particles of different masses in the
presence of static bias. The inset depicts the same in the absence of
static bias. The set parameters are ω = 0.01, L = 1, wmax = 1, and
ε = 0.1.

tuning a, one can control the separation of particles of differ-
ent masses. For example, by keeping a = 3, the particles of
mass m < 0.1 move to the left side of the channel, whereas
particles of mass m > 0.1 drift to the right side. Moreover, the
crossover of average velocity from negative to positive can
also be controlled by a.

The observed mass-based separation mechanism can be
studied experimentally for Brownian particles of various
masses diffusing in an asymmetric channel, which can be
prepared by microprinting on a substrate [36,37]. The fabrica-
tion of identical particles of different masses is already within
reach of today’s nanotechnology [6,23]. These particles can
be prepared from hydrophobic materials such as luminescent
polystyrene, polycrystalline silver, gold, copper, etc. In order
to have an estimate in real units, which is very useful for
the experimentalists, the characteristic values of the friction
coefficient and characteristic diffusion time for the particles
in water moving in a triangular channel with aspect ratio
ε = 0.1 and period length L ∼ 10 μm at room temperature
(T ∼ 300 K) are given by η ∼ 2 nkg/s [38] and τ ∼ 50 s,
respectively [6,23]. In the absence of static force, for the
parameters A ∼ 0.25 fN and � ∼ 0.0002 s−1, the particles
of mass M ∼ 0.25 nkg move with a higher average velocity
〈V 〉 ∼ 0.13 μm/s than the other particles. Whereas, for the
parameters A ∼ 0.25 fN and � ∼ 0.002 s−1, the optimal mass
is M ∼ 0.04 nkg. This suggests that by suitably tuning the
driving frequency and amplitude, the particles of an optimal
mass move faster than other particles in the same direction.
On the other hand, in the presence of a static bias, for the pa-
rameters F ∼ 0.1 fN, A ∼ 0.25 fN, and � ∼ 0.0002 s−1, the
particles of mass M ∼ 0.1 nkg move in the negative direction
with an average velocity |〈V 〉| ∼ 0.06 μm/s, and particles of
mass M ∼ 0.3 nkg drift in the positive direction with the aver-
age velocity 〈V 〉 ∼ 0.05 μm/s. Therefore, in the presence of
static force, the particles of different masses can be separated
in opposite directions. It is expected that these results will
motivate the experimentalists to design lab-on-a-chip devices
for separating nano- and microparticles, proteins, organelles,
and cells based on their mass.
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V. CONCLUSIONS

In this work, we have presented a mechanism for sep-
arating particles in an asymmetric channel based on their
mass. This mechanism is based on the entropic rectification
of the noisy motion of particles in the presence of an un-
biased oscillatory force and a static force that controls the
drift direction. It is found that entropic rectification depends
strongly on the mass of the particles. We could demonstrate
that the average velocity exhibits a maximum at an optimal
mass for various parameters, and this optimal mass depends
on the driving frequency and amplitude of the oscillatory force
as mop ∼ (aω2)−0.4. In the presence of a small static force in

the negative x axis, we have found that lighter particles can be
separated from the heavier ones by pushing them in opposite
directions. It is conceivable that this separation mechanism
could be implemented in an asymmetric structure where the
entropic effects are prominent to isolate nano- and micropar-
ticles, proteins, organelles, and cells.
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